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ABSTRACT

The Kuhn-Tucker theorem in nondifferential form is a well-known classical optimality criterion for a convex program-
ming problems which is true for a convex problem in the case when a Kuhn-Tucker vector exists. It is natural to extract
two features connected with the classical theorem. The first of them consists in its possible “impracticability” (the
Kuhn-Tucker vector does not exist). The second feature is connected with possible “instability” of the classical theorem
with respect to the errors in the initial data. The article deals with the so-called regularized Kuhn-Tucker theorem in
nondifferential sequential form which contains its classical analogue. A proof of the regularized theorem is based on the
dual regularization method. This theorem is an assertion without regularity assumptions in terms of minimizing se-
quences about possibility of approximation of the solution of the convex programming problem by minimizers of its
regular Lagrangian, that are constructively generated by means of the dual regularization method. The major distinctive
property of the regularized Kuhn-Tucker theorem consists that it is free from two lacks of its classical analogue speci-
fied above. The last circumstance opens possibilities of its application for solving various ill-posed problems of optimi-
zation, optimal control, inverse problems.

Keywords: Sequential Optimization; Minimizing Sequence; Stable Kuhn-Tucker Theorem in Nondifferential Form;
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1. Introduction

We consider the convex programming problem
P) f(z) > min,Az=h,g;(2)<0,
i=1,---mzeDcZ,

where f:D > R' is a convex continuous functional,
A:Z - H is a linear continuous operator, he H is a
fixed element, ¢,:Z — R', i=1,---,m, are convex
functionals, D is a convex closed set, and Z and H are
Hilbert spaces. It is well-known that the Kuhn-Tucker
theorem in nondifferential form (e.g. see [1-3]) is the
classical optimality criterion for Problem (P). This
theorem is true if Problem (P) has a Kuhn-Tucker vector.
It is stated in terms of the solution to the convex
programming problem, the corresponding Lagrange mul-
tiplier, and the regular Lagrangian of the optimization
problem (here, “regular” means that the Lagrange multi-
plier for the objective functional is unity).

Note two fundamental features of the -classical
Kuhn-Tucker theorem in nondifferential form (e.g. see
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[4-7]). The first feature is that this theorem is far from
being always “correct”. If the regularity of the problem is
not assumed, then, in general, the classical theorem does
not hold even for the simplest finite-dimensional convex
programming problems. In particular, the corresponding
one-dimensional example can be found in [7] (see Exam-
ple 1 in [7]). For convex programming problems with
infinite- dimensional constraints, the nonvalidity of this
classical theorem can be regarded as their characteristic
property. In this case a simple meaningful example can
be found in [7] (see Example 2 in [7]) also.

The second important feature of the classical Kuhn-
Tucker theorem is its instability with respect to per-
turbations of the initial data. This instability occurs even
for the simplest finite-dimensional convex programming
problems. The following problem can be a particular
example.

Example 1.1. Consider the minimization of a strongly
convex quadratic function of two variables on a set
specified by an affine equality constraint:

X" — min, Ax=y,x e R*, A bl Yoo
min, AX=Yy,Xe R", A= ,Y = .
y 0 0/ 7o

The exact normal solution is X" =(0,5;0,5). The
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dual problem for (1) has the form
V(4)=L(x(2),4)

_ _%<AA*/1,/I>—(y,/1> > max, 4 € R,
where L(x,/i)z|x|2+</1,Ax—y>
and X(/I)Eargmin{L(X,ﬂ),Xe Rz}:—%A*/l.

Its solutions are the vectors (—1,a)Va eR'. It is easy
to verify that every vector of this form is a Kuhn-Tucker
vector of problem (1). For 6 >0 consider the following
perturbation of problem (1)

5 o }
|x|” = min, A’x = y°,x e R?,

w1 1) e [! &)
{3l

The corresponding dual problem

V7 (2)=L(x°(4),4) > max, e R®

has the solution A° = (ﬂ, 25;4] .
) )
According to the classical Kuhn-Tucker theorem, the

vector
x° (25) = argmin{L‘F (X,lg),x € R2} = (l—l,lj

is a solution to perturbed problem (2). At the same time,
this vector is an “approximate” solution to original
system (1), and no convergence to the unique exact
solution occursas & > 0.

It is natural to consider the above-mentioned features
of the classical Kuhn-Tucker theorem in nondifferential
form as a consequence of the classical approach long
adopted in optimization theory. According to this ap-
proach, optimality conditions are traditionally written in
terms of optimal elements. At the same time, it is
well-known that optimization problems and their duals
are typically unsolvable. The mentioned above examples
from [7] show that the unsolvability of dual problems
fully reveals itself even in very simple (at first glance)
convex programming problems. On the one hand, op-
timality conditions for such problems cannot be written
in terms of optimal elements. On the other hand, even if
they can, the optimal elements in these problems are
unstable with respect to the errors in the initial data,
which is demonstrated by Example 1.1. This fact is a
fundamental obstacle preventing the application of the
classical optimality conditions to solving practical pro-
blems. An effective way of overcoming the two indicated
features of the classical Kuhn-Tucker theorem (which
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can also be regarded as shortcomings of the classical
approach based on the conventional concept of op-
timality) is to replace the language of optimal elements
with that of minimizing sequences that is sequential
language. In many cases this replacement fundamentally
changes the situation: the theorems become more general,
absorb the former formulations, and provide an effective
tool for solving practical problems.

So-called regularized Kuhn-Tucker theorem in non-
differential sequential form was proved for Problem (P)
with strongly convex objective functional and with
parameters in constraints in [7]. This theorem is an
assertion in terms of minimizing sequences (more pre-
cisely, in terms of minimizing approximate solutions in
the sense of J. Warga) about possibility of approximation of
the solution of the problem by minimizers of its regular
Lagrangian without any regularity assumptions. It con-
tains its classical analogue and its proof is based on the
dual regularization method (see, e.g. [4-7]). The specified
above minimizers are constructively generated by means
of this dual regularization method. A crucially important
advantage of these approximations compared to classical
optimal Kuhn-Tucker points (see Example 1.1.) is that
the former are stable with respect to the errors in the
initial data. This stability makes it possible to effectively
use the regularized Kuhn-Tucker theorem for practically
solving a broad class of ill-posed problems in optimi-
zation and optimal control, operator equations of the first
kind, and various inverse problems.

In contrast to [7], in this article we prove the re-
gularized Kuhn-Tucker theorem in nondifferential se-
quential form for nonparametric Problem (P) in case the
objective functional is only convex and the set D is
bounded. Just as in [7], its proof is based on the dual re-
gularization method. Simultaneously, the dual regula-
rization method is modified here to prove the regularized
Kuhn-Tucker theorem in the case of convex objective
functional.

