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ABSTRACT

A new mathematical system applicable to whatever Brownian problems where the Fickian diffusion equation (F-equa-
tion) is applicable was established. The F-equation, which is a parabolic type partial differential equation in the evolu-
tion equation, has ever been used for linear diffusion problems in the time-space (t, X, y, z). In the parabolic space (xt,
yt*%, zt7%°), the present study reveals that the F-equation becomes an ellipse type Poisson equation and furthermore the
elegant analytical solutions are possible. Applying the new system to one-dimension nonlinear interdiffusion problems,
the solutions were previously obtained as the analytical expressions. The obtained solutions were also elegant in accor-
dance with the experimental results. In the present study, nonlinear diffusion problems are discussed in the two and
three dimensional cases. The Brownian problem is widely relevant not only to material science but also to other various
science fields. Hereafter, the new mathematical system will be thus extremely useful for the analysis of the Brownian
problem in various science fields.
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1. Introduction

Einstein theoretically revealed that Brownian particles
randomly move in accordance with the parabolic law [1].

After then, it was experimentally confirmed by Perrin [2].

The Brownian problem is, however, relevant not only to
the motion of particles in material science but also to
complex-system science such as life science, computer-
information science, and/or social science [3-6]. There-
fore, the Brownian problem is widely relevant to various
science fields and is one of the most well-known study
subjects in science. In the present study, applying a new
mathematical system to diffusion problems, its utility is
confirmed through solving them by concrete calculations.
The mathematical system used here is also widely appli-
cable to various science fields.

The Fickian diffusion equation (F-equation), which is
a continuous equation valid in a conservation system
under the condition of no sink and source, is one of the
basic equations in physics [7]. When the concentration
dependence of the diffusivity and the existence of sink/
source are negligible in diffusion phenomena, the F-
equation is a parabolic type linear partial differential equ-
ation in the evolution equation. The motion of Brownian
particles has been expressed by the F-equation in the
time-space (t,X,Y,z), although the F-equation is not
directly relevant to the parabolic law. When the diffuse-
vity depends on the concentration in (t,X,Y,z), the dif-
fusivity becomes a function of the independent variables
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via the concentration. Therefore, even if the F-equation
depends only on (t,x), the mathematical solutions are
impossible as far as another relation between the diffu-
sivity and the concentration is not given. Even if such
another relation is given, the mathematical solutions of
the nonlinear partial differential equation are almost im-
possible.

Using the wvariable transformation of 7=t and
& =xt™ for the F-equation of (t,x), Boltzmann ob-
tained an ordinary differential equation (B-equation) of
&, in 1894 [8]. The variable transformation is physically
reasonable in relation to Refs. [1,2]. However, the B-
equation has not yet been solved, since another relation
mentioned above has not been devised. Then, Matano
obtained a diffusivity profile by using a concentration
profile of the interdiffusion experimentation between
solid metals for the B-equation in 1933 [9]. The empiri-
cal method has been widely used for the analysis of the
interdiffusion experimentation in metallurgy as an only
method to investigate the diffusivity profile. However,
the mathematical solutions were not obtained yet.

Recently, the author established a new mathematical
system to solve Brownian problems in the parabolic
space (&.,&,,&), where & =yt and & =z2t™’
[10]. Then, two new equations I and II, which correspond
to the Fickian first and second laws, were derived as a
mathematical system in the parabolic space. The new
equation I is an integro-differential equation relevant to

the diffusion flux |J(&.£,.&)) in (&.£,.4). Apply-

JMP



256 T. OKINO

ing it to linear diffusion problems in the one-dimension
space, the well-known solutions were obtained by the
extremely simple calculations, compared with the previ-
ous ones. Further, the elegant analytical solutions of non-
linear diffusion problems were, for the first time, ob-
tained in accordance with the experimental results. How-
ever, |J (t, %Y, Z)> is not applicable to those problems,
since we cannot obtain it as a function of (t,X,Yy,z). In
this meaning, the new equation I is completely different
from the Fickian first law.

In the present study, two and three dimensional prob-
lems of the Brownian motion are solved using the new
equation II. For linear diffusion problems, the F-equation
of (t,X,y,z) becomes an ellipse type Poisson equation
of (51,52,53). Based on the mathematical theory, the
solution of the Poisson equation is obtained as a linear
combination of a particular solution and a complemen-
tary function. The present study reveals that the particu-
lar solution is easily possible and the complementary
function is a constant value to satisfy the given initial and
boundary conditions. As a result, the solution is obtained

as a linear combination of the well-known error functions.

