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Abstract 
In this paper, we show the existence and regularity of mild solutions depend-
ing on the small initial data in Besov spaces to the fractional porous medium 
equation. When 1 2α< ≤ , we prove global well-posedness for initial data 

( )
2 2

0 ,

n m
np

p ru B
α− + + −

∈    with 1 p≤ < ∞ , 1 q≤ ≤ ∞ , and analyticity of solu-

tions with 1 p< < ∞ , 1 q≤ ≤ ∞ . In particular, we also proved that when 

1α = , both u and 
1

2 1e nt uΛ  belong to *T
 . We solve this equation through 

the contraction mapping method based on Littlewood-Paley theory and 
Fourier multiplier. Furthermore, we can get time decay estimates of global 

solutions in Besov spaces, which is 
1

t α
−

 as t →∞ . 
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1. Introduction 

In this paper, we consider existence and regularity of mild solutions for the ini-
tial value problem of the following fractional porous medium equation (FPME) 
in n  for 2n ≥ :  

( ) ( )
( ) ( )

( ) ( )0

0 in 0, ,

in 0, ,
,0 in ,

n
t

m n

n

u u u Pu

Pu u
u x u x

αγ

κ −

∂ + Λ +∇ ⋅ ∇ = × ∞
 = −∆ × ∞
 =






             (1) 

where u and Pu  denote the density and gas pressure respectively, while 
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( )0 0u u x=  denotes the given initial data. And 1κ = ± . The positive operator 

( ) 2
α

αΛ = −∆  can be defined by  

( ) ( ) ( ) ( )
: , . . d ,n n

f x f y
f x c n PV y

x y
α

αα +

−
Λ =

−
∫  

where ( ),c nα  is a normalization constant. By the Fourier transform, we can 
also get a very simple alternative representation, as ( )1f fαα ξ ξ−  Λ =    , 
where   is the Fourier transform and 1−  is the inverse Fourier transform, 
respectively. To simplify the notation, we consider 1γ κ= = . For FPME re-
search, there have been many results. For example, in 2019, Feng and Liu [1] 
used generalized Riccati transformation technique and the differential inequality 
method to obtain the oscillation criteria of a class of nonlinear fractional diffe-
rential equations. 

If 0γ > , 1κ = , 2α = , 1m = , the system (1) reduces to the classical Kel-
ler-Segel model  

( ) ( ) ( )
( ) ( )

( ) ( )0

0 in 0, ,
= in 0, ,
,0 = in .

n
t

n

n

u u u Pu
Pu u
u x u x

γ
κ

∂ + −∆ +∇ ⋅ ∇ = × ∞


−∆ × ∞







            (2) 

The Keller-Segel system has been established as the model of chemotaxis by 
Keller and Segel [2]. Biler and Karch [3] demonstrated local and global solutions 
with small initial data of the equation in critical Lebesgue space 

n

Lα  for 
1 2α< < . Biler and Wu [4] studied global well-posedness of the equation with 
small initial data in the critical Besov spaces ( )1 2

2,qB α−
   for 1 2α< < . Zhao, 

Cui and Liu [5] proved small data global existence and large data local existence 
of solutions in critical Besov space 

2

,

n
p

p qB
− +
  for 1 2p n< <  and 1 q≤ ≤ ∞ . 

The purpose of this paper is to prove the well-posedness and Gevrey analytic-
ity of Equation (1) in the Besov spaces. When 0γ = , 1κ = − , 0m = , the equa-
tion degenerates to the classic form of the Porous Media Equation. We refer it by 
PME, and the classical properties of this equation can be found in literature [6]. 
It can describe the movement of an ideal gas flowing through a porous medium 
or be regarded as a kind of non-local quadratic evolution problem. This equa-
tion is widely used in describing Brownian diffusion, gas particle interaction, 
and biotaxis. When 0γ = , 1κ = − , 0 1m< < , the equation was first proposed 
by Caffarelli and Vázquez [7]. It has been proved by them that, when the initial 
value 0u  is a bounded function and exponentially decays at infinity, the equa-
tion has a weak solution. In [8], they studied the Cβ  regularity of the weak so-
lution of the equation when 0γ = , 1κ = − . For the detailed information about 
the solution of this equation, please refer to literature [9]. 

