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ABSTRACT

In this paper, we introduce a generalized system (for short, GS) in real Banach spaces. Using Brouwer’s fixed point
theorem, we establish some existence theorems for the generalized system without monotonicity. Further, we extend the
concept of C-strong pseudomonotonicity and extend Minty’s lemma for the generalized system. And using the Minty
lemma and KKM-Fan lemma, we establish an existence theorem for the generalized system with monotonicity in real
reflexive Banach spaces. As the continuation of existing studies, our paper present a series of extended results based on

existing corresponding results.

Keywords: Generalized System; C-Strong Pseudomonotonicity; Brouwer’s Fixed Point Theorem; Hemicontinuous

Mapping

1. Introduction

Variational inequality theory has played a fundamental
and important role in the study of a wide range of pro-
blems arising in physics, mechanics, differential equa-
tions, contact problems in elasticity, optimization, eco-
nomics and engineering sciences, etc. As a useful and
important branch of variational inequality theory, vector
variational inequalities were initially introduced and con-
sidered by Giannessi [1] in a finite-dimensional space in
1980. Ever since then, vector variational inequalities
have been extensively studied and generalized in infi-
nite-dimensional spaces.

Very recently, Fang and Huang [2] studied some exis-
tence results for strong vector variational inequalities in
Banach spaces. Long, Huang and Teo [3] established an
existence theorem of solutions for a generalized strong
vector quasi-equlilbrium problem by using Kakutani-
Fan-Glicksberg fixed point theorem. Li and He [4] stud-
ied the existence of solutions for VVI with a single-val-
ued function and a continuous selection theorem and
obtained the existence theorem for the GVVI under the
assumption of 7 —h—C(x)-pseudomonotonicity.

Motivated and inspired by research works mentioned
above, in this paper, we consider a generalized system,
which includes as special cases the strong vector varia-
tional inequalities [1,2] and problems so called equilib-
rium problems [5,6]. In order to derive the existence of
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solutions for the generalized system, Using Brouwer’s
fixed point theorem, we obtain some existence results for
the generalized system without monotonicity. Further-
more, by the concepts of -C-continuous, C-strong pseu-
domonotonicity and hemicontinuity, we extend Minty’s
lemma, moreover, with the help of Minty’s lemma and
KKM-Fan lemma, we establish an existence theorem for
the generalized system with monotonicity in real reflex-
ive Banach spaces. The results presented in this paper
extend the corresponding results of [2,6], and Theorems
3.1-3.3 can be considered as a generalization of Theo-
rems 2.1-2.3 in [6].

2. Preliminaries

Throughout the paper, otherwise special statement, let X
and Y be two real Banach spaces, let K< X be a
nonempty, closed and convex set, let CcY be a solid,
pointed, closed and convex cone with apex at the origin.
Let T:K —2"%"), L(X,Y) be the space of all con-
tinuous linear mappings from X to Y. Let
f:L(X,Y)xKxK—>Y be a trifunction such that
f(s,x,x)=0 forall xeK and seTx. Then we con-
sider the following generalized systems (for short, GS):
Find xe K, for each yek there exists seTx such
that

f(s,y,x)&—-C\{0}. (1)

And find xe K, seTx such that
f(s,y,x)2-C\{0},VvyeK. )
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We know that a solution (X,5)e KxL(X,Y) is called
a weak solution and a strong solution to GS(1) and GS(2),
respectively. It is easy to see that a solution to GS(2) is a
solution to GS(1), but in general the converse is not true.
Noting f (s,y,x) = <TX,77(y,X)> , VX,y e K, where
T:K > L(X,Y) is asingle-valued mapping,
n:KxK — X is a nonlinear mapping, then GS(1)and
GS(2) both reduces to the following strong vector varia-
tional-like inequality problem (for short, SVVLIP): Find
X € K such that

(M7 (y.x)) g -C\{0}, vy e K. 3)

Now, we recall the following definitions.

Definition 2.1 [7]. Let K be a subset of a topological
vector space X. A set-valued mapping T :K — 2% is
called a KKM mapping if, for each nonempty finite sub-
set {XI,XZ,--‘,Xn} c K, we have

CO{Xla""Xn} = Uinle (Xi)’

where COA denotes the convex hull of the set A.

