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ABSTRACT 

The present paper is mainly concerned with several new types of fixed point theorems in different spaces such as cone 
metric spaces and fuzzy metric spaces. By using these obtained fixed point theorems, we then prove the existence and 
uniqueness of the solutions to two classes of two-point ordinary differential equation problems. 
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1. Introduction 

The theory of the fixed point has important applications 
in fields such as differential equations, equilibrium pro- 
blems, variational inequality, optimization problems, 
maxmin problems etc. (cf. Klaus Deimling [1], Congjun 
Zhang [2] for example), which has attracted many 
scholars’ attention and became a hot topic in mathe- 
matics and applied mathematics field for a long time. In 
recent decades, many new types of fixed point theorems 
have been proposed (see [3-6] and the reference therein) 
and the generalizations of the existing ones have been 
dramatically developed in many ways. In [7], Long- 
Guang Huang and Xian Zhang have introduced the 
notion of cone metric spaces and proved some fixed 
point theorems of contractive mappings on cone metric 
spaces. For fixed point theorems in fuzzy metric spaces, 
see [8-12]. In [13-16], some scholars have proved the 
fixed point theorem in partial order metric space, and 
applied them to prove the existence and uniqueness of 
the solution to the two-point ordinary differential equa- 
tion problems. Inspired by the recent progress in this 
fields, we will study in the present paper the existence 
and uniqueness of the fixed point for some special mapp- 
ings in cone metric spaces and fuzzy metric spaces as 
well as their applications to the following two-point or- 
dinary differential equations. 

Problem (1): 

      
   

= , , 0,

0 = ,

u t f t u t t T

u u T

  



 

> 0T , :f I R R   
 conditions wh
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where is a continuous function 
satisfyin e ich will be giv n explicitly 
later. 

lem (2): 

g som e

Prob
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> 0T , :f I R R   
 conditions wh

where is a continuous function 
satisfyin e ich will be given explicitly 
later. 

paper is organized as

his section some definitions and lemmas in 
will be 

g som

The  follows. For the reader’s 
convenience, we recall in Section 2 some definitions and 
lemmas in cone metric spaces and fuzzy metric spaces 
that will be used in the sequel. Section 3 is devoted to the 
investigation on the existence and uniqueness of the 
fixed point for some special mappings in cone metric 
spaces and fuzzy metric spaces. In last section, two-point 
ordinary differential equation problems are studied by 
using the results obtained in Section 3 and the existence 
and uniqueness of the solutions to such equations is 
established. 

2. Preliminaries and Abstract Results 

We recall in t
cone metric spaces and fuzzy metric spaces that 
used in the sequel. 

Definition 1 [6]. Let  ,X d  be a metric space and 
f  a mapping from X  to X . For any z X , define 

0 =f z z ,  1=n nf z f f z  for 1n  . The sequence 
 nf  is called the orbit of f and nf  the of f. n iterate 
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Definition 2. A functio    0, 0,    is called 
ω-function if it is a onot ncreasing ion and 

th  for a > 0

n 
an  m
satisfies at an

:f
one i  funct

d ny  0 = 0f   , there exists 
, such that   <f tM > 0  , for ev   ,t M . ery

For example:   = 1 1 0f x x , defined on  0, , is 
an ω-function. 

Definition t 3 [7]. Le X  be a nonem y set. Let E  
be a real Banac K  a cone ati

pt
h spac  of  s
e

e, E sfying 
intK   , wher  intK  denotes the interior of 

l or
K . 

Define a partia der   on E  based  as on K fo- 
llows: for any ,x y E , y x  if and only  if
y x K  , while y x  m ns ea y x  and y x  , and 

eans ty K  . And the following con- 
vention is assumed: 
y x  m inx

x y  if and only if y x , =x y  
if and only if x y  and y x

ping d E  satisfies: 
 

. 
If a map
1)

: X X
, 0x y   , , , = 0y X d x y  if and 

only if =
d , for all x

x y ; 
2)   , =d x y x , for all , ,d y x y X ; 
3)    x z  , d z , y,d x y d , for all , ,x y z X , 

th is called a cone metric on en d  X  and  ,X d  is 
called a cone metric space with respect to nach 
space and the con

finition 4 [2]. 1) A cone 

 the Ba
 E  e K  in E . 

