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ABSTRACT 

The objective of the present article is to find an optimal design of a fan inlet to reduce the amount of noise radiated to the 
far field from the system. Against the gradient-based optimization algorithms, we employ here a method based on 
measure theory which does not require any information of gradients and the differentiability of cost function. 
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1. Introduction 

Noise generated by the rotating blades of an aircraft tur-
bofan engines continues to pose a challenge for many 
researchers and of course, the reduction of the noise have 
been received more attention in the recent studies. Wil-
liams and Hall studied aerodynamic sound generation by 
turbulent flow around a scattering half plane [1]. Howe in 
[2] discussed the trailing edge noise at low Mach numbers. 
It is well known that the aircraft noise may be minimized 
through the two signification tasks: acoustic shape opti-
mization of the inlet [3] and impedance optimization of 
the liner [4]. In much of the pervious work on this topic, 
the computational methods are gradient-based that bear 
some drawbacks such as mesh regularization and the 
requirement of knowledge of derivatives. 

The aim of this article is to present a method to find an 
optimal solution of a shape design problem that models 
reducing the amount of noise radiated from aircraft tur-
bofan engines. 

Our method is based on measure theory and has some 
features, for instance, the design process is not iterative 
and therefore requires no initial design to be suggested; it 
is computationally efficient and flexible enough to ac-
commodate general design problem. 

The paper proceeds as follows. In Section 2 we first 
describe the mathematical formulation of the optimal 
control problem and then a brief review of the weak 
formulation of the problem is given. In Section 3, we 
metamorphose the optimization problem to a linear pro-
gramming problem by the aid of our method. Finally, we 
present some numerical results in Section 4. 

2. Problem Description and Weak  
Formulation 

We follow here the same set up as considered in [4] in 
where the geometry of the axisymmetric fan is as shown 
in Figure 1. We suppose that the model composition of 
the aircraft noise source is specified on the source plane 

f . The inlet of fan is surrounded by two boundaries: 

fixed boundary c  and flexible boundary  which is 

characterized by the function 


)(y x

. It is assumed an 

acoustic liner exists on the boundary . We let c  be 

enough far from the noise source. This implies that the 
radiated field treats locally as a plane wave at local inci-
dence and in this case the Sommerfeld radiation boundary 
condition is satisfied. If we describe the treatment of the 
acoustic velocity potential  with the Helmholtz equa-
tion as 
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Figure 1. Geometry of the axisymmetric fan 

 
then, the problem here is the manipulation of the flexible 
boundary   such that the least amount of noise propa-
gates to the far field whereas some constraints on the 
boundary shape are satisfied. It is supposed that in the 
above equations, both the dependent and the independent 
variables are properly nondimensionalized. 

Γ

Under consideration in [4], the optimal shape design 
problem may be stated as  
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where  and the three constants A, B and 0x   satisfy 
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Obviously the determination of domain of the problem, 
, depends on the determination of Ω    d,cb,a:  , 

which is a function to be determined by the optimization 
process. By virtue of this fact we let )Ω(Ω  . 

In order for the optimal shape be exist, we define the 
admissible set of functions,  ’s, as 
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3. Metamorphosis and Approximation 
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In this portion, we define an artificial control 
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In fact,  is derivative of the boundary function . 

Let  be the characteristic function defined 

on the set S. 
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We may now reformulate  involving the artificial 

control as follows: 
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In order to apply the metamorphosis process, one needs 
first to have some background knowledge. 

We say a triple ),,( αwq   is admissible if the fol-

lowing conditions yield: (i) The artificial con ol w  
takes its values in a compact set W and holds (2). (ii) The 
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(see [4])  Ω̂  Figure 2. Geometry of the fixed domain 
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Now we transfer  over Q , into another nonclass- 

ical problem that has some interesting properties. 
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Define two linear, bounded and positive functionals 
corresponding to each admissible triple  as q

,Ω),,,,,()(:Λ
)(Ω 2111, dαwxxFγCF
αq    (3) 

,Γ),,,()(:Λ
)(Ω 2122, dαxxGγCG
αq        (4) 

where  is the space of all continuous real-valued 

functions on . 

)( iγC

2,1, iγi
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there exists an injection of into , the 

product of dual spaces of functionals defined in (3)-(4). 
(See Proposition 4.1 in [5]). 
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Generally, the metamorphosis process deals with inte-
gral form of relations, therefore, in order to convert the 
differential Equation (2) into an integral form, let  be 

an open ball in  containing , and  be the 

space of all real-valued continuous differentiable func-
tions with continuous first partial derivatives on . Let 
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Now for simplifying the representation of optimal 
shape design problem, we set  
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By virtue of (5)-(6) and the above arrangement, we 

may restate  by the following measure representa-

tion form: 
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In what follows, we employ a two-phase approxima-
tion procedure that converts  to a linear program-

ming (LP) problem. The procedure for constructing a LP 
problem whose solution approximates the action of the 
optimal pair of measures of  is much like as that 

given in [5]. In the first phase of approximation proce-
dure, we intend to deal with a problem subject to a finite 
number of constraints. Following from Proposition 5.1 in 
[5], our intension is fulfilled. Approximating measures 
involved in  by the unitary atomic measures (see 

Proposition 5.2 in [5]) is performed in continuation of the 
first phase of approximation procedure and leads to ap-
pear unknown supports. The second phase is devoted to 
approximate the unknown supports by specified points. 
This task is carried out in cooperation with Proposition 
5.3 in [5]. 
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The process of extracting a piecewise constant control 

function form the optimal solutionw { 0i
k  , k  1, 2,  

..., , 1, 2}iN i   of  is based on the analysis 

given in [7]. 
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4. Numerical Result 

The data for the parameters of the model are listed as:  
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By using a code written in MATLAB 7.1 for solving 
, we obtained the optimal approximated  and 

its corresponding optimal artificial control  depicted in 
Figure 3. 
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