Definition 2.2. Let X and Y be topological vector
spaces, let K be a nonempty, convex subset of X and let
C be a convex cone in Y. A mapping ¢:K —Y is said
to be C-convex function if, for all 1€[0,1] and X,
X, e K,

A9(x)+(1=2)g(%,)-g(4x +(1-2)x,) eC.

Remark 2.1. 1) If C contains (or is equal to,or is con-
tained in) the non-negative orthant, then the C-convex
function is called C-convex (or convex, or strictly C-
convex);

2) If C contains (or is equal to, or is contained in) the
nonpositive orthant, then the C-convex function is called
C-concave (or concave, or strictly C-concave).

Theorem 2.1. (Brouwer’s fixed point theorem [8]) Let
K be a nonempty, compact and convex subset of a fi-
nite-dimensional space X and let f:K — K be a con-
tinuous mapping. Then, there exists x € K such that
f(x)=x.

Theorem 2.2. (KKM-Fan Lemma [7]) Let K be a sub-
set of a topological vector space X and let T :K — 2%
be a KKM mapping. If, for each x e K, T(x) is closed
and for at least one xe K, T(x) is compact, then

N T(X)%2D.

3. Main Results

In this section, we shall obtain the following existence
theorems for GS(1).

Theorem 3.1. Let K be a nonempty, compact and con-
vex subset of X and let the mapping
f: L(X,Y)>< KxK —Y be a C-convex function in the
second argument. Assume that, for every y e K , the set
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{X eK:f (S, y,x) € —C\{O},VS eTX} is open in K. Then,
GS(1) has a solution.

Proof. We proceed by contradiction. Assume that GS(1)
admits no solution, then for each X, € K, there exists
some yeK andforall seTx, such that

f(s,y,% )e-C\{0}. “)
Forevery ye K, define theset N, as follows:
N, ={xeK:f(s,y,x)e-C\{0},VseT(x)}. (5

By given assumption, the set N, is open in K and
hence from (4), it follows that {Ny 1ye K} is an open
cover of K. Since K is compact, there exists a finite set

{¥1- Y22 Yo} © K such that K=[]J N, . So there ex-
ists a continuous partition of unity { BBy, ﬂn} sub-
ordinate to {Nyl’Nyz""’Nyn} such that for all xe K,
B; (x)20(j=12,,n) with Zr;:l/)’j(x):l and
B;(x)=0 whenever x¢ N, . B (x)>0 whenever
X¢ Nyj.

Define a mapping h: K »>Y by
h(x)=28,(x)y;.VxeK. (6)
=

Since f; is continuous for each j, it follows from (6)
that h is also continuous. Let S :=Co{y,,y,,"-,¥,} = K.
Then S is a simplex of a finite dimensional space and h
maps S into S. By Theorem 1.1, there exists some
X, €S suchthat h(x,)=Xx,.

Next define a mapping g:L(X,Y)xK —>Y by

g(s,x)=f (s,h(x),x). Since f is a C-convex function
in the second argument, by (6), we have

g(s,x)ezn:ﬂj(x)f(s,yj,x)—C,VXeK. @)
=1

For any given xe K ,let K, = {j :xeN, } . Clearly,

K, =0 . since X, €S is a fixed point of h, it follows
from (4) and (7) that forall xe K,

0="F(s,%.%)=9(s,%)= f(S,h(XO),XO)

= f[s,_}njﬂj (xo)y,-,xoj

j=

e_zn:;ﬂj (%) f(s.y;.%)-Cc-C\{0}-C
=—C\{ol.

That is, 0e—C\{0}, a contradiction. Hence, GS(1)
has a solution. This completes the proof.
Example 3.1. Let X =R, K=[0,1], Y =R?, C=R},
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0

n(y,x)=y—~2x, T(x)=()(()1

j, VX =(X.,X,)eK.

o J(y-v2

2

X,
f(s,y,x):<Tx,n(y,x)>:()8
X (y-v2x)
J EXE

Forall 2€[0,1] and vy,,y, eK,
f(s. 4y, +(1=2)y,.X) = Af (5,y,.%)

—(1=2) £ (s,y>,)

xl(/iyl+(1—/1)y2—x/§x)
xz(/‘ty1+(1—/1)y2 «/Ex)
(1-4)v2x)
(1 i)x/ix)

, VX, ¥y e K.

