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ABSTRACT

We investigate prime labeling for some graphs resulted by identifying any two vertices of some graphs. We also
introduce the concept of strongly prime graph and prove that the graphs C,, P,, and K, are strongly prime graphs.
Moreover we prove that W, is a strongly prime graph for every even integer n > 4.
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1. Introduction

We begin with finite, undirected and non-trivial graph
G=(V(G),E(G)) with the vertex set V(G) and the
edge set E(G). Throughout this work C, denotes the
cycle with n vertices and P, denotes the path on n
vertices. In the wheel W, =C +K, the vertex corre-
sponding to K, is called the apex vertex and the vertices
corresponding to C, are called the rim vertices, where
n>3.Thestar K, isa graph with one vertex of degree
n called apex and nvertices of degree one called pen-
dant vertices. Throughout this paper [V (G)| and |E(G)|
denote the cardinality of vertex set and edge set respec-
tively.

For various graph theoretic notation and terminology
we follow Gross and Yellen [1] while for number theory
we follow Burton [2]. We will give brief summary of
definitions and other information which are useful for the
present investigations.

Definition 1.1: If the vertices are assigned values sub-
ject to certain condition(s) then it is known as graph la-
beling.

Vast amount of literature is available in printed as well
as in electronic form on different kind of graph labeling
problems. For a dynamic survey of graph labeling prob-
lems along with extensive bibliography we refer to Gal-
lian [3].

Definition 1.2: A prime labeling of a graph G is an
injective function f :V(G) > {1,2,3,--,V(G)|} such
that for every pair of adjacent vertices U and VvV,
ged(f(u), f(v))=1. The graph which admits a prime
labeling is called a prime graph.

The notion of a prime labeling was originated by En-
tringer and was discussed in a paper by Tout et al. [4].
Many researchers have studied prime graphs. For e.g. Fu
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and Huang [5] have proved that P, and K, are prime
graphs. Lee et al. [6] have proved that W, is a prime
graph if and only if n is even. Deretsky et al. [7] have
proved that C_ 1is a prime graph.

Definition 1.3: Let u and v be two distinct vertices of a
graph G. A new graph G,, is constructed by identify-
ing (fusing) two vertices U and V by a single new vertex X
such that every edge which was incident with either u or v
in G is now incident with Xin G, .

Vaidya and Kanani [8] have established that the graph
obtained by identifying any two vertices U and Vv (with
d(u,v)=3) of C, (n>4) is a prime graph. The swit-
ching invariance of various prime graphs is discussed by
Vaidya and Prajapati [9]. In the present paper we inves-
tigate further results on prime graphs.

Bertrand’s Postulate 1.4: For every positive integer
n>1 thereisaprime p suchthat n< p<2n.

2. Prime Labeling of Some Graphs

Theorem 2.1: The graph obtained by identifying any two
vertices of K, , is a prime graph.

Proof: The result is obvious for n=1,2. Therefore we
start with n>3 . Let v, be the apex vertex and
Vi,V,, -+, V, be the consecutive pendant vertices of K, .
Due to the nature of K, = two vertices can be identified in
following two possible ways:

Case 1: The apex vertex V, is identified with any of
the pendant vertices (say V). Let the new vertex be U,
and the resultant graph be G.

Then deg(v,)=1, for i=2,3,---,n and
deg(u,)=n+1 as there is a loop incident at u, . Define

f:V(G)—>{,2,-~-,n} as f(v)=i for i=23,-,n
and f(u,)=1. Obviously f is an injection and
ged( f(u), f(v))=1 for every pair of adjacent vertices
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u and v of G.Hence G is a prime graph.

Case 2: Any two of the pendant vertices (say V, , and
v, ) are identified. Let the new vertex be u,, and the
resultant graph be G. So in G, deg(vi)zl, for i =1,2,
~-,n=2, deg(u,,)=2 and deg(V,)=n. Define
f:V(G)—>{1,2,---,n} as f(v)=i+1 for i=0,12,
~,n=2 and f(u,,)=n. Obviously f is an injection
and ged (f(u), f(v))=1 for every pair of adjacent ver-
tices U and v of G.Hence G is aprime graph.

[llustration 2.2: The prime labeling of the graph ob-
tained by identifying the apex vertex with a pendant ver-
tex of K, isshownin Figurel.