De K  in a Banach space 
e

E  
is called normal, if there exists a numb r M > 0 such that 
for all ,x y K , x y    implies x M y , 
where   is the zero el ent of them e Banach space
Th

 E . 
e smallest M  satisfying th nequality is denoted  at i by

M  , and it is called the normal constant of K ; 2) A 
cone K  na E  is calle f 
every in reasing sequence which is bounded from above 
is convergent. That is, if  n

in a Ba ch spac d lae regu r i
c

x  is sequence such that 

1 2 nx x x y      for some  y E , the here is n t
x E uch that  s  0nx x n   . 

Remark 1. 1) For any normal cone K  in a Banach 
space E, M* exists and 1M  see [2]); 2) Equivalently, 

nd only i y decreasing 
nce which is

 (
 if aa cone is regular f e

seque  bounded from below is convergent. It 
is m

 

 K  ver

 well known that a regular cone is a nor al cone. 
Definition 5 [7]. Let  ,X d  be a cone metric space 

with respect to a Banach space E  and a cone K  in 
E . Let  nx  be a sequence in X (see [7]). 

1)  nx  is called a convergent sequence with limit 
x , if for any c E , there exists 0n N  such that for 
every 0>n n ,  ,nd x x c  hol . In this case, we  

note th it of  
ds

de e lim nx  by =lim n
n

x x , or 


 n x n 
2)  

x . 

nx  is called a Cauchy sequence on X , if for 
any c E  with 0  there 0 
for each , > , , x

c ,

0n d x
 exists  such that 

 hol
n N
ds.  n mm n c

call 3) We X  a complete cone metric space with 
respect to the Banach space E  and the cone K  in E , 
if ever uchy se ce is convergenty Ca uen  in q X . 

Remark 2 cone, the. If K is a normal n  nx  con- 
verges to x if and only if  ,nd x x  , as n  . 
 nx  is a Cauchy sequen  on ce X  if an only d if 
 ,n md x x   as ,m n   (see[7]). 
Definition 6 [7]. Let  ,X d  be a cone me space 

with respect to a Banach spa a cone n 
 for any sequence 

tric 
ce E  and i

 If
 K  

E .  nx  in X , t

sequence 

here exists a sub-  

 knx  of  nx ch that  , su
knx  is conver-  

gent in X . Then the cone metric space  ,X d  i said 
t  be sequentially compac

on 7 [  bi  2

s 
o t. 

9 na
conti  t-no

fie

Definiti ,10]. A ry operation  
is called a nuous rm, if the following conditions 

 : 0,1 0,1

utativare satis d: 1) * is associative and comm e; 2)   
is continuous; 3) 1 =a a  for all  0,1 ; 4)  a
a b c d    whenever a c  and b d , for each 

 , , , 0a b c d  ,1 . If it only satisfies conditions 1), 2) and 
4), then it is called a t-norm. 

Four typical examples of continuous t-n e  orms ar

 ,a b , 
 1 = mina b 2 x , ,

a b
a b

=
ma

ab


 r  

0 < < 1

 fo

  and 3 =a b ab ,  = max 1,0a b a b   . 4

Definition 8 [9,10]. Let X  be an arbitrary n
pty set. Let 

on- 
em   be a continuous t-norm and M a fuzzy 

 2 0,X  set on . tions saIf the follo g condi tisfy: 
1) 

win
  >t, ,M x y 0 ; 

2)  , ,x y t = 1M  =x y ; if and only if 

3)    , , = , ,M x y t M y x t ; 
4)      , , , , , ,*M x y t M y z s M x z t s  ; 

5)      , ,. : 0, 0,1M x y    is continuous, for any 
, ,x y z X  and , >t s

called a fuzzy metric space. 
0 , then the le 3-tup  is 

ark 3. For any 

 , ,*X M

Rem ,x y X ,  
     , , sin. : 0,M x y  

(see [9,10]). 
0,1  is a non-decrea g function 

Definiti ,10]. L fuzzy meon 9 [9 et  , ,*X M  be a tric 
space and M a fuzzy set on 2 0,X   . M  is said to 
sa on tisfies the n-property 0,

