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ABSTRACT 

The transversal conductivity of the gap-modification of the graphene was studied in the cases of weak nonquatizing and 
quantizing magnetic field. In the case of nonquantizing magnetic field the expression of the current density was derived 
from the Boltzmann equation. The dependence of conductivity and Hall conductivity on the magnetic field intensity 
was investigated. In the case of quantizing magnetic field the expression for the graphene transversal magnetoconduc- 
tivity taking into account the scattering on the acoustic phonons was derived in the Born approximation. The graphene 
conductivity dependence on the magnetic field intensity was investigated. The graphene conductivity was shown to 
have the oscillations when the magnetic field intensity changes. The features of the Shubnikov-de Haas oscillations in 
graphene superlattice are discussed.  
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1. Introduction 

The development of the micro- and nanoelectronics re- 
quires the search of new materials and structures. Pres- 
ently the investigators are attracted by the electron fea- 
tures of the graphene (monolayer carbon) which is ob- 
tained in the laboratory recently [1]. The heightened in- 
terest in the electronic properties of the graphene is re- 
lated with the following. Firstly experimentally the elec- 
tron mean free path is shown to have the order of a mi- 
crometer in graphene [1]. This fact allows the graphene 
using for creation of the micrometer devices working in 
the ballistic regime. The high electrical conductivity of 
the graphene makes it the prospective material for using 
in the nanoelectronics along with carbon nanotubes [2]. 
The samples of the field-effect transistors and number of 
other electronic devices based on it have already worked 
out [3,4].   

Secondly this material has a number of unusual prop- 
erties due to it band structure peculiarities [5-7]. Nonpa- 
rabolicity and non-additivity of the graphene electronic 
spectrum enable the appearance of a number of the 
nonlinear kinetic effects in this material [8-11]. Besides 
near the so-called Dirac points of the Brillouin zone for 
the gapless modification of the graphene the dispersion 
law is linear in the absolute value of the quasimomentum 
which is corresponding to the massless particles [7]. 
Furthermore this fact allows the graphene using for the 

verifying of the relativistic effects.  
More recently, the electric properties of the graphene 

superlattice (GSL) are under investigations [12-16].   
The theoretical and experimental studies of the influ- 

ence of the external fields of different configuration on 
the graphene transport features are held recently [17-25]. 
The conductivity oscillations in the graphene under the 
spatially modulated magnetic field are investigated theo- 
retically in [17]. The theory of the electron transport of 
the charge carriers with Dirac spectrum in the weak 
magnetic field taking into account the scattering on the 
charge impurity is built in [18]. In [16-22] the magnetic 
oscillation effects in the structures based on the graphene 
are studied. The magnetic field influences on the high 
frequency conductivity and on the electromagnetic waves 
absorption of the graphene are investigated in [22-25]. 
The quantum theory of the transverse magnetoconductiv- 
ity oscillations (Shubnikov-de Haaz effect) in the two- 
dimentional system with Dirac spectrum are studied in 
[21].  

When the graphene is put on the substrate (SiC for 
example) then the gap arises (so-called the gap modifica- 
tion of the graphene [26,27]). The electron spectrum of 
the gap modification of the graphene can be written in 
the view [10]:   

  2 2 2
G F   p p

p 

,              (1) 

where  is the quasimomentum,  is the gap semi- 
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width, F  is the velocity on the Fermi surface. 
When the graphene sheet is applied upon a periodic 

substrate, a superlattice (SL) is formed on the graphene 
surface [28]. The dispersion low of GSL was studied in 
[28] where the energy of electron motion near the Dirac 
point along the SL axis was shown to be periodically 
dependent on the electron quasimomentum in this direc- 
tion. The electron spectrum of the graphene superlattice 
was written in the following model view [29]:   

 
2 2

2 2 2
GSL 2

2 F
F yp

d


    p


1 cos xp d  
 

,   (2) 

which is in good agree with dispersion low [28] if the 
following condition is performed: 1dF    .  

