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ABSTRACT

Our aim in the present article is to introduce and study new types of retractions of closed flat Robertson-Walker W*
model. Types of the deformation retract of closed flat Robertson-Walker W* model are obtained. The relations between
the retraction and the deformation retract of curves in W* model are deduced. Types of minimal retractions of curves in
W* model are also presented. Also, the isometric and topological folding in each case and the relation between the
deformation retracts after and before folding have been obtained. New types of homotopy maps are deduced. New types

of conditional folding are presented. Some commutative diagrams are obtained.
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1. Introduction

As is well known, the theory of retractions is always one
of interesting topics in Euclidian and Non-Euclidian
space and it has been investigated from the various view-
points by many branches of topology and differential
geometry El-Ahmady [1].

El-Ahmady [1-13] studied the variation of the density
function on chaotic spheres in chaotic space-like Min-
kowski space time, folding of fuzzy hypertori and their
retractions, limits of fuzzy retractions of fuzzy hyper-
spheres and their foldings, fuzzy folding of fuzzy horo-
cycle, fuzzy Lobachevskian space and its folding, the
deformation retract and topological folding of Buchdahi
space, retraction of chaotic Ricci space, a calculation of
geodesics in chaotic flat space and its folding, fuzzy de-
formation retract of fuzzy horospheres, on fuzzy spheres
in fuzzy Minkowski space, retractions of spatially curved
Robertson-Walker space, a calculation of geodesics in
flat Robertson-Walker space and its folding, and re-
traction of chaotic black hole.

An n-dimensional topological manifold M is a Haus-
dorff topological space with a countable basis for the
topology which is locally homeomorphic to R". If
h:U—>U' is a homeomorphism of UcM onto
U'cR", then h is called a chart of M and U is the
associated chart domain. A collection (4, ) is said to
be an atlas for M if U, _, U, =M. Given two charts
h,.h, such that U ,=U, "U; #D, the transforma-
tion chart hjoh,' between open sets of R" is defined,
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and if all of these charts transformation are c¢” -map-
pings, then the manifolds under consideration is a
¢” -manifolds. A differentiable structure on M is a dif-
ferentiable atlas and a differentiable manifolds is a topo-
logical manifolds with a differentiable structure Arko-
witz [14] Banchoff [15], Dubrovin [16], Kuhnel [17],
Montiel [18].

Most folding problems are attractive from a pure
mathematical standpoint, for the beauty of the problems
themselves. The folding problems have close connections
to important industrial applications Linkage folding has
applications in robotics and hydraulic tube bending. Pa-
per folding has application in sheet-metal bending,
packaging, and air-bag folding Demainel [19]. Following
the great Soviet geometer Pogorelov [20], also, used
folding to solve difficult problems related to shell struc-
tures in civil engineering and aero space design, namely
buckling instability El Naschie [21]. Isometric folding
between two Riemannian manifold may be characterized
as maps that send piecewise geodesic segments to a
piecewise geodesic segments of the same length El-
Ahmady [4]. For a topological folding the maps do not
preserves lengths El-Ahmady [5,6].

A subset A of a topological space X is called a re-
tract of X if there exists a continuous map r:X — A
such that r(a)=a, VaeA where A is closed and X
is open El-Ahmady [3,7]. Also, let X be a space and
A a subspace. A map r:X —> A such that r(a)=a,
for all ae A, is called a retraction of X onto A and
A s the called a retract of X This can be re stated as
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follows. If i:A— X is the inclusion map, then
r: X — A is a map such that ri=id,. If, in addition,
ri=idy, we call r a deformation retract and A a
deformation retract of X Another simple-but extremely
useful-idea is that of a retract. If A, X <M, then Aisa
retract of X if there is a commutative diagram.

N

i
If f:A—>B and g:X—>Y, then f is aretract of
g if there is a commutative diagram Arkowitz [14],
Naber [22], Shick [23] and Strom [ 24].

N

i
A >

| ] l
\/

2. Main Results

The flat Robertson-Walker W* Line element

ds® = —dt* +a’ (t)(dX2 +dY2+dZZ) is one example of
a homogeneous isotropic cosmological spacetime geo-
metry, but not the only one. The general Robertson-
Walker W* Line element for a homogeneous isotro-
pic universe has the form ds’—dt* +a’(t)dl* where
dI’ is the line element of a homogeneous, isotropic three-
dimensional space. There are only three possibilities for
this. Let’s now look at the closed flat Robertson-Walker
W* model. In the present work we give first some rigo-
rous definitions of retractions, folding and deformation
retraction as well as important theorems of closed flat
Robertson-Walker W* model. In what follows, we
would like to introduce the types of retraction, folding
and deformation retraction of closed flat Robertson-
Walker W* model El-Ahmady [11,12], Hartle [25],
Straumann [26] with metric

d’ =dy* +sin’ 7 (d0” +sin’0dg’ ) (1)

idy

v
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The coordinate of closed flat Robertson-Walker space
W* are
X, =sinysinfcosg, x, = sinycosH, )

