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ABSTRACT

Let X be a metric continuum. Let Ae C(X), A is said to make a hole in C(X), if C(X)—{A} is not unico-

herent. In this paper, we characterize elements AeC(X) such that A makes a hole in C(X), where X is either

a smooth fan or an Elsa continuum.
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1. Introduction

A connected topological space Z is unicoherent if when-
ever Z=AuUB, where A and B are connected and
closed subsets of Z, the set ANB is connected. Let
Z be a unicoherent topological space and let z be an
element of Z. We say that z makes a hole in Z if
Z —{z} is not unicoherent. A compactum is a nonde-
generate compact metric space. A continuum is a con-
nected compactum with metric d . Given a continuum
X, the hyperspace of all nonempty subcontinua of X
is denoted by C(X) and it is considered with the Haus-
dorff metric. It is known that the hyperspace C(X) is
unicoherent (see [1, Theorem 19.8, p. 159]).

In the papers [2] and [3] the author present some par-
tial solution to the following problem.

Problem. Let H(X) be a hyperspace of X such
that H(X) is unicoherent. For which elements,
AeH(X),does A makeaholein H(X)?

In the current paper we present the solution to that pro-
blem when X is either a smooth fan or an Elsa con-
tinnum and H(X)=C(X).

2. Preliminary

Weuse N and R to denote the set of positive integers
and the set of real numbers, respectively. Let Z be a
topological space and let A be a subset of Z. We
denote int(A) the interior of A in Z . An arc is any
homeomorphic space to the closed unit interval [0,1].
Let p,q in a topological space Z, [p,q] will denote
an arc, where p and q are the end points of [p,q].
Afree arcinacontinuum X isanarc [p,q] such that
[p,q]—{p.q} isopenin X .A point z ina connected
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topological space Z is a cut point of (non-cut point of)
Z provided that Z —{z} is disconnected (is connected).
A map is a continuous function. A map f:Z —»S',
where Z is a connected topological space and S' is
the unit circle in the Euclidean plane R*, has a lifting if
there exists a map h:Z - R such that f =expoh,
where exp isthe map from R onto S' defined by
exp(t) = (cos(2nt),sin(2nt)). A connected topological
space Z has property b) if each map f:Z —S' has
a lifting.

By an end point of X , we mean an end point in the
classical sense, which means a point p of X thatisa
non-cut point of any arc in X that contains p. A sub-
space Y of a topological space Z is a deformation
retract of Z if there existsamap H:Zx| —>Z such
that, for each xeZ, H(x,0)=x, H(Zx{l})=Y and,
for each yeY, H(y,1)=y. We say that a topolo-
gical space Z is contractible if there exists ze Z, such
that {z} isa deformation retract of Z . It is known that
each contractible normal topological space has property
b), and so it is unicoherent (see [4, Theorems 2 and 3, pp.
69 and 70]).

3. Smooth Fans

A point p of a continuum X is a ramification point
provided that p is a point which is a common end point
of three or more arcs in X that are otherwise disjoint.
A fan is an arcwise connected, hereditarily unicoherent
continuum with exactly one ramification point (here-
ditarily unicoherent means each subcontinuum is uni-
coherent). The ramification point of a fan will be called
the vertex of the fan. If X is a fan and X,y e X, then
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[X,y] denotes the unique arc joining X and y. A fan
X with vertex Vv is said to be smooth provided that if
{X,}._, isasequence in X such that it converges to a
point X e X , then the sequence {[v, Xn]}::1 converges
to [v,x] in C(X).

To establish some notation, let X be a smooth fan
with vertex v and let E(X)={e :ieA} be its end-
points set, where A is an infinity indexing set. It fol-
lows from definition of smoothness that the set:

N[C(X)]={[v.x]:xe X}
is a natural homeomorphic copy of X in C(X). By
the smoothness of X , we have that the set:
T [C(X )] = UAC([V,ei ])
le

is a closed subspace of C(X). Furthermore, each hy-
perspace C([v,ei]) is a 2-cell and

C([v,ei])mc([v,ej})={v} for each i,jeA which

are different. The set of all elements of C(X) such that
it contains v will be denoted by C({v},X)

Let AeC(X).Wesaythat A isasimple arcif A
is an arc such that ANE(X)=@ and, there exists a
sequence {A }” ~of C(X) satisfying the following
properties:

1) A=limA, and

2)foreach neN,

a) VEA,,
b) int(A )= and
c) AnA 20.

