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ABSTRACT

A fully discrete version of a piecewise polynomial collocation method based on new collocation points, is constructed
to solve nonlinear Volterra-Fredholm integral equations. In this paper, we obtain existence and uniqueness results and
analyze the convergence properties of the collocation method when used to approximate smooth solutions of Volterra-

Fredholm integral equations.
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1. Introduction

We shall consider the nonlinear Volterra-Fredholm inte-
gral equation

y(t)=g(t)+4 (vy)(t)+ 4 (Fy)(t).tel =[0,T]. (1)
The Volterra integral operators given by
v:C(1)—>C(I)

(7y)(1)= [k (t5.y(s))ds.

where k, €eC(DxR) and D :{(t,s):OS S StST}
and Fredholm integral operators given by

F:c(l)>c(l)

(Fy)(t) =k, (t.5.¥(s))ds,

where A, ,r =1,2 denotes (real or complex) parameters and
k,eC(IxIxR) andletgeC(1) bea given function.

The mentioned equations are characterized by the
presence of a linear functional argument and play an im-
portant role in explaining many different phenomena.

In particular, they turn out to be fundamental when or-
dinary differential equations based model fail. These
equations arise in industrial applications and in studies
based on biology, economy, control and electro-dynamic.

Collocation method is a widely popular numerical
technique in solving integral equations, differential equa-
tions, etc. When collocation method is used to solve
complicated engineering problems, it has several disad-
vantages, that is, low efficiency, ill-conditioned, etc. Thus,

)

)
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different types of techniques were proposed to improve
the computational performance of collocation method.
Recently, Chelyshkov has introduced sequences of
polynomials in [1], which are orthogonal over the inter-
val [0,1] with the weight function 1. These polynomials
are explicitly defined by
m-k

P ()= 2 (1) (77) ()T k= 0,L-m. (@)
=0

The polynomials P, (t) have properties, which are

analogous to the properties of the classical orthogonal

polynomials. These polynomials can also be connected to

a fixed set of Jacobi polynomials pl«/) (t) . Precisely

(t)=(=1)""t“PZ (2t -1).

Investigating more on (4), we deduce that in the family

P

mk

of orthogonal polynomials {Pmk (t)}:]:o have k multiple

zeros t=0 and m—k distinct real zeros in the inter-
val [0,1]. Hence, for every m the polynomial P, (t)
has exactly m simple roots in [0,1]. Following [1], it can

be shown that the sequence of polynomials {Pmo (t)}::o

generate a family of orthogonal polynomials on [0,1]
which possesses all the properties of other classic or-
thogonal polynomials e.g. Legendre or Chebyshev poly-
nomials. Therefore, if the roots of P, (t) are chosen as
collocation points, then we can obtain an accurate nu-
merical quadrature.

In the present paper, we further develop the works car-
ried out in [2-6].
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We discuss existence and uniqueness results and ana-
lyze the convergence properties of the collocation method
when used to approximate smooth solutions of linear
Volterra-Fredholm integral equations and finally, some
numerical results are presented in the final section, which
support the theoretical results obtained in this paper.

2. Existence and Unigueness Results

Let C(I) denote the Banach space continuous real-
valued functions, such that g €C ( I) with

lo].. = max|g]. 3)

Lemma 2.1. Assume H is a nonempty closed set in a
Banach space V, and that T:H — H is continuous.
Suppose T™ is a contraction for some positive integer
m. Then, T has a unique fixed-point in H.

Proof: For proof see [7]. O

Here, in integral Equation (1), we assume that k; for
some constants M;, satisfies a Lipschitz condition with
respect to its third argument

|ki(t,s,yl)—ki(t,s,y2)|£Mi|y1—y2|,
0<s<t<T, y;eR,i=12.

