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ABSTRACT

In this article we present a Riesz-type generalization of the concept of second variation of normed space valued func-

tions defined on an interval [a,b] — R . We show that a function f e X" , where X is a reflexive Banach space, is of

bounded second @ -variation, in the sense of Riesz, if and only if it can be expressed as the (Bochner) integral of a
function of bounded (first) $\Phi$-variation. We provide also a Riesz lemma type inequality to estimate the total second

Riesz- ® -variation introduced.
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1. Introduction

Functions of bounded variation where first introduced in
1881 by Camille Jordan who established the relation be-
tween these functions and the monotonic ones. Thus, the
Dirichlet Criterion for the convergence of the Fourier
series applies to the class of functions of bounded varia-
tion. This, in turn, has motivated the study of solutions of
nonlinear equations that describe concrete physical phe-
nomena in which, often, functions of bounded variation
intervene.

The interest generated by this notion has lead to some
generalizations of the concept, mainly, intended to the
search of a bigger class of functions whose elements
have point wise convergent Fourier series. As in the clas-
sical case, these generalizations have found many appli-
cations in the study of certain differential and integral
equations. Ch. J. de la Vallée Poussin, introduced in 1908
([1]) the notion of second variation of a function. A few
years later, F. Riesz ([2]) proved that a function f is of
bounded second variation on [a,b] if, and only if; it is
the definite Lebesgue integral of a function F of bounded
variation.

More recently, in 1983, A. M. Russell and C. J. F. Upton
[4] obtained a similar result for functions of bounded sec-
ond variation ($1 <p< oo), in the sense of Wiener. In
1992 the third author introduced the notion of (p,2)-
variation, in the sense of Riesz ([4]), presenting, also, a
result that generalizes the renowned Riesz lemma for the
class that he called Bsz ([a,b]), or class of functions of
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bounded Riesz (p,2) -variation.

In this article we define the notion of function of
bounded second ® -variation in the sense of Riesz. We
show that a function F, with values in a reflexive Banach
space, is of bounded second @ -variation, in the sense of
Riesz, if and only if it is the integral (in the sense of Bo-
chner) of a function of bounded @ -variation. In addi-
tion, from the main results presented it is deduced an
inequality that generalizes Riesz’s lemma.

2. Vector Value Functions of Bounded
Variation

We begin this section by recalling some known spaces
and results.

We will also assume that all partitions of an interval
[a,b] considered, contain at least one point te(a,b);
the set of all such partitions will be denoted as =, [a,b].

The notion of bounded second variation in the sense
De La Vallée Poussin is defined as follows: A function
u:[a,b] >R is of bounded second variation if and only
if

VE(ufab])= sup 3 Jultot]-uftot]

< 00
nelly([a.b]) i=0
where
t.,)-u(t
u[ti+l’ti+2] ::w and = {to’tZ’”.’tm}'
ti+2 _ti+1
@2.1)
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The class of all the functions of bounded second varia-
tion (on [a,b]), in the sense of De La Vallée Poussin, is
denoted by BVZ([a,b]).

The following are known properties of functions in
BV?([a.b]) ([3.5.6]).

Proposition 2.1. Let ueBV? ([a b]) .

1) If veBV?*([a,b]) and 2 is any real constant,
then

v (ufa.b]) = AV (ufa.b)
y
(us[a,b])+V* (vs[a,b]).

2) (Monatonicity) If a<c<d <b then
Vz(u;[c,d])ﬁvz(u;[a,b]).

3) (Semi-additive) a<c<b, then ueBV?([a,c]),
ueBV*([c,b]) and

V2 (u;[a,b]) = V? (us[a,c])+V? (us[c,b]).

4) u[y,,y,] isbounded forall vy,,y, €[a,b].

5) u is Lipschitz and therefore absolutely continuous
n [a,b].

6) ueBV*([a,b]) if and only if u=u,—u,, where
u,, u, areconvex functions.

7) A necessary and sufficient condition for a function
F to be the integral of a function f e BV ([a,b]) is that
FeBV? ([a,b]) . This result is known as Riesz’s lemma.

8) If u is twice differentiable with u” integrable on
[a,b] then ueBV?*([a,b]) and

b "
= [ |u"(t)]dt
In 1910, F. Riesz introduced the concept of function of
bounded p-variation (1 <p< oo) as follows:
Definition 2.2. Let1 < p <oo. A function
f:[a,b]c R— R is said to be of bounded p-variation,
in the sense of Riesz, if

VI (f)=V7(f:[a.b])

p
= sup Z|U [t|9t|+1]

zellz([a,b]) i=0

V2 (u+v;[a,b])< Vv?

|+1 i ) .