X, =sinysinfsing, x, =cosy,

where the range of the three polar angles ( Z 9,¢) is
givenby 0< y<m,0<6d<m and 0<¢<2mn
Now, we use Lagrangian equations

dpor) ot =0,i=12,3
ds\ 0'g 8(01
To find a geodesic which is a subset of the closed flat
Robertson-Walker space W*. Since
_ 1 2 22 ”2 22 ”2
T_E{Z +sin ;((9 +sin"6¢ )}

Then the Lagrangian equations for closed flat Robert-
son-Walker space W* are.
d

a(}(')—(sin;(cos;((ﬁ’z +sin2¢9¢’2)):0 3)

di(sin2 20')—(sin’ zsinOcos 04" ) = 0 4)
S

d ) .2 ’
— 09" )=0 5
” (sm xsin ¢) %)

From Equation (5) we obtain sin’ysin’¢’ = constant
say p,,if B, =0, we obtain the following cases:

If =0, hence we get the coordinates of closed flat
Robertson-Walker space W* which are given by

x, =0,x, =0,x, =siny,Xx, =cosy .

Which is the sphere s}, x;+x;+x;+x; =1, itisa
minimal geodesic and minimal retraction. Also, if

7 :%, hence we get the coordinate of closed flat Ro-
bertson-Walker space W* which are given by

1. . .
X, = Esm;(cos¢,x2 = 5s1n;(sm¢,

3.
X3 ZTSIHZ,X4 =COSy

Which is the hypersphere S}, x; +x;+x; +x; =1,
it is a minimal geodesic and minimal retraction. Again, if
o =% hence we get the coordinate of closed flat Ro-
bertson-Walker space W* which are given by
sinysing

X, = —=sinycosg,x, =

1
\5 V2
siny,X, =cosy

X3\/_

Which is the hypersphere S}, x; +x;+x; +x; =1
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it is a minimal geodesic and minimal retraction. Also, if
T .
7 :E’ hence we get the coordinate of closed flat Ro-

bertson-Walker space W* which are given by
3. 3. .
X, = ——sinycos¢, x, = ——sinysing,
2 2
1 .
Xy = Esm;(,x4 =cosy

Which is the hypersphere S}, x;+x;+xi+x; =1, it
is a minimal geodesic and minimal retraction. If 6 = 5
hence we get the coordinate of closed flat

Robertson-Walker space W* which are given by

X, =sinycos¢, X, = sinysing,
X, =0,x, =cosy

Which is the hypersphere S;, x; +x;+x; +x; =1,

it is a minimal geodesic and minimal retraction. Again, if

f=m, hence we get the coordinate of closed flat
Robertson-Walker space W* which are given by

x, =0,x, =0,x; =-siny,x, =cosy .

This is the sphere S), x; +xj+x;+x; =1 it is a
minimal geodesic and minimal retraction. Also, if
6 =270, hence we get the coordinate of closed flat
Robertson-Walker space W* which are given by

X, = —sinycos¢, X, = —sinysing,
X, =0,x, =cosy.

Which is the hypersphere S, x; +x3+x;+x; =1,
it is a minimal geodesic and minimal retraction. If
$=0, hence we get the coordinate of closed flat
Robertson-Walker space W* which are given by

X, =sinysind,x, =0,

X, =sinycosd,x, = cosy.

Which is the sphere S;, x; +x;+x;+x;=1,itisa
minimal geodesic and minimal retraction. Again, if

i/ :%, hence we get the coordinate of closed flat Ro-

bertson-Walker space W* which are given by

L . .
X, = —351n;(s1nc9,x2 = —sinysind,
2 2
X, = sinycosf,x, = cosy.