In this paper the dependence of the graphene gap 
modification conductivity on the magnetic field intensity 
was investigated. Moreover the peculiarities of Shub- 
nikov-de Haaz effect in the graphene superlattice were 
discussed.  

Consider the graphene lying in the plane xy  under 
the crossed magnetic and electric fields so that the mag- 
netic field intensity H  is directed perpendicularly to 
the graphene plane and the electric field intensity E  is 
directed along the axis .  Ox

2. The Nonquantizing Magnetic Field  
Influence on the Conductivity of the  
Gap Modification of the Graphene 

Consider the case of the nonquantizing magnetic field: 
2e HF c   , where   is the electron gas tempera- 

ture in energy units. Current density arising in graphene 
under the condition described above is calculated with 
the following formula:  

   ,e f tj V p p  
p

,            (3) 

where G  V p  is the electron velocity,  ,f tp  is 
the nonequilibrium state function which is determined 
from the Boltzmann equation written in the approxima- 
tion of the constant relaxation time  :  

  01
,

f fff
e

t c 


  
p

 

      
E V H .     (4) 

The solution of the kinetic Equation (4) is the follow- 
ing function:  

  0

1
, , , d

t tt

t e f t t t








   p p pf ,       (5) 

where f p0  is the equilibrium state function. The 
electron momentum  t p

 

 is the solution of the classi- 
cal equation of motion:  

  1d ,
t

t

e
e t t t

c

 
        

 
p p E V p H

p

.      (6) 

where  is initial momentum. Solving (6) by the itera- 
tions of the small parameter 1cF   we obtain the 
following expression in linear approximation of the elec- 
tric field intensity:  

 

 
 

 

2

2 2 2

4

3 22 2 2
1 ,

2

F y
x x

F

F x y
x

F

e Hp t t
p p

c p

eH p p t t
eE t t

c p









 
 

 

           

        (7) 

 

   

2

2 2 2

2 2 2

2 2 22 2 2
1 .

2

F x
y y

F

F F x
x

FF

e Hp t t
p p

c p

e H t t p
eE t t

pc p





 


 
 

 

  
 (8) 

       

 
Introduce the following denotations: 

 
 

 

  
 

2

1 2 2 2

4

1 3 22 2 2

2

2 2 2 2

2 2 2 2

2 3 22 2 2

,

,
2

,

.
2

F y
x

F

F x y

F

F x
y

F

F F y

F

e Hp t t
a p

c p

eH p p t t
b

c p

e Hp t t
a p

c p

e H t t p
b

c p













 



 
 

 

  
 

 

 
 

 

   
 

 

a a
b

      (9) 

Replacing (5) - (8) to (3) and considering that 1 , 2 , 

1  are the odd functions of xp  and yp  we define the 
projections of current density in the linear approximation 
of xE :  

 

   

 
 

 

3 2
2 2

2
0 2 2

0 0

2 2 2 2 4 2 22 2
2 2

22 2 2 2
0 0

d 1 1
1

1 1 ,
1 2 1

xF x

x y x y y

x

e E H x
j xe x f q

H q

q q q q q H xH x
q q

H q H q

 





  
    
     

                


p

p
2 2

x

                     (10) 
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   
 

 

3 2
2 2

2 2

2 2

1

.
y

x

H q

q


  
  
   

 
 
  
 

2 2
2 2

0
0 0 0

2 2 2 4 2 4 2
0

3 22 2
0

d 1 1

1 2 2 2 2

2 1

xF x
y

y y x x

e E H H
j x e x f q

H

H q q q q q H x

H q

  
 




     





p

p

                      (11) 

 
In (10) and (11) we introduced dimensionless variables: 
 x t t   , Fq p   and denote 2

0 FH c e  

 
 

. 
Choose the equilibrium state function in the view of 
Boltzmann function:  

0

G

f Ae






p

p ,             (12) 

where A  is the constant determined from the normali- 
zation condition:  

 0 0f n
p

p

n

p

 

,              (13) 

0  is the surface concentration of the charge carriers. 
Replace in (10), (11) and (13) the summation by the 
momentum  to the integration in the polar coordi- 
nates:  

 

2

2 2 2
d d d d

2π 2π
x y x y

F

S S
p p q q




   
p  

. 

