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ABSTRACT 

The principal testing ground for general relativity is the observable Universe. Gravitational lensing is the leading ob-
servational technique that gives insight into the distribution of baryonic matter in the stellar, galactic and cosmological 
scale, as well as the distribution of dark matter and dark energy, due to their gravitational interaction. Interpretation of 
ever more precise observational data requires increasingly subtle analytical techniques. In this paper, I discuss a formal-
ism that can handle a nonlinear superposition of gravitational and refractive lensing by a grouping of baryonic matter, 
dark matter and dark energy for a given distribution of those entities (i.e. for a given spacetime metric) and their refrac-
tive properties. The role of refraction in gravitational lensing is exemplified in the case of a microlensing event and a 
signature of such an effect is discussed. 
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1. Introduction 

The two most challenging problems in general relativity 
are: quantization of the gravitational field, as a precondi- 
tion for unification of gravity with the other three (quan- 
tized) interactions, and application of general relativity to 
investigation of the Universe. In this paper, I take on the 
latter endeavor by considering the problem of simulta-
neous gravitational and refractive lensing. 

Gravitational lensing occurs where the lensing mass 
lies very close to geodesics that connect the luminous 
object and the observer; this phenomenon is often re- 
ferred to as macrolensing or microlensing. Macrolensing 
images are classified either as strong lensing, where mag- 
nified multiple images of a luminous source are observed, 
or weak lensing that results in magnification and distor- 
tion of a single image. If the luminous source and the 
lens cannot be resolved, gravitational lensing manifests 
as a temporary increase in brightness of the lensed object, 
which is called a microlensing event. 

The first multiple image of the gravitationally lensed 
quasar was observed in 1979 [1]. A number of very su- 
ccessful research programs, such as OGLE, MACHO, 
EROS, MOA, FUN and PLANET have been specifi- 
cally designed to detect and analyze microlensing events 
[2-7].  

The lensing effect is usually interpreted as a purely ge- 
neral relativistic phenomenon. Refractive lensing by cold 
gas clouds has also been considered [8,9]. However, one 
can think of a number of situations, where the total lens- 
ing effect is a (possibly nonlinear) superposition of the 

gravitational component and the refractive one. This may 
occur where the lensing object possesses an extended 
gaseous envelope, where lensing is caused by a massive 
molecular cloud, by a gas-rich galaxy, a compact body 
embedded in the plasma cloud or a compact body that 
generates strong magnetic field. These situations can be 
handled with a theory of simultaneous gravitational and 
refractive lensing. The formalism allows the lensing ob- 
ject to comprise baryonic matter, dark matter and dark 
energy that together contribute to the spacetime metric 
and to the effective refractive index. 

In the following section I discuss principles of com- 
bined gravitational and refractive lensing. Next, I con- 
sider a microlensing event caused by a superposition of 
gravity and refraction and discuss some physical aspects 
of the refractive component of lensing. A brief general 
conclusion completes this work.  

2. Principles of Combined Gravitational and  
Refractive Lensing  

From the analytical point of view, the key difference be- 
tween gravitational lensing and refractive lensing is that 
the first one is achromatic and the second one is fre-
quency-dependent. To examine and possibly single out 
the two components of the total lensing, the microlensing 
events and macrolensing images have to be observed in a 
wide range of the electromagnetic spectrum, from radio- 
frequencies to the UV range. 

In the classical approach, propagation of light rays in 
the geometrical optics regime is governed by the Fermat 
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principle, which silently assumes that the frequency of 
the light ray is constant along its virtual path; that is be-
cause the quantum and relativistic phenomena that affect 
the local values of frequency of light rays were unknown 
at the times of Fermat. To account for possible changes 
in frequency (e.g. due to the gravitational redshift/blue- 
shift) in the geometrical optics regime, one has to start 
off from the principle of least action for the electromag- 
netic field, from which the variation principle for vari-
able-frequency (VF) light rays can be derived. The new 
extremum principle, which governs propagation of VF 
light rays in the geometrical optics regime, reads [10] 

path local local path local local localdt n l     d 0   (1) 

where local , local , local  are the local standard values 
of (angular) frequency, time and distance along the vir-
tual path of the light ray, respectively, measured with 
local standard (atomic) clocks according to the definition 
of the second and the meter, and local  is the local value 
of the refractive index measured with the same local 
standard instruments. The new variation principle is valid 
irrespective of the kind of interaction that affects fre-
quency of the light ray. 