The class of all functions of bounded p-variation on
[a,b] , in the sense of Riesz, is denoted by RBV, [a,b].
It readily follows from the definitions that
RBV, [a,b] cC [a,b] and that forall f,geRBV, [a,b]

VE(fa) < |7 vt (g)+]o®] v

1
in fact, the relation || f ||p = | f (a)|+(VpR (f ))E, defines

a norm in RBV [a,b] respect to which it becomes a
Banach algebra (see e.g., [7]).

Notice that RBV, [a,b]= BV [a,b]; on the other hand,
it is well known that, for 1< p <o a function belongs
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to RBV,[a,b] if, and only if, it is absolutely continuous
and its derlvatlve (which exists A -a.e. in [a b]) belongs

to L, [a,b], in this case Vp (f, a,b )—"f ||Ep (this is

the renowned Riesz’s lemma, [2]). In particular,
Lip[a,b] = RBV, [a,b].

Further generalizations consider the so call ¢ -func-
tions. As it is customary, we shall denote by A the set
of all continuous convex functions ¢):[0, +oo) - [0, +oo)
such that ¢(p)=0 ifandonlyif p=0 and

2(r)

lim =0. Likewise, the notation N shall be used
p—0" Y2
to denote the set of all functions ¢ € N, for which the

Orlicz condition holds: limM

p—>0 p

=+oo . Following [8]

functions in N shall be called ¢@-functions. Any func-
tion @ e N is strictly increasing, and the function

2(p)

p — ——= is no decreasing for p >0.
P

One says that a function ® € A/ satisfies a condition
A, , and writes @ € A,, if there are constants K >2
and t, € R such that

O(2t)<K®(t) for all t>t,. 2.1)

For instance, if ®(x):=t",p>1, one may chooses
the optimal constant K = 2°.

In the sequel we will assume that @ isa ¢ -function
and X is a normed space with norm ||||x (or simply |||| ).
The integral of a normed space valued function means
the Bochner integral ([9]).

The following generalization of the notion of function
of bounded variation is due to V. V. Chistyakov ([11],
see also [12]).

Definition 2.3. The ®-variation in sense of Riesz of a
map f:[a,b] > X isdefined as

Vo (f.[a.b]) =V (f.[a,b].X)
—supzcb["f tlt, t”t "]

¢ =l

where the supremun is taking over the set of all parti-
tions £={t} = oftheinterval [a,b].

Some known properties of the functional V,} are the
following

1) qu is no decreasing, that is,
vqﬁ(f,[a b])<Vy (f.[c.d]) if [a,b]<[c.d];

2) VS issemi addltlve
Vo (f.[a.c])+Vq (f.[c.b])<Vq (f.[a,b]) forall
a<c<b; and

3) V¥ is sequentially lower semi continuous.

The set of all functions f e X'**!" for which
Vg (f ,[a,b]) <o is not necessarily a linear space, but
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it is a convex subset of X**' and V5 (-[a,b]) is a
convex functional on it.
The class

B ([a.b], X ):={f e X!**:34> 0,V (/1) <o

is a linear space, called the class of functions of bounded
@ -variation, in the sense of Riesz. It can be equipped
with the norm: ||f|:= " f(a) ||+ Po (), where

po (f)=inf{2>0:V, (f2)<1}.

Definition 2.4. ([11]) A mapping f:[a,b] > X is
called absolutely continuous if there exists a function
&:(0,0) > (0,%) such that for any ¢>0, neN and
any finite collection of points {a, b} <[a,b] such that

121
a, <b <a, <b, <.--<a, <hb,, the condition

Y(b-a)<5(c) implies D[ f(b)-f(a)|<e
i=1 i=1
A proof of the following result can be found in [12].
Proposition 2.5. Let X be a reflexive Banach space.
Then every X-valued absolutely continuous function f,
defined on [a,b], is a.e. strongly differentiable and can
be represented as

t
f(t)=f (a)+j f'(s)ds,t e[a,b],
where f' denotes the strong derivative of f.

ot

5 j+l’ j+2) (f’XJ’XJ+1)

We now state Theorem 3.3 of [11].

