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ABSTRACT

This paper introduces the new notion of weakly-a-/-functions and weakly-a-I-paracompact spaces in the ideal topo-

logical space. And it obtains that some properties of them.

K eywords: Weakly-a-I-Open Set; Weakly-a-I-Functions; Weakly-a-I-Paracompact Spaces

1. Introduction

Throughout this paper, CI(A4) and Int(A4) denote the
closure and interior of A, respectively. Let (X,z) be
atopological space and let 7 be an idea of subsets of
X . An ided topological space is a topological space
(X,7) with an ideal 7 on X, and is denoted by
(X,7,1).Forasubset Ac X,

A (I)={xeX|[UNAgI for each neighborhood of x}

iscaled thelocal functionof 4 withrespectto / and
z [1]. Itiswell knownthat CI'(4)=AUA definesa
Kuratowski closure operator for z" (7).

Let S be a subset of a topological space (X,7).
The complement of a semi-open set is said to be semi-
closed [2]. The intersection of all semi-closed sets con-
taining S, denoted by sCI(S) is called the semi-clo-
sure [3] of S. The semi-interior of S, denoted by
sInt(S), is defined by the union of all semi-open sets
containedin S.

In recent years, E. Hatir and T. Noiri have extended
the study to a-I-open and semi-/-open sets. In this paper,
we introduce the new sets which are called weakly-
o-I-open and weakly-a-I-functions, then obtain some
properties of them.

First we recall some definitions used in the sequel.

Definition 1.1. [4] A subset 4 of an idea topological
space (X,7,/) issaidto beweakly-a-I-open, if
AcsCl(me(cr (m(4)))).

Definition 1.2. [4] A subset S of an ideal topological
space (X,7,1) is said to be a weakly-a-/-closed set if
its complement is a weakly-a-/-open set.

Theorem 1.1. [4] Let (X,7,1) beanidesl topological
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space. Then al weakly-a-I-open sets constitute a topo-
logy of X .Then

(1) @ and X areweakly-a-I-open sets.

(2) The finite intersection of weakly-a-I-open sets are
weakly-a-I-open sets.

(3) If 4, is weakly-o-I-open for each a €A, then
w4, isweakly-a-I-open.

Theorem 1.2.[4] Let (X,z,/) beanidedl topological
space and AcUer. Then 4 is weakly-a-I-open if
andonly if 4 isweskly-a-I-openin (U,z|,.I|,).

2. Weakly-a-I-Functions

Definition 2.1. A function f:(X,7,/)—(Y,0) issad
to be weskly-a-I/-continuous , if (V) is weakly-
o-I-openin (X,z,1) ,forany Ve(Y,0).

Definition 2.2. A mapping f:(X,7,I)—>(Y,0,J)
is said weakly-a-I-open (resp weakly-a-I-closed) if for
any U isweskly-a-I-open (resp. U  isweakly-a-I-closed)
f(U) is weakly-o-I-open (resp. f(U) is weakly-a-I-
closed).

Theorem 2.1. For a function f:(X,7,/)—(Y,0),
the followings are equivalent:

(1) f isweakly-a-I-continuous.

(Q Forany xe X andeach V eo contaning f(x),
there exists weakly-a-I-open U containing x such that
f(U)cr.

(3) The inverse image of each closed set in is weakly-
a-1-closed.

Proof: (1)< (3) itisobviously.

(1)=(2) For eech xeX and each weakly-o-I-
-open V e(Y,0) containing f(x).Since f isweakly-
o-I-continuous, then (V) is a weakly-a-I-open set
containing x in X.Let
U=f*(V).then f(U)cV.
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(2)=(1) Forany xeX andeach V eo contain-
ing f(x), there exists weakly-a-I-open U, containing
x suchthat f(U,)cV and U, < f7(V).

We have (V)= y v, where U, is weakly-
xef 1)

o-l-openforany xe f*(G).Thus f*(V) isweakly-

a-I-open by Theorem 1.1. And concludethat f isweakly-

a-I-continuous.

Theorem 2.2. Let f:(X,7,/)—>(Y,0) be a fun-
ction and {U, |a €A} an open cover of X . Then f
is weskly-a-I-continuous if and only if the restriction

f‘U :(Ua,r‘U Ay )—)(Y,a) is weakly-a-I-continuous

foreach aeA.