 , ,lim
n

M x y



 whenever , , > 1x y X k  and  

  if  2X  

 = 1
pn

nk t 
  

> 0 . 
Definition 10. Let 

p
 *  , ,X M zzy metric space 

and 
be a fu

M  a fuzzy set on .  0, 2X M  is said to 
e satisfies th   prop  erty on 2 0,X    if 

 nk t, , = 1lim
n

y


M x  for all ,x y X  and > 1 . k

Definition 11 [11]. on : A functi f R R   is said 
to satisfy - condition, if f is y easing fun-  

ction satisfying f(0) = 0 an  =

a s

d 

trictl incr
n lim

n
f t


  for any  

, where > 0t     1nf t t . = nf f
Remark 4. If a function :f R fies the R   satis

  condition, then the followi hold (see ng inequalities 
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[11]): 
1)   >f t t , for all > 0t ; 

   2)  > > >f t f t t ,
d for all > 0t . 

1n n >  for each  

 be a fuzzy
the 

f t 
= 1n , 2,  an
Definition 12. Let  , ,*X M  metric space, 
fuzzy set 

 
M  is said to have   property whenever  

 limM , , = 1
n

x y f t


n


 for all ,x y X  where  

:f R R   satisfying the   cond
  be a fuzzy metric 

sp

ition. 
n 13 [9,10]. Let XDefinitio , ,*M  

ace and M  a fuzzy  2 0,  . 
1) A seque   n

 set on 
ce

X
n x  in X  is said to fuzzy-conver- 

gent to a point x X , if , , = 1nx x t mM


li
n

 for all 

2) A sequ
> 0t . 

ence  nx  in X  
< 1

i uzzy-Cauchy 
se

s called a f
quence, if for each 0 <   and 

su
> 0t , there exists 

0n N , ch that M x  > 1, ,n mx t 

called fuzzy-c

 for each 

om
every fuzzy-Cauchy sequence is fuzzy-convergent. 

,10]

0, n n . 
3) A fuzzy metric space is plete, if 

m

Definition 14 [9 . Let , ,*X M  be a fuzzy metric 
space. The fuzzy set 


M  

r
is sai
ny 

d to be zy-continuous 
 0, , wheneve

 fuz
on  a 2X   , , nn nx y t  

 
in  

 2 0,   


X which fuzzy-converges to 
  2, , 0,x y t X    implies 

   , , = , ,lim n n n
n

M x y t M x y t . 


Remark 5. M is a c inuous function on ont  2 0,X    
(see

n 15 [12]. Let  , ,*X M  be 
y set on 

 [9,10]). 
Definitio a fuzzy metric 

space and M the fuzz . Denote by  0, 2X
 0H X  the set of all compact subsets of X  and define 

n a functio     : 0H X    ,H H X 0 0M

 ,

0,  by  

   , = min , , , , ,inf inf M
a A b B

H A B t M a B t M A b t  
 

for any  0,A B H X  and any > 0t , w re  he

   , , = , ,supb BM a B t M a b t  and  

   , , = , ,supa AM A b t M a b t . 
Lemma 1 [6]. Let , X d  be a complete m

space, , fo  iterate of 
etric 

:f X X r the n f   > 1n , 
en

1) If 
the follo ts hold: wing statem

nf  
xed

has a unique f nt, then  has a 
unique fi  point. 