The new mathematical system in the parabolic space
yields such elegant solution, compared with the previous
one. Further, nonlinear diffusion problems were ap-
proximately investigated through the present analytical
procedure of the linear problems. As a result, the con-
centration profile of two and three dimensional nonlinear
problems was approximately obtained as an analytical
expression, using the previously obtained solution of the
one-dimension nonlinear problems.

The new mathematical system applicable to whatever
problems where the F-equation is applicable was estab-
lished. From the concrete calculations of the new mathe-
matical system, it was confirmed that the new mathe-
matical system in the parabolic space is superior in ma-
thematical analysis to the previous one in the ordinary
time-space. The analytical solutions obtained here are not
only physically reasonable but also mathematically ele-
gant expressions. Hereafter, the new basic equations I
and II will be more and more useful for analyzing Brow-
nian problems. For the linear diffusion problems, the
present mathematical analysis and that of Ref. [10] are
exceedingly simple and elegant in calculation, compared
with that of the previous integral transformation of La-
place or Fourier and/or the previous variable-separation
method. From the educational point of view, therefore,
the new basic equations may take the place of the F-
equation in the ordinary text description.

2. New Basic Equations

We summarize the new basic equations derived in the
previous study [10]. The Fickian first law is defined as
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|3 (t.x,y,2))=-D|VC(t,x,y,2)) (1)

in the time-space (t,X,Y,z), where | J(t, XY, z)> ,
C(t,x,y, Z) and D are the diffusion flux, the concen-
tration and the diffusivity, using the Dirac’s bracket rep-
resentation. Applying the divergence theorem to the vec-
tor quantity |J (t, %Y, z)> , the F-equation is obtained as
oC(t,x,y,z

(V|DVC(t,x,y,2)) _L(xyz) " J ) 2
where the material conversation law is valid under the
condition of no sink and source. Boltzmann transformed
the equation of

0 0 oC(t,x)
—| D=C(t,x) |=—, 3
6x( OX ( )j ot 3
into the ordinary differential equation of
dcC dC
i(D (gl)J:_é:l (51)’ (4)
d¢; dg; 2 dg

where 7=t, &=xt""" and 9C/0r=0 because of
the initial condition [8].

The physical meaning of (4) is not apparent. Then, the
author derived the new basic equation I relevant to the
diffusion flux in (51,52,53) yielding

3(6.6,.6,)) =-D|V,C(£.6,.,))- )

Equation (5) corresponds to (1) and the physical
meaning is thus apparent. Further, (5) satisfies the con-
servation law, since it is derived from the F-equation in
the conservation system. Here, |VU> used in (5) and the
notations used in the following are defined as follows.

In the n-dimension parabolic space (9(§n )| forn=1,
2, 3, the nabla vector, the concentration, the diffusivity
and the diffusion flux are defined as

(V,(8,)]- C(&). Dand (3(¢,)

For example, they are <9(§n )| =¢ for n=1,
C(&)=C(&.4) for n=2and(V,(8,)|=(2,.0,.0,)
for n=3 usingd, =0/9¢; . The diffusivity D means a

constant value D = D, for 6D/6C =0 and D=D(¢,)
for 6D/oC #0.

The element of <J (51,52,53)|:<J51,J§2,J§3) is ex-

pressed as

G
J, ==/ eXp[—IO %dn} for n=¢, (6)

0
where 37 ={Do,C(¢,)} |§n:0.
Applying the divergence theorem in the parabolic
space to (5), the new basic equation II is obtained as

JMP



T. OKINO 257

(v, (8,)|Dv,(8,)C(&))
:_%@((:n) v, (2,)C(&)),

and it corresponds to (2). In general, further the follow-
ing relation of

* -oc(s)
dg
must be mathematically valid between C and D.
Hereinbefore, the mathematical system of (5), (7) and
(8) applicable to whatever Brownian problems where the
F-equation is applicable was established. It will be re-
vealed in the following that the new mathematical system
yields the elegant solutions.