[llustration 2.3: The prime labeling of the graph ob-
tained by identifying two of the pendant vertices of K, ,
is shown in Figure 2.

Theorem 2.4: If p is a prime and G is a prime
graph of order p then the graph obtained by identifying
two vertices with label 1 and p is also a prime graph.

Proof: Let f be a prime labeling of G and i be the
label of the vertex v, for i=1,2,---,p. Moreover U,
be the new vertex of the graph G, which is obtained by
identifying v, and v, of G. Define

fl:{ul,vz,v3,---,vp_,}—>{1,2,---,p—l} as

f(v) if x=v,i=23,---,p-1
fl(X):{ ( ) .
1 if x=u,.

{i if x=v,i=23,,p-1
Then f,(X)= ]
1 if x=u,.

Obviously f, is an injection. For an arbitrary edge
e=uwv of G we claim that ged(f (u), f,(v))=1. To
prove our claim the following cases are to be considered.

Casel: If u=u, then ged(f,(u), f,(v)) =
ged (f (u), f,(v)) =ged (L, fi(v)) =1.

Case2: If u=u, and v=u, then ged(f,(u), f (v))
=ged ( f,(u), f,(u))=ged(f (u),1)=1.

Case 3: If u#u, and v#u, then u=v,v=v; for
some i,j=2,3,---,p—1 with i# ] then
ged (f,(u), f,(v)) = ged(f, (%), f,(v)) =
ged (f(v). f (v )) =1 as v, and v, are adjacent ver-
tices in the prime graph G with the prime labelling f .
Thus in all the possibilities f, admits a prime labeling
for G,.Hence G, isaprime graph.

[llustration 2.5: In the following Figures 3 and 4
prime labeling of a graph G of order 5 and the prime
labeling for the graph G, obtained by identifying the
vertices of G with label 1 and 5 are shown.

Theorem 2.6: The graph obtained by identifying any
two vertices of P, is a prime graph.

Proof: Let v,V,,---,v, be the vertices of P,. Let u
be the new vertex of the graph G obtained by identifying
two distinct vertices v, and Vv, of P,. Then G is
nothing but a cycle (possibly loop) with at the most two
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5 4

Figure 1. The prime labeling of the graph obtained by iden-
tifying the apex vertex with a pendant vertex in Ky 7.

73

5 4

Figure 2. The prime labeling of the graph obtained by iden-
tifying two of the pendant verticesin K; ;.

2

4 5
Figure 3. The prime labeling of a graph of order five.

2

4

Figure 4. The prime labeling of the graph obtained by iden-
tifying the vertices of Figure 3 with label 1 and 5.
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paths attached at u. Such graph is a prime graph as
proved in Vaidya and Prajapati [10].

[llustration 2.7: In the following Figures 5-9 prime
labelings for P, and the graphs obtained by identifying
two vertices in various possible ways are shown.

3. Strongly Prime Graphs
Definition 3.1: A graph G is said to be a strongly prime

1 2 3 4 5
L 4 L & ®
v v v v v

Figure5. A primelabeling of Ps.

& ® ®
2 4

w

Figure 6. A prime labeling of the graph obtained by identi-
fying v; and v, of Ps of Figure5.

u
ZO . °
1 3 4

Figure 7. A prime labeling of the graph obtained by identi-
fying v; and v; of Ps of Figure5.

2

3

Figure 8. A prime labeling of the graph obtained by identi-
fying vy and v, of Ps of Figure5.

3

1

Figure 9. A prime labeling of the graph obtained by identi-
fying v; and vs of Ps of Figure5.
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graph if for any vertex v of G there exits a prime la-
beling f satisfying f(v)=1.

Observation 3.2: K, is a strongly prime graph as any
vertex of K, can be assigned label 1 and the remaining
vertices can be assigned label 2 and 3 as shown in Figure
10.

Observation 3.3: If e is an edge of K, then
G =K, —e isaprime graph (see Figure 11) butitis nota
strongly prime graph. If possible either of the vertices of
G with degree 2 can be assigned the label 1. Suppose v,
is assigned the label 1 then available vertex labels for the
remaining three vertices of G-V, are 2, 3 and 4. Con-
sequently the vertices corresponding to the labels 2 and 4
are adjacent in G—V,. See Figure 12.

Observation 3.4: Every spanning subgraph of a
strongly prime graph is a strongly prime graph. Because
every spanning subgraph of a prime graph is a prime
graph as proved by Seoud and Youssef [11].