This article consists of an introduction and four main
sections. In Section 2 the convex programming problem
in a Hilbert space is formulated. Section 3 contains the
formulation of the convergence theorem of dual
regularization method for the case of a strongly convex
objective functional including its iterated form and the
proof of the analogous theorem when the objective
functional is only convex. In turn, in Section 4 we give
the formulation of the stable sequential Kuhn-Tucker
theorem for the case of a strongly convex objective
functional. Besides, here we prove the theorem for the
same case but in iterated form and in the case of the
convex objective functional also. Finally, in Section 5 we
discuss possible applications of the stable sequential
Kuhn-Tucker theorem in optimal control and in ill-posed
inverse problems.
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2. Problem Statement

Consider the convex programming Problem (P) and

suppose that it is solvable. Its solutions we denote by z°.

We also assume that
|f(z)-T(z)]<lu]z-2].Je(z)-9(z)
<Ly|lz -2|vz.2, e DSy,
where L,, >0 is a constant and
Sw={zeZ{z<m}.
Below we use the notations:
L(z,A,u)= f(z)+</1,Az—h)+<y,g(z)>,
D”E{ZeD:||AZ—h||Sg,gi(Z)Sg,i=1,---,m},£20.

Define the concave dual functional called the value
functional

V(4,p)=infL(z,2, 1), AcH, peR"
zeD

and the dual problem
V (4, 1) = sup, (4, ) e HxR[. ?3)

In what follows the concept of a minimizing ap-
proximate solution to Problem (P) plays an important
role. Recall that a sequence “eD, k=1,2,---, is
called a minimizing approximakte solution to Problem (P)
if f(z)>p, for 2eD”,6* >0, and k> .
Here S is the generalized infimum:

B=bo=limp,. f, = inf f (2), B, =+, if D =@.

&> 2eD?

If f is a strongly convex functional and also if D is a

bounded set, S can be written as

[ = { f (ZO),if z° exists;+ o0 otherwise}.
Recall that in this case the Kuhn-Tucker vector of
Problem (P) is a pair (I’,,u*) e H xR such that
fr= f(z")s L(z,ﬁ*,y*)
f (z)+<i*,Az—h>+<y*,g (z)> VzelZ,

where z° is a solution to (P). It is well-known that
every such Kuhn-Tucker vector (/1*, ') is the same as
a solution to the dual problem (3), and combined with
2’ constitutes a saddle point of the Lagrangian

L(Z,/l,,u),(z,/l,,u)e DxHxR.

3. Dual Regularization Algorithm

In this section we consider dual regularization algorithm
for solving Problem (P) which is a stable with respect to
perturbations of its input data.
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3.1. The Original and Perturbed Problems

Let F be the set formed of all collections of initial data

f={f,Ah,g.i=1,--,m} for Problem (P). Each col-
lection consists of a functional f, which is continuous and
convex on D, of a linear continuous operator A, an
element h and functionals g@;,i=1,---,m , that are
continuous and convex on D. Moreover, it holds that

|f (z)-f (Zz)| <Ly [z -2

|9:(2)-9/(z)| < bu 2 -2
V1,2, e DNS,,,i=1,---,m,

where the constant Ly is independent of the collection. If
the objective functional of Problem (P) is strongly
convex, then a functional f in each collection is continuous
and strongly convex on D and has the constant of strong
convexity x>0 that is independent of the collection.

Furthermore, we define collections f° and f° of
unperturbed and perturbed data, respectively:

fO={f" AN, gi=1,,m]
and fo={f° A h g i=1,m},

where & €(0,5,] characterizes the error in initial data
and &, >0 is a fixed scalar. Assume that

|1°(2)- 1°(2)| <co(1+]2 ),
||A‘5 - A°|| <Cs, ||h5 —h°|| <Cs, “)

|g”(z)—g°(z)| £C5(1+||z||2),

where C >0 isindependent of & and
g§ E(glﬁ»’gi) .
Denote by (P) Problem (P) with the collection ° of

unperturbed initial data. Assume that (P°) is a solvable
problem. Since

D’={zeD:A"z=h",g/(2)<0,i=1,-,m|

is a convex and closed set, we denote the unique solution
of Problem (P°) in the case of strongly convex f° by
2" . The same notation we leave for solutions of Problem
(P°) in the case of convex f° also.

The construction of the dual algorithm for Problem (P°)
relies heavily on the concept of a minimizing ap-
proximate solution in the sense of J. Warga [8]. Recall
that a minimizing approximate solution for this problem
is a sequence z',i=1,2,---, such that

f(2')<p'+4',

. i . .
where 7' € D% and nonnegative scalar sequences &', &',
i=1,2,---, converge to zero. Here A° is the ge-
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neralized infimum for Problem (P") defined in Section 2,
and

D% E{Ze D:||A°z—h°||§g,gi°(z)§g,i =1,---,m}.

It is obvious that, in general B’ < jf, where A is
the classical value of the problem. However, for Problem
(P%) defined above, we have B°=p). Also, we can

assert that every minimizing approximate solution
z',i=1,2,--- of Problem (P°) obeys the limit relation
f°<zi)—>minf°(z), i — oo,
z2eD0

both in the case of convex f° and in the case of
strongly convex f°.

Since the initial data are given approximately, instead
of (P’) we have the family of problems

f?(z) > inf, A’z=h’,
9’ (2)<0,i=1,-,m,ze D,(P‘f)
depending on the “error” o .
Define the Lagrange functional
L' (z,A,u)= f° (z)+</1, A‘yz—h5>
+<,u,g§(z)>, zeD,AeH,uecR",
and the concave dual functional (value functional)
V(A1) =infl” (2.4, 4), Ae H, ueR".
zeD
If the functional f is strongly convex, then due to

strong convexity of the continuous Lagrange functional
L’ (z,A,4),2€ D, forall (4,u)eH xR, where

R E{x=(x1,---,xm)e R™ :x >0, =1,~-,m},
the value V'’ (4,u) is attained at a unique element
z° [A,u]= argmin{L‘S (z,2,1),2€ D} .

If D is a bounded set, then obviously the dual functional
V? is defined and finite for all elements (/1, ,u) e HxR™.
When the functional f is convex, in the last case the value
V®(A,u) is attained at elements of the non-empty set

Argmin{Lﬁ (z,A,u),2¢€ D}.

Denote by (/1‘5’“, u>e ) the unique point that
furnishes the maximum to the functional
Ré,a ( ﬂ,,u)

Ve (i)l ~alaf
(A, ) e HxR!

ontheset HxR!.
Assume that the consistency condition

Copyright © 2012 SciRes.

m—)O,a(é)ﬁO,5—>0 %)

is fulfilled.

3.2. Dual Regularization in the Case of a
Strongly Convex Objective Functional

In this subsection we formulate the convergence theorem
of dual regularization method for the case of strongly
convex objective functional of Problem (P°). The proof
of this theorem can be found in [7].

Theorem 3.1. Let the objective functional of Problem
(P) is strongly convex and the consistency condition (5)
be fulfilled. Then, regardless of whether or not the
Kuhn-Tucker vector of Problem (P°) exists, it holds that

a(5)“(/15,a(5))ﬂ6,a(5))r -0,

02 [ 47O O ) > 10 (2°), 5 >0,
028 [ 25900 ] oy,
6 (¢ [ < 10),
0(5)20,0(5) = 0,5 -0,
<( A0 ),

(Agza‘ [/15’“(5),#5’“(5) } _ ha" gs (25 [la,a(o‘)’ﬂa,a(o‘) }))>

— 0,0 >0.