O]

oC
+ —

o,D for i=12,3, ®)
oD

3. Linear Diffusion Problems

In the case of D =D,, (6) is rewritten as

) 5‘2
J. =-D,C;;) exp —46

éi 5n =0 ’

o st

0
Using this equation for n=3, (5) yields
Cly exp[ -&7 /4D, ]
IV, (8,)C(&)) =| Cexp[ & /4D, | | ©)
Ciy exp| -& /4D, |
If we multiply (9) by —D,, the diffusion flux repre-

sentation is given. Then, (7) becomes the Poisson equa-
tion given by

>07C (&) =52 Ci/dexp[-£7/4D, ] (10)

The diffusion problems are solved using the ellipse
type differential Equation (10) under the initial and boun-
dary conditions in the following. The initial and boun-
dary conditions of C(&,&,,&)=C(t,x,y,z) are ex-
pressed as:

C(t,x,y,z)=C} fort>0,y=z=0and x>0
C(t,x,y,z)=C; fort=0,x=z=0and y>0
C(t,x,y,z)=C; fort=0,x=y=0and z>0
C(t,x,y,z)=0 fort=0,x>0,y>0and z>0
in the time-space (t,X,Y,z) and these correspond to
€ (0,5,0) ~Cl, C(on,0,2) ~CY,
C(w0,00,0)=C;, C(c0,00,00)=0
in the parabolic space (51,52,53). In the same manner,

those of C(¢&,&)=C(t,x,y) for the two-dimension
space and C(&)=C(t,x) for the one-dimension space
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are
C(,0)= cl.C (0,00) = CJ, C(o0,00)=0 and
C(0)=C/,C(x)=0

in the parabolic space, respectively.

In the analysis of (10), it is easily found that the equa-
tion of

Co(&) =D, Y.Cerf[£/2/B,] (D)

satisfies (10). In other words, (11) is the particular solu-
tion of (10). When the solution C(&,)=C_(&,) of the
Laplace equation given by

gafc(gn)zo (12)

satisfies the initial and boundary conditions, the solution
of (10) is obtained as

C(&)=CL(&)+Cs(&) (13)

in accordance with the mathematical theory.
Assuming the equation of

q(;):ljle &) (14)

and using the variable-separation method, the solution of
(12) is possible. Substituting (14) into (12), the relation
of
1 &R (4)
St
i=1 Fi (5.) dfi
is valid. In order to satisfy this equation for an arbitrary
& , the equation of

d? )
-A|E(&)=0 15
[d;z 1 ] 1 ( | ) ( )
must be valid under the condition of

Al =0. (16)

Equation (16) yields 4 =0 for n=1 and solution
of (15) is expressed as

CL(§]): A1+§1 + A1-s

where A, and A_ are arbitrary constants. In accor-
dance with the present initial and boundary conditions,

A,=0and A =C; (: —nD, Cl%)) are obtained. There-

fore, the well-known solution is obtained as

c(§1)=c3(1—erf[§l/zﬂ]). (17)

Further, the solutions under other initial conditions are
also shown in Ref. [10].
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n
Then, for n=2,3 and []A4 #0, substituting the
i=1

solution of (15) given by
C (é. ) — Ai+e;bi§i + A_e-/?ié

into (14), the general solution of (12) is obtained as

C.(&)= Z{f[(/\ﬁ”' +A e )} (18)

% Ui=l

where A, and A_ are arbitrary constants. However,
there is no solution to satisfy the initial and boundary
conditions. As a result, under the condition of A4 =
A, =4, =0, the general solution of (12) is obtained as

n

Cu(&)=TT(A&+A) (19)

i=1

The initial and boundary conditions give A, =0.
Therefore, the present solution of (12) is obtained as

CL(§H)=2CP,

where C =-,/nD,C{} in accordance with the initial

and boundary conditions.
The solution of (10) is thus obtained as

C(fn):gcio(l—erf[fi/Z\/D_oJ) for n=2or3

(20a)
and/or using erfc(n)=1-erf(n) for n=3,
C(t,x,y,z)=C/ erfc[x/ZJ DOtJ
(20b)

+Cy erfc[y/Z\/D_otJ+C3° erfc[z/Z\/D_Ut]

As described above, the parabolic type F-equation be-
comes the ellipse type Poisson equation in the parabolic
space. As a result, it was apparent that the diffusion be-
havior is incorporated into the inhomogeneous term of
the ellipse type partial differential equation, and that the
homogeneous partial differential equation plays a role
only to determine the initial and boundary values. As
shown in (20a) or (20b), the solution is expressed as the
linear combination of the terms resulting from each
component of the diffusion flux. The present solution is
thus exceedingly simple and elegant, compared with the
usual solution of

C(t,x, y,z)zz{e—ﬂtf{(A+ekixi FA e )}

3 @1)
for p=Y ki
i-1

where X, =X, X, =Y, X =2.
From the historical point of view, the diffusion prob-
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lems have not ever been investigated in the parabolic
space for such a long time. In the present study, however,
it was revealed that the present analysis of Brownian
problems in the parabolic space is exceedingly superior
in mathematical calculations to the previous one in the
ordinary time-space.