As a result we obtain the following expressions for the 
projections of the current density: 

 

 
 

 
 

 

3 2
2 22 2 2 21 1

0
2 22

0 0 0 0

4 3
d 1 1 2 3 d

4 1 1 2 1

yxF x
x

y yH xn e E H x
j xe x e y y y

H y H y
 

 


    

    
                  

  ,       (14) 

 
 

 
 

 

3 2
2 2 22 21 1 0

2 3 22
0 0 0

2 1
d 1 1 d

1 2 1

yx H y H x yH H x
e x e y y

H y H y



    

     
              

 
2 2

20

0 04 1
F x

y

n e E
j x

H

 
  

.      (15) 

The components of the conductivity tensor are determined from the formulas x xx xj E , y xy xj E . Therefore the 
magnitoconductivity of the graphene is equal to:  

 
 

 
 

3 2
2 22 21 1

0 2 2

4 3
d 1 1 2 3 d

yx
xx

y yH xH x
2

0 0 0 0
1 2 1

xe x e y y y 


    
    
          
 

  H y H y   
             (16) 

Hall conductivity has the view: 

 
  

 

3 2
2 22 21 1 2 1y H yH H x 2
02

0 2 3 22
0 0 0 0 0

d 1 1 d
1 2 1

x
xy

H x y
x e x e y y

H H y H y
  

 
              

 


         
.           (17) 

 
where  2 2 4 1n e      0 0 F

The conductivity tensor dependence on the magnetic 
field intensity is investigated numerically. The plots of 
the conductivity dependence on the magnetic field inten- 
sity built with the formulas (16) and (17) for the follow- 
ing values of parameters:  cm–2, 

. 

12
0 10n  0.1   eV, 

 s, F  cm/s, are shown on the Figure 1. 
At low temperatures 

–1210  810 
  

 0

 and weak magnetic fields 
H H  the formulas (16) and (17) can be written 

approximately in the view:  

2 2 2 4 26n e e    20
2 21 1F F

xx H
c

         

  
,       (18) 

3 4 2
0 Fn e   2 4 2

2
2 2 2

4
1 3 1

2
F

xy

e
H H

c c

  
  

        

 

.   (19) 

0.23 eV 

0.19 eV 

0.15 eV 

0.11eV

0.23 eV 

0.19 eV 

0.15 eV 

0.11eV 

0xx  0xy 

 

Figure 1. The conductivity tensor dependence on the mag- 
netic field intensity at θ = 0.1 eV and at several values of ∆.  
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3. The Oscillations of the Transversal  
Conductivity of the Gap Modification  
of the Graphene under the Quantizing  
Magnetic Field 

Define the graphen magnetoconductivity in the case of 
the quantizing magnetic field at law temperatures:  

2e H cF   . In [21] where Shubnicov-de Haas ef- 
fect was studied Landau levels were supposed to have a 
finite width due to the charge scattering on the lattice 
inhomogeneity. Herewith the particular scattering mecha- 
nism was not considered and broadening of the Landau 
levels was introduced as a phenomenological parameter. 
Calculate the transverse manetoconductivity of the gap 
modification of the graphene taking into account the 
elastic scattering of the electrons on the acoustic phonons. 
The wave function envelope G  of the electron is de- 
termined from the Schrödinger equation with the Hamil- 
tonian ˆ

GH  obtained from (1) by replacing  
i p 

 0, ,0
e cA , where vector potential is equal 

Hx ˆ
GA . Acting twice with H  to the function 

G  we obtain the following:  

2 2 2

2 2G G
F

2
2 4

2 G
G

H H

x x
i

ya a

  







  


.    (20) 

where H  is Larmor radius. The next func- 
tion is the solution of the Equation (20):  

a c eH 

  1
,

2
ik

Gnk

H

y k
n

H

x x
a
   

 

 

x y kn e
La

   ,    (21) 

where n

lows: 

 

x k
Oy

 is the oscillator function,  is the pro- 
jection of the wave vector of the electron on the axis , 