Theorem 26. Let (X,[|) be a reflexive Banach
space. Suppose that ® e N’ and that
f e BV, ([a,b]; X

Then f admits a strong derivative f'(t)e X for al-
most all te|a,b| which is strongly measurable and
j €||f ||)dt<Vq, (f.[a.b]). Moreover, if ®e N,
fhen absolutely continuous and the following mtegral
formula for the variation holds:

V7 (f.[ab])= [ o] £ (t)])at. (2.4)

Now we introduce a notion that generalizes the clas-
sical de la Vallée Poussin’s concept of second bounded
variation.

Definition 2.7. Given f :[a,b] - X,

E= {Xj}T:OG n,[a,b] and ® e A. We shall use the fol-

lowing notation:

(f,xj,x,)

and define the second variation of a function fon [a,b],
in the sense of Riesz, as

VR (f:[a,b], X

f(xi)_f(xj)

X =X,

):: sup gfp(f;[a,b],f)

Sems[a,b]

where

05 (f:[a.b].&) = ;q{

If V&= (f:[a,b],X)<oo we will say that the function
f is of bounded second @ -variation, in the sense of Ri-
esz, and write f € BVg® ([a,b], X).

Lemma2.8.Let f e BVé'R(la,b],X). Then

1) For x<y<z in [a,b] thereisa constant K >0
such that ||U(f;z,y)—U(f;y,x)||s K,

Ju(f:zy)-U(fy.0))=0" (@(|u(f:zy)-U(f

) o] o=

(X- —X-).
j+2 J
X, Z_Xj }

]+

2) U(f;Y,,Y,) ishboundedforall y,,y, €[a,b],

3) fis absolutely continuous on [a,b],

4) If x,,y, €[a,b] with x, =y, then U(f;x,,x)
is continuous at x =y,.

Proof. 1) Consider three points X<y <z in [a,b] ,
and note thatif z—x<1.

X)"U(f;z,y)—U(f;y,x)"D

IA

If instead z—Xx>1

" ||U(f;z,y)

U(fsy.x)|=

||U(f;z,y)—

! {cp["U (f;Z,yz)::(J (f;y,X)"J(Z_X)JS(Dl (qu,R (f;[a,b],X)).

_U(f;y,x)”(z_x) o [@{"U(f;l,)’)_u (f;y,X)"]J(z—X)

:q)_l[q{llU(f;Z»y)-U(

(V(f,R(f;[a,b],X
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f;ij)”](z—X)ZTIX}(Z—X)

) Ex <o (v (sl x))o-a)

Z—X

APM



48

Then ”U(f;z,y))—U(f;y,X)"SK where

(Vo (f:[ab].x))(b-a),
o' (VR (f3[ab], X))}

K := max {<D

(0]

"U(f;yo,yl)”S"U(f;yo,yl)—U
+|u (fic.y)-
<3K+[U (fia.c)|.

where K is given by 1).

(f;yl’y2)||+||u(f;yl’yZ)_U
U(f;a,c)||+||U(f;a,c)||

Case2: a<y_O<c<y_l=b. Here, for y, e(c,y,)

Ju(fsy_o,y_1)<|U(fiye.y,)-U

+|U (f:¥,.v,)-U
+|u (fic.y,)-U

where K is given by 1). In any other case one proceeds in
a similar fashion.
Since ¢ is arbitrary but fixed U (f;yo,yl) #must be
bounded.
3) By 2) there exists M >0 such that
"U (f3¥0. ¥ )" <M #forall vy,,y, €[a,b]. Therefore fis
Lipschitz, and hence, absolutely continuous.
4) It is immediate.

(f;a,y0)||+||U(f;a,y0)—

(f;

M. BRACAMONTE ET AL.

2) Let Y,,y, €[a,b] and let ce(ab). The proof
depends on the location of y,,y, with respect to a,b
and C.

Case 1: a<y,<c<Yy, <b. Inthis case, for
¥, €(y,,b), wehave

(f;c,yl)"

U(f;ywyz)"
yl,y2)||+||U(f;yl,yz)—U(f;c,yz)"

(f;a,c)||+||U (f;a,c)"s K+||U (f;a,c)".

