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ABSTRACT

We study (1 + 2v)-constacyclic codes over R + vR and their Gray images, where v* + v = 0 and R is a finite chain ring
with maximal ideal </1> and nilpotency index e. It is proved that the Gray map images of a (1 + 2v)-constacyclic codes

of length n over R + vR are distance-invariant linear cyclic codes of length 2n over R. The generator polynomials of this
kind of codes for length n are determined, where 7 is relatively prime to p, p is the character of the field R/ </1> . Their

dual codes are also discussed.

K eywords: Frobenius Ring; Constacyclic Codes; Generator Polynomial; Dual Codes

1. Introduction

Cyclic codes are a very important class of codes, they
were studied for over fifty years. After the discovery that
certain good nonlinear binary codes can be constructed
from cyclic codes over Z, via the Gray map, codes over
finite rings have received much more attention. In par-
ticular, constacyclic codes over finite rings have been a
topic of study. For example, Wolfmann [1] studied nega-
cyclic codes over Z; of odd length and gave some impor-
tant results about such negacyclic codes. Tapia-recillas
and Vega generalized these results to the setting of codes
over sz in [2]. More generally, the structure of nega-
cyclic codes of length n over a finite chain ring R such
that the length » is not divisible by the character p of the
residue field R/(xi) was obtained by Dinh and
Lopez-Permouth in [3]. The situation when the code
length n is divisible by the characteristic p of residue
field of R yields the so-called repeated root codes. Dinh
studied the structure of A -constacyclic codes of length
2° over Z, [4] where A is any unit of Z, with
form 4k — 1, and established the Hamming, homogenous,
Lee and Euclidean distances of all such constacyclic
codes. Recently, linear codes over the ring F, + uF, +
vF, + uvF, have been considered by Yildiz and
Karadeniz in [5], where some good binary codes have
been obtained as the images under two Gray maps. Some
results about cyclic codes over F, + vF, and F, + vF,
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were given by Zhu et al. in [6] and [7] respectively,
where it is shown that cyclic codes over the ring are
principally generated. As these two rings are not finite
chain rings, some techniques used in the mentioned pa-
pers are different from those in the previous papers. It
seems to be more difficult to deal with codes over these
rings. In this paper, we investigate (1 + 2v)-constacyclic
codes over R + vR of length n (n is relatively prime to p,
p is the character of the field R/ gﬂ) , where R is a finite
chain ring with maximal ideal (A and nilpotency index
e, and v = —v. We define a Gray map from R + VR to
R* and prove that the Gray map image of (1 + 2v)-con-
stacyclic codes over R + vR of length # is a distance in-
variant linear cyclic codes of length 2n over R. The gen-
erator polynomials of this kind of codes of length n are
determined and their dual codes are also discussed. We
also prove that this class of constacyclic codes over the
ring is principally generated.

2. Basic Concepts

In this section, we will review some fundamental back-
grounds used in this paper. We assume the reader is fa-
miliar with standard terms from ring theory, as found in
[8]. Let R be a finite commutative ring with identity. A
code over R of length N is a nonempty subset of R", and
a code is linear over R of length N if it is an R-sub-
moodule of R". For some fixed unit x of R, the y-consta-
cyclic shift 7, on R" is the shift 7, (c).c, 0y )=
(¢y_1-Co» +Cy_,) and a linear code C of length N over R
is u-constacyclic if the code is invariant under the
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u-constacyclic shift z,. Note that the R-module RV is
isomorphic to the R-module R|[x] / &xN - ,u>. We iden-
tify a codeword (c,,¢;,-+,cy_,) Wwith its polynomial re-
presentation c¢(x)=c,+¢x+--cy_x" . Then xc(x)
corresponds to the u-constacyclic shift of c(x) in the
ring R[x] / <xN - ,u>. Thus u-constacyclic codes of length
N over R can be identified as ideals in the ring
R[x]/<xN —,u> . A code C is said to be cyclic if
7,(C)=C, negacyclic if 7_,(C)=C, u-constacyclic if
7,(C)=C respectively. Let R be a finite chain ring
with maximal ideal (xl) e be the nilpotency index of A4,
where p is the characteristic of the residue field R/ < >
In this section, we assume n to be a positive integer
which is not divisible by p; that implies 7 is not divisible
by the characteristic of the residue field R/ </1> , so that
x" =1 is square free in R[x]. Therefore, x" —1 has a
unique decomposition as a product of basic irreducible
pairwise coprime polynomials in R[x]. Customarily, for
a polynomial f of degree £, it’s reciprocal polynomial
X' f (x") will be denoted by f”(x). Thus, for exam-
ple, if /' (x) = a, +a,x+---a,x" , then