2
k Hx ka  ,  is the linear size of the 

graphene. Eigen values of the electron energy are as fol-  
0,1, 2, ,n L 

2 2
2

2
2 1F

n
H

n
a

   


Oy

 .           (22) 

From the cyclic conditions along the axis : 
   , ,G Gx y x y L   k number  is followed to take 

the values:  

2π
y

l e
k A

L c
 


0,1, 2,l  ,         (23) 

To calculate the current density in the graphene under 
the quantizing magnetic field we use the method devel- 
oped in [30]. Consider the weak electric field E  is ap- 
plied along the axis . Then the components of the 
current density for the particles ensemble described by a 
density matrix 

Ox

nk n k    is determined by the for- 
mula:  

 1 1x F
nk

j ie kn kn kn kn   .   (24)    

The total density matrix Tρ̂  taking into account the 
transition processes is determined from the equation: 

ˆ ˆ ˆˆ ˆT
T T T Ti H H

t


  


ρ

ρ ρ , 

ˆwhere TH  is Hamiltonian taking into account the mag- 
netic field, the electric field and the scattering potential 
 V r

 0
ˆ ˆ

T xH H eE x V   r

: 

. 

The stationary density matrix nk n k  

 V r

 is the to- 
tal density matrix after such a long period of time during 
which all transition processes disappear. In Born ap- 
proximation in scattering potential  and in linear 
approximation in the electric field intensity we obtain:  

 

      1
1

1
π x k k n n n n

n k n n n

kn V k n k n V knf
ieE x x      

     
  

    
     

 1kn kn .         (25) 

After substitution of (25) in (24) and after the some transformations we obtain the following expression for the trans- 
versal magnetoconductivity of graphene which coincides with the Titeica formula [30]:  

2π    22

xx k k n n
nk n k n

e f
x x k n V kn   

  
 

     


  expV V i  q
q

r q r

.                      (26) 

 
2 2V q vS  qConsider the electrons dissipate on the acoustic pho- 

nons in graphene. Then the scattering potential can be 
written in the following view [31]:  

 ,          (27) 

where q ,  is the wave vector of the 
acoustic phonons,   is the deformation potential,   
is the surface density of graphene,  is the sound veloc- 
ity in graphene,  is the sample area. After substitution 
of (27) in (26) we obtain:  

v
S

 

   
2

222 iπ
xx k k n n

nk n k n

e f
V x x k n e kn   




 
 

   
 q r

q
q

  .                   (28) 
 

Copyright © 2012 SciRes.                                                                                 JMP 



S. V. KRYUCHKOV, E. I. KUKHAR’ 998 

 
From (28) the conductivity is shown to be different 

from zero in the case when n n . The absolute value of 
the matrix element included in the formula (28) is equal:  

2 2

expiq r H
n

a q
k n e kn L  
   

 

2 2

2 4 x

H
k k q

a q   

 
 
 

 L x

k 

, (29) 

where n  is the Laguerre polynomial. After substi- 
tution of (29) in (28) and after calculation of the sum by 

 and k  we obtain:  

where 

 
2 2

32

1

4 2π
xx n

n nH

e
F

av
n n

n

f   
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

   4 2 2 2

0

exp dn n

 


 

 ,  (30) 

x L x x x


 

 f

F .        (31) 

If the conductivity oscillations are small in compared 
with the non-oscillatory part then it can be taken into 
account in one of the sum (30) only. At low temperatures 
electron gas is degenerate. Hence Fermi-Dirac state func- 
tion is needed to use as the function   in the for- 
mula (30). Using the Poisson formula [32] we transform 
(30) to the following view:   

 
  

2 2
2 2π

2 2 2
0

1
d

216 2π
i n

n
HF

ne
Fxx n ch e n

av


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
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  
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



  
 ,                         (32) 

 
  is the chemical potential, where   is the electron 

gas temperature. The factor nF  represents a slowly 
varying function of  in compared with the oscillatory 

part in the integrand of (32) and its numerical value has 
the order of unity. When    the expression (32) can 
be written approximately:  n

 

2
21 1 1 1
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


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,               (33) 

where 2 2
1 FH c e    , 2 2 2 2 3 3
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e y y a
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, so the formula (33) can 

be rewritten as:  
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,             (34) 

 
On the Figure 2 the graphene conductivity depend- 

ences on the magnetic field intensity constructed by the 
formula (34) are shown.  