Along with the above relations, it holds that
£0 (ZO [/15,0:(5)’#5,(1(5)})  f0 (20)95 0,

<(ﬂ§,a(5)’u6,a(§) )’

(AOZO [ﬂﬁ,a(d)’ﬂb‘,a(ﬁ)] —h°,g° (ZO [;Lb‘,a(b‘)’ﬂﬁ,a(é‘) ]))>
—0,0—->0

and, as a consequence,

limV 0 (lé‘,a(é')“ué‘,a(ﬁ))

5—+0

= sup Vo(l,y):fo(zo).

(A.4)eHxRT

(6)

If the dual problem is solvable, then it also holds that
(ﬂﬁ,a(o‘)”uaxa(a‘) ) N (/10’#0)’ 50,
where (/10, u’ ) e HxR!" is the solution to the dual

problem with minimal norm.

If the strongly convex functional f° is subdiffer-
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entiable ( in the sense of convex analysis ) on the set D,
then it also holds that

70 [ﬂs,a(a) ’ lufs,a(o‘) } _70

—0,a —> 0.

In other words, regardless of whether or not the dual
problem is solvable, the regularized dual algorithm is
regularizing one in the sense of [9].

3.3. lterative Dual Regularization in the Case of
a Strongly Convex Objective Functional

In this subsection we formulate the convergence theorem
of iterative dual regularization method for the case of
strongly convex objective functional of Problem (P°). It
is convenient for practical solving similar problems. The
proof of this theorem can be found in [4].

We suppose here, that the set D is bounded and use the
notation

(lo,ak’#o,ak)E(lak’yak)z(ﬂk’#k)’
where
(20" k=012,

is the sequence generated by dual regularization
algorithm of Theorem 3.1. in the case §=0, a(5)=a,
a=a" . Here o k=1,2,--- isan arbitrary sequence of
positive numbers converging to zero. Suppose that the

sequence (Z Kk ),k =1,2,--- is constructed according
to the iterated rule
(Zk+1’ﬁk+1)
— K /—p
=Pr o ((/lk,yk)+ﬁk8V5 (@)

284" (Ik,ﬁk)),k=o,1,2,-~,
where (Zo,ﬁo) e HxR",
NV (A, p) = (A2 [2,4]-0",0° (2° [2.4]);

and the sequences 5k,ak,,8k, k=1,2,---, obey the
consistency conditions
5*>0,a">0,8>0,
k (®)
a
&%(5k +af +ﬂk):O’F_CO’
k+1 k
a —-a k k .
| | , ﬂ _)0’ o —)O,Z:akﬁkz-l'oo
k) ok k)3 k\°
N G N CO

The existence of sequences o and A%, k=1,2,---,
satisfying relations (8) is easy to verify. For example, we
canuse o =k and g* =k,

Then, as it is shown in [4], the limit relations

Copyright © 2012 SciRes.

“(Zk’ﬁk)_(ﬂk’yk)”_)(),

X ©
z° [ﬂk,,ukJ—ZO [lk,yk] —>0,k > o
hold and, as consequence, we have
f"(z‘Sk [Zk,ﬁk])e fo(zo),
(10)

A2 [ 7K, - A2 [ 24 i ] 0,
o ) [) o
i=1,,m,k - o,
RS I
o [P ]2 (2]
Besides, if the strongly convex functional f° is sub-

differentiable at the points of the set D, then we have
also

— 0.

”zo[ﬂ",yk]—zo“eo,k—)w.

The specified circumstances allow us to transform
Theorem 3.1. into the following statement.

Theorem 3.2. Let the objective functional of Problem
(P% is strongly convex, the set D is bounded and the
consistency conditions (8) be fulfilled. Then, regardless
of whether or not the Kuhn-Tucker vector of Problem (P°)
exists, it holds that

fo(zﬁk[[zk,ﬁk])—) f°(z°),§k — 0,k — 0,
A2 (745 ] >0,

! (" [7.7]) < 0(5*). 0(6*) 2 0,0(5*) >0,

(o oo )

- 0,6 50,k — oo,

Along with the above relations, it holds that

(252 ) > (),
(7. (R [ )

—0,6“ >0,k >x
and, as a consequence,

%imVo(/Tk,ﬁk): sup VO(/I,,u):fO(ZO).

5 —>+0 (ﬂ.,y)eHxRT

If the dual problem is solvable, then it also holds that
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(Ik,ﬁk)%(ﬂo,ﬂo), kK — o,

where (/10, u° ) e HxR" is the solution to the dual
problem with minimal norm.

If the strongly convex functional f° is subdif-
ferentiable (in the sense of convex analysis) on the set D,
then it also holds that

75 I:/Tk’ﬁk:|_zo

— 0, kK > oo,

3.4. Dual Regularization in the Case of a Convex
Objective Functional

In this subsection we prove the convergence theorem of
dual regularization method for the case of bounded D and
convex objective functional of Problem (P°).

Below, an important role is played by the following
lemma, which provides an expression for the super-
differential of concave value function V° (/1, ,u) s
(A, 4)eHxR in the case of a convex objective
functional and a bounded set D. Here, the super-
differential of a concave function (in the sense of convex
analysis) V° is understood as the subdifferential of the
convex functional —V° taken with an opposite sign.
The proof is omitted, since it can be found for a more
general case in [4].

Lemma 3.1. The superdifferential (in the sense of
convex analysis) of the concave functional V?(4,u)
atapoint (4,u4)eHxR" isexpressed by the formula

oV (4, p)
=0V (A1)
= clconv{W—iling(A(y i —hg,gﬁ(zi)):zi eD,

L (2 Aot) > inf L (2,2, 1) > )

zeD

where 0.V °(4,u) is the generalized Clarke gradient of

V?(A,u) at (A,u), and the limit w-lim is under-

stood in the sense of weak convergence in H xR™.
Further, first of all we can write the inequality

<( 1, 1,)=2a(8)(27), w),
(A )= (200, ) )>
<OV(A,u)
e HxR",
for an element
(1.1,) V2 (25, o)),

Then, taking into account Lemma 3.1. we obtain

Copyright © 2012 SciRes.