2) If there exists , such that the orbit of 

ixed poi  f

z X nf  
co it o

the o of 
nverges to z , then the f f  converges to z . 
3) If n

 orb
rbit f  is a bounded sequen ,  

orbit of f  is a bounded seque
ce th

nce. 
en the

Lemma 2. Let  ,X d  be a complete met c space 
and T  an expansi

ri
 surjective mapping onve and  X , 

th
is h  

th  by

st

en T  has a unique  point. 
Proof. We claim first that T   injective. To s ow

fixed

is claim, assume,  the way of contradiction, that 

there exi  0 0x y X   such that    0 0=T x T y X . 
Since 0 0x y X    0 0, > 0d x y  holds. Since 
T  is  expansive mapping, it implies  

, then
 an
    0 0, > 0d T T y . It contradicx ts to    0 0=T x T y , 

that is,     0 0, = 0d T x T y , hich implies T  is a 
bijection. Hence T–1 exists and is a contraction mapping. 
By the contr ng priciple, there exists a unique 

0

w

active mappi
x X , such that  1

0 0=x is  T x  X , that 
 =0 0x T x X . The proof is complete. 

et Lemma 3 [5]. L  ,X d  be a c
space and  X. If the followi  con- 
dition satisfies, for any > 0

omplete metric 
ng f a self mapping on

 , there exists > 0 , such 
that  < , <d x y    implies     , <d f x f y  , 

as a unique fithen f h xed point   on X , and  

 f x =lim
n

n 


 for any x X . 

Lemma 4 [7]. Let  ,X d  be a sequentially compact 
cone metric space with ct to a Banac ce E  
and  in E . 

:T X X  satisfies the contra ive co ition:  

respe

ct

h spa
Suppose a mapping 

nd
a regular cone K

   x y , fo, ,dd Tx Ty r all , ,x y X x y  , then T  
has a unique fixed point in X . 

Lemma 5 [4]. Let  ,X d  be a compact metric space 
and T  a self mapping on X . Assume that  

   12 , < ,d x Tx d x y  plies  im  , < ,Tx Ty d x y  for d
any ,x y X , then T  has a unique fixed point. 

. Let Lemma 6 [9,10]    be a fuz ic,X M zy metr  
space, a b ab

,
   for all  , 0,1  and M satisfya b  

n  property. Let  nx  be a sequence in X such that for 
all Nn ,    1 1, , , ,n n n nM x x kt M x x t   fo r every 
0 < < 1k , then  nx  

p
2 to pr

 som
ing 

is a Cauchy 

rem o

 some

sequence in X. 

f 

 existence t

3.

use

 The Existence Theo Fixed Points 

In this section, we ap ly the concepts and lemmas pro- 
vided in Section ove heorems of 
fixed points for e mappings. These results will be 

e follow section. d in th
Theorem 1. Let  ,X d  be a complete metric sp

and :f X X  a surjective mapping. If there ex
ace
ist

 
 

p N  and > 1h  such that  

      , , ( )p pd f x f y hd x y I  

holds for any ,x y X , then there exists a unique fixed 
point of f. 

Pr h oof. For eac  2y f X , since f  is a surjective, 
then there exists  z f x , such that   =f z y , in the 
same way, there exist x X ,such that   =f x z , i.e. 
there exists x X , suc

that 
h that 2   =f x y . We deduce  

by induction  p x  is also surjective, which 
combining p

f
(I) shows t

a 2, t
h
her

at f x
e e

   is an expansive 
niqmapping. By Lemm xists a u ue fixed point 

of  pf x , then w y Lemma 1 exists a 
unique fixed point of f. T of is comple

e know b
he 

that there 
te. pro

Remark 6. It is obvious that we can get Lemma 2 
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from Theorem n example satisfying Theorem 1 is 
given below. 

Example 1. Define :f R   

 

 1. A

 byR

, if 0;
= 5

x
x

f x
  
  

10 , if > 0,x x

it is clear that f is a surjective self-mapping on R and 
 2 = 2f x x . 2f  satisfies 
n f has a fixed po the fix

condition (I), i.e. , 
int, 0 is ed poi  

example. 
Theorem 2. Let 

= 2p
nt in thisthe

 ,X d
with resp
K  in E

 be a sequentially compact 
cone metric space ect to a Banach space
and a normal cone with normal constant 

 E  
 M  . 

Assume that T  is a self mapping on X  and satisfies  

for any ,x y X ,    *

1
d , < d ,

2
x Tx x y

M
 implies  

   d , < d ,Tx Ty x y n T  has a unique fixed 
point. 