Ejemplo 2.9. Let C, be the subspace of ¢  of all
null sequences equipped with the natural norm inherited
from ¢,.Let f:[a,b]—>C,|{, be defined by

t
ft)= [UJ .If a >0, then for every partition
n
neN

E={x }rjn:o em[ab]:

|| f j+2 j+]) j+1 ||
o “ Xj,s = X, Xj — X; “
CD J+2
j=0 Xj+2 - Xj
n neN n neN _ n neN n neN
|| Xj+2_xj+1 Xj+1_xj

m-2
= @ ©

i=0 jr2 ~Xj

. 2,R
which means f € BV_ ([a,b], X) and

de;R ( f ;[a,b], X ) =0. A similar estimation holds if

a<b<o0.
On the other hand, consider the same function

Copyright © 2012 SciRes.

— on the interval [_2,2} and let
nj . 33
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IF(1/3)=F(=1/3) f(-1/3)-f(-2/3)|
| 13—( 1/3 —1/3 2/3 I
) = 1(1/3—(-2/3
13-(-2/3) (13=(=213))
If(23)-1(13) 1(1/3)-1(-13)|
| 2/3-13 13-(-13) |,
) 2 3—-(-1/3
: 23-(13) (/3=(173)
GRGAIN GRS
n n
:CD _ neN neN
1/3 H 1/3
=8 }q{(ij }:m{(lj ]22@@).
n neN || n neN [loo n neN [l
So that, in this case qu;R( [R 2/3, 2/3]) 2@(1) > 0. We omit the proof, which follows immediately from
Lemma 2.10. If f.ge sz ([a.b x), A isacom-  the convexity of @ .
plex constant with |/1|<1 and a,f<[0,1] such that Lemma2.11. Let f e BV;®([a,b],X) and ce(a,b),
a+f=1,then then f e BV,"([a,b])nBV4"([c.b]) and
1) V”(/lf [a,b], X ) <|2|Ve® (f:[ab]. X)S,
2) VR is convex in the function argument; that is Vo (F3[ac])+ Ve ™ (f:[e.b]) <V (f:[ab]. X).
(2.5)
VR (af + pg;[a,b], X)<ave®(f:[ab], X)
e Proof. Let ce(a,b) and let &={x } , €mfac].
+ Ao (9:[a,b],X). Then, ¢&u{b}emn,[a,b]. Hence
f(xﬁz) f(xj+1)_ f (XM) f(xj)
m-2 Xipg =Xy Xig —X;
(f;[acl.é)=Y @ e m (X2 —=%;)
j=0 j+2_XJ
(%)= F (%) F (%)= F(x)) f(b)=f (%) f (%)= f ()
m- X, —Xi, X =X, b— _
<So e o (X=X )+@ Xn Xn = Xt (b=%,,)
j=0 Xj+2_xj b_Xm—l
st;R(f;[a,b],X).

Since this holds for all partitions & ={x, }J _, of [a,c], then £Upem,[ab]. Put 7= {yj}r:on | where
it follows that f e BVCIf‘R ( f ;[a,c], X) and
VR (f:[a.c],X)<VgR(f:[a,b],X). Similarly, one y o {x si 0<j<m
j

gets Vé’R(f;[c,b],X)SVéR(f;[a,b],X). On the other
hand, if §={Xj}rjn:0 em,[a,c] n:{xj}jzo em[c,b], Then

™™ si m<j<n+m.

Copyright © 2012 SciRes. APM



50 M. BRACAMONTE ET AL.
f(ﬁn)‘f(ﬁﬂ)_f(ﬁﬂ)_f(ﬁ)
5 m-2 X2 = Xju Xjar =X
oo (f:[acl.&)+oq (f:[c.b].n)< X @ . _x (X2 = %)
j=0 i+2 X
f (xl)— f (x") f (xo)— f(X,) f (xj”)— f (xj“) f (xj“)— f (xj)
X' —x° - X —X,, 1 - x1t2 _ x i+l - NI L ‘
+O ma—— (x —xm71)+j:OCD T (x¥2 - x!)
f(yj+2)_f(yj+1)_ f<yj+1)_f(yj)
mn-2 Yira = Yju Yin 7Y
= () -y,
=" (Yi2-v3)
=0 (f:[a.b].Eun)<VyR(f;:[ab]. X).
Therefore 3. Main Results

qu’R(f;[a,c])+V(§’R(f;[c,b])quf'R(f;[a,b],x). o

Remark 2.12. Inequality (2.5) cannot be replaced by
an equality as can be readily verified by considering the
example (2.9) with, for instance, a=-2/3, b=2/3,
¢ =0. Inthis case, by considering the partition
c& ={-2/3,-1/3,1/3,2/3} 0., one shows that

Vo (F3[-2/3.0])+Va" (£:[0,2/3]) =0
<20(1)
<V (f3[-2/3,2/3]. ).