X, (ﬂyl —x/iix)
X, (/1y2 —«/E/Ix)

x((1-2)
X ((1_’1)

=0e—

Y, —(1-
L —(1-

Yy

ie.,

f(s,2y,+(1-2)y,.X)
e (s, y,,x)+(1-2) f(s,y,,x)-C.

Then it is easy to see that f is a C-convex function in the
second argument, and the

{xeK:f(sy,x)e-C\{0}}

:{xe K: y—x/§x<0}:[gy,l}
is open in K. Now we could say that all conditions of
Theorem 2.1 hold. And also, the solutions set for GS(1)
2
Yl

in Theorem 2.1 is D :{X eK: y—\/EX > 0} :{0,7

vyeK.

Theorem 3.2. Let K be a nonempty, closed and convex
subset of X and let the mapping f : L(X,Y)xKxK —Y
be a C-convex function in the second argument. Assume
that:

1) For every ye K, the set

{Xe K:f(s,y,x)e-C\{0},Vs eTX} is open.

2) K is locally compact and there is an r >0 and
X, € K, ||X0||< r, such that, for all yeK, ||y||= r,
there exists an S eTx suchthat f(s,X,,y)e-C.

Then, GS(1) has a solution.

Proof. Let K, = {X eK ||X|| < r} . Since K is locally
compact, K, is compact; hence, it follows from Theo-
rem 2.1 that there exists an Xe K, , for all yeK,

Copyright © 2012 SciRes.

there exists SeTX such that
f(s,y,X)&-C\{0}. (7)

We claim that X 1is the desired solution of GS(1).
Indeed:

1) If |X|=r, by the assumption 2), there exists
seTX such that

f(s,%,,X)e—-C. (8)

Forany yeK , choose A¢€(0,1] such that
y, =Ay+(1-2)%, € K,. Then, from (7), it follows that
f(s,y;,X)&—-C\{0} . Since f is a C-convex function in
the second argument, we have

f(s,y,,X)eAf(s,y,X)+(1-2) f(s,%,X)-C
Af(s,y.x)e[Y\(-C\{0})]+(1-2)C+C
=Y \(-C\{0})+C =Y \(-C\{0}).
Implying that
f(s,y,X)&-C\{0}.
2)If |X|<r,forany yeK,choose Ae(0,1] such
that y, == Ay+(1-2)X e K,. Then, it follows from (7)

that f(s,y,,X)&—C\{0}. Since f is a C-convex func-
tion in the second argument, we have

f(s,y,,X)eAf(s,y,X)+(1-2) f(s,X,X)-C
cAf (S, y,Y)—C
= f(s,y,X)e-C\{0}.
This completes the proof.
The following example shows that the assumption that
the set {x eK: f(s,y,x)e-C\{0},vs eTX} is open
in K, for every ye K, is not trivial. For two similar

examples for a vector-valued function, see [2,6].
Example 3.2. Let X =R, K=[0,1], Y =R? C=R},

X2 0
n(y,x)=2y-2x, T(x):((; XZ} Vx=(x,%,)eK,
2

f(s,y,x)= <Tx,77(y,x)> :[)82 ;J(Zy—ZX)

2

(2y—2x
T ) o)

[ -¥)2y-20)
- (xj—yj)(zy—ZX) -

f is continuous and monotone in the sense that
f(s,y,x)+ f(s,x,y)<0 for all x,yeK . Also, it is
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easy to see that, for each y e K, the set
{X eK:f(s,y,x)e —C\{O}} =(y,1] and hence is open
in K.

Next, we define following concepts which will be used
in the sequel.

Definition 3.1. A mapping f:L(X,Y)xKxK—=Y
is said to be C-strong pseudomonotone respect to
T:K =280 if, for any X, y € K, there exists U e TX,
f(u,y,x)e-C\{0} implies f(v,x,y)e-C, VveTy.

Remark 3.1. This definition generalizes corresponding
definitions of [9,10].