4. Nonlinear Diffusion Problems

The mathematical system for the one-dimension case of
(5) and (8) given by

dC(é) _ o [ a7
D i =] exp[ [, Edr]} (22)

and

dC _aC  oC dD

~ T (23)
dg 95 D dg

is applicable to the interdiffusion problems between me-
tal plates. In order to discuss two and three dimensional
problems, we summarize the results obtained in the pre-
vious work [10].

Using the effective diffusivity D,, as an approxima-

tion, the solutions of (22) and (23) were obtained as

D(él) =D,

_DA erf 51 _ §1F +erf™! Dm_DIF
2 Dint 2 Dint+ DA

(24)
and
C (51 ) = Cm
-C, erf[ 5 __on +erf” [MB
2 Dim 2 Dim— CA
(25)

under the initial condition of
D(&)=D,, C(&)=C, for & =— and
D(&)=Dg, C(&)=C; for & =c0.
Here, the used notations are as follows.
D, =(D4+D;)/2, D, =(D,-Dg)/2,
Dy =(D,-Dg)/(InD, -InD;),
=0, C, =(C,+Cy)/2, C,=(C,-Cy)/2,

Cy =C, ~Cy (D, ~Dy)/D, ,

‘fIN =2 DADB (\/D_A_\/D_B)/(\/D_A+\/D_B)

and D., 1is the arithmetical mean of D _ =D =

int int nt+

(D,o+Dg)/2 for & >0 orthe geometrical mean of

D,, =D,,. =4/D\Dy for & <0.
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Here, if we set D, =D, =D, in (24) and (25), it is
remarkable that (25) becomes the solution when the dif-
fusivity does not depend on the concentration, i.e.,
D(&) =D, . In other words, (24) and (25) are the gener-
alized solutions regardless of the concentration depend-
ence of the diffusivity.

It is extremely difficult to solve the two or three di-
mensional nonlinear diffusion problems, even if it is ap-
proximate. Then, we rewrite (7) into

> 0iC () =W (&), (26)
where
w(e)=-S o opac(a) s60c(E)) @

The exact analysis of (26) is impossible, since C (&, )
and D(¢,) are included in the right-hand side of (27).

Using the effective diffusivity D,,, physically and
mathematically reasonable solutions of (24) and (25)
were obtained in Ref. [10]. Then, if we accept the effec-
tive diffusivity of D =D!  in (27) as an approximation,
(26) is rewritten as

i{a?C(émﬁéaiC(én)}(gm)=0- e8)

In accordance with the theory of the previous section,
the solution of (28) is obtained as

C(gn):

> 1A +Berf é_ —+N_+erf'l(@j ,
i=1 2 Dilnt 2 Dilnt— CA

(29)
where A and B, are the integral constants to be deter-
mined by the initial and boundary conditions. In order to
estimate the validity of the solution of (29), it is neces-
sary to compare it with the experimental concentration
profile.

5. Conclusions and Discussion

The mathematical system to solve the diffusion problems
in the parabolic space was established. The elegant solu-
tions of Brownian problems were obtained in the present
study. As a result, it was found that the new basic Equa-
tion (5) is exceedingly useful for analyzing Brownian
problems.

For the linear Brownian problems, it was found that
the diffusion equation becomes the ellipse type partial
differential equation in the parabolic space. Further, the
diffusion behavior is incorporated into the inhomogene-
ous term of the ellipse type partial differential equation
and the homogeneous differential equation plays a role
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only to determine the initial and boundary values. We
can thus obtain the elegant solutions of Brownian prob-
lems.

For nonlinear Brownian problems, it was already con-
firmed in the previous work that the elegant one-dimen-
sion solutions are obtained as the analytical expressions
in accordance with the experimental results [10]. In the
present study, the concentration profile of the two or
three dimensional case was also obtained as the analyti-
cal expression of (29) in accordance with the analytical
method of the linear problems. It is, however, necessary
to investigate the validity between the obtained solutions
and the experimental concentration profile. Hereafter, the
present mathematical system will be exceedingly useful
for the Brownian problem in various science fields.
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