Since X is embeded in the Cantor fan (see [5]), we
can regard X as embedded in the Euclidean plane R*
such that V:(0,0) and each [v,e] is a convex arc,
where ¢ € E(X). Note that for r=0, re =v for
each e € E(X). Throughout this section h will de-
note the map from X x[0,1] onto T[C(X)} defined
by h(x,t)=[tx,x]. We assume in this section that if
[a,b] c [V, ei], then the distance between v and a

is less than the distance between v and b.

Lemma 3.1. Let X be a smooth fan with vertex v.
If [a,b] isan arc contained in [v,eio],where
&, € E(X), then:

1) If int([a,b]) =, there exists a sequence {X,}"
of X suchthat [v,b]=lim[v,x,]| and, for each
neN, x, e[v,eio].

2) If g ¢ [a,b] and int([a,b]) # @, then [b,eio}
isafreearcin X .

Proof. The proof of (1) is easy.

In order to prove (2), we suppose that [b, eio} is not

afree arcin X . Then there exists Yy, € [b, e, ]— {b, e, }
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such that vy, ¢ int([b,eiO ]) Hence, Yy, ¢ int([v,eio }) .

Then, there exists a sequence {yn};

of X —[v, eio]
such that y, =limy,. Since X asmooth fan,
[V,Y,]=lim[v,y,]. Notice that [a,b]=[v,b]=[v,y,].
Let z, eint([a,b]). There exists a sequence {z,}"~ of
Xsuch that z,=limz  and, foreach neN,
z,€[V.y,]. Clearly veint([a,b]). Hence, z,#V. Let
£>0 besuchthat vgB, (z,) and
B,(2,)=[a,b].Let n,eN be large enough such that

z, €B, (zy)=[ab]= [V,eio } . Thus,
z, € [v, e, } N [v, Yoy ] .Since X isafanand

y, €X —[v, e }, z, =V, this is a contradiction. []
0 0 0

Since the Hilbert cube, Q, is homogeneous (see [,
Theorem 11.9.1, p. 93]) and Q—{(l,l,l,m)} is con-
tractible, we have the following result.

Lemma 3.2. Let qeQ. Then Q—{q} has property
b).

Theorem 3.3. Let X be a smooth fan with vertex v.
If A is a subcontinuum of X such that ve A and,
for each e eE(X), A¢Z[v,e], then A does not
make a hole in C(X).

Proof. We are going to prove that C({v},X)—{A}
is a deformation retract of C(X)—{A}. Notice that, for
each B eTgC(X)] , there exists (Xg,tg)e X x[0,1]
such that h(Xg,t;)=B. We define

H = (B.0)1C ifBeC({v}.X),
Cl-Dtexx ] ifBeT[C(X)]

Clearly H is a map. Then, C({v},X)-{A} is a
deformation retract of C(X)—{A}. Since Q is ho-
meomorphic to C ({V} , X ) (see [6, Theorem 3.1, p. 282]),
C({v},X)—{A} has property b) (see Lemma 3.2).
Therefore C(X)—{A} has property b) (see [2, Propo-
sition 9, p. 2001]). [J

Lemma 3.4. Let X be a smooth fan with vertex v

and let [a,b]e C([v,eiO ]) be a simple arc contained in

X, forsome e eE(X).Then
0

int([b.e, ])=[b.e, |- {b}

Proof. Since [a,b] is a simple arc, there exists a
sequence {A }” ~of C(X) that satisfies the required
properties of the definition. Notice that, for each ne N,

A, eT[C(X)] and A v |. Given neN, let

a bne[v,eio} such that A =[a,,b,].

n >

We need to prove the following claim.
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Claim. L!b,eio} isafreearcin X.
Let ne N. First, we suppose that there exists n, e N

such that b, e[v,b]. Since int([ano by }) #@ and
&, € [an by, } [bno ’eio] is a free arc (see (2) of Lem-
ma 3.1). Hence, [b’eio} isafreearcin X .