f*(x):ak +a, x+--a,x* . Moreover, if f(x) is a

Lt £(x) is

factor of x" —1, we denote ]A’(x) =2

/(%)
a factor of x" +1, we denote f(x) _ X+l if f(x)
> f(x) l
—~ 2n _1
is a factor of x* —1, we denote f(x =X " Obvi-
RATE

ously, we have (x” +1)f(x) = ?(x) ,

(" =1)F (x)=7 ().

The next six lemmas are well known, proof of them
can be found in [4].

Lemma 2.1. Let C be a cyclic code of length n over a
finite chain ring R (R has maximal ideal </1> and e is
the nilpotency of (/1)). Then there exists a unique fam-
ily of pairwise coprime monic polynomials £ (x),E (x),
ey Fe(x) in R[x] such that

Fy()F (x)-F (x) = -1

and € =(F;(x), £y (x) 2, £, (x) 27).

Moreover |C| |R/ |Z(e D-deg(Fi ).

Lemma 2.2. Let C be a cyclic code of length n with
notation as in Lemma 2.1, and F = E(x)+Fy(x) A+
+F,(x)A°". Then F is a generating polynomial of C,
ie,C= (F ) .

Lemma 2.3. Let C be a cyclic code over R with

€= (£ (x). £y (x) 2 - ()27,
-F,

where F,(x)F (x)---F,(x)=x"-1 as in Lemma 2.1,
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and F

e+l

(x)=F,(x), then
¢ = (£ (0. B (x) A B (x)2)

and |Ci| = |R/
Lemma 2.4. Let C be a negacyclic code of length
over a finite chain ring R (R has maximal ideal </1> and e
is the nilpotency of 4). Then there exists a unique family
of pairwise coprime monic polynomials G, (x),G,(x),
-+,G,(x)in R[x]such that

G, (x)G,(x)-+-G, (x)=x"+1

and € =(G,(x),G, (x) 4G, (x)2").

|Zr deg(F ).

3 (e-i)edeg(Giuy)

Moreover |C| = R/< >|

Lemma 2.5. Let C be a negacyclic code of length n
with notations as in Lemma 2.6, and

G(x)=G, (x)+G,(x)A++G,(x) 2",

Then G(x) is a generating polynomial of C, ie.,
Cc=(G).
Lemma 2.6. Let C be a negacyclic code over R with
C=(G,(x).G, (x) 2 ++.G, (x) 2")

where G, (x)G,(x)---G,(x)=x"+1 as in Lemma 2.6
and G,,, =G,, then

€ = (G} (). (x) 2.6 (x)2")

and |CL|—|R/ |Zldeg( Gon)

3. Graymap

Let R be the commutative ring R+ VR = {a +bv|a,b € R}
with v* =—v . This ring is a kind of commutative Fro-
benius ring with two coprime ideals (v) = {av|a eR
and (1 + v> = {a + av|a € R} . Obviously, both R/(v
and R/ (1 + v> is isomorphic to R. By the Chinese Re-
mainder Theorem, we have R = (v) @ (l + v> .

In the rest of this paper, we denote R + vR by R,
where R is a finite chain ring with maximal ideal (ﬂ),
the nilpotency index of A is e, the character of the
residue field R/ (ﬂ) is p, a prime odd.

We first give the definition of the Gray map on R. Let
¢ =a+ bvbe an element in R, where a,b € R. The Gray
map ¢, :R—> R’ is given by
¢.,(c)=(ta+sb,(t+2s)a—sb) where s,teR.

Lemma 3.1. The Gray map is bijection. If s(7+s) is
a unit in R.