(6)

Theorem 2.2. Assume g and k; satisfy the condition
(6) and given functions g@,k;, are continuous on their
domains. Moreover, assume

M, <T". (7
Then the integral Equation (1) has a unique solution
y(t)ec(n.
Proof: We define the nonlinear integral operator
T:c(1)>c(1),

(M) =a9(O)+4(vy)(O)+A4(FY)(),  ®)
tel = [O,T]

Let us show that for m sufficiently large, the operator
T™ isa contractionon C(I).For y,,y, eC(I)

Ty, (t)-Ty, (t)
= [,k (ts.vi(s))-
+j[ (t.s.y,(s))-

ki (.., (s))] ds )
k, (t,s, Y, (s))] ds

Then
T (0T, (0] <M, (5) v, () s
M]3, (5)- 12 (5)] ds. (10)
<M+ M Tl - vl
Since

Copyright © 2012 SciRes.

ET AL
T2y, ()-Ty,(t)
H (ts.Ty, (s))- k1(t,S,Ty2(S))]ds (11
ke (15T 5)) - (5T () s

we get

2!

M t)° )
|T2y1 (t)-T?y, (t)|s[u+ M,T) ]||yl—y2||w.(12)

By a mathematical induction, we obtain
(6)=T"y, (t)

M t)" . (13)
S[u"' MzT) :|||Y1_y2"w~

m!

Thus

[Ty, (£) =Ty, (1)]
< [M+(TM2)m]||yl -, - 9

m!

Since, 0 <TM, <1 then
lim (TM, )" =0,

m—oo
and
. M
lim —
m—oo m '

:0’

the operator T™ is a contraction on C (1) when m is
chosen sufficiently large. By the Lemma 2.1, the operator
T has a unique fixed-pointin C(1).0

3. Collocation Method

Let t,= nh,(n =0,---,N -1ty :T) define a uniform
partition for | =[0,T], and let

M, ={0=t, <t <---<ty =T},
o, =(tyty, | (0<n<N-1).

The mesh ITy is constrained in the following sense:

-t

N
with a given mesh Il we associate the set of its
interior points, Zy ={t,:n=1---,N—-1}. For a fixed

N >1 and, for given integers d >—1 and m=>1, the
piecewise polynomial space Sr(n +)d (Zy) is defined by

5(0)

m-+d

(Zy)={u:C* (1) > Rit|, € 7pyg. 0N <N -1},

where w4 denotes the set of (real) polynomials of a
degree not exceeding m+d . The dimension of this
space is given by dim S*) (Zy)=Np+d+1.
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For integral equation, we have d =-1, hence, the

collocation space will be Sr(n__ll) (Zy) . Let

o, Esr(nll)( N)s

forall teo, wehave

u(t)=u(t, +sh) =L, (s)u(t, +ch) (15)

r=1

n=0,1--,N—1
)

u

From (15) we see that an element U e Sr(nill (ZN ), is
well defined when we know the coefficients

{u(t, +c,h)}

for all n=0,---,N —1. In order to compute these coef-
ficients, we consider the set of collocation parameters

{Cj}, where 0<¢ < and define the set

X {t }m,N—l
N UM S jon=0

t,, =t +ch, j=1-,

- <Cy <1,
of collocation points by
mn=0,---,N—1.

The collocation solution U e Sr(n_i) (Zy), will be de-
termined by imposing the condition that Y satisfies the
integral Equation (1) on the finite set X

u(t)=g(t)+4 (vu)(t)+ 4 (Fu)(t),

16
te Xy, (16)

Thus, for t=t,; =t ,+c;h the collocation Equation
(16) assumes the form

u(tn,j): g(tn,j)+ﬂ1.[;"“' K, (tn’j,s,u
+22L)T Ky (t;-5.u(s))ds.

