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ABSTRACT

In the present article, certain classes of generalized p-valent Robertson functions are considered. Mapping properties of
these classes are investigated under certain p-valent integral operators introduced by Frasin recently.
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1. Introduction
Let A(p) be the class of functions f(z) of the form
f(z) =zl + i a‘/.zj (p eN= {1,2,---}),
Jj=p+l

which are analytic in the open unit disc E = {z : |z| < 1} .
We write A(1)=A4. A function f(z)e A is said to be

spiral-like if there exists a real number A (|/1|<gj

such that
il Zf( )>
e 0(z€E).

The class of all spiral-like functions was introduced by
L. Spacek [1] in 1933 and we denote it by S;. Later in

Ree

R (5.0)={ 615 (2) ()

Vi(p.p)=

For A=0, p=0 and p=1, we obtain the well
known classes R, and ¥, of analytic functions with
bounded radius and bounded boundary rotations studied
by Tammi [5] and Paatero [6] respectively. For details
see [7-12]. Also it can easily be seen that R; (0)=S;
and ¥, (0)=C,.

Let us consider the integral operators
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f(z):f(z)eA(p) and MePl

1969, Robertson [2] considered the class C, of analytic
functions in E for which zf'(z)eS;.

Let P/ (p.p) be the class of functions p(z) ana-
lyticin E with p(0)=1 and

pcos/1|
p

fRee p(z d@ <kmcosA, (Z:Veig)’
ol -

where k>2, 0<p<1 and A is real with |/1|<g.

For 4=0, p=1, this class was introduced in [3] and
for p=0, see [] For k=2, =0 and p=0, the
class P’ (p,p) reduces to the class P of functions
p(z) analytic in E with p(0)=1 and whose real
part is positive.

We define the following classes

()
1)

B (p.p), 0< p<1},

k (p:p)a ng<1 .

/'(2)

- [ﬁ mf [f <r)]"" « o

G,(2)= fpt”{f'(t)}l...{ﬂ(t)} ", (1.2)

pt? ! pt? !
A(p) and o, >0 forall

and

where f(z)e
i€ {1,2,---,n}.
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These operators, given by (1.1) and (1.2), are defined
by Frasin [13]. If we take p=1, we obtain the integral
operators Fj(z)=F,(z) and G,(z)=F, ., (z) intro-
duced and studied by Breaz and Breaz [14] and Breaz et
al. [15], for details see also [16-20]. Also for p=n=1,
o, =ae [0,1] in (1.1), we obtain the integral operator
studied in [21] given as

]

and for p=n=1, o,=0€C, |5|S% in (1.2), we

obtain the integral operator

z

[(r(e)) ar,

0

discussed in [22,23].

In this paper, we investigate some propeties of the
above integral operators F,(z) and G,(z) for the
classes V;(p,p) and R/ (p,p) respectively.

2. Main Result
Theorem 2.1. Let f,(z)e R/ (p,p) for 1<i<n with
0<p<l1. Also let A is real with |/1|<§, a, >0,

1<i<n.If
OS(p—p)Zn:ai+p<l,
i=1

Vi (p.4) with

h=(p=p) 2 e+

then F, (z)e
@.1)

Proof. From (1.1), we have

ZF;(Z)Z s " " zfl.’(z)_
g da( T ) e

or, equivalently
. F!
eli(l'f'z P(Z)j (1 Zaj_"_etlz

F(2)
Subtracting and adding pcos /lz o, on the right hand
i=1

#(2)
£z

-(2.3)

side of (2.3), we have

e (1+ ZFF,;((ZZ))] = pe* +(pcos/1—pe”)iai
’ . 2.4
() (2.4)

+Za f(z) —pcosi |,
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Taking real part of (2.4) and then simple computation

gives
Re[e” [1 + i)f’”((zz))] - cosﬁ}

S

where 4, is given by (2.1). Since f(z)e R (p.p)
for 1<i<n,wehave

Je

Using (2.6) and (2.1) in (2.5), we obtain

Re|:e"'1 (1 + ZF,p (Z)J -4 cosi}
F(2)
Hence F,(z)eV/(p,4) with 2, is givenby (2.1).
By setting p=1 and A=0 in Theorem 2.1, we
obtain the following result proved in [9].
Corollory 2.2. Let f,(z)eR,(p) for 1<i<n with

0<p<l.Alsolet o;>0, 1<i<n.If

DY e +1<1,
i=1

then F,(z)eV,(4) and 4 isgivenby (2.1).

Now if we take k=2 and A=0 in Theorem 2.1,
we obtain the following result.

Corollory 23. Let f;(z)€S,(p) for 1<i<n with
0<p<l.Alsolet o, >0, 1<i<n.If

2z

|

0

de

2.5)

pcosl} dé,

2z

|

0

do<(p-p)costhkm. (2.6)

pcosﬂl

2z

|

0

d@<(p-4 )cos Akm.

0<(p-

0<(p-p)D a+p<l,
i=1
then F,(z)eC,(4) and 4 isgivenby (2.1).
Letting p=n=1, A=0, a,=a and f,(z)=f(z)
in Theorem 2.1, we have.
Corollory 2.4. Let f(z)e
Alsolet a>0.If

0<(p-Na+1<1,

{0y
(7)o
with 4, =(p-1)a+1.
Theorem 2.5. Let f(z)e

R.(p) with 0<p<l.

then

eV (4)

vl (p,p) for 1<i<n
with 0< p<1. Alsolet A isrealis real with |/1|<§,

a,>0, 1<i<n.If
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Oﬁ(p—p)zn:ai+p<l,

i=1

then G,(z)eV/(p.,4) and 4 isgivenby (2.1).
Proof. From (1.2), we have

) e (1),
G P ’[ﬁ()

or, equivalently
e (1 + ZGG,;—((ZZ))]
»
= pe” (l—iaij+zn:aie” [1+
i=1 i1
This relation is equivalent to

) G" ) ) n
etl(l_"_z p(Z)\J_pell+(pcosl_petl)zai

G, (2)
+za{e”(1+;{’(’(§))] pcos/a}

i=1
Taking real part of (2.7) and then simple computation
gives us

ool il 1,.260(2)
{R{e (HG'—(Z)] ﬂqcosi}dﬁ

J pza,,

ol

2.8)
n 2n o Zf,-'(Z) ~
S,-=1 a,..([ Re{e (IJF—f,-'(Z)j pcosﬂ} do,
where 4, is given by (2.1). Since f;(z)eV (p.p)

for 1<i<n,wehave

T Re{e”‘ [1+ Z‘]]j:('(z))J—pcos /1} d@ <(p—- p)cos Akn.
(2.9)

Using (2.9) in (2.8), we obtain
2 ) G”
J' Re[e“1 [1+—Z 22
0

G, (2)
Hence G,(z)eV/(p,4) with 4 isgivenby (2.1).
By setting k=2 and A=0 in Theorem 2.5, we

obtain the following result.
fi(z)ec
>0, 1

J—ﬂq cosi] d@ <(p -4 )cos Akm.

Corollory 2.6. Let
with 0< p<1.Alsolet ¢,

( ) for 1<i<n
i<n

OS(p—p)Zai+p<1,
i=1

then G ( )e
Lettmg p=

p(ﬂ,l) with 4, is given by (2.1).
n=1, 1=0, o, =6 and f,(z)=f(2)
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in Theorem 2.5, we have.
Corollory 2.7. Let f(z)eV,(p) with 0<p<l1.
Alsolet §>0.1f 0<(p-1)6+1<1,then

(£(0)) drev,(4)

o t—,u

with 2, =(p-1)6+1.
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