Proof. We claim first that = 0

, the

  where   is 
defined by  

 d , .inf
x X

x Tx


  

Using reduction to absurdity, we suppose > 0 . 
Since  ,X d  is sequentially compact, we deduce from 
the definition of   that there exi sequence sts a  nx  
such that 

   d ,n nx Tx n   

and 

    , ,n nx Tx n    

for some , X   . Observe that the normal con t 
1

stan
M   , there ex s  such that for any 
the inequality 

ist
 

0 > 0n 0n n  

   *

1
d , < d ,

2 n n nx Tx x
M

  

holds, which combining the given conditions shows that 
,  for any 0n

 
n

 d , < d , .Tx xn nT   

By calculations we then have  

     
 

2d , < d , = lim d ,n n

n n

T T T Tx T

lim d , =x

    



which contradicts to the definition of 

 
 

 . 
We prove next that T has a fixed poi t. We proceed 

on absurdity and suppose 
that T has no fixed point. Then for each 

n
ce more by using reduction to 

n N , 

   *

1
0 < d , < d , ,

2 n n n nx Tx x Tx
M

 

n N , which implies that for each 

   2d , < d ,n n n nTx T x x Tx  .

 m we By the triangle inequality in cone etric spaces, 
have  

     2 2d , d , d , ,n n n nT x Tx Tx T x    

then,  

      
    

   

2 2d , d , dlim lim

d , d ,

= d , d , = 0.

n n n n
n n

n n n
n

T x M Tx Tx x

x Tx

M

 



   



 





 





 

s should be hold:  

,T

limM Tx

We claim that at least one of the following two in- 
equalitie

   2
*

1
d , < d ,

2 n n nTx T x Tx
M

,  

   *

1
d , < d ,

2 n n nx Tx x
M

,  

otherwise, we reach a contradiction by the followin  
calculations: 

g

     

   2

d , d , d ,

1
d ,

n n n nx Tx M x Tx

M Tx T

 



 

  

     

*

1
d ,

2 2

11
< d , d , = d , .

22

n n n n

n n n n n n

x x Tx
M M

x Tx x Tx x Tx






 



 

If the first inequality of the above two ho , then lds

      2 2d , d , d ,n nT M T x T T x    

    
 

2d , d ,

0 ,

n nM T x Tx

n

  

 

 

if the the other one holds, then  

      
    

 

d , d , d ,

d , d , ]n nM Tx x    

0 ,

n nT M Tx T Tx

n

   



 

 

which show that =T   in each case, and the proof of 
the existence of the fixed point is complete. 

We finally prove the uniqueness of the fixed point. 
Suppose ,v X v u   and . Since  =Tv v

   *

1
d , = 0 < d ,u Tu u v , th

2N
en  

     d , = d , < d ,u Tv Tu Tv u v
diction which completes the proof. 

, we reach a contra- 

Remark 7. In [7], Long-Guang Huang and ian 
Zhang have established a fixed point theorem in a se- 

 X
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quentially compact cone metric space with respect to a 
Banach space E  and a regular cone K  in (see 
Le

e condition ], T Suzuki has 
established a fixed point theo pact metric 
space where the mapping ying a condition 
similarly to condition (II) of theo

p

E
mma 4), where the mapping :T X X  satisfies the 

contractiv . In [4 omonari 
rem in a com

T satisf
rem 2 (see Lemma 5). 

Observe that any regular cone is always normal, 
Theorem 2 is established under a different and weaker 
condition when comparing with Lemma 4 and generalize 
the results of Lemma 5 from compact metric spaces to 
sequentially com act cone metric spaces. 

Theorem 3. Let  , ,X M   be a complete fuzzy 
metric space, where   is defined by =a b ab  for any 

 , 0,1a b  and M a fuzzy set on  2 0,X    satisfying 
- property. For a surjective function :f X X , if for 

any , ,x y X x y  , the following inequality holds  

       , , , , , (II)M f x f y t M x y t  

then f  has a fixed point on X . If inequality (II) is 
strict, then f  has a unique fixed point on X . 