Secondly, we present some results of Gevrey analyticity in recent years. In 1989, 
Foias and Temam discovered this method and employed it for the first time to 
study the analyticity of the Navier-Stokes equations with space periodicity 
boundary condition, see [10] [11]. In the following periods, a few more authors 
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made full use of this method, and extended it to various functional spaces and 
equations. For instance, in 2001, Zhan [12] obtained the Gevrey regularity of the 
solution of the superconducting phase-locked equation. Ferrari and Titi in [13] 
studied the regularity of solutions to a large class of analytic nonlinear parabolic 
equations on the two-dimensional sphere. Chueshov and Polat in [14] studied 
the Gevrey regularity of the global attractor of the dynamical system generated 
by the generalized Benjamin-Bona-Mahony equation with periodic boundary 
conditions. Recently, the well-posedness and spatial regularity of the classic K-S 
equation have been completed by Zhao [15]. 

In this paper, we will consider well-posedness and Gevrey analyticity of the 
fractional porous medium Equation (1) with initial data in critical Besov spaces 

2 2

,

n m
p

p rB
α− + + −

  for 1 2α≤ ≤  and 1 ,p r≤ ≤ ∞ . To address the equations, we con-
sider the following integral equations:  

( ) ( ) ( )( )0 0
e e d .

t mttu t u u u
αα τ τ−− − Λ− Λ= − ∇ ⋅ ∇ −∆∫             (3) 

where ( )1e : e tt αα ξ−− Λ −=   . We use the following the contraction mapping to 
get the solution of (3):  

( ) ( ) ( )( )0 0
: e e d .

t mttu u u u
αα τ τ−− − Λ− Λ= − ∇ ⋅ ∇ −∆∫  

Then we utilize the Gevrey class regularity to certify analyticity of solutions. 
As an application, we get time decay rates in Besov spaces for global solutions. 

Let us denote by 1Λ  the Fourier multiplier whose symbol is given by 

11 nξ ξ ξ= + + . 
The overall structure of the article is shown below. In Section 2, we review the 

Littlewood-Paley dyadic decomposition theory and the definition of Besov spac-
es. In Section 3 and Section 4, we prove Theorem 3.3 and Theorem 3.5 respec-
tively by the standard fixed point argument. 

2. Notations and Preliminaries 

First of all, let’s introduce some notations mentioned in the paper. We will con-
sider the solution of system (1) in n . For two constants A and B, if there is a 
finite constant C whose value of each line may vary such that A CB≤ , we de-
note it as A B . For a quasi-Banach space X and for any 0 T< ≤ ∞ , we use 
standard notation ( )0, ;pL T X  to denote the quasi-Banach space of Bochner 
measurable functions f from ( )0,T  to X endowed with the norm  

( )( )
( )

1

0

0

, d if 1 ,:
sup , if .

p
T

T p p
X

L X

t T X

f t t pf
f t p≤ ≤


 ⋅ ≤ < ∞= 
 ⋅ = ∞

∫  

Especially, if T = ∞ , we still use p
TL Xf  rather than pL Xf

∞
.  

Let us introduce some basic knowledge on Littlewood-Paley theory and Besov 
spaces. 

Let ( )n
cCϕ ∞∈   be a radial positive function such that  
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( )3 8supp : , 2 1 for any 0.
4 3

n j

j Z
ϕ ξ ξ ϕ ξ ξ−

∈

 ⊂ ∈ ≤ ≤ = ≠ 
 

∑  

Define the frequency localization operators as follows:  

( ) ( ) ( ) ( )1 1; ,j j j j j ju D u u S u D u uϕ ϕ ξ ψ ψ ξ− −∆ = = = =     

here ( ) ( )2 j
jϕ ξ ϕ ξ−=  and 1j jk jψ ϕ

≤ −
= ∑ . 