t l

n

From the variation principle in Equation (1) one can 
derive the differential equations that govern propagation 
of light rays affected by a nonlinear superposition of 
gravity and refraction in the static spacetime [11] 

0k k i j
ijx x x                   (2) 

where the effective connection coefficients are  
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and  
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00local i ji j g gn              (6) 

where 00,i jg g  are elements of the spacetime metric 
with signature  and . ()

crolensing events and macrolensing images. 

3. A Microlensing Event Due to Gravity and 

Th technique was advocated by Paczyński 

cts are hardly (or not at all) visi- 
bl

flu

 , , , 1, 2,3i j k l
Equation (2) shows that the actual path of the light ray 

in the general relativistic environment is given by the 
effective “geodesic” on a 3d manifold shaped by the 
nonlinear superposition of gravity and refractive proper- 
ties of the medium, see Equation (6), in which the light 
ray propagates. This formalism is capable of handling the 
whole range of situations, from gravity dominated lens- 
ing (including a black hole as a microlens) to refraction 
dominated lensing; in principle, it applies both to mi-

In the case of low refraction and weak gravitational field, 
the effective connection coefficients k

ij  can be ex- 
panded into the fast converging series, where only the 
leading gravitational and refractive terms have to be tak-
en into account; then, in the linear field approximation, 
the gravitational lensing and the refractive lensing be- 
come additive effects.  

Refraction 

e microlensing 
for detecting brown dwarfs in the galactic halo in an at- 
tempt to estimate their contribution to the dark matter 
[12]. Presently, microlensing has become one of the most 
prolific sources of information in observational astron- 
omy and astrophysics.  

Low temperature obje
e by the use of conventional methods; even more so are 

their atmospheres. The formalism discussed in the pre- 
vious section makes possible exploration of gaseous en- 
velopes of invisible objects acting as gravitational lenses. 

In absence of lensing, spectral intensity of the photon 
x 0I  of a stable, point-like source is constant in time. 

Wher icrolensing is a purely gravitational, achromatic 
effect, the temporal dependence of the normalized (rela- 
tive) spectral intensity 

e m

0( )I t I   is the same for all fre- 
quencies , from the R UV band. Since the re- 
fractive component of lensing is frequency-dependent, 
the quantity 

F to the 

0( )I t I   for combined gravitational and 
refractive lens ies with frequency, as shown in 
Figure 1. 

Brightne

ing var

ss curves observed at different frequencies 
ca

 lensing problem of (supposedly) purely 
gr

arp peak on 
th

rry information on the size, density, chemical compo- 
sition of the gaseous envelope and the magnetic field of 
the lensing object, although the object may not be di- 
rectly visible. 

The inverse
avitational lensing produces non-unique solutions, see 

e.g. the Appendix in [3]; where additional effects are 
taken into account, such as refraction or limb darkening 
of an extended luminous source, the number of possible 
models and fitting parameters increases, which makes the 
problem even more challenging. The uncertainty of in- 
terpretation of observational data can be minimized by 
taking into consideration spectroscopic and photometric 
information collected in a wide range of the electromag- 
netic spectrum, as those data constitute additional con- 
straints on the choice of the assumed model. 