I(s.9) . )
<lim iyi (s,&)(w—}LHOIO(N‘ZS{i —h?,g° (zs{i ))j

S0 =1
_20[(5)(/15,(1(5)’#5,:1(5) ),(ﬂ' i )_(ld,a(d)’ﬂo‘,a(o‘) )> <0
(1)
1(s,5)
V(ﬂ',,u')e HxR", > 7(s.6)=1,
i1
7(5,6)20,i=1,---1(s,5),
eD,j=1,2,
Lﬁ(zj /15’“(5),;15’“(5))

where 7

S,i

is such sequence that

S,i

- minl’ (Z,ﬂg’a(ﬁ),ﬂg’a(d) ), >
zeD

Suppose without loss of generality that the sequence
ZsJ,i eD, j=1,2,--- converges weakly, as j — o, to an
element z,; € D belonging obviously to the set

M? (ﬂﬁ,a(a‘)’ﬂ(s,a(&))
= {Z* cD L’ (Z*,/ié,a(d)’ﬂé,a(a‘))

_ minL§ (Z’/la‘,a(a)’lua',a([s) )}

zeD
= Argmin{Lﬁ(Z,ig’”(‘y), ;ﬁ’"“)} :z € D}.
Due to weak lower semicontinuity of the convex

continuous functionals g@;,i=1,---,m and boundedness
of D we obtain from (11) the following inequality

<lim|(5(2n)j&);fi (S(N)»5)(A5Zs(n),i _he.g° (zs(n),i ))

n—oo i=1

20 (8)(A7, p ) (2,41 )= (A7, )>
<OV(4, 4 )eHxRD,

where s(n),n=1,2,-
sequence S=1,2,---.
To justify this inequality we have to note that in the
) >0 for some K the limit relation

case /4
limg (22;) = 07 (2.1)

is some subsequence of the

holds despite the fact that the sequence Zsjqi,j =1,2,---
converges only weakly to z ;. This circumstance is
explained by specific of Lagrangian (it is the weighed
sum of functionals) and the fact that the sequence
Zsj,i ,j=1,2,--- is a minimizing one for it.
As consequence of the last inequality, we obtain
I(s(n).5)
lim > yi(s(n),é)(A‘szS(n)ﬁi —hﬁ):za(5)ﬁ““”,

n—o =1
(12)
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1(s(n).s)
lim > 7(5(0),8)° (2gm) = 200(8) 9, (13)
N =
1(s(n).s) ; - o
lim .Z::‘ 7i(5(n),5)gj(zs(n)’i)>0, if 10 >0,
. I(s(n).5) )
tim 3, 71 (s(1):0)0] ) <0
if 100 =0, j=1,--,m

In turn, the limit relations (12)-(14) and boundedness
of D lead to the equality

I(s(n).5) ‘
11m< Z yi(s(n)’5)(A§Zs(n),i _h(s’ ga((zs(n),i )):

n—oo i=
S,a(8 S,a(8
(;L @) a(>)>

S,a(5)

~2a (5)(”/15’“@

2 0.

)

2
+|u

(15)

Further, we can write for any

z°eZ°z{z*eDO:fo(z*)=mmf°(z)}

zeD?

the following inequalities
s S.a(s) | 5.a(5)
L ( Zs(n),i ’ A »H )

= 17 (2 )+ (47 A2 1)

N <,u5’a(§), g’ (zs(n)‘i )>

a(5)

o* (') -0°(2')}

From here, due to the estimates (4), we obtain

£ (Zs(n),i )+</15,a(§)’ AJZs(n),i —h%)
+ <,u§’a(5), g° (Zs(n),i )>
< £°(2")+coft+]2"]

+5“/1‘“‘

1+||z || +C§‘,u5“

(41T )

or

Copyright © 2012 SciRes.

</1§~a(5)’ Adzs(n),i _ h5>+<,u5’a(§), g9° (Zs(n),i )>

p O+ Co+10(2°)- f‘s(zsm),i)

(s(n).5)
> ;/i(s(n),5)</1‘s‘°’(5),A§zS

. </fs,a(5), g° (Zs(n),i )>

<c,sa%)| + 015‘ 2
1(s(n).s)
_ yi(s(n),5)f§(zs(n),i)

i=1

e =h7)

+Co+1°(2)

or

Ii(s(n).5) ) )
lim Y, 7% (s(n),5)</1(”"(5), Az - h">

now 5

N <y""”(‘”, 0" (20, )>

< (;15“/15&(5) 159)

+C15+f°(z°)—minf‘;(z)

zeD
)
+Clé",u§’a(5)
+C]5+ f0<20)—minf§(2)
zeD
<2C,6,/14

+C15+ fO(ZO)—minfg(Z)

zeD
zj

2

or, because of the equality (15)

20:(5)(

S,a(5)

S,a(5)

20(9) 2

+|u

<Csa

s.a(5)|? 5.0(5)|?

or

S,a(5)

254() 2

za(s)(
—ﬁcla\/“ﬂ“(‘”

—Clé‘— f0(20)+minf5(2)§0.

zeD

+u

n ﬂ&,a(ﬁ)

From the last estimate it follows that

el +

3 V2C,5+4/2C25° —8a(5)K (5)
- 4a(5)

()Dt 2

where

K(8)=minf’(z)-°(2°)-C,5.

zeD

Thus, we derive the following limit relations

AM



M. 1. SUMIN 1341

a(§) lﬁ,a(é’) lub',a(é’)

—0,a(05)

—0,0>0. (16)

The limit relations (12)-(14), (16) give the possibility to
write

I(s(n).5) ) )
lim yi(s(n),é)(Af’zs(n),i—hb)—>o,5—>0, (17)

<p(6),9(6)>0,6 >0, j=1,---,m.
Further, let us denote by

2, €M7 (270, o))

any weak limit point of the sequence

li(s(n).5)
8 ((00) 2 =12

i=1

Then, because of the limit relations (17) and the obvious
inequality

we obtain
A’z;-h" > 0,99 (z;)
I(s(n).5)

<tim 3, 7(s(n).8) 97 (24 )

noe i
< ¢(5), o—0,
and, as consequence, due to boundedness of D
A’z;—h" -0, g? (z5)<@(5),9(5)—> 0,6 > 0.
Simultaneously, since
Zi €M s (ﬂia(c?),yﬁ,a@))
and the inequality

< f5(2)+</15’“(‘5),A52—h‘3>

+<,u§’“(5),g§ (z)>Vz eD,

holds, we can write for any z°eZ° due to the limit
relation (15)

Copyright © 2012 SciRes.

I(s(n).5)
liminf Y, 7 (8(n),6) f°(Zyn)
oo o

< f5(2°)+</15"”(5),A‘520 —h5>+<y5’”(‘s),gﬁ(z°)>.

From the last limit relation, the consistency condition (5),
the estimate (4) and boundedness of D we obtain

I(s(n).5)

liminf Y. 7 (5(n),8) F*(2,)

n—ow i=1
< f°(2°)+4(5), $(6) > 0,6 >0

or
fo(zé)
I(s n).5)
<liminff°| Y, 7(5(n).8) 2,

n—o i=1

I(s(0)0)
<timinf Y. 7(3(n),8) F*(20;)
n—o i=1

< £°(2°)+(5). $(6) > 0.5 > 0.

Thus, due to boundedness of D and weak lower
semicontinuity of fo,g? we constructed the family of
depending on & elements z°eM?’ (/1‘)’“("), ,ub’“(‘s))
such that

A’z;—h" >0,
g?(Zﬁ)S(ﬁ(é‘),a(é)—)O,é‘—)o, j=1,---,m,
and simultaneously

f°(z°) > minf*(2).5 -0,
zeD

where any weak limit point of any sequence
z,,k=1,2,---, is obviously a solution of Problem (PO).