Theorem 3.5: Every path is a strongly prime graph.

Proof: Let v,,v,,---,V, be the consecutive vertices of
P .If v, is any arbitrary vertex of P, then we have the
following possibilities:

Case 1: If v, is either of the pendant vertices (say
V, =V, ) then the function f:V(P,)—{1,2,---,n} de-
fined by f(v)=i, for all i=1,2,---,n, is a prime la-
beling for P, with f(v,)="f(v)=1.

Case 2: If v, is not a pendant vertex then a= | for
some j€{2,3,---,n—1} then the function

f:V(PR)—{1,2,--,n} defined by

n+i—j+1 ifi=L2,---,j-1;
f(vi):{ j+1 i , j

i—j+l1 ifi=j,j+L---,n,

is a prime labeling with f (va) =f (Vj ) =1.

Thus from the cases described above P, is a strongly
prime graph.

[llustration 3.6: It is possible to assign label 1 to arbi-
trary vertex of P, in order to obtain different prime la-
beling as shown in Figures 13-18.

Theorem 3.7: Every cycle is a strongly prime graph.

Proof: Let v,,v,,---,V, be the consecutive vertices of
C,. Let v be an arbitrary vertex of C,. Then v=y,
for some j €{1,2,---,n}. The function

f:V(C,)—{1,2,---,n} defined by

f(v)— n+i+l—j if i=1,2,---,j-1;
Vo li-j+1 ifi=j,j+1-,n,

is a prime labeling for C, with f(v)=f (VJ- ) =1. Thus
f admits prime labeling as well as it is possible to assign
label 1 to any arbitrary vertex of C,. That is C_, is
strongly prime graph.
Theorem 3.8: K, is astrongly prime graph.
Proof: For n=1, 2 the respective graphs P, and B,
are strongly prime graphs as proved in the Theorem 3.5.
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3 2
Figure 10. A strongly primelabeling of K, .

Y; A

4 3

Figure11. A primelabelingof K, -e.

1

4 VI

Y3 Vo

Figure12. K,—e isnot astrongly prime graph.

1 2 3 4 5
® L 2 @ s 2 -
v v v v v

1 2 3 4 5

Figure13. A primelabelingof P, having v, aslabel 1.

5 1 2 3 4
L a4 & L d 9

Figure14. A primelabelingof P, having v, aslabel 1.

4 5 1 2 3
L 4 L 4 L 4 L 4 L

Figure 15. A primelabeling of P, having v, aslabel 1.

3 4 5 1 2
@ & & L ®

Figure 16. A primelabeling of Ps having v, aslabel 1.
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2 3 4 5 1
® L ® A ®

Figure17. A primelabeling of P, having v, aslabel 1.

5 4 3 2 1
¢ L & & ®

Figure18. A primelabelingof P, having v, aslabel 1.

For n>2 let v, be the apex vertex and V,,V,, -V,
be the pendant vertices of K .

If X is any arbitrary vertex of K, , then we have the
following possibilities:

Case 1: If x is the apex vertex then X =V, . Then the
function f:V(K,,)—{1,2,--,n+1} defined by
f(v)=i+1 for i=0,1,2,---,n is a prime labeling on
K, with f(x)="f(v)=1.

Case 2. If x is one of the pendant vertices then
x=v; forsome je{l,2,--,n}.Define
f:V—o{,2,-,nn+1}, f(v)=p, where p is the

largest prime less than or equal to N and the remaining
n—1 vertices are distinctly labeled from

{2,---,n,n+1} —{p} . According to Bertrand’s postulate
n+1 . . .
5 < p<n+1.Therefore p isco-prime toevery in-

teger from {1,2,---,n,n+1}—{p} . Thus every edge
e=ab is incident to the apex vertex V, whose label is
p, thus ged( f(a), f(b))=ged(p, f(b))=1 or

ged( f(a), f(b))=ged( f(a), p)=1. Hence this function
f admits a prime labeling on K, = with
foo="f(v;)=1.

Thus from all the cases described above K, is a
strongly prime graph.

[llustration 3.9: It is possible to assign label 1 to arbi-
trary vertex of K, in order to obtain prime labeling as
shown in Figures 19 and 20.

Theorem 3.10: W, is a strongly prime graph for
every even positive integer n>4.