By Bony’s decomposition, we can split the product uv  into three parts:  

( ), ,u vuv T v T u R u v= + +  

with  

( )1 1 1, , , .u j j j j j j j j
j j

T v S u v R u v u v v v v v− − += ∆ = ∆ ∆ ∆ = ∆ + ∆ + ∆∑ ∑    

Let us now define the Besov spaces as follows.  

Definition 2.1 For ns
p

<  (or ns
p

=  if 1r = ), s∈ , [ ], 1,p r∈ ∞  and 

( )nf ′∈  , we define the homogeneous Besov space ,
s
p rB  as  

( ) ( )
,

1

, : 2 .s pp r

r
rs n n jsr

p r jB L
j

B f f f
∈

   ′= ∈ = ∆ < ∞  
   
∑






    

Here the norm changes normally when p = ∞  or r = ∞ , and   is the set 

of all polynomials. If k ∈  and 1n nk s k
p p
+ ≤ ≤ + +  (or 1ns k

p
= + +  if 

1r = ), then ,
s
p rB  is defined as the subset of distributions ( )nf ′∈   so that 

,
s k
p rf Bβ −∂ ∈   when kβ = .  

Definition 2.2 For 0 T< ≤ ∞ , ( )ns s
p

≤ ∈ , 1 , ,p r ρ≤ ≤ ∞ , we set (with 

the usual convention if r = ∞ )  

( ) ( ),

1

0, ;
: 2 .s pp rT

rrjsr
jL B L T L

j Z
f fρ ρ

∈

 
= ∆ 
 
∑

 

 

We then define the space ( )( ),0, ; s n
p rL T Bρ

    as the set of temperate distri-

butions f over ( )0, nT ×  such that lim 0j jS f→−∞ =  in ( )( )0, nS T′ ×  and 

( ),
s
p rTL Bf ρ < ∞

 

.  

Lemma 2.3 [16] Let   be a ball, and   a ring in n . There exists a con-
stant C such that for positive real number λ , any nonnegative integer k and any 
couple of real numbers ( ),p r  with 1 p r≤ ≤ ≤ ∞ , we know  

( )
1 1

1supp sup ,pr

k n
p rk

k LL
f f C fα

αλ λ
 

+ − 
+  

=⊂ ⇒ ∂ ≤       (4) 

( ) 1 1supp sup .p pr
k k k k

kL LL
f C f f C fα

αλ λ λ− − +
=⊂ ⇒ ≤ ∂ ≤    (5) 

Lemma 2.4 [16] Let f be a smooth function on { }\ 0n  which is homoge-
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neous of degree m. Then for any s∈ , 1 ,p q≤ ≤ ∞ , and ns m
p

− < , or 

ns m
p

− =  and 1q = , the operator ( )f D  is continuous from ( ),
s n
p qB   to 

( ),
s m n
p qB −
  .  

Lemma 2.5 [17] Let   be a ring in n . There exist two positive constants 
κ  and   such that for any [ ]1,p∈ ∞  and any couple ( ),t λ  of positive real 
numbers, we have  

( )supp e e .p
p

t t
LL

f f f
α ακλλ Λ −⊂ ⇒ ≤             (6) 

3. The Case 1 2α< ≤ : Well-Posedness, Regularity and Time  
Decay  

In this chapter we will demonstrate well-posedness and Gevrey analyticity of 

Equation (1) in critical Besov spaces 
2 2

,

n m
p

p rB
α− + + −

  for 1 2α< ≤ . Let 2n ≥ , 

1 2α< ≤ . Suppose ( )
2 2

0 ,

n m
np

p ru B
α− + + −

∈   . When 1 ,p r≤ ≤ ∞ , let us prove the 

above properties.  