Along with the construction of a minimizing sequence
for the original Problem (P°), the dual algorithm under
discussion produces a maximizing sequence for the
corresponding dual problem. We show that the family

(la,a((s),ﬂﬁ,a((s))

is the maximizing one for the dual problem, i.e. the limit
relation

VO (15,0!(0‘)’/15,(1(5)) N sup VO (ﬂ,, ,Ll) (18)

(A, u)eH XRT

holds.
First of all, note that due to boundedness of D the
evident estimate

V2 (2, ) =V (A, 1) < CE(14+]4] +|

), (19)
is true with a constant C >0 which depends on

sup|[z]
zeD

AM



1342 M. I. SUMIN

but not depends on &,(4, 1) e HxR".
Since

Ve (/Ia,a(s) ’ ﬂ&,a(ﬁ) ) —a(5) “ﬂﬁ,a((s) “2

5.a(5)|?

—a(6)|u

>V (A1)~ a ()| —a@)|4] v(4,u) e HxRT,
we can write, thanks to (19), the estimates
& (lo‘,a(ﬁ)"uo‘,a(ﬁ))

>V (/l,y)+a(5)“/1§’“(5) ’ +a(0) 1) ’

~Co(1+] 2] +|) ~a (SN ~ex(8)
VO (20400, o))
_y? ( ﬂb‘,a(z}')’lub',a(b‘))
+[v° (49440 a4 )y 3 (20440 ot )}
e 4,650 a0 )
whence we obtain
VO (2049 09
>V (A p)+a(8)|2% + a(ﬁ)‘ﬂé’a(é) 2
et o]

—Co(1+[ 4] +|p) ¥(2. 1) e H xR

From here, we deduce, due to the consistency condition
(5) and limit relations (16), that for any fixed M >0
and for any fixed &>0 there exists such &§(&)>0
for which the estimate

VO (/»L(?,a(ﬁ)“u&a(&))

> sup Vo(l,ﬂ)—g

(2:#)eHXRI|Z|<M <M
Vo
< 5(5) V(/l,,u)
€ {(/1,;4) e HxR! :||/1||S M,|,u| < M}

holds.

Let us, suppose now that the limit relation (18) is not
true. Then there exists such convergent to zero a
sequence J,,S=1,2,--- that the inequality

VO (ﬂds,a(és)’#ﬁs,a(ﬁs))

< sup VO(Au)-l,s=1,2,-

(Z,;/)EH ><R_?_1

Copyright © 2012 SciRes.

is fulfilled for some |>0.
Since

sup V°(A,u)- sup VO (4,1)—0,

(2,1)eHxRT (A, p)eHxRI A<M <M
for M — 400, we deduce from the last estimate that for
all sufficiently large positive M the inequality

VO (/155’“(55)’;155’“(55))

< sup VO (A,u)-1/2

(A, p)eHxRIA|<M <M
takes a place. This estimate contradicts to obtained above
estimate (20). The last contradiction proves correctness
of the limit relation (18).
At last, we can assert that the duality relation
sup V° (/1, ,u)

(A,u)eH XRT

:minfO(Z) (21)

zeD?

_ . 0
=min max L' (z.4,4)
2eD (l,y)eHxRT

for Problem (P°) holds. Indeed, similar duality relation is
valid due to Theorem 3.1. (see relation (6)) for the
problem

fo(z)+g||z||2 —>min,zeD’, £>0,

with strongly convex objective functional. Writing this
duality relation and passing to the limit as € >0 we
get because of boundedness of D the duality relation

(20).
In turn, from the duality relation (21), the estimate (19)
and the limit relation (18) we deduce the limit relation

<(15,a(5)’ﬂ6,a(5))’<A525 _h5,gﬁ(z5))> — 0,6 > 0.

So, as a result of this subsection, the following
theorem holds. To formulate it, introduce beforehand the
notations

z EArgmin{fo(Z):Z € DU},
Z’j[l,,u] EArgmin{L‘s(Z,/l,,u):Z € D}.

Theorem 3.3. Let the objective functional of Problem
(P% is convex and the consistency condition (5) be
fulfilled. Then, regardless of whether or not the
Kuhn-Tucker vector of Problem (P°) exists, it holds for
some

Z5 € Argmin{ L (Z,/L‘s‘a(‘y),y‘s’a(‘y)) e D}
=M?° (/16,0:(5)’#6,&(6))

that
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a(é»)”(ﬁﬁ,a(a‘)’ﬂﬁ,a(d))

fO(ZJ)—)minfO(Z),é‘—)O,
zeD

A'z,-h" =0, g7 (z;) <0(5).

‘ —0,
22)

?(6)20,9(5)—>0,6 >0,
<(ﬂg,a(s)’ﬂa.a(5))’(A5zd _hﬁ,gﬁ(zﬁ))>—>o,5—>0.

Along with the above relations, it holds that
limVO (Za’a(é),y‘s’a(ﬁ))

I—>+0
23
= sup Vo(ﬂ,ﬂ):minfo(Z). ( )
(A.u)eHxRT zep’

If the dual problem is solvable, then it also holds that
(lb‘,a(ﬁ),yb‘,a(ﬁ)) N (/lo,uo), 50,

where (lo,yo) e HxR"

is the solution to the dual problem with minimal norm.

4. The Stable Sequential Kuhn-Tucker
Theorem

At first, in this section we give the formulation of the
stable sequential Kuhn-Tucker theorem for the case of
strongly convex objective functional. Next we prove the
corresponding theorem in a form of iterated process in
the same case and, at last, prove the theorem in the case
of the convex objective functional.

4.1. The Stable Kuhn-Tucker Theorem in the
Case of a Strongly Convex Objective
Functional

Below the formulation of the stable sequential Kuhn-
Tucker theorem for the case of strongly convex objective
functional is given. The proof of this theorem can be
found in [7].

Theorem 4.1. Assume that f°:D —R' is a con-
tinuous strongly convex subdifferentiable functional. For
a bounded minimizing approximate solution to Problem
(P°) to exist (and, hence, to converge strongly to z°), it
is necessary that there exists a sequence of dual
variables

(zk,ﬂk)e HxR", k=1,2,--,
such that
5o, v
the limit relations

2 [, 1] e D™ ek >0,

Copyright © 2012 SciRes.

(170,
(AJKZ(sk I:ﬂk’luk:|_h5k’g(sk (z5k |:/1k”uk:|))> (24)
-0,k —> o0,
are fulfilled, and the sequence
Za‘k [/lk’#k],k =1,2,--,

is bounded. Moreover, the latter sequence is the desired
minimizing approximate solution to Problem (P°); that is,

7% [ﬂ",y‘ﬂ—) 2" k> o,
At the same time, the limit relations
fo(zo[lk,yk])a fo(zo),
(7).
(AOZO [/Lk,,uk]—ho,go(zo [ﬂk,ﬂk])» (25)
-0,k >
are also valid; as a consequence,
VO(A 1) > sup V(AL (26)
(z' " )EH «RM
is fulfilled. The points (lk,,uk ), k=1,2,---, may be
chosen as the points
(ﬂd,a(b‘),yb‘,a(&))’ k=12,

from Theorem 3.1. for § =6%, where >0,
S 50k >,

Conversely, for a minimizing approximate solution to
Problem (PO) to exist, it is sufficient that there exists a
sequence of dual variables

(A4 )e HXRT, k=1,2,
such that
o ko,
the limit relations (25) are fulfilled, and the sequence
2 (250 k=12,

is bounded. Moreover, the latter sequence is the desired
minimizing approximate solution to Problem (P°); that is,

2% [lk,yk]—)zo,kaoo.