Now, we assume that, foreach ne N,
b, € [b, e, J—{b} .Let ye [b,eiO ] —{b, e, } . Notice that
b=limb, and d(b,y)>0. Then there exists n, e N,
such that d (b,bnO ) <d(b,y). Since [V,eio} is a con-

vex arc of R?, we have that

ye[ hy ,J {bno’ | } Since mt(Ab);t@,

[bﬂo’eio} is a free arc in X (see (2) of Lemma 3.1).
Thus, [b, .6, |~{b,.,} is an open subset of X
such that ye[bno,eiOJ—{bno,eiO}c[b,eio}{b,eio} .
Hence |b,e, |~{b,g, | is an open subset of X . This

proves the claim.
By Claim, [b,eio } isafreearcin X . Since

[v,eio}=[v,a]u[a,b]u[b,ei0} beint([b,eio]). Sup-
pose that e eint([b,eio]). Then there exists a se-
quence {Y,} , in X such that e =limy, and, for
cach meN, y, e|be, |. Since

[v,eio}: [v,a]u[a,b]u[b,eiO } d (b,eio ) >0 and

e =limy,, we may assume that, for each meN,
0

Vi & [v,
[v,eio}: lim[v,y,] Let z, e[b,eio}—{b,e, } [ }

There exists a sequence {z,}”  such that, z,=limz,

e, ] .Since X is asmooth fan,

and, foreach meN, z, €[v,y,]. Since
[b, e, } - {b,eiO } isanopensetin X and

se[b.g, ]-{b.e, | . there exists m,eN such that
Z, € [b, e, J—{b, e, } c [v, e, J . Then

Z,, e[v,eio]m[v, Yu]={v} , this is a contradiction.
Therefore int([be, |)=[b.g, |-{b} . O

Theorem 3.5. Let X be a smooth fan with vertex
{vi. If AeC(X) is a simple arc, then A makes a
holein C(X).
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Proof. We may assume that A=[a,b]eC ([V, e, }) ,

where € €E(X) and t,€[0,1] such that a=tpb.
Let:

= (e x)o (T o(x -int([be, J))])-14)

B=n([b.e, |x[0.1])-{A}.

and

By Lemma 3.4, X —Int b,eI0 ) is a smooth fan.

([
Then ( [ ( —|nt b,e,}

and closed subset of C(X)- So, A is a con-
nected and closed subset of C (X ) { A}
Notice that B is homeomorphic to

[b.6, [x[0.1]={(b.t,)} . Since [be, [x[0,1]-{(b.t,)}
is a connected subset of X x[O,l]—{(b,tO)}, we have

that B is a connected subset of C(X)—{A}. Clearly
B isaclosed subset of C(X)-{A}.
Notice that C(X)—-{[a,b]}=AUB and:

AnB=h(({o}x[0.1]){(bt,)})uh([b.e, [x{o}).

Let:

= (n((i<{o.6) (o)) [e, <t}

j is a connected

and

F = h(({b}X[to’l])_{(b’to)})‘

Clearly, F,UF, = ANDB is aseparation of ANB.
Then C(X)—{A} isnotunicoherent. [J]
Theorem 3.6. Let X be a smooth fan with vertex v,

let & €E(X) andlet ac [V,ei0 ]_{eio} . Then
[a, &, ] does not make a hole in C(X).
Proof. Let