Proof. By choosing  =y f x , we ded e from (II) 
th

uc
at for any x X , 

       2, , , , (III)M f x f x t M x f x t   

Proceed troduction on n, we have for any n N


by in    

          1 1, , , .n n ,n nM f x f x t x t   M f x f

For any , we have 



Observe that 

>n m

    
      1 1, ,n m

M f x f x t

f x f x t 

  1 2 2m mM f x      
      1 1

, ,

, ,

, ,

n m

n m m

M

f x t

M f x f x t  

  

    , ,n m mM f x x t

M  satisfies - property, then  

which shows that is a fuzzy-Cauchy sequence. 
Since lete, there exists 

  ,nf x f   
    

,lim

, , = 1,lim

m

m

n m m

m

M x t

M f x x t







 

  nf x  
is comp , ,*X M  0x X , such 

that 

Then by (II) and the nondecreasing property of M, we 
ha

  0, , = 1.lim
n

n
M f x x t


 

ve  

        
  

1
0 0

0

, , , ,

, , ,

n n

n

, ,x y X x y for any . Since  

  0, , = 1,lim
n

n
M f x x t


 

    0, , = 1.lim
n

M f x t


 

We deduce  

1nf x

therefore 

   0 0= =lim
n

n
f x f x x


,

w

 

hich shows f  has a fixed point on X . 
If the

M f x f x t M f x x t

M f x x t

 


 

re exist 0 0 0 0, ,x x X x x    suc that  h 
   0 0=0 0= ,f x x f x x  , then by condition (II),  

      
    

0 0 0 0

0 0 0 0

, , = , ,

> , , , ,

M x x t M f x f x t

.M x x t M x x t

 

 
 

It is a  hence 0 0=x x
mplete th

 contradiction, . We have now 
proved the uniqueness which co  proof. 

Corollary 1. Let 
e

 , ,X M 
:f X X
 =a b

 be a complete fuzzy 
metric space and  a bijective mapping, 
where * is defined by ab  for any  , 0,1a b  

 satisfying -and M a fuzzy set on 2X  0,    
property. If for any , ,x y X x y  ,  

        , , , , ,M f x f y t M x y t   

th d point on en f has a fixe X . If t quality is 
strict, then f has a uniqu

he above ine
e fixed point on X . 

1Proof. Since f is bijective, :f X X  exists and 
satisfies for any , ,x y X x y  , 

      


1 1, , = ,

.

,

     , ,

M f x f y t M x y t 

M f x f y t
 

By Theorem 3, we k 1f   now has fixed point, and the 
fixed point of 1f   is th as that of f, then f has 
fixed point on 

e same 
X . If th  

proof is the same as that in Th
Corollary 2. Le

e i ality is strict, then the
eorem 3. 

t 

nequ

 , ,*X M  be a complete fuzzy 
metric space, where   is defined by  for any  =a b ab

 , 0,1a b  and M tisfying  a fuzzy set on  0,   sa2X
- property, and :f X   a surjective mapping 

satisfying 
X

    , ,  , ,  ,M f x f y kt  M x y t

for any , ,x y X x y  , 
 

 0,1 .k   Then f has a fixed 
point on X . If the inequ

nt on 
ality is strict, then f h  unique 

fixed poi
as a

X . 
  = 1t k , t 0 < < 1k

ults
Proof. Let , then by Theorem 3 

we can easily propose the res  of Corollary 2. We omit 
the details. 

Example 2. Assume =X R ,  0,t  , and define 
M by  

 
 ,

, , = ,
d x y

tM x y t e
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clearly M satisfies - property. For any f s  
conditions orollary 2, i.e.  

atisfies the
of C

      d , d ,

,
f x f y x y

kt te e
 

  

we have       d , d ,f x f y k x y  for any  0,1k  , 
hence f  is a contraction mapping which has a fixed 
point on X . 

wIn the follo ho mple to demonstrate 
the conditions in Corollary 2 are only sufficient condition, 
not necessary conditions. 