Proof: Let v, be the apex vertex and V,,v,,---,V,
be the consecutive rim vertices of W, . Let X be an
arbitrary vertex of W, . We have the following possibili-
ties:

Case 1: x is the apex vertex of W, thatis X=V,.
Then the function f:V(W,)—{1,2,---,n+1} defined
as

f(v)=i+Li=0,12-n. (1)

Obviously f is an injection. For an arbitrary edge
e=ab of G we claim that ged(f(a), f(b))=1. To
prove our claim the following subcases are to be consid-
ered.

Subcase (1): if € = v, for some ie{l,2,---,n—1}
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3 4

Figure 19. A prime labeling of K, ; with the apex vertex as
label 1.

3 4

Figure 20. A prime labeling of K; ; with a pendant vertex as
label 1.

then ged(f (), f(v,,))=ged(i+Li+1+1)
=gcd(i+1,i+2)=1 as i+1 and i+2 are consecu-
tive positive integers.

Subcase (2): if e=v,v, then ged(f(v,).f(v)) =
ged(n+1,2)=1 as n+1 is an odd integer and it is not
divisible by 2.

Subcase (3): if e=v,y for some ie{l,2,---,n}
then ged(f(v,), f(v)) =ged(Li+D)=1.

Case2: X is one of the rim vertices. We may assume
that x=v, , where p is the largest prime less than or
equal to n+1. According to the Bertrand’s Postulate

. . . 1
such a prime p exists with L%J < p<n+1. Define

afunction f:V(W,)—{1,2,3,--,n+1} as

p, ifi=0;
f(v)=1i+L ifie{l,2,-,n}={p-1};  (2)
1, ifi =p-L

The only difference between the definition of labeling
functions of (1) and (2) is the labels 1 and p are inter-
changed. Then clearly f is an injection.

For an arbitrary edge e=ab of G we claim that
ged( f(a), f(b))=1. To prove our claim the following
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subcases are to be considered.

Subcase (2): If e=v,y, for some ie{l,2,---,n}
then ged(f(v,), f(v))= gcdgp, f(v))=1 as p is
co-prime to every integer from {1,2,---,n+1}—{p}.

Subcase (2): If e=vyV,,, for some

e{L,2,---,p=-3}u{p,p+L--,n} then
ged(f (), f(V,,))=ged(i+Li+2)=1 as i+l and
i +2 are consecutive positive integers.

Subcase (3): If e=vyv,, for i=p-2 then
god (F (%), f (Vi) = ged( (Vo ), F (Vo)) =
ged(p-1,1)=1.

Subcase (4): If e=vyv,, for i=p-1 then
god (F (%), (Vi) = ged(F(Vou), F(Vp)) =
ged(l, p+1) =1

Thus in all the possibilities described above f ad-
mits prime labeling as well as it is possible to assign la-
bel 1 to any arbitrary vertex of W,. That is, W, is a
strongly prime graph for every even positive integer
nx4.

[llustration 3.11: It is possible to assign label 1 to ar-
bitrary vertex of W, in order to obtain prime labeling as
shown in Figures 21 and 22.

Corollary 3.12: The friendship graph C!" is a
strongly prime graph.

Figure 21. A prime labeling of Wy with the apex vertex as
label 1.

Figure 22. A prime labeling of Wg with arim vertex as label
1
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Proof: The friendship graph C{” is a one point un-
ion of n copies of C,. It can also be thought as a
graph obtained by deleting every alternate rim edge of
W, . Being a spanning subgraph of strongly prime graph
W, , C"is a strongly prime graph.

Corollary 3.13: The star K, is a strongly prime
graph.

Proof: K, ,, is obtained from strongly prime graph
W,, by deleting all the rim edges of the W,,. Being a
spanning subgraph of strongly prime graph W, , K, |
is a strongly prime graph.

4. Concluding Remarks

The prime numbers and their behaviour are of great im-
portance as prime numbers are scattered and there are
arbitrarily large gaps in the sequence of prime numbers.
If these characteristics are studied in the frame work of
graph theory then it is more challenging and exciting as
well.

Here we investigate several results on prime graphs.
This discussion becomes more interesting in the situation
when two vertices of a graph are identified. We also in-
troduce a concept of strongly prime graph. As every
prime graph is not a strongly prime graph it is very ex-
citing to investigate graph families which are strongly
prime graphs. We investigate several classes of prime
graph which are strongly prime graph.
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