3.1. The Case p1≤ < ∞ : Well-Posedness 

First of all, we give a priori estimate for the following fractional dissipative equa-
tion:  

( ) ( )0

, , 0,

,0 , .

n
t

n

u u f x t

u x u x x

α∂ + Λ = ∈ >


= ∈





                 (7) 

Proposition 3.1 ([4]) Let s∈ , 11 , ,p r ρ≤ ≤ ∞  and 0 T< ≤ ∞ . There ex-
ists a constant 0C >  depending only on α  and n such that for any 

1ρ ρ≤ ≤ ∞ , we have  

1 1, ,,0 .ss
s

p r p rp rT TL B L BBu C u f αα α
ρρ ρρ

+ −+   
  
  

      

 
 ≤ +
 
 

   

             (8) 

Next we present the following vital bilinear estimates.  
Lemma 3.2 Let 0s > , 0ε > , 2 1 0m ε− + > , 1 p≤ < +∞ ,  

1 21 , , ,r ρ ρ ρ≤ ≤ +∞  with 
1 2

1 1 1
ρ ρ ρ
= + . There holds  

( )
( ) ( )

1 2
1 2

, ,,

.nm
s ps p r p rT Tp rT

m
L B L BL B

u v u v ε
ρ ρερ

− + −
+

−  
 
 
 
 

∇ −∆
   

 

           (9) 

Proof. According to Bony’s paraproduct decomposition, we find that  

( ) ( ) ( )

( )

1 1

1

1 2 3: .

m m m
j j j j

j Z j Z

m
j j

j Z j j

u v u S S u v

u v

I I I

− − −
′ ′ ′ ′− −

′ ′∈ ∈

−
′ ′′

′ ′ ′′∈ − ≤

∇ −∆ = ∆ ∇ −∆ + ∇ −∆ ∆

+ ∆ ∇ −∆ ∆

= + +

∑ ∑

∑ ∑  

https://doi.org/10.4236/jamp.2022.101008


W. L. Xiao, Y. Zhang 
 

 

DOI: 10.4236/jamp.2022.101008 96 Journal of Applied Mathematics and Physics 
 

Firstly, we estimate 1I . Applying Hölder’s inequality and Lemmas 2.3, 2.4, 
there holds  

( )
( )

( ) ( )
( )

( ) ( )

( ) ( )
( )

( )

1 2

21

21

21

1

1
4

1 2

4 2

1 2

4 2

4

2

2 2

2 2

p
T

p
T T

pp
TT

pp
TT

p
TT

m
j j j

j Z L L

m
j jL L L Lj j

nk m
p

j k L LL L
j j k j

nm k
pk

j k L LL L
j j k j

s jsj
j LL L

j j

u S v

u S v

u v

u v

u v

ρ

ρ ρ

ρρ

ρρ

ρρ

ε
ε

ε

∞

−
′ ′−

′∈

−
′ ′−

′− ≤

 
− + 

 
′

′ ′− ≤ ≤ −

 
− + − 

 
′

′ ′− ≤ ≤ −

′+′−
′

′− ≤

∆ ∆ ∇ −∆

∆ ∇ −∆

∆ ∆

∆ ∆

∆

∑

∑

∑ ∑

∑ ∑

∑








 1 2
,

.nm
p

p rB
ε− + − 

 
 
 
 



          (10) 

Multiplying (10) by 2sj  and taking rl -norm, we get  

( ) ( )
1 2

1 2
, , ,1 .nm

s s p
p r p r p rT T TL B L B L BI u v ε

ρ ρρ ε
− + −

+
 
 
 
 
 

     

                (11) 

Similarly, for 2I , utilizing Hölder’s inequality and Lemmas 2.3, 2.4, when 
2 1 0m ε− + > , we find that  

( ) ( )
1 2

1 2
, , ,2 .nm

s s p
p r p r p rT T TL B L B L BI u v ε

ρ ρρ ε
− + −

+
 
 
 
 
 

     

                (12) 

Now we deal with the term 3I . For one thing, we premeditate the case of 
2 p≤ < ∞ , firstly using Bernstein’s inequality, then by Hölder’s inequality with 
2 1 1
p p p
= + ,  