Which is the hypersphere S;,x; +x; +x; +x; =1, it
is a minimal geodesic and minimal retraction. Also, if

i/ :g, hence we get the coordinate of closed flat Ro-

bertson-Walker space W* which are given by
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X, = Lsin;(siné’, X, = Lsin;(sint9,
V2 V2

X, =sinycosd,x, = cosy
Which is the hypersphere SI,x; +x5 +x; +x; =1, it
is a minimal geodesic and minimal retraction. If ¢ = 3’

hence we get the coordinate of closed flat Robertson-
Walker space W* which are given by

r. . . .
X, =Esm;(sml9,x2 =Esm;(sml9

X, =sinycosd,x, = cosy
Which is the hypersphere S:,x; +x; +x; +x; =1, it
is a minimal geodesic and minimal retraction. Again, if

¢:§ hence we get the coordinate of closed flat Ro-

bertson-Walker space W* which are given by
x, =0,x, =sinysiné,
X, =sinycosd,x, = cosy
Which is the hypersphere S;,x; +x; +x3+x; =1, it
is a minimal geodesic and minimal retraction. Also, if

¢=m, hence we get the coordinate of closed flat
Robertson-Walker space W* which are given by

X, = —sinysind,x, =0,
X, = sinycosd,x, = cosy
Which is the sphere SI,x;+x;+x;+x; =1, it is a
minimal geodesic and minimal retraction. If ¢ =270

hence we get the coordinate of closed flat Robertson-
Walker space W* which are given by

x, =0,x, = —sinysiné,
X, =sinycosd,x, = cosy
: : 2 2 2 2 2 _ CPRS
This is the sphere Sg,x;+x;+x;+x;=1, it is a
minimal geodesic and minimal retraction. Again, if

7 =0, hence we get the coordinate of closed flat Ro-
bertson-Walker space W* which are given by

x, =0,x,=0,x;=0,x, =1.
Which is the point of the hypersphere
S3,x; +x;+x;+x; =1, it is a minimal geodesic and

. . . T
minimal retraction. Also, if ;(=E, hence we get the

coordinate of closed flat Robertson-Walker space W*
which are given by

X, = sinfcos@,x, = sinfsing,

X, =cosf,x, =0

Which is the sphere SI,x; +x;+x;+x; =1, it is a
minimal geodesic and minimal retraction. If y ==
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hence we get the coordinate of closed flat Robertson-
Walker space W* which are given by

x, =0,x, =0,x; =0,x, =-1.
Which is the point of the hypersphere
Si,Xx; +X;+x;+x; =1, it is a minimal geodesic and
minimal retraction . Also, if y =270, hence we get the

coordinate of closed flat Robertson-Walker space W*
which are given by

X, = —sinfcos, x, = —sinfsinJ,
X, =—co0sb,x, =0

Which is the sphere S;,x; +x;+x;+x; =1, it is a
minimal geodesic and minimal retraction .

Theorem 1. The retractions of closed flat Robertson-
Walker space W* are minimal geodesics and geodesic
spheres.

In this position, we present some cases of deformation
retract of open flat Robertson-Walker space W*. The
deformation retract of open flat Robertson-Walker space
W* is

n:{W“—ﬁ}xI—){W“—ﬂ},
where {W4 - ﬁ} be the open flat Robertson-Walker
space W* and is the closed interval [0, 1], be present as

7(x,h) {(sin;gsin&cos #,sinysinfsing,
sinycosé,cosy — B} x1—
{siny sin@cos gsinysinPsind, sinycosd,cosy — B}

The deformation retract of the open flat Robertson-
Walker space W* into the sphere S; is

n(m,h)= (1+h){(sin)(sin Ocosd,

sin ysinfsin J,

. h
sin y cos#,cos ;()—,B} + tannT

—{0,0,0,1}
where
n(m,O) = {(sin;gsin@cos@,sin;gsianin@ ,
sinycos®, cos;()—ﬁ},
and

17(m,1)=1{0,0,0,1}

The deformation retract of the open flat Robertson-
Walker space W* into the sphere S; is

n(m,h)=(1—2h+h2)
{(sin;(siné’cos J,sin ysin@sinJ,
sin;(cosﬁ,cos;()—ﬂ}
+(h3 —2h+2h2){0,0,sin;(cos;(}
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The deformation retract of the open flat Robertson-
Walker space W* into the sphere S is

h(, . . . o
n(m,h)= cos%{(sm;(Slnﬁcos¢,sm;(sm¢951n¢,
sin, sin y cos @, cos y)— B}
. mh . . .
+ smT{sm;{ sin, 0,sinycosé,0, cos;(}
Now, we are going to discuss the folding J of the

open flat Robertson-Walker W* space
Let J:W*—> W*, where

j(xl,xz,x3,x4):(x1,|x2|,x3,x4). (6)

An isometric folding of the open flat Robertson-
Walker W* space into itself may be defined by

J: {(sin;(sinﬁcos @,sin y sin Gsin ¢,
sin y cos H,cos;()—ﬂ} - {(sin;(sinﬁcowﬁ,

|sin ysin@sin g

,sin;gcos@,cos;()—ﬂ}

The deformation retract of the folded open flat Robert-
son-Walker space 3(W4) into the folded geodesic
J(Sf) is:

77, :{(sin ysin G cos g, |sin z sin Osin g,
sin y cos 0, cos )~ B} x I — {(sin ysinfcos g,
[sin zsin Osin g, sin 7 cos 6,cosy ) -}
with
17y (m,h) = (1 +h){(sin;(sinHcos¢,|sin;(sin05in¢|,

sin y cos ,cos ) - B} + tan%{0,0,0,l}

The deformation retract of the folded open flat Robert-
son-Walker space 3(W4) into the folded geodesic
J (Sf) is:

75 (m,h) = (1+ h){(sin;(sinHcos®|sin;(sin0sin ®|,
sin y cos 6, cos y) - B} +(h3 —2h+2h2)
{0,0,sin z,cos y}

The deformation retract of the folded open flat Robert-
son-Walker space 3(W4) into the folded geodesic
J(Sf) is:

17y (m, 7)) =(1+ h){(sin;(sinﬁcos¢,|sin;(sin Gsing|,

sin y cos #,cos ;() —,B}
+sin nh/2 {sin;(sin 0,0,siny cosé, cos;(}

Then, the following theorem has been proved.
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Theorem 2. Under the defined folding and any folding
homeomorphic to this type of folding, the deformation
retract of the folded open flat Robertson-Walker space
3(W4) into the folded geodesics is the same as the de-
formation retract of open flat Robertson-Walker space
W* into the geodesics.

Now, let the folding be defined by:

T W Wt
where

3*(xl,x2,x3,x4):(xl,xz,x3,|x4|) @)

The isometric folded open flat Robertson-Walker
space TJ(W4) is:

R= {(sin;gsin@cos¢, sin ysin@sing,
sin;gcos@,|cos;g|)—ﬂ}

The deformation retract of the folded open flat Robert-
son-Walker space J° (W4 ) into the folded geodesic
J (Sf ) is:

Ny = {(sin xsinf@cosg@,sin ysinFsing,

sin y cos 9,|cos ;(|) - ,b’} x 1 {(sin ysinfdcosg,
sin y sin @sin @,sin y cos 9,|cos;(|) - ,B}
with
. (m,h)=(1+ h){(sin)(sin O cos @,

sin y sin @sin @,sin y cos 9,|cos ;(|)—ﬂ}
+tan%{0,0,0,1}.

The deformation retract of the folded open flat Robert-
son-Walker space J° (W4) into the folded geodesic
7 (S;) is:

e (m,h)=(1+ h){(sin;(sinecosgiﬁ,
sin y sin @sin @sin y cos 9,|cos ;(|) —ﬂ}
+(h* =2h+2h*){0,0,sin y,|cos 7}

The deformation retract of the folded open flat Robert-
son-Walker space J° (W4) into the folded geodesic
7 (Si) is:

n.: (m,h) = (1+h){(sin;(sin6’cos¢sin;(sin0sin¢,
sin;(cosé’,|cos;(|—ﬂ}

+sin%h{sin;(sin 0,0,sin y cos 49,0,|cos;(|}

Copyright © 2012 SciRes.

Then, the following theorem has been proved.

Theorem 3. Under the defined folding and any folding
homeomorphic to this type of folding, the deformation
retract of the folded open flat Robertson-Walker space
3 (W4) into the folded geodesics is different from the
deformation retract of open flat Robertson-Walker space
W* into the geodesics.

Lemma 1. The relations between the retractions and
the limits of the folding of open flat Robertson-Walker
space W* discussed from the following commutative
diagrams

n
w* —p

lim,, .. f,
hmm—mo fm +1

3 2
S ———» g2

Lemma 2. The end of limits of the folding of closed
flat Robertson-Walker space W* is a 0-dimensional
space.

Proof. Let

3:S>S,

5 :5.(8) > 585 : Sz( I(SS))_)&(&(SW
SRR (3 '(33 (52 &(s') ))) )
—>&1_1(5 '(53 5, 31 53 )) )
i (5 (55 (5.5 () - -

Kii$" 80K, 1K, (87) > K (87),

K (6 (5)) > K K )

K, K (KK (K3 (1, (57))) )

Ky (Koo (K (Ko (K, (7))

ik (K (Ko (6 (R ) =5

Consequently,
lim lim lim h, (Km (Sn (S3 ))): S°= 0 -dimensional sphere,

S—00 M—>»0 N—»0

it is a minimal geodesic.