J'; f (u[xj+2 —xj+1]+xj+1)du —J'; f (v[xj+1 —xj]+xj )dv”

Now, we are ready to characterize the class of functions
in X" of second bounded @ -variation in terms of
the class of functions of (first) bounded @ -variation.
Theorem 3.1, Suppose f e BV, ([a,b],X) and
F(x)=] f(t)dt. Then FeBV,"([a,b]) and

V2,R

[0}

(Fs[a,b], X)) <Vy (f;[a,b],X). (3.1)

Proof. For a given partition & en,[a,b], putting
t—x; ;
j+1

u:= , V=
Xj+2 - Xj+l X

]
1 —X

and making use of Jen-
Ik i
sen inequality, we obtain

gd)(F;[a,b],f):ngcb — (xjﬂ—xj)

=0 j+2 i
m2 I;{f(u[xj+2—xj+l}+xj+l)— f (u[xjﬂ—xj}rxj )}du”

=Y 0 — (X2 =)
j=0 i+2 j

< J.;mz:*zq) ”f <u|:xj+2 - Xj+1:|+;(j+1 )__Xf (UI:XJ'H =X :|+ X] )H (XHZ X, )dU

j=0 j+2 j
As uefo,1], Thus, do K =u[xj+2 —xj.+1]+xj+1 —u[xj+1 —xj]—xj, we

[xj+2 —xM]+xj+1 —u[xj+1 —xj]—xj <Xjp =X

Copyright © 2012 SciRes.
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j+2

m-2 FLUl X0 = X0 [ X0 )= FLU] XG0 =X |+ X
Qé(F;[a,b],f)SJ.;ZCD ( |: i :| ) ( I: :' )H\J(X

i=0 X: 2—X-

i+ j
102 f(”[xm"‘w]*xiﬂ)‘f(“[XJ*I_Xj]+Xj)“ : J(X ~X; )du
j+2 j

m-2 LUl X, =X [+ X )= TLU] X, =X [+X

s oD o) ‘)H] (-,
i 2 7%

<[V (f:[a.b])du =V, (f:[a.b]).

Since this inequality holds for any partition £ e [a,b], V2R (F;[a,b f t 5
we conclude that o (F:[a,b])<V, (f:[a,b]), which (Fs[a.b].x -[ (" ")d 32)
implies (3.1). - The following example shows that it is possible to have

Thus, replacing Vy, ( f.[a.b]) I ("f ")dt M strict inequality in (3.2).

(3.1) (cf. Proposition [11]), one obtams the following. Example 3.3. Let X =R with the norm given by the

Corollary 3.2. Suppose f eBVy ([a,b].X) and let  apooiite value. Let F(x):=x" defined on [0,1]. Sup-

):=[. f(t)dt. Then F(x):=][ f(t)dt. and pose &={x}  em,[0,1].Then
Xj?+2 - Xj?+1 _ XJ%H - XJ2
m-2 . ) . —X. m-2 ) —
Qq) (f [a b] 5) ® j+2 o Xy T X (XHZ XJ): Zq){xﬁz + X — X X j(XHZ XJ)
j=0 Xj+2 _Xj j=0 Xj+2 _Xj

3
QJ

:“@(1)( o) =00 S0 S )

0 J:O j=0
=@ (1)[x, —x =Xy | =@ (1)[1-% +X,_, —0].
Taking now the supremum over all partitions ¢ € 7,[0,1], one obtains

f ()~ f (xj+l)_ f(x.0)-f(x)
m-1 Xiin _Xj+1 Xig —X;

ir i
sup >, ® (%2 =%)
£em[a.b] j=o XJ-Jr2 = Xj

= sup CI)(l)[l—X1 +Xm_1] :(D(I)Z.