ing, we s w an exa

Example 3. Assume =X R , , and define 
M by  

 0,t 

   d ,, , = .x y tM x y t e  

Obviously  , ,M x y t  is a fuzzy set which doesn’t 
have - property, he e it can’t be judged by Corollary 
3. But if 

nc
f  is a contraction mapping, a fixed point still 

exist on X . 
Theorem 4. Let  be a complete fuzzy 

metric space, where by  for any 
 , ,*X M
  is defined  =a b ab

 , 0,1a b  and M  a fuzzy set o  satisn 2 0,X   - 
fying -

 
 property. : 2XF X   is a compact set- 

valued ma inpp g, satisfies for any ,x y X ,  

       , , , , ,MH F x F y t M x y t  

then F  has a fixed point on X . 
Proof. By the choice a  (s here exists a 

single-v
xioms ee [6]), t

alued function :f X X , such that  
   f x F x  for any x X . Then f h  or eac

1 1,x y X , th
       2 1 1 2 1 1= , =

ere exist  
x f x F x y f y F y  . By the defini- 
tion of MH , we have  

M f       

1

, , = , ,x f y t M x y t

       
1 1 2 2

1 1 1, , , , .MH F x F y t M x y t 
 

 3 shows that Theorem f  has a fixe 0d point y X , 
i.e.   0 0 0 =y f y F s also a fixed point of y , which i
F  on X . 

Corollary 3. Let  be a complete fuzzy 
metric space and 

 , ,*X M
M  a fuzzy set on  satis-  2 0,X  

fying - property. : XF X  2  act set- 
va

is a comp
lued mapping satisfying for every ,x y X ,  

    , , ,0 < <H F x F y y t k , ,M kt M x  1.

Then F  has a fixed point on X . 

4. App tions to Dlica ifferential Equations 

This section is concerned with the proof of the existence 
and uniqueness of the solutions to the two-point ordinary 
differential equations by using the fixed point theorems 
ob o  results

heorem 5. Assume t
tained in Section 3. The f llowing are the main . 
T hat :f I R R   is a continu- 

s funcou tion. If there exists > 0  such that the follow- 
ing inequalities 

     0 , , (IV)f y y f t y x        

hold for any ,

, xt x  

x y R  with y x  , where   is an 
ω-function, then Problem(1) nique solution. 

Proof. Problem (1) is equ  to the integral equa- 
 has a u
ivalent

tion  

        
0

= , , d ,
T

u t G t s f s u s u s s    

where 

 

 

 

, 0 < ;
1, =

T s t

T

e

, < .
1

s t

T

s t T
eG t s





 
  

  
e

t s T
e






   

Define  

⎯0

     : 0, , 0, , ,F C T R C T R  

by  

         
0

= , , d .
T

Fu t G t s f s u s u s s    

  0, ,u C T R  Note that if is a fixed poin of t F , 
then   ,T R  is a so

relation in 
0,u C

er 
lution to Problem   (1).

Define a ord  , R0,C T  by u v  if 
only

and 
 if    v t  for every u t  0,t T , for every 

  , , R . Denote by  , 0C Tu v
       0,, = supv t Td u u t v t  for any  

  , 0, ,u v C T R  the distance in   0, ,C T R . For 
eft side of (IV),  each >u v , by the l

   ,,f t u u f t v v   . Since ach  , > 0G t s , for e
     , 0, 0t s T T, , t s   , 

         

         
0

0

= , , d

, , d =

T

T
,

Fu t G t s f s u s u s s

G t s f s v s v s s Fv t





  

   




 

whic at h shows th F  is monot nyone increasing. For a  
u v , if  v< , <ud   , then 

 
 

     

 
 

        

 


 
      

0
0,

0
0,

0
0,

sup

, d

sup

, , d .sup

t

T

t T

t T

T

t T

u t Fv

G

     



,

, d
T

0,

, sup

,

T

d Fu Fv F t

t s

f s u s v s s

s

G t s u s v s s

















 











Since 

u s f s v s

G t s u s v s

d





 



 



 t  is a increasing function, then  

Copyright © 2012 SciRes.                                                                                  AM 



C. J. ZHANG  ET  AL. 1115

        d , d ,u s v s u v   for , and  >u v

         

 

  
 

    

   

      

  

0
[0, ]

0
0,

0,

d , , d , dsup

d , , dsu
T

p

1 1 1
d , sup

1

1
d , 1

1

d , .

