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ABSTRACT

In this paper, we present a N-fold Darboux transformation (DT) for a nonlinear evolution equation. Comparing with
other types of DTs, we give the relationship between new solutions and the trivial solution. The DT presented in this

paper is more direct and universal to obtain explicit solutions.
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1. Introduction

There are many methods to obtain explicit solutions of
nonlinear evolution equations, such as the inverse scat-
tering transformation (IST) [1], Béacklund transformation
[2], Darboux transformation [3], Painlevé analysis method
[4], etc. [5-8]. Among these methods, DT is a useful
method which is a special gauge transformation trans-
forming a linear problem into itself. Many different
forms of DTs have been considered in [9-19]. Generally,
there are two kinds for the DTs of Lax pairs. One is to
give 1-fold form Darboux matrix and obtain the N-th
solution by iterating N times [14-16]. The other is to di-
rectly construct N-fold form Darboux matrix and obtain
the N-th solution without iteration [17-19].

In this paper, according to the form of a Lax pair and
the properties of solutions, we consider the relations be-
tween the above two kinds of DTs by considering the

Lax pair given in [16]. We construct the N-fold DT for
the Lax pair, which simplifies the complicated process of
iterating 1-fold form Darboux matrix and gives the rela-
tionship between the trivial solution and the general solu-
tions. The main idea of this paper comes from the reduc-
tion of DT in [20] and the determinant representation of
Darboux transformation for AKNS system in [21].

In Section 2, from a Lax pair in [22], we deduce sev-
eral nonlinear evolution equations. For a special case, we
give the N-fold DT. In Section 3, we give the N-fold
Darboux matrix and the relationship between new and old
potentials. In Section 4, we obtain exact solutions of the
nonlinear evolution equations and discuss the properties
of these solutions. In Section 5, we make our conclusion.

2. Soliton Equations

We consider the isospectral problem introduced in [22]

Aq 12+/1r+,u(q2+r2)
O =UD,U = 2.1)
—/12+/1r—,u(q2+r2) -Aq
and the auxiliary spectral problem where
V() V() ) [1 (1 j , ]
O =V, V= " 2 , 2.2 Vi(A)=Ag+A| —=r.+| —— +r7) |,
v (ﬂ):ﬂ4+/13r+l/12(q2+r2)+/1 lq +(l—,ujr(q2+r2) +u(rg _qr)+(éﬂ_2ﬂ2j(qz+rz)2~
12 2 2 X 2 X X 4
By using of the zero curvature equation U,-V.+UV -VU =0,
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We get a new nonlinear evolution equation

P +(l—ﬂj(q(q2 +17)) —uaq, (4" +r)+2ur(rg, —qrx)+eu—2ﬂ2jr(q2 ),

2 2

2

r, :qux +[%—,uj(r(qz +r2))x —ur, (qz +r2)_2yq(1’qx —qrx)—[lﬂ—Z,quq(qZ +r2)2.

(2.3)

2

Letting u =r+iq , the above system reduces to a generalized derivative nonlinear SchrOdinger (GDNS) equation

iu, :luxx +(l_lu)(u|u|2) —z'/¢|u|2 u, +2uu Im(uu;)—(%,u—Zyzjuhtr. (2.4)

2 2

If u=0, the above equation reduces to the derivative
nonlinear SchrOdinger (DNS) equation which describes
the propagation of circular polarized nonlinear Alfvén
waves in plasmas [23].

We consider the Darboux transformation of the Lax
pair (2.1) and (2.2). In this paper, we find the Darboux
transformation for the case of x=1/2 . In this case, from
(2.3), we have

4=~ —~q. (¢ +7 )+ r(rg, —qrx)—%r(q2 ),

2 2

2.5)

r =lqn—%rx(q2+r2)—q(rqx —qrx)%q(q2 ),

2

and when u =r+iq, the above system becomes

iu, = %uxx —é|u|2 u, +uIm(uu:)+%u|u

4

. (29

In which #~ means the conjugate of u.

In [16], 1-fold Darboux matrix has been given and by
applying it N times, a series of explicit solutions are ob-
tained. Also, the relationship between
(q[N—l],r[N—l]) and (q[N],r[N]) is given. By us-
ing of this relationship, if we want to get (g[N],r[N ]) ,
we have to deduce (q[i],r[i]) for i=1,---N—1. This
is very complicated. The purpose of this paper is to im-
prove this process and obtain the relationship between
the trivial solution (q[O],r[O]) and the new solution
(q[N].r[N ]) by constructing N-fold Darboux matrix.

3. Darboux Transformation
We first introduce a transformation
O=TD (3.1
for the spectral problem (2.1), where T satisfies
T.+TU-UT =0. (3.2)

Note that U and U have the same form except that g
and r are replaced by ¢ and 7, respectively, in (2.1).

According to the forms of (2.1) and (2.2), we find that
if (a,8) is a solution with A=2, (B,~a) is a
solution with A =-4,. Then we suppose that T has the
following form

Copyright © 2012 SciRes.