Proof. Since s(¢+s) is a unit in R, we can define a
map ¢, ‘:R* >R by

., (x,y)= (2s(t+s))71 (sx+sy +((t +25)x—ty)v) ,
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then for any ¢ =a+bve R, we have

8., (2..(c))

=4, (ta +sb,(t+2s)a —sb)
= (2s(l+ s))_1 (S(ta +sb)+s((t+ 2s)a —sb))
+((t+23)(ta + sb)—t((t+ 2s)a +tsb)v)

=a+bv=c
This means that the ¢ can be recovered from ¢, (c)
by the map ¢, ,, hence the Gray map ¢, , is bijection.

The Gray map can be extended to R” in a natural

way: @, i R" > R™

(CorC150e+sC,y ) = (tay + by, ta, , + b, ,

(t+2s)a,—sby,,(t+2s)a,_, —sbnfl)

It is obvious that for any k,,k, € R,x,y € R", we have
o, (kx+k,y)=keo,, (x)+ko,, () which means the
Gray map ¢, , is R-linear.

Lemma 3.2. Let 7 denote the (1+2v)-constacyclic
shift of " and o denote the cyclic shift of R*". Let
¢,, be the Gray map of R" — R*,then ¢ 7 =09p,,.

Proof. Let ¢=(c,,¢;,--c,,) e R", where ¢, =a, +b,
with a,,b, e R for 0<i<n-1. From the definition of
the Gray map, we have

o, (c) = (tao +5by, - ta, ,+sb, |,

n—-1

(t+2s)a, —sby, -, (t+2s)a, - st)
hence,

o*(qos,t (c)) = ((t +2s)a,_, —sb,_,,ta,

+sby, -, ta +Sb"71,-~,(t+2s)a"72 —sb,kz).

n—1

On the other hand,

T(C) = ((1+ 2v)cn_1,co,---,cn_2)
= (an—l + (2an—1 -b,, )V’ao +hyv,oea,, +bn—2v)

We can deduce that

o, (Z’(C)) = ((t+ 2S)a”_] —sb, | ta, +sby,,
ta,  +sb,_,, --,(t + 2s)an_2 -sb, , )

Therefore, ¢, ,7=o0¢,,.

Theorem 3.1. A linear code C of length n over R
isa (1+2v)-constacyclic code if and only if ¢, (C) is
a cyclic code of length 27 over R.

Proof. It is an immediately consequence of Lemma
3.2.

Now we define a Gray weight for codes over R as fol-
lows.

Definition 3.1. The gray weight on R is a weight
function on R defined as

Copyright © 2012 SciRes.

W, R>N
0: lf a=0,b=0
1. if ta+sb:0,(t+2s)a—sb¢0
1 if ta+sb;t0,(t+2s)a—sb:0
2 if ta+sb¢0,(t+2s)a—sb¢0

w,, (a +bv) =

Define the gray weight of a codeword
c=(cy, ¢, ¢,;)€R" to be the rational sum of the
Gray weights of its components, i.e.

n-l1
W, (c)=2.W,,(c;). The Gray distance d,, is given
i=0

by d_,(¢.c,)=W,,(¢,—¢,). The minimum Gray dis-
tance of C is the smallest nonzero Gray distance be-
tween all pairs of distinct codeword of C. The mini-
mum Gray weight of C is the smallest nonzero Gray
weight among all codeword of C. If C is linear, the
minimum Gray distance of C is the same as the mini-
mum Gray weight of C. The Hamming weight W (c)
of a codeword c¢ is the number of nonzero components
in ¢. The Hamming distance d,(c;,c,) between two
codeword (¢, and c,) is the Hamming weight of the
codeword (¢, —c,). The minimum Hamming distance d
of C is define as min {d(cl,cz)|c1,c2 eC,c ¢c2}
(cf.[7]). It is obviously that for any codeword ¢ of C,
wehave W, (c)=W(p,,(c)).

Lemma 3.3. The gray map ¢,, is a distance-pre-
serving map from (R", Gray distance) to (R*", Ham-
ming distance).

Proof. Let x=a _+bv;y= a,+ byv . From the defini-
tion of ¢, , we have

o, (x-»)
=0, (ax -a, +(bx -b, )v)
~(t{a,a, )+ 5(b b, +29) (e, ~a, ) 5(b. -5,
(ta, +sb,.(t+2s)a, —sb, )~ (ta, +sb,.(t+2s)a, —sb,)
=0, (%)=, (¥)-
forany x,yeR". Then

d,, (x,y)=W,(x-y)=W (e, (x-))

=W (0, (x)-0.,(»))=d(0, (x).0, (»))

Corollary 3.1. The Gray image of a (1+2v)-consta-
cyclic code of length n over R under the Gray map is a
distance invariant linear cyclic code of length 2n over R.

