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ABSTRACT

In the paper, the authors establish some new Hermite-Hadamard type inequalities for functions whose 3rd derivatives

are P-convex.
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1. Introduction

The following definition is well known in the literature.
Definition 1.1. A function f:lcR—>R is said to
be convex if
f(Ax+(1-2)y)
<Af(x)+(1-2) f(y)
holds forall x,yeland A€ [0,1] .

In [1], the concept of the so-called P -convex func-
tions was introduced as follows.
Definition 1.2. ([1]) We say that a map
f:lcR—>R belongs to the class P(l) if it is non-
negative and satisfies

f(Ax+(1-2)y)< f(x)+f(y) (1.2)

forall x,yeland 4 6[0,1].

In [2], S. S. Dragomir proved the following theorems.
Theorem 1.1. ([2]) Let f:1 c R —> R be a differen-

tiable mapping on 1°and a,be|° witha<b.If | f’(X)|

(1.1)

is convex on [a,b], then
f(a)+f(b) 1 b
I 2 _b—af
_(b-a)(f'(2)]+[7'(b)])
B 8

Theorem 1.2. ([2]) Let f:1 c R —> R be a differen-
tiable mapping on |° and abel” witha<b . If
| f’(X)|q is convex on [a,b] for q>1, then

f (x)dx

a

(1.3)

H
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f(a);f(b)—biaj:f(x)dx

Sb—a[ @)+ f'(b)“}‘”,
4 2

(1.4)

Theorem 1.3. ([3], Theorems 2) Let f:lcR—>R

be an absolutely continuous function on |° such that
frel([ab]) for abel witha<b. If |f"(x) is

quasi-convex on [a,b], then

[’ (x)dx_b‘Ta[f (a)+41 (%”’} f (b)}‘

ot 52
(2]

For more information and recent developments on this
topic, please refer to [4-14] and closely related references
therein.

The concepts of various convex functions have indeed
found important places in contemporary mathematics as
can be seen in a large number of research articles and
books devoted to the field these days.

In this paper, we will establish some new Hermite-
Hadamard type inequalities for functions whose 3rd de-
rivatives are P-convex.
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2. A Lemma Lemma 2.1. Let f:lcR—>R be a three times
differentiable mapping on I1°and a,bel” witha<b.
In this section, we establish an integral identity. If f'e L[a, b] , then

st (2} 00 e

2.1)
3
:M{j‘(l—tf f"’(l;ta+libjdt—_[l(l—t)3 f’”(liawl;tb]dt}.
96 0 2 2 0 2 2
Proof. Integrating by part and changing variable of definite integral yield
[(-ty f'"(liaﬂ;tb]dt:—i (1-t) df "(lia+l;tb)
0 2 2 b—a’0 2 2
:—i{—f”(a—”’}rsj‘(l—t)z f"(lia+l;tbjdt}
b-a 2 0 2 2
__2 f”(a+b)+ 12 2.[1(1—t)2df’(1Lta+1;tbj
b-a 2 ) (b-a) ™ 2 2
_ 2 f,,(a+b)_ 12 zf,[a+bj_ 48 3J1(1—t)df[1ia+1;tbj
b-a 2 (b_a) 2 (b_a) 0 2 2
_ 2 f,,(a+bj_ 12 f,(a+bj
b-a 2 (b_a)2 2
L s{f(a+bj—ff(ﬂa+l_tbjdt}
(b-a) 2"
and
1 3w 1-1 1+t 2 1 3 01—t 1+t
Io(l—t) f (Ta+7bjdtzm(l—t)10(l—t) df (Ta+7bj
___2 f”(a+bj+ 12 ZII(I—t)zdf’(l;ta+ﬂbj
b-a 2 (b_a) 0 2 2
— f”(‘”bj— 12 zf'(a+bj+ i 3jl(l—t)df(l;ta+libj
b-a 2 (b_a) 2 (b_a) 0 2 2
_ 2 f,,(a+bj_ 12 2f,(aerj_ 48 3{f(a+b)—jlf(l;ta+libjdt}.
b-a 2 (b_a) 2 (b_a) 2 0 2 2
The proof of Lemma 2.1 is complete. | bf(x)dx_f[a+b)_(b_a)2 f”(aerj
3. Hermite-Hadamard’s Type Inequalities b-a 2 24 2 6

for P-Convex Functions ) (b-a) /e

Theorem 3.1. Let f:1 cR— R be differentiable on 192 [
I",a,bel” witha<b, and f"eL([ab]). If |f"

7 (a) +|f ”’(b)H

Proof. Since |f’"|q is a P -convex function on

is P -convexon[a,b] for g1, then [a,b], by Lemma 2.1 and Holder’s inequality, we obtain
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b— 2