& (e00)-{[ae, Jpon1>c0- (s ]

be defined by:
G(At)={ta:acA}.
It is easy to prove that G is well defined. In order to
show that G is continuous, we define
G':C(X)x[0,]] >C(X) by G'(At)={ta:acA}. We
prove that G is continuous. Let {(A.t, )}w be a se-
quence in C(X)x[0,1] and (A;.t,)eC(X)x [0 1] such
that (A,t,)=1lim(A,t,). We suppose that there exists
BeC(X) such that B=1imG'(A,,t,). We will show
B=G'(A.t,). Let beB . Consider two sequences
{b,}. and {a,}” of X such that
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b=1limb, and, foreach neN, b eG'(A.t,),
a,eA and b, =ta, . Taking subsequences if nece-
ssary, we may assume that there exists a, € X such
that a, =lima, . Then a, € A,. Moreover,
t,a, =limt,a, =b and, so beG'(A.t,). This proves
that B<G'(A).t)). Now, let tja, eG'(At,). Then
a, € Ay. Then there exists a sequence {an}::1 in X
such that a, =lima, and,foreach neN, a, €A, . So
t,a, = limt a, . Since, for each neN,
t.a, €G'(A.t,), t,a, €B.Thus B=G'(A.t,).
Hence, G is a map. So {V} is a deformation retract

of C(X )—{[a,eio }} .
Then C(X)- {[a, &, J} is contractible. Therefore

C(X)- {[a, &, J} has property b) (see [2, Proposition 9,

p. 2001]). O
Theorem 3.7. Let X be a smooth fan with vertex v,

let e cE(X) and let [a,b]eC([v,eio]) such that

&, ¢[a,b] and [b,eio] is not a free arc of X . Then

[a,b] does not make a holein C(X).

Proof. In light of Proposition 9 of [2, p. 2001], it
suffices to prove that there exist two connected, closed
subsets D and & of C(X)—{[a, b]} which have pro-
perty b) and the intersection of them is connected.

We may assume that there exists t, €[0,1] such that

t,h=a.
We consider two cases.
Casel. t,=0.

Then [a,b]=[v,b].Let D =T[C(X)J—{[a,b]} and
e=C({v}.X)- {[a,b]} .Clearly D has property b).
By Theorem 3.1 of [6, p. 282], C({v},X) is a Hilbert
cube. By Lemma 3.2, & has property b). Notice that

(Dne)- {[a, b]} =N [C (X )] - {[a,b]} . Clearly
N [C(X )] —{[a,b]} is homeomorphic to X —{b}.

Since X —{b} is connected, (Dmg)—{[a,b]} is con-
nected. By Proposition 8 of [2],
C(X)-{[a,b]}=(Due)- {[a, b]} has property b).
Case 2. t;, > 0. Consider the following sets:

D =h(X x[t,,1]-{(b.t, )})
and
£=C({v}.X)uh(Xx[0.t,]-{(b.t,)}).
Clearly D and ¢ are connected, closed subsets of
C(X)—{[a,b]} and Dne= h(X x{to}—{(b,to)}) )
Notice that D¢ is homeomorphic to X — {b} . So,

since X —{b} isconnected, D¢ is connected.
Now, we are going to prove that D and & have
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property b). If we define H :Dx[0,1]—> D by

H (h(x,t),s) = h(x,t+(1—t)s) , we have h(X x{l})
is a deformation retract of D . Since h(X x {1}) is con-
tractible, h(X x{1}) has property b) (see [2, Proposi-
tion 9, p. 2001]). Hence, D has property b) (see [2,
Proposition 9, p. 20017).

In order to prove that ¢ has property b), note that
C ({V}, X) is a deformation retract of ¢. By Theorem
3.1 of [6, p. 282], C({v},X) is homeomorphic to a
Hilbert cube. Thus, C ({v} ,X) has property b). Hence,
¢ has property b) (see Proposition 9 of [2, p. 2001]).
Therefore C(X)—{[a,b]} =Due has property b). []

Classification

Theorem 3.8. Let X be a smooth fan with vertex v
and AeC(X). Then A makes a hole in C(X) if
andonly if A asimple arc.

Proof. Let AeC(X) be such that A makes a hole
in C(X). By Theorem 3 of [2, p. 2001] and by
Theorem 3.3, A isanarc [p,q]. By Theorems 3.6 and

3.7, [p,q]c[v,eb}—{v,eio} for some e, € E(X), and

[q’eio ] isafree arcin X . In order to prove that
[p.q] is a simple arc, let {a,}”, {b,}" be sequen-
ces in [p,q]-{p.q} and [q,eio]—{q}, respectively,

such that p=1lima, and g=Ilimb,. Then
[p,q]=|im[an,bn] and, for each neN, ve[an,bn],
int([a,,b,])=@ and [p,q]n[a,.b,]# D . Therefore

A is a simple arc.
The sufficiency follows from Theorem 3.5.