4. (1 + 2v)-Constacyclic Codes of Length n
over R and Their Gray Images

In this section, we study (1 + 2v)-constacyclic codes of
length n over R and their Gray images, where n is a
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positive integer which is not divisible by p, the charac-
teristic of the residue field R/ (xl) Two ideals m,,m, of
aring R is called relatively prime if m, +m, =R.

Lemma 4.1. ([8], Theorem 1.3). Let m,,m,,---,m, be
ideals of a ring R, The following are equivalent:

1)For i#j m, and m, arerelatively prime;

2) The canonical homomorphism R — @, R/m,
surjective.

Let m=(1,_m,, then the canonical homomorphism
R/m — @ R/m, is bijective.

A finite family (g ):;1 of ideals of a commutative R,
such that the canonical homomorphism of R to
® R / a, is an isomorphism is called a direct decompo-
sition of R. The next lemma is well-known.

Lemma 4.2. let R be a commutative ring, (g, ):;1 a
direct decomposition of R and M an R-module. With the
notation we have: .

1) There exists a family (ke )I_:l of idempotents of R

such that ee; =0for i+ j.» e =1 and a,=R(l-¢)
i=1
for i=1, 2,--, k.

2) For i=12,---,k, the submodule M,=eM is a
complement in M of the submodule a,M =(1—¢, )M
so the R/a,—modules M, and M/a,M are isomor-
phic via the map

W, M, >M/aM,x—>x+aM

3) Every submodule N of M is an internal direct sum
of submodules of N, =e,N € M,, which are isomorphic
via y, with the submodules N/=(a,M +eN)/aM
of M/aM (i=12,---,k). Each N’ is isomorphic to
N/a,N . Conversely, if for every i=12,---,k, N/ isa
submodule of M/a,M , then there is a unique submod-

ule N of M ,suchthat N isisomorphic with @ N/.

Let c=(cy,c,c,)eR", where ¢, =rv+g (1+v),
0<i<n-1.Denote c, =(r1,r2,-~~rn71) ,

¢, =(g.8.8,,). Let C be a (I + 2v)-consta-
cyclic codes of length n over R . Since 1+v+(-v)=1,
and (1+v)2 =1+v, (—v)zz—v then by Lemma 4.2, as
a R-submodule of R", C=vC®(1+v)C, where
vC={vc|ceC} (1+v)C—{ 1+v)c|ceC}. If we de-

note C, = {c |ceC} C,, = cl+v|ceC}, then it is ob-
viously that C, =vC,C,,, =(1+v)C, hence
C=C @C

1+v *

Theorem 4.1. Let C be a linear codes of length n
over R. Then C is a (1 + 2v)-constacyclic code of
length n over R ifandonly if C, and C,,, are nega-
cyclic and cyclic codes of length n over R respectively.

Proof. Let ¢ =(c),¢;, ¢, )€ C = R", where

> n-1

¢ =rv+g (1+v) , r,geR , 0<i<n-1. Then
c, =(r1,r2,---};,71), Ciiy =(g1,g2,---,gn71). By the defi-
nition of the y-constacyclic shift z,, we have

Tasay) (c)z(—r,,flv+gnf1 (1+v),c0,--- c,. 2) then
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(T(sz) (C))v = (_rn—l A TAPY )

and (T(HZV) (C))H-v = (gn—l’gO’”.’g”—z) :

That means, if C is a (1 + 2v)-constacyclic codes of
length n over R, then C, and C,,, are negacyclic and
cyclic codes of length n over R respectively. On the other
hand, if z,(c,)=7(c,).7, (¢, ) =7 (c, ), then

7, (c) = (—rHv+ 2. (1+v),c0,---,c"72)

= ((1 = 2V) Cr15Co5" "5 Cr ) = Tarav) (C),

that means, if C, and C,,, are negacyclic and cyclic
codes of length n over R respectively, then C isa (1 +
2v)-constacyclic codes of length n over ‘R .