Proof: Necessity. Let ¥ be any open set of (Y,0).
Since f isweskly-a-I-continuous, (V) isaweakly-
a-I-open set of (X,7,1). Since U, 7, from Theorem

12 U, Nf*(V) is weekly-a-I-open in (Ua,r‘U ,I‘U )
On the other hand,

-1
(4,) )=vnr 2 w)md (1)

-1
(V) is weakly-
a-I-open in (Ua’f\ua ,I‘Ua
isweakly-a-I-continuousfor each a € A.
Sufficiency. Let V7 be any open set of (Y,o). Since
f‘U isweakly-a-I-continuous for each a € A .

). This shows that (f‘u )

-1
(f‘U ) (V) isweakly-a-I-open of

-1
(Ua T, ,I‘Ua ) and hence by Theorem 1.2. (f‘Ua ) (V)

isweakly openin (X,7,/) foreach aeA.Moreover,
we have

f‘l(V)z( U Ua)mf‘l(V)z U (U, ()

aeA aelA

=u4,) ®)

Therefore f~*(V) isaweakly openin (X,z,I) by
Theorem 1.1. This shows that f is weakly-a-I-conti-
nuous.

Theorem 2.3. A function f is weakly-a-/-continuous
if and only if the graph function
g:X > XxY defined by g(x)=(x,f(x)) for each
x € X , isweakly-a-I-continuous.

Proof: Necessity. Supposethat f* isweskly-a-/-con-
tinuous. Let xe X and W beany opensetof XxY
containing g(x). Then there exists a basic open set
U xV such that g(x):(x,f(x))eUxVCW. Since f
is weakly-a-I-continuous, there exists a weakly-a-/-open
set U, of X containing x suchthat f(U,)cV .By
Theorem1.1. U,NU isweakly-a-I-open and
g(U,NU)cUxV W . Thisshow that g isweakly-
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a-1-continuous.

Sufficiency. Supposethat g isweakly-a-/-continuous.
Let xeX and V' be any open set of Y containing
f(x). Then XxV is open in XxY and by the
weaklya-I-continuous of g ,there exists a weskly-a-I-
open set U containing x such that g(U)c XxV .
Therefore we obtain f(U) <V . This showsthat / is
weakly-a-I-continuous

Theorem 24. Let f:(X,7,/)—>(Y,0,J) isweakly-
a-1-open (resp weakly-a-I-closed) mapping. If yeVY
and U is a weakly-a-I-closed (resp weskly-a-I-open)
setof X containing f~*(y), then there exists a weakly-
a-1-closed (resp weskly-a-I-open) subset V' of Y con-
taining y suchthat f*(V)cU.

Proof: Supposethat f isweakly-a-I-closed mapping.
Given yeY and U is a weakly-a-I-open subset of
X containing f7'(y), then X-U is a weakly-o-I-
closed set. Since [ is weekly-a-I-closed, f (X -U) is
weekly-a-I-closed. Hence V' =Y — (X -U) is weskly-
o-I-open. It followsfrom f~*(y)cU that
nf(x-vU)=2.

Therefore yeY - f(X-U)=V and

) =Y -f(X-U)=X-f1f(X-U)cU.
Similar argument holds for a weakly-a-I-open map-
ping.

3. Weakly-a-I-Paracompact Spaces

Definition 3.1. A space X is said to be weakly-a-I-
Hausdorff, if for each pair of distinct points x and y
in X, there exist digoint weakly-a-/-open sets U and
V in X suchthat xeU ad yeV,ad UNV =O.

Definition 3.2. A space X is said to be weakly-a-I-
regular space, if for every xe X and every weakly-a-I-
closedset Fc X suchthat x¢ F, there exist weakly-
a-l-open sets U,, U, such that xeU,, FcU, and
UNU,=0.

Definition 3.3. A space X is said to be weakly-a-I-
normal space, if for every pair of digoint weakly-a-I-
closed sets 4, B c X, there exist weakly-a-/-open sets
U,V suchthat AcU, BcV and UNV =0 .

Definition 3.4. An ideal topological space (X,7,/)
is said to be aweakly-a-I-compact space if every weakly-
a-1-open cover of X hasafinite subcover.

Definition 3.5. An ideal topological space (X,z,/)
is said to be weakly-a-I-paracompact space, if every weak-
ly-a-I-open cover of X has alocaly finite weakly-a-I-
open refinement.