4. Elsa Continua

A compactification of [0,00) with an arc as the re-
mainder is called an Elsa continuum. The Elsa continua
was defined by S. B. Nadler Jr., in [7]. A particular
example of an Elsa continuum is the familiar sin(1/x)-
continuum. There are uncountably many topologically
different Elsa continua, the different topological types
being a consequence of different ways [O,oo) “patterns
into” the remainder of the compactification [8, p. 184].
Let X be a continuum. A Whitney map for C(X) isa
continuous function 4 :C(X)—>[0,1] that satisfies the
following two conditions:

1) for any A, BeC(X) such that AcB and
A=B, u(A)<u(B),

2) ,u({x}):O foreach xe X andc) u(X)=1.

A Whitney block in C(X), respectively a Whitney
level in C(X), is a set of the form ,L[l([s,t]), res-
pectively ' (t), where 0<s<t<I. It is known that
Whitney maps always exist (see [1, Theorem 13.4, p.
107]). Moreover, Whitney blocks and Whitney levels in
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C(X) are continua (see [1, Theorem 19.9, p. 160]).
Throughout this section X =1UR will denote a
Elsa continuum, where | is the remainder of X and
R is homeomorphic to the half-ray [0,c0).
Lemma4.l. Let x:C(X)—>R bea Whitney map,

let te(0,4(1)] andlet A exu'(t)nC(1).Then

17 ([0,t])—={A)} has property b).
Proof. We consider 4, = u|;,, . It is easy to prove

that A = ;" ([0,t])-{A,} has property b).

Let B=Auu'(0). Since g '(0) has property b)
(see [9, 12.66, p. 269]) and A u™(0)=14"'(0), B
has property b) (see [2, Proposition 8, p. 2001]).

Let f:u'([0,t])-{A}—>S" be a map. Then there
existsamap hy:B — R suchthat expeh, = f|;.

Given Aecu™ ((O,t])mC(R) , it is an arc contained
in R and it is determined by its end point, i,, lying
near to the end point of R.Let «, be an order arc in
C(X) from i, to A. Since a has property b),
there existsamap h,:a — R suchthat expoh, = f|,
and 1, ({i,}) = (11, })-

We define h:x'([0,t])-{A} >R by

h(A), ifAcB,
h(A){hA(A), ifAc i T ([0.t]) NC(R).

In order to prove that h is continuous, let {B}”_ be

a sequence of 4 ([0,t])—{A} such that limB, =B,
for some B, e 47 ([0,t])—{A} . We consider two cases.

Case 1. Foreach neN, B, eB.

Since B is a closed subset of ' ([O,t])—{AO} ,
B, € B.Then limh(B,)=h(B,).
Case 2. For each neN, B,

R.
We consider two subcases.
Subcase 1. B, cR.

is an arc contained in

Let peR be such that | JB, =[p,q], where g de-

n=0

notes the end point of R. Then wl;(,,, 1s @ Whitney
map for C([p,q]). Since (,u lep.an )_1 (0) is an arc, it
has property b). By Lemma 4 of [10, p. 254],

(,u lep.an )71 ([O,t]) has property b). Then there exists a

map 0: (,u ledpab )_1 ([0,t]) > R such that

exped = flepq and ¢ ({iB }) =h, ({iBl }) . Notice that

-1

h0|(y\cqp,q]) (0) are liftings of

-1
and g| cpan) (0)

f |(ﬂ\0([p>q]))7l(0) and g ({iBl }) =h ({iBl }) - Then
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-1 -1
hﬂ'(u\capm)) 0 gl(”‘c([p,q])) 0"
Given neNuw{0}. Notice that hg y g|mB

and g (i, ) ="y (is, )= 0l,, (is, ) -

are lift-

liftings of f|

Then hg_ :g|mB . Hence,
h(B,)=hg, (B,)=9(B,)=1limg(B,)
=limhg (B,)=limh(B,).