Theorem 4.2. Let C be a (1 + 2v)-constacyclic code
of length n over R , then there are polynomials
F=FE+AF,+A"'F, and G=G,+1G,+--1“'G,
over R such that C = <vG,(1 + v)F> ,
where F,,F,---,F,,G,,G, ,G, are pairwise coprime
monic polynomials over R, such that F F,---F, =x" -1,
G,G,---G, =x"+1.

Proof. Since C is a (1 + 2v)-constacyclic code of
length n over R, then by Theorem 4.1, C, and C_,
are negacyclic and cyclic codes of length n over R re-
spectively, then by Lemma 2.2 and Lemma 2.5, there are
polynomials F =F +AF,+---A°'F, and

G=G +1G,+-17'G,

over R such that

C, =(G)c R[x]/(x" +1),C,,, =(F) = R[x]/(x" -1)
where F,,F,---,F,,G,,G,, -,G, are pairwise coprime
monic polynomials over R, such that F F}---F, =x" -1,

G,G,---G,=x"+1.ForanyceC,

thenc, €C,,c,,, €C,, , there are k (x),k,(x)e R[x]

such that ¢, (x) =k (x)G(x) mod(x"+1),
¢y (¥) =k, (x) F(x) mod(x"~1), that means, there
are 7 (x),r,(x)eR[x] such that
¢, (x) =k (x) G (x) 45 (x)(x" +1)
o (%) =ky (x) F (x)+1, (x)(x" —1)
Since v(x" —(1+2v)) = v(x” +1),
(14+v)(x" = (1+2v)) = (1+v)(x" ~1) ,
then
c(x)=ve, (x)+(1+v)eq, (%)
= vk, ()G (x)+vr; (x)(x" +1)
(1) ey (x) F () +13 () (x" 1))
= vk, (x) G (x) +(1+v) e F ()
)+ ;

+(vr (x)+(1+v)n (x) (x 1+2v)
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hence ¢(x)=vk (x)G(x)+(1+v)k,F(x) mod
(x"=(1+2v)). So

c(x) € <vG,(1+v)F> c ‘R[x]/(x" —(1+2v)).
On the other hand, For any

d(x) € <VG,(1+V)F> c ‘.R[x]/(x” —(1 + ZV)) ,
then there are polynomials k (x),k,(x)e%R[x] such
that d(x)=k (x)G(x)v+k, (x)F(x)(1+v)mod
(x" —(1+2v)) then there are 7 (x),r (x)e R[x] such
that vk, (x)=vr(x), (1+v)k(x)=(1+v)r(x), and
thereis r(x)=vr, (x)+(1+v)r,, (x) such that

d(x) =vd, (x)+(1+v)d,+v (x)
= G()c)rl (x)+(1+v)F(x)r2 (x)
+r(x)(x" —(l+2v)),
then

vd, (x)= v(G(x)r1 (x)+7, (x)(x” +1)) ,
(1+v)d,+v(x):(l+v)(F(x) (x)+7., (x )(x"—l))

this means d, (x)e(G)< R[x /(x” + 1) , and

dy,, (x)e(F)c R[x]/(x” —1) , hence

d eC,d, €C,, then deC, so

This gives that C = <vG,(1 + v)F> .
From Lemma 2.1, 2.4, and the proof of Theorem 4.2,

we immediately obtain the following result.

Corollary 4.1. Let C=(vG,(1+v)F) bea (I +2v)-
constacyclic codes of length n over R, then

|R/ |Z(€ i)(deg Gyyy +deg Fryp) )

Theorem 4.3. Let C be a (1 + 2v)-constacyclic code
of length n over R, then there is a polynomial f (x)
over R suchthat C= <f(x)> :

Proof. By Theorem 4.2, there are polynomials

F=F+AF,++A"'F,
and G=G, +AG,+---+1°'G, over R such that
C=(vG,(1+v)F),
where F,F,---,F,,G,,G,, ,G, are pairwise coprime
monic polynomials over R, such that F F ---F, =x" -1,
GGG, =x"+1.

Let f(x)=vG(x)+(1+v)F(x), obviously,

< f(x > ccC.

Note that vf(x) = —vG(x), (1+v)f(x) = (l +v)F(x) s
then hence C = <f(x)> .

