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ABSTRACT 

In this paper we studied some problems on best approximation in Orlicz spaces, for which the approximating sets are 
Haar subspaces, the result of this paper can be considered as the extension of the classical corresponding result. 
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has at most  zero points on Q [1]. 1n 
Define the linear subspace 

    1span , , nH t t    

which is spanned by  order Chebyshev system as a 
Haar subspace of  [1]. 

n
C Q

In this paper, let  M u  and  N v  be mutually 
complementary  function. The definition and proper-
ties of  function can be seen in [2]. The Orlicz space 
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N
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ML  M u  con- 
sists of all Lebesgue measurable functions  u x   on 
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is finite, here 

    , d
Q

v N N v x x    

is the modulus of  corresponding to  v x  N v . Ac- 
cording to [2], the Orlicz norm (1.1) can also be calcu- 
lated by  
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1 d
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here  p u  is the derivative of  M u  on the right. 
Equivalent to the Orlicz norm (1.1), in Orlicz space 

 Q*
ML , the Luxemburg norm is defined by  

 
( )

inf 0 : d 1
M Q

u x
u M


x

       
   

 .   (1.3) 

In the sequel *
ML  and  

*
ML  will denote the Orlicz 

space with Orlicz norm (1.1) and the Luxemburg norm 
(1.3) respectively. 

It is well known that  

         * *
( ) 1p M MC Q L Q L Q L Q p   . 

2. Main Results 

Now we choose  ,Q a b  and  

    1span , , nH t t    

is a Haar subspace of  ,C a b , then we obtain  
Theorem 1. Let  M u  be  function satisfying N

2  condition, of which the derivative on the right 
 p u  is continuous and strictly monotone increasing, 
   ,f t C a b ,  f t H , if  is the best 

approximator in the mean of 
  H*

np t
 f t  in H  for the Or-

licz norm 
M

  or the Luxemburg norm  M
 , then 

there exist at least  different zero points of  n
   t*

npf t   in  ,a b . 

x x      (1.2) 

In order to prove this theorem, first we state the fol-*Supported by the NSFC (11161033). 
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lowing two lemmas. 
Lemma 1. [3-5]. Let  M u



 be N function satisfying 
 condition, of which the derivative on the right 

 is continuous and strictly monotone increasing, F  
2
p u 

is a linear subspace of * ,L a( )M b ,    *
( ) , \Mf t L a b F ,  

then  0g t F
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true. 
Lemma 2. [4,5]. Under the conditions of lemma 1, 
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M
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Proof of Theorem 1. We prove first the case of the 
Luxemburg norm. Here we take reduction to absurdity. 
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According to the theory of system of linear equations,  
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Since  p u  is the derivative of  function N  M u  
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The above shows that there exist zero points of the 
continuous function  np t  in every interval  1,i i   
 i 1, ,n  , that is to say,  np t  has at least n  dif-
ferent zero points in interval  ,a b . Since  

    nt t   is n  order Che yshev system, we get 1 , , b
  0np t  , Together with the ious result, we et a 

nalogous way, following lemma 2 we can also 
prove the case of the Orlicz norm. 

 prev  g
contradiction. 
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1, ,j n  , then the Haar subspace of  1,1C   is 
 1nspan 1, , ,H t t  , consists -

der not larger than 1n  . For 

  of all algebraic polyno
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order to solve the problem of best approximation of 
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The similar problems in space 
pletely solved except

has not been com-
 p    (see [6]). In Orlicz 

spaces the problems have not been studied yet. Here we 
obtain 

Theorem 2. Let  M u  be N  function satisfying 

2  condition, its graph do not contain any straight line 
segment, its derivative e righ  p u  be continuous 

d strictly monotone increasing, then 
 on th t 
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1 Analogously,  ) The extreme value problems (2.1) and (2.2) have 
unique solution respectively, that is, there exist unique 
group 1, ,, ,M n Ma a  and 1, ,, ,M n Ma a       
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