If in addition the limit relations (25) are fulfilled, then
(26) is also valid. Simultaneously, every weak limit point
of the sequence

(2,45 ) e HxRI, k=1,2,-,
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is a maximizer of the dual problem

V®(A4,u)— max, (1, 4) e HxR].

4.2. The Stable Kuhn-Tucker Theorem in a
Form of Iterated Process in the Case of a
Strongly Convex Objective Functional

In this subsection we prove the stable sequential Kuhn-
Tucker theorem in a form of iterated process for the case
of strongly convex objective functional. Note that the
regularizing stopping rule for this iterated process in the
case when the input data of the optimization problem are
specified with a fixed (finite) error 6 >0 can be found
in [4].

Theorem 4.2. Assume that the set D is bounded and f°:
D — R'is a continuous strongly convex subdifferentiable
functional. For a minimizing approximate solution to
Problem (P%) to exist ( and, hence, to converge strongly
to z°), it is necessary that for the sequence of dual
variables (Ik,ﬁk)e HxRM, k=1,2,---, generated by
iterated process (7) with the consistency conditions (8)
the limit relations

7% [Zk,ﬁk]e Dogk,g" -0,
7).
(Atsk 7 [Zk’ﬁk]_ho‘k ’go‘k (Zak [Zk’ﬁk]))>

— 0,k - oo,

27

are fulfilled. In this case the sequence Z‘)‘k [/T k,ﬁkJ is
the desired minimizing approximate solution to Problem
(P); that is,
2% [Z",ﬁk]a 2" k> .
Simultaneously, the limit relation
VO(Z4.E ) > sup VO(ALu), (@28)
(;: ,/1' )EH XRT

is fulfilled.

Conversely, for a minimizing approximate solution to

Problem (P°) to exist, it is sufficient that for the sequence
of dual variables

(Ik,ﬁk)eHxR;“, k=1,2,-,

generated by iterated process (7) with the consistency
conditions (8), the limit relations (P’) are fulfilled.
Moreover, the sequence

Za'k [Zk,ﬁk],kzl,z,'“,

is the desired minimizing approximate solution to
Problem (P°); that is,

Copyright © 2012 SciRes.

7% [Ik,ﬁk]% 2" k > .

Simultaneously, the limit relation (28) is valid.

Proof. To prove the necessity we first observe that
Problem (P°) is solvable because of the conditions on its
input data and existence of minimizing approximate
solution. Now, the limit relations (27), (28) of the present
theorem follow from Theorem 3.2. Further, to prove the
sufficiency, we first can observe that Problem (P%) is
solvable in view of the inclusion

25k I:Zk’ﬁk:|e DOek ’
the boundedness of the sequence
2 [2 A k=120,

and the conditions imposed on the initial data of Problem
(P°). Hence due to asserted in Subsection 3.3 there exists
the sequence

(lo,ak’ﬂovak)z(ﬂ,ak u ) = (2.4,

generated by dual regularization algorithm of Subsection
2.2 and, as consequence, the sequence

(Zk,ﬁk),kzl,z,---,

generated by iterated process (7) with the consistency
conditions (8), obey the limit relations (9), (10) and (28).
Thus, the sequence

2 [ 24,2 ] k=12,

is the desired minimizing approximate solution to
Problem (PY).

4.3. The stable Kuhn-Tucker Theorem in the
Case of a Convex Objective Functional

In this subsection we prove the stable sequential Kuhn-
Tucker theorem in the case of the convex objective
functional.

Theorem 4.3. Assume that the set D is bounded and
f’:D > R' is a continuous convex functional. For a
minimizing approximate solution to problem (P°) to exist
(and, hence, every its weak limit point belongs to Z°), it is
necessary and sufficient that there exists a sequence of
dual variables

(zk,uk)e HxR", k=1,2,--,
such that
5o, oo
and the relations

2 [2 14 ]eD™ & 50k >0, (29)
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(2.0,

(A‘Fk 2 [ -0 g (ng [zk,yk])» (30)
— 0,k = oo
hold for some elements
Z‘sk [/lk,,uk] € Z’5k [/lk,,ukJ .
Moreover, the sequence
2 (250 ] k=12,

is the desired minimizing approximate solution, and
every weak limit point of this sequence is a solution to
Problem (P°). As a consequence of the limit relations
(29), (30) the limit relation

V(24 ) > sup VO (Au) 31

(A.)eH*RD

holds. Simultaneously, every weak limit point of the
sequence

(ik’,uk)e H xRT,k =1,2,---,
is a maximizer of the dual problem
V®(A4,u)— max, (1, 1) e HxR].

Proof. To prove the necessity, we first observe that
Problem (P°) is solvable, i.e. Z* # @, because of the
conditions on its input data and existence of minimizing
approximate solutions. Now, the first two limit relations
(29), (30) of the present &heorem follow from Theorem
33.1if (/Ik,yk) and z° [/Ik,yk} are chosen as the

points
{Aﬁk,a(gk)’ﬂgk,a(gk)j k=l

and Z respectively. Further, due to the estimate (19)
and the limit relation

5 ”(ik,yk)u—)o, k— o0,
we have
VO (A 1) VO (A ) - 0.k - o
Then, taking into account the equality (see (23))
sup V(A1) =minf’(2),

(l,;z)eHxRT zeD?

the limit relation (30) and obtained limit relation
(2 25 ]) > 1) ke

(see (22)) we can write

Copyright © 2012 SciRes.

v ()
(1)
(e,
(w2 [at o g (2 Dk’ﬂ)»
- £°(2°),

and, as consequence, the limit relation (31) is valid. So,
we have shown that the limit relation (31) is a
consequence of the limit relations (29), (30). Now, let the
sequence

(ﬂk,yk)e HxRM k=1,2,-,

be bounded. Then, since the concave continuous func-
tional V° is weakly upper semicontinuous, every weak
limit point of this sequence is a maximizer of the dual
problem V°(4,u)—> max, (4,4)eHxR.

Now we prove the sufficiency. We first observe that
the set

2% [2%,u¥]e D",
is nonempty in view of the inclusion
vl (2. ] Do
the boundedness of the sequence
2 [ 1]k =1,2,,
and the conditions imposed on the initial data of Problem
(P°). Hence, Problem jPO) is solvable. Furthermore, since

the point 25_[/1k,yk is a minimizer of the Lagrange
functional L° (-,ik - ) , We can write

§ o (25“ [ﬂvk“uk])
(#).
(Askzﬁk [;Lk ,uk]—hgk gak (Z‘Sk [ﬂk ﬂk}))>
< " (z)+<(/1k,yk),A5kz—h5k,g‘yk (z)>Vz eD.
By the hypotheses of the theorem, this implies that
fa‘k (Za‘k [ﬂk Iukj|)
< § (Z)+<</1k”uk)’Agkz_ho‘k,ggk (Z)>+wk

VzeD,y* -0,k > w.