From this equation and after some computations, we
obtain

u(ty,)=

(s))ds

17)

gl(tn,,-)mlh”z_'j;k1 (t, . +sh,u(t, +sh))ds
i=0
+/1th'0°1 kl( nioto +shou(t, +sh))ds

+/12N24hj;k2( t, -t +sh,u(t, +sh))ds
i=0

(18)
Now, by using the local Lagrange basis functions
m S—cC
LI(S): H ! s |=1,"',m, (19)
r=1,r=l C| _Cr

for approximating the integral terms, we use the La-
grange interpolating polynomial to approximate

K, (tn‘j,s,u (S)) and k, (tnﬂj,s,u (S)) , we obtain
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+4,h ikz (tn tch Ut +c,h))j; L (s)ds.
o (20)
Defining the quadrature weights
W, = jo' L (s)ds, I=1,--,m, Q1)
and
W, ::J'Ocj L (s)ds, 1 j=1---,m, (22)

the fully discretized collocation equation corresponding
to (20)-(22) is thus given by

)+ Ah iV\/,kl(tn],l+c,h u(t, +c,h))

m (23)
+ 4wk (8, ot + 6 h,a(t, +gh))

1=1
N-1 m

wk, (t

1

+ AN, t+Gh,d(t +h))

i=0 |

n,jo i

Note that, GeS!(Z,) and Equation (23) represent
for each n=0,L---,N -1, a recursive system of m
nonlinear algebraic equations with the unknowns U (tn’ i ) .

4. Global Convergence

Let ueS.'(z,) denote the (exact) collocation solu-
tion to (1) defined by (16). In our convergence analysis
we examine the linear test equation

y(t)=g(t)+4[ Kk (ts)y(s)ds
‘M-ZIOT k, (t,s)y(

where k €C(D), k,eC(Ix1). We will assume that
A;' is not in the spectrum O'(F) of the Fredholm in-
tegral operator F. A comment of the convergence results
to the nonlinear Equation (1) can be found at the end of
this section.

Theorem 4.1. Assume that the given function in (24)
satisfy g eC",k eC"(D),k, eC"(1x1). Then for all
sufficiently small h=T/N the constrained mesh collo-

(24)
s)ds, tel=[0,T],

cation solution u e S{ )( v ) to(24), for all

n=0,1,---,N—1, satisfies

lel, <C,M,h", (25)
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where C,, are positive constants not depending on h.
This estimate holds for all collocation parameters {c;
with 0<¢c <---<c, <L

Proof: In each 1nterva1 [t +t,+1], the exact solution y
of (24) is m times continuously differentiable. This fol-
lows from the smoothness hypotheses we have imposed
on g,k,k, and from the expressions for y(t). From
this it is obvious that both the left and right limits of
y(t) , as t tends to nh, exist and are finite. We will
prove the estimate (25) by using the Peano’s Theorem to
write

+sh=mL y(t. +c.h)+h"R__(s),
)= S L Oy en) MR (9.,
Se[O,l].
Here, we have

Roa(8)= j; Ky (5,2) Y™ (t, +zh)dz, (27)

1 . m-1
Km(s,z):( .{(s—z)+ —Z}Lk(s)(ck—z)+ },
Ze[O,l]
(28)

Thus, it follows from (15) that the collocation error
£:=Yy—U possesses to the local representation

&(t, +sh)= Enj; L (s)e,, +h"

=y(t, +c;h)-

£(ty)= /11‘[0{”“ i (t,;.5)&(s)ds
+/12J'0T K, (t,;.5)&(s)ds.

By substituting the (29) in the (30) and after some
computations, we obtain

:thn-l m (I;kl( oot +sh)L (s )ds)gi,

i=0 r=1

Run(8), s€(0,1], (29)

with &, ;
equation

u(tn +th), and it satisfies the

30)

+ /@hm“_ni.[; ki (t, .t +sh)R,,; (s)ds

+llhz.[ ( (t,;-t, +sh)L ()ds)gnr

€0)
+ﬂqhm+"[ ( oot +sh) 2 (s)ds
hN li ( nJ,t,+sh (s )ds) &
+,h™! 3 lj;k (t;.t +sh) R, (s)ds.