Semy [a,b]

Clearly, F(x _[ f(t)dt (where f(t)=2t) is ab- [a,b], and let g:E — X be a map, where X is a Ba-

solutely contmuous fr(t ) 2el,[0,1],and nach space, and let K be a positive constant such that
17 0 =[o(|f'@))dr=[ @(2)dr=d(2). -l {Hg jo1) “} X)) <K, (33)
Now if, for instance ®(t):= |t|p, for 1< p<oo, we 1= Xia 7

have where a<x, <X <--<X,,<X,<b and Xx;€E for
j=0,1,2,---,m. Then, g.(x—0) exists forall

/) _ _nPp — 2,R
It "Lm[(’” ®(2)=2">2=0(1)2=2; ( f,[a,b]). xe(a,b]\E, where g, (x—0)= lim g(x—h).
h—0*
So, in all of these cases, inequality (3.2) is strict. x-heE
Lemma 3.4. Let ® e N, E be a dense subset of An analogous assertion holds for g (x+0),

Copyright © 2012 SciRes. APM
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(xe[a,b)) which is similarly defined.

Proof. It suffices to show that g, (x—0) exists for
all xe (a,b] \E. Suppose that such is not the case; i.e.,
suppose that there isa t e (a,b]\E such that

lim g(t—h)=t-hlim g(s) does not exist.
th—_hi)E Ss:ItE

Then by Cauchy’s criterion (in the complete metric
space X), there is an ¢ >0 and an increasing sequence:
{¥n},., €En(at) suchthat y, -t and

lo(vyu)-9f

Since y, >t wecanfind N eN so that

Y; )” >e¢ forallj.

1
>N -t/ <—.
n=N=ly, t|<2

Thus, if n>N we must

Yo = Yo <[ Yo =t/ +]y, —t] <1.

Now consider the subsequence {x,}  defined by
X, = Yy, - Notice that in this case we have X;,, —X; <1
for all j. Thus forall N >0

Z(D[“g ;1 H] I XJ)

N €
>> O Xiog =X ],
; {XjH_XjJ( j+l J)
which contradicts (3.3) since ® e N,,. O

Theorem 3.5. If Vo™ (f;[a,b],X)<o where

® e NV, then f has bounded second-variation.

Proof. Let &= { }I _, be a partition of [a,b], since
@ satisfies the condition oo, then give r >0 there is

a X, >0 such thatif x>x,,then ®(x)>rx.

We write

Xjra = X;
then
‘U X fi;x.,x
mz‘u »Xjars J+2) (f’XJ’XJH) - )J(Q) X( — M) (Xi+2_xi)
=0 J=0 27

=[2+z

Jzey,  jeey,

SZX(HZ

JEEXO

Now, for each jee, mustbe

”U 5 j+1’XJ+2) (f’XJ’XJH)

J(”U > J+1,XJ+2) (f’XJ’XJ+1)

; j+1’Xj+2) (f’XpXHl)

JOH—M) (3.4)
Z”U Xjurs J+2) (f’XJ’XJ+1)

JEEXO

Xjr2 =X

[HU

Substituting this in (3.4) we get

m-2

2

> ‘U(f;xj+1vxj+2) (f’XJ’XJ”)

iey,

2xo<xj+2-x,->+—z<bmu o) O

X —x. J(Xm‘xj)'

j+2 i

J(XM—X,»)

X2 =X

Xi = X;

J+

oM Ol
= ]

Since this inequality holds for every partition & of
[a,b] we obtain

v;UJamLx)gbe_@+%vgwfqabey

Copyright © 2012 SciRes.

Corollary 3.6. Suppose X is a reflexive Banach space
and let ®e N,

absolutely continuous on [a,b]. Moreover, by Theorem
2.6, f' isalso absolutely continuous.

1f VR (fi[ab],X ) <o then fis
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Theorem 3.7. Let X be a reflexive Banach space. If
F eBV, R ([a,b ,X) and ® e A, then there is a func-
tion feBV, ([a,b]) such that F'=f, Lebesgue-ae.,
and

Vo (Fs[a,b], X ) <Vg ( f5[a,b], X).

Proof. We use the fact that F is absolutely continuous
and consequently it has strong derivative almost every-

where (Lebesgue) on [a,b]. Thus (see [12])

F(x):F(a)+j:F'(t)dt
=F(a)+[ f(t)dt.