T

t T

t T

T s t s t

T
t T

T

T

Fu Fv G t s u s v s s

u v e e
e

u v e
e

u v

 








 










  





 
     

 








 

By the definition of , for each 

u v G t s s

 t > 0 , there 
exists  such that  > 0M

    < d , < , d , <u v M u v   ,  let 0= >M  , 
hence     ,u v< d , < , du v <   
str Fu

 . It demon- 
ates d , <Fv  . By Lemma 3, F has a unique  

fixed point, and   =n
0lim

n
F u u


 for eac  h 

  0 0, ,u C T R , u  is the fixed point of F , i.e. the 
). 

Assume is a lower solution of Problem (1), we 
can prov orem 3.1 in [13] to obtain the uni- 
queness of the solution. 

Remark 8. Contrasted with some related results in 
[13-15], the conditions in Theorem 5 is relatively clearer. 

Theorem 6. Assume that 

solution of Problem (1
 t  

e as The

:f I R R 
> 0

 is a con- 
tinuous function. If there exists   such that for any 

,x y R  with y x , the follo ties  

d, where 

wing inequali

       0 , , , ,

(V)

f t y f t x g t y g t x   
 

 y x    

hol   is an ω-function he solution o
 (2) exists. 

f. Problem (2
  

, then t f 
Problem

Proo ) is equivalent to the following 
integral equation

       0 0
=

t t

0
, d , d .x t x f s x s s g s x s s   

Define  

     : 0, ; 0, ;F C T R C T R  

by  

        0 0
= , , d ,

t
Fu t x f s u s g s u s s   

for any     , 0, ;u t x C T R . N at  


ote th
 0, ;u C T R  is a fixed point of F , then  

  0, ;T R  is a solution  of Problem (2). Fou C r  

  , 0, ;u v C T R
   u t v t  for an

, we define  if and y if 
y

u v onl
  0,t T . De  note 

       0,, = ,sup t Td u v u t v t   for   , 0, ;u v C T R .  

Then by (V), for any ,  >u v

   , , ,f t u f t v  

           , , , , ,f t u s g t u s f t v s g t v s    

which implies  

d

,

        
        

0 0

0 0

= , ,

, , d =

t

t

Fu t x f s u s g s u s s

x f s v s g s v s s Fv t

 

  




 

and  

 
 

     

      

    

 
   

0,

d ,
t T

t

t Fv t

 
0

, , df s u s f s v s s 

 

 
  

[0, ]

0

0
0,

sup

sup

0 < < 1sup

d , d .sup

t T

t

T

t T

Fu Fv Fu

u s v k

u v s











 



 

 










By the definition of function 

0
0,t T

T



, , dg s u s g s v s s   

ds s

 , let 01 = >T   , 
there exists , such that  > 0M

    d , <u v1 1< d , <u v T ,     , there exists > 0 , 
such that M =   , then < d   <1 1,u v   ,  

  d ,u v 1<   and 

 
  

 
10 0

0,t 0,

d , d 2 = .sup sup
T t T

u v s ds T
T T
   


    

By Lemma 3, 



F  has a unique fixed point, and  

 0 =lim
n

n
F u u


 for any   0 0, ;u C T R , u is a fixed  

point of F , which is also a solution of Problem (2). The 
proof is complete. 

Define : R R   satisfying for any  
  , 0, ;T R ,  u v C

     
          , ,

u s v s

,f s u s u s f s v s v s

   

 



   
 

then we ha : ve the following theorem
Theorem 7. Let  , ,*X M  b  a comp y e lete fuzz  

metric space,  
 ,d x

, , =
y

tM x y t e g con  

i n ld: 
1) For any 

. If the followin - 

dit o s ho
, ,x y R x y  ,  0,1 ,k    

      , , , , ;M x y kt M x y t    

2) For any x y ,  

  , ,0 ,f t y   y f t x x    

ol

By examp

then the s ution of Problem (1) is unique. 

Proof. le 2, while  
 d ,x

, , =
y

tt e


, a  M x y
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