N N-k k & k
AN (1) a A > b A
k=0 ., (33)

N-1 Nekol g o
S(-1)""pat 2+
k=0

k=l

where g, and b, (0<k<N-1) are functions of x
and ¢.
Let

®.(1)=(a(2).0: (%))

and

¥ (4)=((4) 0 (4)

be two basic solutions of (2.1) and (2.2) with A=4,.

Then

@ (2,)=(0:(2).-01(4))
and

¥ (4)=(v(2). (1))

are two basic solutions of (2.1) and (2.2) with
A==2, (j = 1,2,---,N) . From (3.3), we find that

il 2 2
detT:]H:l(Z -4)s (3.4)

which means that 4, and -4, areroots of det7=0.
From (3.1), we find that g, and b, satisfy the fol-
lowing linear algebraic system
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N-1
((—1) ak+0',.bk)/1f= A,
0 (3.5)
“ N—k-1 k N
(o0 +(-1)"""8, )4 ==4]'a,
k=0
where
Lo (’If ) —Ls (’Ij)
= (3.6)
he, (/1/‘)_12/“//1 (’1/')
with [, and [,,(j=12,-,N) are constants.

Proposition 3.1 Through the transformation (3.1) and
(3.2) O =Ud becomes ® =UD with

/12+/17+,u(672+72) (3.7)
~A A - (g +7) -

u=1/2,9=q-2b, ,,7 =r-2a,,. 3.8)

Proof. Let 77'=7"/detT (7" means the adjoint
matrix of 7) and

Mm(2) fi(2)
(T +1u)r [le() fn(z)] G2

It is easy to see that f, (A1) and f,,(A) are 2N +
Dth-order polynomials of A and f,(-4)=f,(4).
Also, f,,(4) and f, (4) are (2N + 2)th-order poly-
nomials of A and f; (-1)=—f},(4). When
A=2;(1<j<N), together with (2.1) and (3.6), we
obtain a Riccati equation

=—lf +/1jr—,u(q2 +r2)—2/1jqaj
—(ﬂf +Ar+ ,u(qz +r2))0'12..

After calculation, we find that all A,(1<j<2N-1)
are roots of £, (4)=0(i,j=12). Hence we have

=(detT)P(4),

(3.10)

(T.+TU)T" (3.11)
where
SO i
—By' A"+ Ry A-F,
and B(j.")(i,jzl,2,k:0,1,2) are independent of A .
Then we have

POX + YA+ P
~RUA+ R

T.+TU =P(A)T. (3.12)

Comparing the coefficients, we have
N2 :Pl(zz) -1

AN :Pl(ll) =q-2by, =79, Pl(zl) =r—2ay,=7;

Copyright © 2012 SciRes.

0 1 2
A" Pl(l ) = qay, + Pl(l )aN-l —by,+ Pl(z )bN-Z

+rby, = R(zl)bN»1 =0;
Pl(zo) = /1‘12 + ,u’"z —ray, _PI(ZI)aN 1= qby, — Pl(ll)bN-l'

We find that U=P(1), that is BY'=u(g*+7) if
and only if 4 =1/2 . The proof is complete.

Remark 3.1 The proof of Proposition 3.1 is similar to
that in [18]. Due to the property of basic solutions of the
Lax pair (2.1) and (2.2), the proof here is more tricky.

Proposition 3.2 From the transformation (3.1) and
T+TV -VT=0 together with u=1/2, g=g-2b,,,
7F=r-2a,,. ® =V® is transformed into ®, =V D,
where 7 has the same form as ¥ with ¢ and replaced
by g and 7, respectively.

Remark 3.2 The proof of Proposition 3.2 is similar to
Proposition 3.1 and we omit it here for brevity.

According to Proposition 3.1 and 3.2, from the zero
curvature equation U V +UV -VU =0, we find that
both (g,7) and (g, r) satlsfy (2.5). The transformatlon
(3.1) and (3.8) is called the Darboux transformation of
(2.5). Then we have the following theorem.

Theorem 3.1 The solution (g, ») of (2.5) are mapped
into the new solution (7,7) through the Darboux trans-
formation (3.1) and (3.8), where a,_, and b, , are
determined by (3.5). And uw =7 +ig is a new solution
of (2.6).

Proof. On one hand, according to the Proposition 3.1
and 3.2, together with the transformation (3.1), we know
that (¢, r) is a solution of (2.5), and (g,7) is another
solution of (2.5). On the other hand, if (g, r) is a solution
of (2.5), then u=r+ig is a solution of (2.6). So,
u =7 +ig is anew solution of (2.6).

4. Explicit Solutions

In this section, we apply the Darboux transformation (3.1)
and (3.8) to get explicit solutions of (2.5).

To compare with the solutions obtained in [16], we
start from the same trivial solution (g[0], [0]) = (0,0)
and select basic solutions

J

‘D(/I.) - (Cljegj +C21'e_ ’_i(cljegj _Czje_gf ))T 4.1)

and

‘{f(/l.) = (cljegf —czje_a-"

J

T
,—i(cljea-" +czje_9’)) , (42)

.
—1
_ 4 _ .2 . 4
where A, =re*,0, =r;x+irjt and c;,c,,r, are

constants. Then

o, =—i (llj _lzj)clfegj _<ll./' +12/)cz,/eigj
<llj _ZZj )Cljegj + (llj + le )Czje_g./ ’
j=12,---,N.