Therefore, by Theorem 3.1, the function
¢(x):=F(x)—F(a) is also of bounded second varia-
tion, in the sense of Riesz, and

f e BV ([a,b]) such that F’'= f, Lebesgue-a.e., and

R K 2,R
vq,(f;[a,b],x)s?vq; (F:[a,b], X)+2d(t,)(b—a).
(3.5)

Proof. Since F is absolutely continuous (Lemma 2.8)
and X is a reflexive Banach space, Theorem 2.6 ensures
that f is strongly differentiable a.e., with derivative
strongly measurable. Let E be a set of zero Lebesgue
measure such that F' exists at every point of
E:=[a,b]\ E. Consider points (Xj )0 in [a,b]nE
such that a<x, <X <:- <X, <b, andlet hyh,--- h;
be positive real numbers such that
x_j+h_j<x_{j+1} forall j=0,---,m-1 and
Xy + Ny < X =Ny -

2m+1

Next, define a partition /;’::{yj} , of [a,b] as

i=0

X/ If 0<j<2m-liseven,
V2R (Fs[a,b], X ) =V2® (F - F (a):[a,b], X) xj,-,1+h,-,1 IF 1< j<2m-lisodd.
<VE(f,[ab]). y =1z =
Xy — iy If j=2m,
Theorem 3.8. Let X be a reflexive Banach space and X It j=2m+1
®eA,, with constants K>0 and t, as in (2.2). If " .
F e BV R ([a,b], X) then there is a function Then
F(Xj+l+hj+1)_F(XJ+l)_F(XJ'+hj)_F(XJ’)
-2 h., h.
Yo - : (X5 =%;)
j=0 X —X;
F(Xm)_F(Xm _hm)_ F(Xm 1 +hm—1)_F(Xm—1)
hm hm—l
() —
" Xm - Xm—l (X Xm_l )

:m—ZCD h;., Xj0 —X; —h; X =X —h h; (XM-XJ)
i=0 Xjp —X; Xj =X
F(%)=F (X —hn) F(Xy=Ny)=F (%o +hos)  F(Xp—hy)=F (X +ho) F(Xoo +hos) = F (X))
LD hm X — hm — X1 — hm—l X — hm — Xt — hm—l hm—l
X — Xt X = Xy
'(Xm _Xm—l)’

using the convexity of ® we obtain,

Copyright © 2012 SciRes.
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F(Xj+1+hj+1)_F(xj+1)_F(Xj+1)_F(Xj+hj)
h; =X —h
Dl 2 I Xjo =X =0 (Xjﬂ_xj)

7
8]

<”3
| —
>
|
>

F(x)=F(x+h;) F(x+h)=F(x)

Xjq—X; —h; h.

Let

>
Il
—
Il
=l
M
3
|
[\S]
\Y
\S} |OH

>
Il
|
=
\’Pd
3
|
[\
\%
[\ |o'_"

Then, from the above inequality we obtain

F(X +hi)=F (%) F(x+h)=F(x)
m-2 h h

2@ = J (X5 =%;)

j=0 Xj+

Copyright © 2012 SciRes. APM
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F<XJ+1+hj+1)_F<Xj+l) F(Xj+1)—F(Xj+hj)

Xja =X —h,

(X =%;)

(XJ+1 ‘Xj)

IA

3
|
5
2o | X
_j
T
_X
ht
|
_><
|
_:'

F(Xm)_F(Xm_hm) F(Xm hm) F(Xm71+hm71)
m-2 | K hm Xm_hm_xm— _hm,
+J:OE(D(IO)(XJ'+1_XJ)+?® X x| ! ] (Xm—X
1
+ CD(IO)(Xm—Xm71)+ECI)(tO)(Xm—Xm 1)
F(Xn—Nn)—F (X +h)  F(Xa +ho )= F (X))
-h - —h h
+5(D Xm m Xm—l m-—1 m—1 (Xm _ Xmil )
2 X~ Xio

Copyright © 2012 SciRes.
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Thus,
F(xj+1+hj+1) F(XH)_F(X +hj) F(xj)
”‘z:jq) j+l h;
j=0 Xj+1 Xj
Making h; -0, j=0,1,2,---,m, one gets
m-1 HF J+1
J:O XJ+1 Xj

therefore, by Lemma 3.4 F/(x-0) and Fj(x+0)
exists forall xe (a, b] \E . Define now the function

F'(x)  when x e E,
f (X):= R (X—O) when X e(a,b]\E,
F:(a+0) if x=aandag¢R.