We set z=z"eZ" in this inequality and use the
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consistency condition
5" ”(ﬂ,y")”—)O, k— o0,
to obtain
fo(z‘yk [/lk,yk])g f°(z°)+y7k, " >0k —>w.
In addition we have
2 [ 24 4 Je D"

Using the classical properties of the weak compactness
of a convex closed bounded set and the weak lower
semicontinuity of a convex continuous functional, we
easily deduce from the above facts that

fo(z(sk [lk’ﬂk])_)fo(zo)’k_)w’
i.e. the sequence

()= ({& (0 [ult

5
i

9)

(
w)=](
Au=A’(u )E(aé(u a8 (u ))
95(U)E(gf(U)»~-,gi(U))»66[0,%}

Here and below, 6 >0 is a number characterising an
error of initial data, o, >0 is a fixed number,
fo L, (0,1) — R' is a convex functional,

9’ :L,(0,1)>RLi=1,-,m

are convex functionals,
Aé"i = 071"”5
B’,i=0,1,---,mB’ {0,1] > R™

m,A’ {0,1] - R™",

are Lebesgue measurable and uniformly bounded with
respect to & €[0,8,] matrices,

¢’ {0,1] > R",d’ [0,1]] > R"i=1,--k
are Lebesgue measurable and uniformly bounded with
respect to & €[0,5,] vectors,
D={uel,(0,1)u(t)eU forae.te(0,1)},

U cR' is a convex compact set, x°[u](t),t[0,1] is
a solution to the Cauchy problem

x= A’ (t)x+B’ (t)u(t), x(0)=x, e R", t[0,1].
Obviously, for each control U e D this Cauchy problem

has a unique solution x°[u](t),t&[0,1] and all these
solutions are uniformly bounded with respect to ue D

Copyright © 2012 SciRes.

2 (2 ] k=120
is a minimizing approximate solution of Problem (P°).

5. Possible Applications of the Stable
Sequential Kuhn-Tucker Theorem

Below in this section we consider two illustrative exam-
ples connected with possible applications of the results
obtained in the previous sections. Its main purpose is to
show principal possibilities of using various variants of
the stable sequential Kuhn-Tucker theorem for solving
optimal control and inverse problems.

5.1. Application in Optimal Control

First of all we consider the optimal control problem with
fixed time and with functional equality and inequality
constraints

2 [u](0))+ (B (t)u(t),u(t)))dt > min, u e D,(Py)
u)= j( 2 (1).x° [u](1))dt+ [ (d (t
(A ()% [u] (1), x" [u] (1)) + (B (t)u(t),u(t)))dt <0,i=1,--,m,
)+

),u(t)>dt —0,i=1,---,k,

and 6¢€[0,5,]
X’ [u](t)| <K vueD,se[0,5,]te[01].  (32)

Assume that

[& A, <o.[8° -8, <Si=01m,
it WEL Ll Wt
L2 e
<o g’ -8,
<3,

whence we obtain due to the estimate (32) for some
constant L >0

|f§(u)— f°(u)|£ LJ,
|A‘5u - A°u| <LJ,
|ga(u)—g°(u)|£ LS YueD.
Define the Lagrange functional
L (u, A, ) = fé(u)+</1, A5u>+<y,g§(u)>, ueD
and the concave dual functional

V? (A, u)=infL(u,A, 1), AR, ueR.
ueD

Define also the notations
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u- zArgmin{fO(u):u € DO},
U‘F[l,u] EArgmin{L‘s (u,/i,,u):u € D}.

Here and below, we leave the notation D* accepting
in Section 1.

Let (/Ia,a(s) i lus,a(o‘) )

denote the unique point in R* x R that maximizes on
this set the functional

V(2o u)=a(8) (A +1ad”) > sup, (2, 4) € R <RT,
ﬁ—)O,a(&)—)O,ﬁ—)O.

Applying in this situation, for example in the case of
convexity of f¢, Theorem 4.3 we obtain the following
result.

Theorem 5.1. For a minimizing approximate solution
to Problem (ch) to exist (and, hence, every its weak
limit point belongs to U ™), it is necessary and sufficient
that there exists a sequence of dual variables

(A4 )eR“xRT, k=1,2,--,
such that 5"”(/1k,yk)“—>0, k-0,
and the relations

[, 4 Je D e S0k s w,  (33)

<(/1k,ﬂk),(A5ku‘?k [lk,uk]»g‘yk (”Jk [’Ik’”k])»

-0,k >

(34)

hold for some elements
u‘yk [/lk,,uk] eU‘)‘k [lk,,uk] .
Moreover, the sequence
u [, 4 ] k=12,

is the desired minimizing approximate solution, and
every weak limit point of this sequence is a solution to
Problem (ch ) As a consequence of the limit relations
(33), (34) the limit relation

V(A1) > sup VO (4,u)

(2,1)eR <R
holds. Simultaneously, every limit point of the sequence
(ﬂk,yk)e RKxRM k=1,2,-,
is a maximizer of the dual problem

VO (A, u)—> max, (1, u) e R“xR".

Copyright © 2012 SciRes.

The points (/lk,,uk ), k=1,2,---, may be chosen as the
points

where 6% >0, ¥ 50,k > .

In conclusion of this subsection, we note that the
Pontryagin maximum principle can be used for finding
optimal elements U € D in the problem

L (u, 2%, #*) > min,u & D. (35)
Denote
H (tx,up, A, 1)
E<W, A’ (t)x+ B‘g(t)u>
—(<A§(t)x,x>+<B§ (t)u,u>)
~(2,(c? (t)x+D° (t)u))
—<,u,(<Af (t)x,x>+<Bf (t)u,u>,
y,(...,(Aﬁ(t)x,x>+<Brﬁ (t)u,u>)),

where C’(t) is (nxn) matrix with lines
¢’ (t),i=1,--,n, D°(t) is (nxm) matrix with lines
d? (t)i=1,-.n.

Then, due to convexity of the problem (35) we can
assert that any its minimizer U satisfies the following
maximum principle.

Theorem 5.2. The maximum relation
HO (6 [ur (1), u" (), (1), 4, ")

- (0 [0 00 02

veU

for ae. te[0,1],

holds for the Lagrange multipliers (/lk, ,uk)e R¥xR",
where w(t), te[0,1] is the solution of the adjoint
problem

p ==V, H(6X [ur](0),u" (1),p, A5 ), w (1) = 0.

5.2. Application in IlI-Posed Inverse Problems

Now we consider the illustrative example of the ill-posed
inverse problem of final observation for a linear
parabolic equation in the divergent form for recovering a
distributed right-hand side of the equation, initial
function, and boundary function on the side surface of
the cylindrical domain for the third boundary value
problem. Here we study the simplified inverse problem
with a view of compact presentation. Similar but more
general inverse problem may be found in [10].