=
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Define the matrices in L (Rm ),

Bﬁfl{f;"l(nw“sh) ()ﬂ

I)J:]"z’...)m
Bz,n:{

0<i<n<N-1,
B :[J;kz(nj,t,+sh) (s )ds}

' (32)
Tk (15,4, +sh)L, (s )ds} )
r)J :1’2’.“)m

r).lzl)z’...’m
(34)
0<i<n<N-1,

and the vectors in R™ by

S (K RELHIETE -

j=L2,---,mji<n,
Cj T
A, :(Jojk (tnj,tn+sh) (s)ds) (36
j:1329'“9m
i 1 !
Al :(jo kz( ot +sh) (s)ds) C 37
j=L2,,mi<n,

.
&y = (01802 Em) » N=0,L-,N=1 (38)

by substituting the Equations (32)-(38) in Equation (31)
we obtain

gn:ﬂ,lh

-1

3

n-1
B{\e, + 4™ Al + 4B, ¢,
i=0

Ty
]

(39

N-1

N-1
+Ah™ A, + 4,0y B %h"‘“ZAjn,
i=0

this linear algebraic system may be written more con-
cisely as

N-1 .
ﬂ’lhBZn n AQhZB(;)ngl
n-1

ﬂthB'ZE.+ﬂqhm”nZ]A1'n)+ﬂqhm”Az whm*le}

(40)
Now, let
(1, -24hB,) 0 0 |
0 (1,-24hB,,) 0
p= :
0 0 0
0 0 (1,-24hB, )
(41)
OJApPpS
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I, —24hBY) —22,hBY} ... —24,hB{}"
Q= : : : : (42)
~24,hBY)  —24hBY 1, —24,hB0 ]
€
&
e=| (43)
Enaa

Then we have

pe+Qe = 2ﬂthB' & +2Z1hm”ZA,'
(44)

+224,h™ A, +22,h™ Z Al
i=0

Since the kernel K; is continuous on their domains,
the elements of the matrixes B,,,n=0,1,---,N—1 are
all bounded. By using the Neumann Lemma the inverse
of the matrix A =1, -24hB,, exists whenever

[y <>

for some matrix norm. This clearly holds whenever h is
sufficiently small. In other words, there is an h>0 so
that for any mesh [T, with h<h, each matrix 2,
has a uniformly bounded inverse. Therefore, matrix p
has a uniformly bounded inverse.

Also, the invertibility of the N, xN_ block matrix
Q now depends not only on h but also on 4, it is guar-

anteed if |Z,Z|||F||<%, where

[F[:= max [ [k, (t.5)|ds < T =k, (45)

tel

assuming that |k2 (t, S)| < R; and the elements of the
matrixes Q are all bounded. Thus from (44), we get
(Im+‘ﬁ)g:§n (46)
where
R=p"Q (47)
and
Co=p {MhZB e +24h’"”2/\2
'N‘il @)
+2ﬂ1hm+lAz,n i 222hm+1 Z A3(Ir)1}
i=0
It is clear that, matrix R has a uniformly bounded in-
verse and the elements of the matrixes R are all bounded.

Note that, from these assumptions and R™' =Q'p,
there exists a constant D, <o so that for all mesh di-
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ameters he (O,H), the uniform bound

holds. Here, for B e L(Rm) ||B|| denotes the matrix
(operator) norm 1nduced by the |'-norm in R™. Assume

that ||iR||<1 and ‘ A 1SF’, for 0<i<n<N-1, and
AN
From (46) and (48) we have

el = [0t~ <] <Rl (50

<.l =

(1n+%)] <P, (49)

n-1 . n-1 .
f%mzwmﬂmmzw
i=0 i=0

N-1
) hm+1 2 hm+1 (')}
R | 5
S2RRIAMS o, + 28 A" |omkM K,
i=0

+|/11hm+1

and hence

mk,M,, K, +|2,h""

Nmizmme},

n-1
el < ﬂo%"& | + M ™, (52)
where

By = 2PR AN, B, = 2PmK [k 4] (n+1)+| 2| Nk, |

K, —maxJ. |K s, |dz

s€[0,1]

<mk K M,

(In) | < mk_leMm’

,n
1

< mk,K, M :

mol <NL,M = “y(m)

= max mk, (S,v)|dv <k,

tel

(53)
Also,

&

n

N-—
P2 [ZISU Ij =lel, s
Then, from (52) and (54), we have

-1
lea < A, Z e+ AM
2

h™ n=0,1,---,N 1.