Definition 3.6. Mapping f:(X,7,/)—>(Y,0,J) is
said to be weakly-a-I-perfect, if [ isweakly-a-I-closed
and for any yeY, f'(y) is a weakly-a-/-compact
subset of X .

Theorem 3.1. An ideal topological space (X,z,7) is
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a weakly-a-I-compact space if and only if every family
of weakly-a-I-closed sets of X satisfying the finite in-
tersection property has nonempty intersection.
Proof: Necessity. If F is any family of weakly-a-I-
closed sets which has finite intersection property, and
NF=@,then X- NF=U (X-F)=X.
FeF

FeF FeF
Thus X —-F is a weakly-o-I-open set. Since X is a
weakly-a-I-compact space, hence there exist finite

sets F, F,, -+, F,, such that CJ(X—E):X . So
i=1

X—ﬁE =X,and ﬂE =, acontradiction.

i=1 i=1
Sufficiency. If A is any weakly-a-I-open cover for
X, then F={X-4:4e A} is a weakly-a-I-closed
family that satisfies
NF=N(X-4)=X-UA4=0.So F dose not
AeA Ae A

FeF
satisfy finite intersection property, which means F has
afinite subfamily {F,F,,---,F,} which hasintersection

empty. Suppose F, =X —A4,,i=12,---,n, where
4 eA.Wehave (F, :ﬁ(X—Al.):X—LnJAi =J. So
i=1 i=1 i=1

{4, 4,,---,4,} isafinitecoverof A.
Theorem 3.2. Weakly-a-I-compactness is an inverse
invariant of weakly-a-I-perfect mapping.
Proof: Let f: X —> Y be aweskly-a-I-perfect map-
ping onto a weakly-a-I-compact space Y . Given

a weekly-a-I-open cover {U,} . of the space X. Since

es
[ isaweakly-a-I-perfect mapping and for every
yeY chooseafinite set S,y<es, such that

fH(y)e UU,=U,. U, isaweakly-a-I-openfrom
xeS(y)

Theorem 1.1. And from Theorem 2.4 there exists aweakly-

o-l-openset ¥, containing y such that

f’l(y)cf’l(Vy)cU_v.Since Y isaweskly-a-I-com-
pact space, the weakly- o — 1 — open cover {V,} = of

Yy

Y hasafinite subcover {V},_

:i=1,---,k} such that

k
Yo, . Therefore

i=1 !

C=

XCffl(t].rJV},.JCLkJU},, = [ U USJ, which means
i=1 7! i=1 "t =1 seSyl)

( .
Xc G[ U UXJ . Because the family of these
i=1| seS,

(yi)

(U, s€S,)i=iqk} isafinitesubfamily of
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{U,},.;» and we conclude that X is a weakly-a-I-

compact space.

Lemma 3.1. Let X be a weakly-o-I-paracompact
space and A, B a par of weakly-a-I-closed sets of
X . If for every x e B there exist weakly-a-I-open sets
U, V., suchthat 4cU,_, xeV, and U NV =D.
Then there also exist weakly-a-I-open sets U, V' such
that AcU, BcV and UNV =0.

Proof: {X-B}U{V,} _, isaweakly-a-I-open cover
of the weakly-a-I-paracompact space X , so that it hasa
locally finite weakly-a-/-open refinement {7} . Let
S,={seS:IxeB,W,cV,,},thenfor any
seS, ANW, =2 and Bc UW,. Since {W,} _ is

SES)
a locally finite family, it is a closure preserving family.
So UWwW,=UW,,thentheset

sES8q SE€S

U=X- UW, isopen. Therefore U is a weakly-a-I-

S€S)

open set. V=W, isdaso aweskly-a-I-open set from

seSy

theoreml.l.and UNV = .

Theorem 3.3. Assuming X is a weakly-a-I-para-
compact space, if one-point sets of X are weakly-a-I-
closed sets, then X isweakly-a-I-normal space.

Proof: Substituting one-point setsfor 4 in Lemma4.1.,
and if one-point sets are weakly-a-I-closed sets, we see
that every weakly-a-I-paracompact space is weskly-a-I-
regular. Applying Lemma 3.1. again we have the con-
clusion.

4. Summary

Combining the topological structure with other mathe-
matical features has provided many interesting topics in
the development of general topology. And this paper has
done much work on the ideal topologica space. On
certain extent, it promotes the development of topology.
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