Subcase2. B, c .

We can consider that, for any nmeN,
nm.

Since B, =1limB, and X 1is a compact space, we
may assume that there exists |B € B, such that
|B =limi, . We can suppose, takrng subsequence if it is
necessary, that there exists a subcontinuum ¢ of
C(X) such that op =lima, . It is easy to show that
g is either an order arc from b, to B, or a one
point—set

Given neNu{0}, we have

lg #lg if

1s an homeo-
Bn

morphism between [O u(B ] and Qg . Let

g,: [0 u(B }—) @p  besuch that g, = (,u|
By Lemma 3.1 of [7 p. 330], we can assume that X
is a subset of R*. Let

D =X x{O}u[po({iBn}X[O,,u(Bn)])j.

Notice that D is a subset of the Euclidian space R’
and X x{0} is a deformation retract of D. Then D

has property b).
We define f,:D— x'([0,t,]) by
ift=0,

It is easy to prove that f, is a map. Since D has
property b), there exists a map h,:D — R such that

expoh, = fof and h3(i51,0)=h0(f1(i51,0))1. Then

Thus, given neNuU{0}, it can

-1

h, . =hof

X x{0} Xx{0} *

prove that h3|{isn}{0>u(8n)] =hg o f1|{iBn}x[0’/‘(Bn)J . Hence,

h(B,)=1imh(B,).

This proves that 4 ' ([0,t])—{A,} has property b).

Theorem 4.2. Let X =1 UR be an Elsa continuum
and let AeC(l). Then A does not make a hole in
C(X).

Proof. In light of Proposition 8 of [2], it suffices to
prove that there exist two connected and closed subsets
A and B of C(X)-{A}, which have property b)
and the intersection of them is connected.

Let 4:C(X)—[0,1] bea Whitney map. Let
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5 2ol Gy S —cx)- ()

U
and B are connected and closed subsets of

By Lemma 13 of [2, p. 2004], A has property b) and,

by Lemma 4.1, B has property b).
In order to show that AN is connected, notice that
AnB=u" ({t})—{A} and Aey’ ({t})mC(l ). By

Corollary 3 of [11, p. 386],
) (,u'l({t})r‘\C(R)) and

w({t)= (" ({th)ne
C(R) approx1mates the whole continuum

w({th)n
w({t)n

Theorem 4.3. Let X =1UR be an Elsa continua. If
AeC(X) suchthat A is homeomorphic to X, then
A does not make a hole in C(X).

Proof. In light of Proposition 2.4 of [3, p. 3], it
suffices to prove that there exists a closed neighborhood
W of A in C(X) such that W—{A} has property
b) and bd,, (W) is connected (bdg(x, (W) denotes
the boundary of W in C(X)).

Let z:C(X)—[0,1] bea Whitney map. Let
W=u" ([,u(l),l]). Clearly W is a closed neigh-
borhood of A Since bd, (W)= (u(1)),
bdc(X (W) is connected. By [12, Theorem 4.3, p. 217],
W is a 2-cell. Moreover, A is an element of its
manifold boundary (see [11, Lemma 2, p. 386]). Then
W—{A} is contractible. Therefore W—{A} has pro-
perty b) (see [2, Proposition 9, p. 2001]).

C(l).Hence, ANB is connected.

Classification

Theorem 4.4. Let X =1UR be an Elsa continuum
andlet AeC(X).Then A makesaholein C(X) if
andonly if A isafreearc pqg such that
p,qeint(pq).

Proof. Let AeC(X) be such that A makes a hole
in C(X). By Theorem 3 of [2, p. 2001] and Theorems
42 and 4.3, A isanarc pgq contained in R. So, A
isa free arcin X . By Theorem 4 of [2, p. 2001],

p,qeint(pq).

Copyright © 2012 SciRes.

The sufficiency follows from Theorem 1 of [2, p.
2001].

(1]
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