Example 3.3. Let X =Y=R*, K=R_, C=R’,

f(s,y.%)=(T(x).7(y.x)), n(y.x)=y—(x+x),

X1+X— 0
T(x)= ! , Vx=(x.%)eK, ueTx.
0 x2+X—
2
lerXi 0
f(u,y,x)= ! | (y—(x+x3))
0 x2+X—
2
(XI+XL](y—(x+x3))
= ‘ ¢ -C\{0}.
(x2+XL](y—(x+x3))
2

That implies that y > X+ X’ > X, it follows that

)

1

e o)

2

f(v,x,y)= e-C,veTy.

Hence, f is C-strong pseudomonotone. For a similar
example for a vector-valued function, see [6].

Definition 3.2. A mapping f:K —Y , is said to be
—C-continuous at X € K if, for each neighbourhood of
nullelement in Y, there exists a neighbourhood of X, such
that

f()N()e f(X)+V—C, vXeU NnK.

If f is —C-continuous at each point of K, then f is
—C-continuous on K.

Definition 3.3. Let W, E be two topological spaces, a
set-valued mapping T :W — 2% is upper semicontinu-
ous at xeW if, for each neighbourhood V of Tx, there
exists a neighbourhood U of X, such that T(U)eV . If T
is upper semicontinuous at each point of W, then T is
upper semicontinuous on W.

Lemma 3.1 [11]. Let W, E be two topological spaces,

Copyright © 2012 SciRes.

a set-valued mapping T :W — 2% is compact valued,
then T is said to be upper semicontinuous at xeW if
and only if: for any net {X,} W, x, - x,and {y,},
y, T (Xa) , there exists a setnet {yﬂ} of {ya} , such
that y, > y.

Now we prove the existence result for GS(2) with
monotonicity. First, we prove the following Minty’s type
lemma for GS(2).

Lemma 3.2. Let K be a nonempty closed and convex
subset of X, Y be a real Banach space ordered by a non-
empty closed convex pointed cone C with apex at the
origin and intC#¢. Let f:L(X,Y)xKxK Y be
a trifunction, T :K — 2% be a nonempty compact
set-valued mapping. Suppose the following conditions
hold:

1) f(ux,x)eC, YueTx, xeK;

2) f(u,y,x) is C-convex function in the second
argument;

3) T is upper semicontinous;

4) f(u,y,x) is -C-continuous with respect to (u,Xx),
YueTx, x,yeK.

Then there exists xe€ K and u eTx, such that

f (u,y,x)g-C\{0}, vy e K. )
if and only if there exists X e K such that
f(v,x,y)e-C,VyeK,veTy. (10)

Proof. (9) = (10): It follows from the C-strong
pseudomonotonicity of f respect to T.

(10) = (9): Suppose that there exists X, € K such
that

f(v,%,y)e-C,vyeK,veTy. (11)

If x,eK is not the solution of (9), that is to say,
FyeK, YueTx, wehave

f(u,y,%,)e—-C\{0}. (12)

For any given ye K, weset y, =ty +(1-t)x, e K,
Vte(0,1), for each v, €Ty, , it follows that

f (v, %Y, )e—C. (13)

Since f is C-convex function in the second argument,
we have

f (Ve Yo ¥y ) etf (v, ¥, ) +(1-t) f (v, %, ¥, )—C. (14)

It follows from inclusions (13), (14) and condition 1),
we obtain

(V. Y. %) e f(Ve, Voo ¥ )= (1=t) F (v, %), ¥, )+C
eC+C+C=C.

Implying that
f(vt,V, yt)eC,Vte(O,l). (15)

From T is upper semicontinous and Yy, = X,, YV, €Ty,
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as t—0", we obtain that {v,} has a setnet (for sim-
plicity, still denoted {vt}) and there exists U, €TX,
such that v, > u, .

If we could prove

f (u,.Y,%)eC. (16)

we will obtain a contradiction between (16) and (12), as
C is convex pointed cone. That will complete the proof.
In fact, suppose on the contrary that

f (u,.Y,%)¢eC.

Since C is closed, we know that there exists a origin
neighbourhood V in Y, such that

[ F(uy,¥.%)+V |nC =4
Since C is convex cone, it follows that
[ £(Up.¥.%)+V -C]nC =4 (17)

From 4), there exists neighbourhood U (u,)xU (x,)
of (Uy,%,) such that
f(T,y,X)e f(u,,¥,%)+V-C, as
V(T,X) €U (uy)xU (x,). )
Since V, >U,, Y, X, as t—>0", 35€(0,1),
such that

(Vi ¥y )€U (uy)xU (%), asO<t <.