4.3)
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From the linear algebraic system (3.5), we have

S N . (4.4)
N-1 |A2N| N-1 |A2N| >
where
ﬂqul 211\/72 (_1)N 211\/71 o, qu*Q o, o,
izzvfl %Nfz (_1)N ﬂszl o, %Nfz o, o,
A | AT AT (-1)" Aoy Aoy o oy
o /?1N_101 ;llN_zal vt 0y ﬂqN_l _/IIN_Z o (_I)Nil
ﬂ'zN710'2 AQNJOE vt 0y /12N71 _ﬂ'z]w2 o (_I)Nil
Wloy, Aoy e oy At A (—I)N_1
and A, ,A, = are obtained by replacing 1-st and (N + (q[O],r[O]) and (q[N .r[N ]), which is more direct

1)-th columns with and universal to get solutions.

N N N N N N T For N =1, we have
(_,11 A e =AY AN A 02,...’_,1NUN) c
/11( _0'1)’ b :—21,10'1

in A,,, respectively. G = 1+ o2 ° T 1162’ .7
Then, according to the Theorem 3.1 and above analy- : :
sis, the solution of nonlinear evolution Equation (2.5) is then
CI[N] = _ZbN—Dr[N] =—2ay_,, (4.5) [l] i4 (0121 (111 _121)2 e -c5 (111 +121)2 e ) 58)
and the solution of (2.6) is = cuen (112 T
u{|N|=-2a,_,-2ib, . (4.6) .
[ ] " " /11(0121(111_121)26261 +0221(111+121)2ewl)
In [16], the relationship of (g[N-1],7r[N-1]) and r[1]=- o e (12 _p ) - (49
(q[N].7[N]) is given. However, the Darboux trans- RS
formation obtained here gives the relationship between For N = 2, we have
) _(112_122)(/11(1—012)(1-}-022)—/12(1+012)(1—O'22)) @.10)
! (/1,—/12)2(1+0',2)(1+0'22)+41112(01—02)2
2(4} —122)(/110-2 (1+07)- 40, (1+a§))
= 7 4.11)

(/11—/12)2(1+012)(1+0'22)+421ﬂ.2(01—0'2)

2 26
then Q = /12052511021 (1121 _1221)(112 +122) e,

(22 g2
q[2]= ’(j“ ﬁ?ﬂ)(a;r a2ﬁ+ ) , (4.12) ) = ~ACyciay (1122 _1222)(111 1) ¢,
\ t P TP

( 2 2)( ) a, :/710121612622 ([122_[222)(]“_121)2 e4€1+2€2,
j’l _ﬂ'z a1+a2—a3_a4

’"[2] B B+ B+ B ’ (.13) ay = —ﬂ,zclzzc”cﬁ (1121 _1221 )(112 -1, )2 ehtie,

2 2
where b= _211201210222 (ln _121) (112 +lzz) ',

Copyright © 2012 SciRes. AM
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B = _%lzclzzczzl (111 +1, )2 (112 -1, )2 e'® s

By= (/?12 _ﬂ;)cllclzcmczz ([121 _1221)(1122 _lzzz)ez(eﬁgz).
Ifwelet ¢ =c,c; =c,¢, =¢5,05 =450, =1,
L, =0,1,=0,l,, =1, solutions (q[l],r[l]) and

(q[Z],r[Z]) are exactly the same as the solutions in

In general, according to [21], we know that the N-fold
Darboux transformation is an action of the n-times re-
peated 1-fold Darboux transformation. The solution
(q[N],r[N]) are the same as the solution in [16] in
essence. The matrix 7 can be expressed by the determi-
nant of basic solutions

T, T
r=—_1 [ " 12) (4.14)
|A2N| L, T,
where
/1)1 =
T - Sina T, 0 Sonai i
Mayva Doy Mg Doy
0 " £
=, SZN*I » Tp= A/l San
Mhna 2N Ty Doy
with

Epyy = (AL A4, 2,1,0,0,-4,0),
Eyy =(0,0,+,0,4" 472 A1),
-
=<_1ﬁ,_g§,“3
ﬁZN—l
= (Ao Aoy A 0= A e =AY )

The matrix T is the same as (3.3), which is also con-
sistent with the Darboux matrix in [21].

T
N _aN N N
Ay, A 0,4, 0'29"3_/1NO'N) >

5. Conclusion

In this paper, for a Lax pair which is not the AKNS sys-
tem, we give a N-fold Darboux transformation, coeffi-
cients of this matrix can be obtained from a algebraic
system and expressed with rank-2N determinants. The
Darboux transformation gives the relationship between
(¢[0].7[0]) and (¢[N].r[N]) The advantage of this
method is that it is more direct and universal to get ex-
plicit solutions of (2.5) and (2.6).
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