1 bf(x)dx—f[a+bj—( a) f,,[a+bj

b—a-2 2 24 2

f”’[lia+l;tbj dth <
» 4t

+j01(1_t)3

X{I‘i(l_w (1Tta %tb) Jl/q{fi(l—t) f"'[lgtaf%tqudtjw}
O () (Lo a) [ @ e or ]

(b—a)3 1

sy o T - o

The proof of Theorem 3.1 is complete.
Corollary 3.1.1. Under the conditions of Theorem 3.1, if g =1, we have

2
1 bf(x)dx—f(aerJ—(b_a) f"(a+bj
b—a-a 2 24 2

Theorem 3.2. Let f:1cR—R be differentiable on 1°, a,bel” witha<b, and f”eL([a,b]). If |[f"[" is

P -convex on [a,b] for q>1, then
(b — a)3 1 v " q
T 341 It (@)

2
1 bf(x)dx—f(a+b]—(b_a) f,,[a+bJ
b-a’a 2 24 2
Proof. From Lemma 2.1, Hoélder’s inequality, and the P -convexity of |f"’|q on[a,b],we drive
2 3
X)dx _f[a+b)_(b—a) f”(a+bjg(b—a) {Il(l_t)3 f,,,(l t,. Ebj‘
2 24 2 96 0 2 2

_ —a¥ -1
+_[l(l—t)3 f’”(lia+l—th‘dt}s(b a) ( l1dt) ’
0 2 2 0

{[] (1-t)"

—a 3 ) 3 1/q " q " ¢/ _a 3 1/q i .
S(b48) (Io(l_t) dt)/ Uf (@) +[f"(b) }/ =(b48) [3q1+1j Uf (a)f +

Theorem 3.2 is proved.
Theorem 33. Let f:l cR—R be differentiable on 1°, a,bel”witha<b,and f"eL([a,b]). If [f"]" is

P -convex on[a,b] for q>1, then
/
<(b_a)3 q_l v |fm(a)|q
48 \4g-1

[ (x )dx—f(a;bj—(b;:)z f"[a;bj

Proof. From Lemma 2.1, Holder’s inequality, and the P -convexity of | f "’|q on [a,b] , we have

(b-a) [+ (a)|+|*(o)]]

192

+ f’”(b)|qT/q. 2.2)

f"’(l—ta+libj
2 2

+|f ’"(b)|q]l/q . 2.3)
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el g2 2 f"(a;bl

(RS
o it

Ly ([ al) [l +

< (b;;‘) {J.;(l_t)

RORIRONN

Theorem 3.3 is thus proved.
Theorem 34. Let f:1cR—>R be differentiable on 1°, a,bel”witha<b, and f”eL([a,b]). If [f"" for
q>1 is P-convexon[a,b] and 0<r,s<3,then

o 1[252)-Lo) o (220)

24 2

L) o) (e () feraeerT

Proof. Using Lemma 2.1, Holder’s inequality, and the P -convexity of |f’”|q on [a,b] yields

2 3
1 bf(x)dx_f(a+b)_(b—a) f,,(a+bjs(b—a) {jl(l—tf f,,,(l -t ﬂbj
b—a a 2 24 2 96 0 5 5
£ (1+t +1—tbj }ﬁ—(b_af {(J’l(l_t)(3—S)Q/(Q—l)dt)ll/q
2 2 96 0
e G-nafan N7V g o1+t 1-t
o] e e )

e oo
[l G@)f o) ]

B & ;66‘)3 {((4 —qs_)(lq —IJH/Q (sq1+ ljl/q {(4 _qr_)(lq —Jl_l/q ( rq1+1]]/q }U f W(a)|q +| f m(b)|q ]l/q '

The proof of Theorem 3.4 is complete.
Corollary 3.3.1. Under the conditions of Theorem 3.4,

(1)if r=s,then
_b-a)'( g1 ) ‘/‘*X[
- 48 | (4-r)g-1 rq+1

.5)

dt

+I;(1—t)3

q 1/q
dtJ

1/q

(@) +[ "0 |

2
L bf(X)dx—f(aerj—(b_a) f”(‘”b)
b—a e 2 ) 4 2

@)if r=s=1, then
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1

b o (b—a)2

(b-a)
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1/q

(x)dx—f (a;b}_

(3)if r=s=2,then

o

a+bJ
<

b-a-2 24 2

(b-a)

48

_(b-a)

jl/q U t7(a) +| f ”’(b)ﬂ :

|

q-1 )"0 1
3g-1 g+1

-1 1/

1 bf(x)dx—f(a+bj— f,,(a+bj_
b—a-a 2 2

Finally we would like to note that these Hermite-Ha-
damard type inequalities obtained in this paper can be
applied to the fields of integral inequalities, approxima-
tion theory, special means theory, optimization theory,
information theory, and numerical analysis, as done be-
fore by a number of mathematicians.
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