Refraction can produce an asymmetric, sh
e relative brightness curve, but it can also decrease 

brightness. To notice such short-time perturbations, short 
sampling time intervals are necessary; otherwise, aver- 
aging produces only a small irregularity on the standard  
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Figure 1. An example of microlensing of a point-like luminous source by a large object with a low-mass companion. Pu y rel
gravitational lensing results in the same temporal dependence of the relative spectral intensity Iv(t)/ 0I  for all frequencies 

(black curve). Refraction differentiates between the relative brightness curves registered at different frequencies (blue curve, 
red curve). The gaseous envelope of a highly magnetic companion object (e.g. a magnetar) can become birefringent, which 
may result in discernible doubling of the refraction peaks that perturbe the standard lensing curve. 
 
brightness curve. To get a grasp on the peak, the sam- 

ure where the light beam tra- 
ve

all 
co

pling time interval should be at least 3 - 4 times less than 
the halfwidth of the peak. The refractive effect can be an 
alternative interpretation of some very sharp peaks on the 
brightness curves, which are presently modeled exclu- 
sively as caustic crossings. 

Refraction enters the pict
rses the gaseous envelope. In the case of microlensing, 

refraction occurs only where the light beam passes at the 
grazing distance from the lensing object, so that only a 
fraction of microlensing events can actually comprise the 
refractive component. Refraction in a microlensing event 
is accompanied by temporal changes in the (absorption) 
spectrum during lensing; if the luminous object cannot be 
treated as a point source, the picture gets complicated by 
limb darkening and spectral variability of the source.  

In most lensing situations, refraction constitutes a sm
rrection to purely gravitational lensing. Equations 

(2)-(6) imply that the contribution of refraction to deflec- 
tion of light rays is favored by high values of the refrac- 
tive index localn , the gradient localn , and dispersion 

localn   . 
raThe ref index of a m depends on the 

st
 

velope. The signature of such an effect is an increase in 

ctive edium 
rength of the magnetic field B; very high B of a lensing 

object, such as a magnetar, can polarize its gaseous en- 

circular polarization of light during lensing and possible 
doubling of refractive peaks, because the medium subject 
to high B becomes circularly birefringent; this effect is 
frequency-dependent. 

The gradient localn  may have (relatively) high value 
only in a thin layer of the lensing medium. It implies 
ve rturbary narrow pe tions of the standard brightness 
curve and the necessity to shorten the sampling time in- 
tervals, which may be a significant technical challenge.  

Since the refractive component of lensing depends on 
dispersion localn   , the role of refraction increases at 
fre

ared to le

oretical research and creation of new 
from availability of hard experi- 

quencies approaching the edge of (absorption) spectral 
lines, comp nsing at frequency bands far from 
resonant absorption. 

4. Conclusions 

Advancement in the
theories is inseparable 
mental data and observational facts. Since there is no 
way to produce strong gravity in laboratory conditions, 
the theory of general relativity and gravitation is tested 
by observations of the Universe, which contains baryonic 
matter subject to extreme conditions and exotic inhabi- 
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tants such as black holes, dark matter, dark energy and 
possibly other kinds of physical entities, such as the 
Higgs field [13-21]. 

In the past few decades, gravitational lensing has be- 
come one of principal sources of information on gravity 
in

avitational lensing. In prin- 
ci

[1] D. Walsh, R. eymann, “0957 + 
561 A, B: T s or Gravitational 

 the cosmological realm, on the large scale structure of 
the Universe, hypothetical physical entities that shape the 
spacetime and properties of individual astronomical ob- 
jects, such as stars and exosolar planets [22-26]. As the 
technological capabilities increase, ever more refined 
analytical tools are required. 

The theory discussed in this paper allows including re- 
fraction into the analysis of gr

ple, it covers all situations (i.e. microlensing and ma- 
crolensing) as long as the notion of the refractive index 
in the general relativistic environment is valid. Interpre- 
tation of microlensing events and macrolensing images in 
terms of combined gravitational and refractive lensing is 
model-dependent; the inverse lensing problem requires 
observational constraints to limit the number of possible 
models and fitting parameters. Spectroscopic and photo- 
metric data at frequencies ranging from RF to UV can be 
instrumental in designing the lensing model and disen- 
tangling parameters of the lens and the lensing object. 
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