AM



1158

Lemma 3. The relation between the retraction and the
deformation retract of open flat Robertson-Walker space
W* discussed from the following commutative diagram

{sg—ﬁ}le {s3-8}

g I
?
D.R

(S3-px]——p &}

Theorem 4. Any folding of S} = W* into Sj < W*
induces folding of B(ner) into B(nf8) from

T, (SL) =T, (S))-

Proof. Let S, c W* »S, c W'
'S, @ W* > 8} <« W*, then there is an induced folding
3 :B(na)—>B(nB) such that
exp’ :S, « W' > B(na) and

exp ' :S; « W' — B(nf) such that the following dia-
gram is commutative

&

S3cwh »  Sjcwt
exp—1l lexp—1
%*

B(na) > B(np)

ie. T oexp'=exp'F

Theorem 5. Any retraction of (SZ - >\) c W* into
(S; — >\) cW*,Bca induces retraction of B(mar)
into B(np).

Proof. Let r be a retraction map,

1r(Si(—>\)cW4 —>(S;—>\)CW4

where (SZ —>\) and (Si, —>\) are the open sphere in
W*, fca#. Also, let

exp”' :(Sfx —>\) c W' - B(rma-X') and

exp” :(SZ —>\) cW* 5 B(npg-X)

such that B(ma—X\")> B(nf—X\"). Then we have the
retraction 1 :B(na—X')—> B(mnf-X') such that

* -1 _ -1
r exp  =exp

Copyright © 2012 SciRes.
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(52 —») ) (S5 -»)
o] |
B(ra—x) —— T » B(mf—x)

Theorem 6. Any retraction 1: T, {W4 —,B}—) T, (S3 ),

then the map T, :{W4 - ﬂ} — S’ induced by the ex-
ponential map.

Proof. Let a retraction 1, : T, {W4 —,6’} —>T, (S3 ) ,bea
retraction of T, {W4 - /3} into T, (S3 ) . Also, Let
exp, : T, {W4 —ﬂ} - {W4 —ﬂ} and
exp, : T, (83)—> (83) )
L, :{W“—ﬁ}—)S3

such that roexp, =exp, or

Then we have the retraction

n
TAW* = B} —————> T,(S3)
exp, l exp,
v
wi-p—2 s}

Theorem 7. Any retraction r:{W4 —,B} —S;, then

the map 1, : T {W4 —/5’} - T, (Sf) induced by the in-
verse exponential map.

Proof. Let a retraction r: {W4 —ﬂ} - (S;) , be a re-
traction of {W4 - /5’} int S; . Also, Let
exp, ' : {W4 —/3} ->T (W4) and
exp, ' : (S; ) ->T, (Sf) .
Then we have the retraction
r:T, {W4 —ﬂ} -T, (Sf) such that

-1 _ -1
LOeXp, =exp, or

w-pp——» 5}

-1
exp, l l exp;1

Tp{I/V4 —B} T—1> Tq{SS}

Theorem 8. If the retraction of the sphere S; is
f:S; — S, the inclusion map of S; is
i:S; —S,,S; S/, and inclusion map of S'is
j:S; —SI. Then there are induces retractions such that
the following diagram is commutative.
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Proof. Let the retraction map of the hypersphere Sé
is f:S} — S, the inclusion map of S; is
i:S; >8S.,S;cS, j: f(Sé) — 82, the retraction map
of i(Sé) is r: i(Sé ) — S;, the retraction map of
r: i(Sé)—) S; isgivenby s: j(f(Sé)) —8S;, and
f: r(i(Sé)) — S| . Hence, the following diagram is com-

mutative.
Theorem 9. If the retraction of the sphere S; is

f:8 59, exp:Sf—>T(Sf), and expl:Si—>T(Si).

Then there are induces exponential inverse map such that
the following diagram is commutative.

idss

g, T(s;) —» &

expy! Pl 511
> T(SD) >

\/

Proof. Let the retraction map of the hypersphere Sé
is £:S] >8S;, exp:S; —>T(S§),exp1 :f(Sf)—)T(Si),

exp: exp(Sf ) —S;, exp; :exp, (f(Sl3 )) — S, , and
frexp” (exp(Sf)) — S| . Hence, the following diagram

1S commutative.

Copyright © 2012 SciRes.

3. Conclusion

The present article deals what we consider to be closed
flat Robertson-Walker W* model. The retractions of
closed flat Robertson-Walker W* model are presented.
The deformation retract of closed flat Robertson-Walker
W* model will be deduced. The connection between
folding and deformation retract is achieved. New types of
conditional folding are presented. Also, the relations be-
tween the limits of folding and retractions are discussed.
Some commutative diagrams are presented.
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