We now give the definition of polynomial Gray map
over R . For any polynomial c(x) € ?R[x] with degree
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less then n can be represented as c(x)+vb(x), where
a(x),b(x)eR[x] and their degrees are less than n.
Define the polynomial Gray map as follows:

Opyi: iR[x]/(x" —(1 + 2\/)) - R[x]/(x”’ —1)

Prss (c(x)) = ta(x) + sb(x) +x" ((t + 2s)a(x) —sb(x))

It is obviously that ¢, (c(x)) is the polynomial rep-
resentation of ¢, (c).

Theorem 4.4. Let C=(vG,(1+v)F) be a (1 +2v)-
constacyclic code of length n over R,
where

F=F+AF,++A"'F,
and

G=G +AG,++A"'G,
are polynomials over R, F,F,---,F,,G,,G,,--,G, are
pairwise coprime monic polynomials over R, such that
FF-F,=x"-1, GG,---G, =x"+1.

hIf s(t+S) # 0, then Dr 51 (C(x)) =<g(x)>,

g(x)=FG, + ARG, ++A"FG..

Proof. By Lemma 4.3, we know that C= <f(x)>,
where f(x)=vG(x)+(1+v)F(x) .'Let
c(x):f(x)r(x) be any element in C, where r(x)
can be written as r(?c).: vr, (x)+(1 +v)r (x),

n (x),r2 (x) € R[x] , it is obviously that
c(x)=vG(x)5 (x)+(1+v)F(x)r (x). Then we have
¢)F,s,t (c(x))
= tF(x)r2 ( )-i—s(G()c)r1 (x)+F(x)r2 (x))
+x" (t+2s)<F(x)r2 ()c)—s(G(x)r1 (x)+F(x)n (x)))

G, (x)+ 4G, (x)++++ 247G, (x))

(
=(t+s)n, x)( G1G1+/1EG2+---+/1H@GE)
— 51 (x)(FG, (x) Fy + ARG, F, (x)+-
+ A EGF, (v))
o (G TG i FG )= (e}

On the other hand, by Lemma 2.1,
Lemma 3.1 and Corollary 4.1, we know that

| |C| |R/ |Z(€ l)d%Gm*d%Eu)’

Lemma 2.5,

|¢F.st
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|<g(x)>| = |R/<ﬂ«>|§(e_[)(d°g@+l+dcg Fir)
Hence,

e, (C)=(2(x))

We now study the dual codes of a (1 + 2v)-constacy-
clic code of length n over R .

Since (1 + 2v)* = 1, then the dual of a (1 + 2v)-con-
stacyclic code is also a (1 + 2v)-constacyclic code. We
have following result similar to Theorem 3.2 in [7].

Theorem 4.5. Assume the notation as Theorem 4.1.
Let C be a (1 + 2v)-constacyclic code of length n over
R, Then C* =vC, +(1+v)Cy, .

By Theorem 4.5, Lemma 2.3 and Lemma 2.6, It is ob-
viously that the above results of (1 + 2v)-constacyclic
code can be carried over respectively to their dual codes.
We list them here for the sake of completeness.

Corollary 42. Let C =(vG(x),(1+v)F (x)) bea (I
+ 2v)-constacyclic codes of length n over R, and
F(x),G(x)are generator polynomials of C,and C,
respectively. Where F =F, + AF, ++--+A"'F, and
G=G,+AG,+--+A°"'G, are polynomials over R,
F,,F,.F, G),G,,-,G are pairwise coprime monic
polynomials over R, such that F F---F, =x"-1,,

G,G -G, =x"+1.

+v

Let
h;=E;+/1F;+-~~+/18‘1F;’
h = g+/1G:+---+/1€"G;’
g =F G +AF,G, ++1"FG,.
Then

1) c* :<th* (x),(1+v)h, (x)>

2) Ci:<h(x)> where A(x)=vh (x)+(1+v)hy (x).
3 o(C)={¢ ().
4) o(c*)=(e(C))".

Copyright © 2012 SciRes.

5. Conclusion

In this paper, we establish the structure of (1 + 2v)-con-
stacyclic codes of length n over R and classified Gray
maps from (1 + 2v)-constacyclic codes of length n over
R to R, prove that the image of a (1 + 2v)-constacy-
clic codes of length n over R + vR under the Gray map is
a distance-invariant linear cyclic code of length 2n over
R, where R is a finite chain ring. The generator polyno-
mial of this kind of codes of length n are determined and
their dual codes are also discussed.
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