Clearly, F'=f almost everywhere. We need just to

verify that f satisfies (3.5). Let &:= {xj }rjn:o be a parti-
J_ {

J+1

xi )“}(XM —xj)+CD["f (%) -
[“

K
(XJ‘Jrl ) )

—Va* (Fi[a,b]. X )+2d(t,)(b-a)

i H}(xm_xj)ggvﬁ(F;[a,b],x)+2cb(t0)(b—a)

tion of [a,b]. Suppose that there is exactly a point
a#x €& such that x ¢E . In this case, we can
choose x, €E such that $x_{k-1} <x_k'<x_k$.

Put & ={Xo, X, s Xeys Xirs Xeyy 55 X | - Observe that
Xkl’iLnXk f (%)= xxklvi%k f(x. )= X;vi%k F'(%)
k' € k'€
=Fg (% —0)=f ().
Therefore

f (Xk—l )"
— X

](Xk’_xkl)
Xj “J j+l Xi)

J+1

J+l

)= F ()] [F(5)=F (%)
Zq){ Xj =X J o )+q)( X = Xy (Xk’ B Xk_l)
[F () = F ()] [F ()= F ()]
JdD( Xk+1 Xk’ (Xk Xk)+lzk;r1q) XJ+1 Xj <Xj+l_xj)
s%vqf’R(F;[a,b],X)+2CD(t0)(b—a)
and taking the limitas X, — X, we have
[f (o) =1 ()] LCRLICH))
= [ Xjn —Xj }(Xj+l_xj)+®£ X =X & inl)
[ (%)= ()] of L1 (o) = F ()l
+q{ —— (X = ,k+1 m— Xi =X )

K
s7v(§!R (F:[a.b],

Copyright © 2012 SciRes.

X)+20(t,)(b-a).
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If, on the other hand, X, =a is the only point of &
notin [E, then we may consider a collection
{Xy> Xps s X1 Xes Xear» 5 X }» Where @ < Xy, < X;. Then

lim f(

Jim £ (x,)= lim F'(

Xy =Xo

Xy) =F'(x,+0)=f(a).

Thus, proceeding as above, we get

> *m
H j+1
JJrl J

@{"f(x‘x)il(x°')"J<x
{H

and taking the limit as X, — X;:
o IT0)=1 ()],
X1 —X
To complete the proof that f is of brﬁ)unded (first) varia-
tion (in sense of Riesz), let & := {X } _en([a,b])
arbitrary, and set B

§ :{XO’axl”“'$Xk_]"Xk’sxkﬂ'f"’xm’}
where: X =X;

x<>_<<x,
j-1 j' j

Then, from the above estimations we obtain

MO
[ ] J+] XJ)
J+1

)+20(t, ) (b—a).

Hence, by taking the supreme over all partitions & of
[a,b]:

if X;el;if a#Xx; ¢B. Then,
where asif aglE take a<X, <X .

K
s?vqf’R(F;[a,b],X

qu‘(f,[a,b])gquf’R(F;[a’b]’x) (3.8)
“20()(b-a).
Ul

Corollary 3.9. Let X be a reflexive Banach space and
let ®eA, globally, with A, -constant K >0.If
F eBV,F ([a, b],X) then there is a function
f €BV, ([a,b]] suchthat F'=f, Lebesgue-a.c.,and

Vo R (Fs[a.b], j ( F (t)||)dt

<" (Fifab]. X).

Proof. Theorem 3.8 ensures the existence of a function
f e BVS ([ ]) (in the sense of Riesz) such that

F'=f, and
Vo™ (F;[a,b], X)<vg (f3[a.b]. X)

K
Ve (F;[a,b].X).

Now, by Theorem 2.6 f must be strongly differentiable

Copyright © 2012 SciRes.

HJ )= e (Rl x) 200, (0-2).

a.e. on [a,b] with derivative f’ strongly measurable
and Bochner integrable on [a,b], and

Ve (.[ab])=[ @ (| f'(t)])dt. Thus
Vo ® (Fs[a,b], X)
<[ o[

<—v”( ;[a,b]. X)

()

o(|F"(t)])dt

O

That Theorem 5.8 (Corollary 3.9) generalizes Riesz’s
lemma is brought forward by considering, for p>1, the
function @, |’[|p , which has sharp A, -constant
K=2". Indeed in this case we have:

Corollary 3.10. Let X be a reflexive Banach space. If

p>1 and Fe BV;;R ([a,b],X) then there is a func-

tion f e BVG?p ([a,b]) such that F'= f, Lebesgue-a.c.,
and

V2R (Fi[a.b], X )< j:||F"(t)||pdt
<27V R (F;[a,b], X ).
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