Now, by using the discrete Gronwall inequality, we
have

o]l =AM =010 N -1,

where S, = S, exp(nf, ) < .
Now, by using the local error representation (29) this
yields, setting W, = max"Lj " ,
] o0

& (t, +sh)| <W, |, +h"K M, <C,M,h",
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uniformly for se [O,l] and 0<n<N-1, where
C,=W_,5 +K,.

The is equivalent to the estimate ||g||w <C, (m

O

We conclude this section with a comment regarding
the extension of the results of Theorem 1 to the nonlinear
Equation (1). Under the assumption of the existence of a
(unique) solution y(t) on I, the nonlinear analogue of
the error Equation (30) is

£(ty) = A0 [k (5. 9(5)) K (t5-5.u(s)) ] ds
4 [ [ (58, ¥(5)) =Ko (1, 5,u(s)) | ds.
(55)

y

h™.

. . ok . .
If the partial derivatives E‘, i=1,2 are continuous

and bounded on Dx D, with
D, ::{yeR:|y—y(s)|<M,Se I},

for some M <o, and if h>0 is sufficiently small,
then (55) may again be written in the form (30). The
roles of k; are now assumed by

ok (t,s,7(s
Hi (t’ S) = M
oy
where 7, (s)=6,y(s)+(1-6,)u(s),0<6,(s)<1
Hence, the above proof is easily adapted to deal with
the nonlinear case (1), and so the convergence results of

Theorem 1 remain valid for nonlinear Volterra-Fredholm
integral equations.

, =12

5. Presentation of Results

In this section, we report on the numerical result of test
problem solved by the proposed method of this article.
Typical forms of collocation parameters c; are:

Gauss points: Zeros of P, (2t—1);

Radou I points: Zeros of P, (2t—1)+P,  (2t-1);
Radou II points: Zeros of P, (2t—1)-P,_ (2t—1);
Chelyshkov points: Zeros of

Poo (1) = (=1)" P (2 1)

where P, (t) and P\“”)(t) are Legendre and Jacobi
polynomials, respectively.
Example 5.1. The nonlinear Volterra-Fredholm inte-

gral equation in [0,1]
y(t):t-—ﬁ-—1+2j;y(s)ds+3f;y2(s)da

0<s<t<l,

(56)

Copyright © 2012 SciRes.
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Table 1. Error for example 1.
. N Guass Radaul Radaull Chelyshkov
lel. [ell lel. [ell.
3 2 2x107% 2x107% 2x107% 1x107%°
3 4 2x 107 2x 107 3x 107 1 x 107
3 8 2x 107 2x 107 2x 107 2x 107

has the following analytical solution y(t) =t therefore,
provides an example to verify the accuracy of this meth-
od.

Table 1 shows the maximum errors involved pre-

sented method with h= !

5 , along with the exact

> >

4°8
solution.

For computational purposes, in the test problem dif-
ferent forms of kernels are considered. All the computa-
tions were carried out with Maple. In each cases of Ex-
ample the obtained nonlinear equations was solved by
the Newton’s method.

The result for collocation points ¢; are presented in

Table 1 which indicates that the numerical solutions ob-

tained from (56) and step sizes equal to %, % and %

are nearly identical. These results indicate that, if we use
the Chelyshkov points, then we obtain the numerical so-
lutions of minimum error.

6. Conclusion

We have shown that the collocation method yields an
efficient and very accurate numerical method for the ap-
proximation of solutions to Volterra-Fredholm integral
equations. Also we have shown that, if the roots of
P, (t) are chosen as collocation points, then we can
obtain an accurate numerical quadrature.
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