Let UcR™, VcR' and WcR' be convex

AM



1348 M. I. SUMIN

compacts,

Q =0x(0,T),S =00,
S ={(xt):xeS,te(0,T)},
Q be abounded domainin R", D =D,xD,xD,,
D,={uel,(Q)u(xt)eU aeonQ,}

B

D,={vel,(Q)v(x)eV aeonQ},
D, ={wel, (S ):w(xt)eW aeonS}.

Let us consider inverse problem of finding a triple
n=(u,v,w)e D of unknown distributed, initial, and
boundary coefficients for the third boundary value
problem for the following linear parabolic equation of
the divergent form

0
z-—a;(xt)z, J+b (xt)z,
8xi( ) J) (36)

+a(x,t)z+<gﬁ(x,t),u(x,t)> =0,

z2(x,0)=v(x),
XeQ,

§—§I+a(x,t)z =w(x,t),

(x,t)es;,
determined by a final observation
h® = z° (-T)eL (Q),

whose value is known approximately, at a certain T .
Here, similar to [11],

oz(x,t
éN ) =a (X,t)zXj (x,t)cos e (x,t)
and ¢ (x,t) is the angle between the external normal to
S and the X axis, and >0 is a number cha-
racterising an error of initial data, J,>0 is a fixed
number. The solution z°[rn] to the boundary value
problem (36) corresponding to the desired actions
n=(u,v,w)e D is a weak solution in the sense of the
class V,*(Q;) [11]. Clearly, the solution to the inverse
problem in such a statement may be not unique.
Therefore, we will be interested in finding a normal
solution, i.e., a solution with the minimal norm

Julf gy IV + W, -

which we denote by n°.

It is easy to see that the above-formulated inverse
problem of finding the normal solution by a given
observation h” e L,(Q) is equivalent to the following
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fixed-time optimal control problem on finding a mini-
mum-norm control triple © with strongly convex ob-
jective functional and a semi-state equality constraint

f°(n) > inf, A’ =h,
neDcL(Q)xL (Q)xL,(S;)=2,
h'eH=L,(Q).(Pp)
where
£ (m) =uliq, + MR+ i, -

A (m)=2°[x](-T).

The input data for the inverse problem (and, hence, for
Problem (P,(,i) are assumed to meet the following
conditions:

1) functions

a .b.,a:Qx[0,T]>R.i, j=1,,n,

i,j°
9°:Qx[0,T] > R"

are Lebesgue measurable;
2) the estimates

V|§|2 <a;(xt)&¢; Sf‘|§|2
forae(x,t)eQ,, v,u>0,

|bi (x,t)|,|a(x,t)|,|g§ (x,t)| <K
forae, (x,t)eQr, o(xt)<K

forae. (x,t)eS;,

hold, where K > 0 is a constant not depending on
5¢€[0,6,];
3) the boundary S is piece-wise smooth.
Denote by h’ eL,(Q) approximate final observation
(with parameter) and assume that

”95 - g()"oo.QT <9, ”h& B ho"z,g 2 37)

From conditions 1) - 3) and the theorem on the existence
of a weak (generalized) solution of the third boundary
value problem for a linear parabolic equation of the
divergent type [11], (Chapter III, Section 5), [12] it
follows that the direct problem (36) is uniquely solvable
in V,°(Q;) for any triple (u,v,w)eZ andany T >0
and besides a priory estimate

2 %oy + 27 [l <€ (ol +IMg s, )

is true, where a constant C > 0 not depends on
o€ [O, 50] . The last facts together with the estimates (37)
lead to corresponding necessary estimate for deviation of
perturbed linear bounded operator A’ :Z - H ,
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Ar=z° [Tc](~,T),
from its unperturbed analog (details may be found in
[10])
||A"—A°||£C5(1+|| z|l)Vz|e Z

where a constant C > 0 not depends on & .
Define the Lagrange functional

L (n,1) = fo(n)+</1,A‘5n—h‘s>,ne D

with the minimizer n°[A] and the concave dual
functional

Vf’(z)zingL(n,ﬂ), AeH=1L(Q).

Let 2%“") denotes the unique point in H =L, (Q)
that maximizes on this set the functional

V2 (2)-a(8)|A] —sup,AeH,

i—m,a(a)—m,&—m.
a(9)
Applying Theorem 4.1. in this situation of strong
convexity of f° we obtain the following result.
Theorem 5.3. For a bounded minimizing approximate
solution to Problem (Pg) to exist (and, hence, to
converge strongly to n° as k — ), it is necessary
that there exists a sequence of dual variable A*eH,
k=1,2,-+, such that &*|4"| >0, k-0, the limit
relations

~ [/Ik]e Do ek o0,
(38)
k k k
</1k,A5 o [44]-h0 >—>o, ko,
are fulfilled. Moreover, the latter sequence is the desired
minimizing approximate solution to Problem (P,?,) ; that
is,
- [/lq—)no, k— 0.
At the same time, the limit relation
VO (1K) - supv© (7)), (39)
/1‘ eH
is fulfilled.
Conversely, for a minimizing approximate solution to

problem (P,‘;) to exist, it is sufficient that there exists a
sequence of dual variable A“eH, k=1,2,--- such that

5k||/1k||—>o, ko,

the limit relations (38) are fulfilled. Moreover, the latter
sequence is the desired to Problem (P,(F’, ) ; that is,

s [Ak]ano,k—mo.
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Besides, the limit relation (39) is also valid. Simul-
taneously, every weak limit point of the sequence
A“eH,k=1,2,---, is a maximizer of the dual problem

Vy (1) > max,1eH.
The points A,k =1,2,-

5K ,a(&k)

-, may be chosen as the points

A , k=1,2,-,

where 6 >0, 6 50,k > .
Since the set D is bounded in Problem (P,‘;, ) , We can
apply for solving our inverse problem the regularized
Kuhn-Tucker theorem in a form of iterated process also.
Thus, Theorem 4.2. leads us to the following theorem.
Theorem 5.4. For a minimizing approximate solution
to Problem (P,g) to exist (and, hence, to converge
strongly to =), it is necessary that for the sequence of
dual variable A*eH , k=1,2,---, generated by
iterated process
Tkl _ 7K kK ask _sCr77k o K _k7k
I =714 B (A 2 [7] -h ) W
k=0,1,2,--, 1’ € H,
with the consistency conditions (8) the limit relations
n‘yk [Zk] S DO‘Ek &0,
Tk a8 K[k sk S
</1 LA [z }—h(’ >—)O,k—>oo,

are fulfilled. In this case the sequence

2 [2¢]
is the desired minimizing approximate solution to Pro-
blem (P,g) : that is,
7z‘5k [/TkJ—Mro,k—)oo.
Simultaneously, the limit relation

VO (2*) > supV° (1) (42)
A eH
is fulfilled.

Conversely, for a minimizing approximate solution to
Problem (P,E, to exist, it is sufficient that for the
sequence of dual variable A¥eH, k=12, ge-
nerated by iterated process (40) with the consistency
conditions (8), the limit relations (41) are fulfilled.
Moreover, the sequence

P [Z]k=1,2,-,

is the desired minimizing approximate solution to Prob-
lem (Pl?> ) ; that is,

n(sk [/Tk]—nto,k—wo.

Simultaneously, the limit relation (42) is valid.

AM
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