   GSL , ikxx y e F y 

4. The Shubnikov-de Haaz Effect in the  
Superlattice Based on the Graphene 

To calculate conductivity of GSL we have to define the 
energy of electron in the GSL under the quantizing mag- 
netic field. The wave function envelope GSL  of the 
electron is determined from the Schrödinger equation 
with the Hamiltonian L  obtained from (2) by re- 
placing 

GSĤ
i e c p A , where vector potential is 

chosen in form . Acting twice with 

GSL  to the wave function 
 ,0,0Hy A

Ĥ GSL  we obtain the fol- 
lowing equation:  
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

(35) 

The solution of (35) is found in the view [33]: 

.            (36) 

Replacing (36) in (35) we have Mathieu equation: 

 
2

2
2 cos 2

F
qF q F




   


,         (37) 

 
 1xx 

1.5  

1.3  

1.1  

 

Figure 2. Graphene transversal conductivity dependence on 
the magnetic field intensity at μ/∆ = 1.1, θ/∆ = 0.01 and at 
several values of μ/θ.  
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where 
22 H

d k
y

a 2

d
  , 

4

4

4 Ha
q

d
 ,  

 

ing expression for the energy is obtained [33]: 
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 n q  and where   0,1, 2, ,n,   functions  
 n q  have the view:  
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            (40) 

 
where  is adjoint Laguerre polynomial. n

The magnetoconductivity of GSL can be estimated 
using formula (30) and making there the following 
changes:   

,n n
n n
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

     

Thus we have: 
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where 2 2 2~ n e v    f, 2 0    is Fermi-Dirac state 
function. After some transformations we have:  
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If temperature is equal to zero then: 
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5. Conclusions 

In the case of weak magnetic fields when the quantizing 
is not manifested the graphene magnetoconductivity xx  
is seen from the Figure 1 and from the formula (18) to 
decrease when the magnetic field intensity increases. It is 
related with the Larmour radius decreases and as a 
consequence with the electron localization increases. The 
formulas (14) and (15) should be noted to cease to be 
valid for intense magnetic fields because it was derived 
from the motion Equation (6) which is solved by the it- 
erations with the parameter F c  in turn. Such method 
is justified for small H .  

In strong quantizing magnetic fields for graphene as 
well as for degenerate bulk semiconductors there are 
oscillations of the transverse magnetoconductivity due to 
the nonmonotonic dependence of the density of states on 
the energy and are periodic in the inverse magnetic field. 
However the oscillation period is not proportional to   
than that of materials with a quadratic dispersion law and 
has a more complicated dependence on  . For the gap 

modification of graphene in the case when  

2 2 

 the 
oscillation period is seen from the formulas (34) to be 
proportional to the difference . Thus the values 
  changing enable to control the magnetoconductivity 
oscillation period. The same result was obtained in [21]. 
However, it should be mentioned the expression (34) for 
the conductivity does not include the phenomenological 
Landau level width [21].  

In GSL the dependence of the magnetic oscillations on 
  is seen from the formula (43) to be more difficult 
than that of graphene and bulk semiconductor. Obtaining 
an explicit view of such dependence is the subject of 
further research.  

For strong magnetic field H  the nonoscillatory part 
is seen from the formula (34) to decrease when the mag- 
netic field intensity decreases as 1 H  unlike the 
materials with a quadratic dispersion law where  

2~ 1 Hxx  in strong magnetic fields [30]. The same 
result  ~ 1 Hxx  is obtained at absolute zero of 
temperature whereas formula (16) gives the dependence 

H  the intense magnetic fields. Such difference is ex- 1
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plained by the formula (16) ceases to be true when 
intensity H increases.  
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