Thus from (18) we get
f(v.V.y)e f(uy,¥.%)+V -C. (19)
it follows (17) and (19) that
f(v.v.y,)eC.
which leads a contradiction to (15). This completes the
proof.

Theorem 3.3. Let K be a nonempty, closed, bounded
and convex subset of a real reflexive Banach space X and
let the mapping f : L( X ,Y)>< KxK —Y be a C-convex
function in the second argument and C-strong pseudo-
monotone. T:K —2"*") bea nonempty compact set-
valued mapping. Then, GS(2) has a solution.

Proof. Define two set-valued mappings, A,B:K — 2¢
by

A(y)={xeK:f(uy,x)g-C\{0},
for someu eTX},Vy e K.

and
B(y) :{X eK:f(v,x,y)e-C,for allVeTy},
vy e K.

Clearly, A(y) and B(y) both are nonempty since
yeA(y)nB(y) forall yeK.

Copyright © 2012 SciRes.

We claim that A is KKM-mapping. If assertion were
false, then there would exists {X,X,,--,X,} < K and
420, I<i<n,with > 4 =1 suchthat

x=y" A% e(J A(x). Hence for any ueTx, we
have x ¢ A(X), for each i.

Implying that, f (u, Xis x) e-C\ {O} Vi . Thus,
> 4 f(u,x,x)e-C\{0}. Since f is a C-convex func-

tion in the second argument, we have
n
0="f(uxx)="f (u, ﬂ,,xi,x)
=1

€34T (uX,x)-C -C\{0}-C=-C \{0}.

which is a contradiction. Hence A is a KKM-mapping.
Since f is C-strong pseudomonotone, it follows that

A(y)cB(y) for all yeK, and hence B is also a

KKM-mapping. By Lemma 2.1, we see that

ﬂyeK A(y) = ﬂyeK B(y)'

Next we claim that for each fixed ye K, B(y) is
bounded, convex and closed in K. Indeed, B(y) is
bounded as B(y)c K. Let Xx,x, €B(y), then we
have

f(v.x.,y)e-C and f (v,X,,y)e-C

Since f is C-convex function in second argument, we
have that, for 1 €(0,1],

f (v, A% +(1-2)%,,Y)
e Af(v,x,y)+(1-2) f(v,x,,y)-Cc-C.

This implies that B(y) is convex for each fixed
y € K. The continuity of f in the second argument and
closedness of -C give the closedness of B(y). We now
equip X with that weak topology. Since B(y) is closed,
bounded and convex subset of the reflexive Banach
space X, then it turns out to be weakly compact for all
y € K. Hence by Theorem 1.2, we have ﬂyeK B(y) z¢.
This implies that there exists X, € K, such that

f(v.x,y)e-C, VyeK, veTy.

Therefore by Minty’s type Lemma 3.2, we conclude
that there exists X, € K and u, € TX, such that

f (U, y,x) € —-C\{0}, VyeK.

That is to say GS(2) has a solution. This completes the
proof.

Remark 3.2. Let f(s,y,X) =<Tx,77(y,x)>, vx,yeK,
where T:K — L(X,Y) is a single-valued mapping,
n:KxK — X is a nonlinear mapping, then GS(1) and
GS(2) both reduces to the SVVLIP(3). As applications,
we have the following existence result for SVVLIP(3).
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Corollary 3.1. Let K, X, T, n be as in Theorem 3.1
and Remark 3.2, let 7 be affine in the first argument.
For each y e K, the set {X eK :<TX,77(y,X)> e-C \{0}}
is open in K. Then the SVVLIP(3) has a solution.

Corollary 3.2. Let K, X, T, 1 be as in Corollary 3.1.
Assume that:

1) For every y e K, the set

{X eK :(Tx,q(y,x)> € —C\{O}} is open.
2) K is locally compact and there is an r >0 and
X, € K, ||XO||< r, such that for all yeK, ||y||:r R

<Ty,n(x0,y)>e-—C.
Then, the SVVLIP(3) has a solution.
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