( )
( )

( )
( ) ( )

( ) ( )
( )

1 2
0

1 2
21 ,

0

1

1 2

1
2 2 2 2

2 2 2 .

p
T

p p
T T

nm
pp p rTT

m
j j j

j Z j j L L

n nn s j m jj s jp pp
j jL L L L

j j N j j

ns j j
s jpsj

j L BL L
j j N

u v

u v

u v

ρ

ρ ρ

ε
ρρ

ε
ε

ε − + −

−
′ ′′

′ ′ ′′∈ − ≤

   ′ ′′− − − + −   ′+   
′ ′′

′ ′ ′′≥ − − ≤

  ′− + −  ′+−   
 ′
 ′≥ −  
 

∆ ∆ ∇ −∆ ∆

∆ ∆

∆

∑ ∑

∑ ∑

∑
 





  (13) 

For another case: 1 2p≤ < , 2 p′< ≤ ∞ , 1 1 1
p p
+ =

′
, firstly using Bernstein’s 

inequality, then by Hölder’s inequality, and exploiting Bernstein’s inequality 
again,  

( )
( )

( )
( ) ( )

( ) ( )
( )

1 2
0

1 2
21 ,

0

1

1 2

1
2 2 2 2

2 2 2

p
T

p p
T T

nm
pp p rTT

m
j j j

j Z j j L L

n n nj n n s j m j
s jp p p

j jL L L L
j j N j j

nn s j j
s jpsj

j L BL L
j j N

u v

u v

u v

ρ

ρ ρ

ε
ρρ

ε
ε

ε − + −

−
′ ′′

′ ′ ′′∈ − ≤

     ′ ′′− − − + − + −     ′+     
′ ′′

′ ′ ′′≥ − − ≤

  ′− − + −  ′+−   
′
′≥ − 


∆ ∆ ∇ −∆ ∆

∆ ∆

∆

∑ ∑

∑ ∑

∑
 



 .




(14) 
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Under the assumption of Lemma 3.2, we have  

0, 0.n ns n s
p p

+ > − + >  

Therefore we deduce from the estimate (13)-(14) that for all 1 p≤ < ∞ ,  

( ) ( )
1 2

1 2
, ,,3 .nm

ss p
p r p rp r T TT L B L BL BI u v ε

ρ ρρ ε
− + −

+
 
 
 
 
 

    

  

  
Now we are in a position to prove well-posedness of the system (1) in the case 

that 1 2α< ≤  and 1 p≤ < ∞ .  

Theorem 3.3 Let 1 p≤ < ∞ , 
1 2

2 2 1 1α
α ρ ρ
−

= + , 1 2 ns m
p

= − +  and 

1

1 αε α
ρ

= − + . Then we have a ( )* *
0 0T T u= >  such that the system (1) has a 

unique solution *T
u∈ , where  

( ) ( )( ) ( )( )1 1 2 2
*

2 2
* * *

, , ,: 0, ; 0, ; 0, ;
n m

s sn n np
p r p r p rT

L T B L T B L T B
α

ρ ρ
− + + −

∞
 
 =
 
 

     

     

with  

1 2
1 2 1 2

1 1 12 2 , 2 2 , .n ns m s m
p p

α αα α
ρ ρ ρ ρ ρ

= − + − + = − + − + + =  

If *T < ∞ , we have  

( ) ( )1 21 2, ,* *
.s s

p r p r
T T

L B L Bu ρ ρ = ∞
   



 

Furthermore, if the initial value 0u  is small enough in ( )
2 2

,

n m
np

p rB
α− + + −

  , 
then *T = ∞ .  

Proof. Define the map  

( ) ( ) ( )( )0 0
: e e d .

t mttu t u u u
αα τ τ−− − Λ− Λ→ − ∇⋅ ∇ −∆∫          (15) 

in the metric space [ ]( )0,I T= :  

( ) ( ) ( ) ( ) ( ){ }1 2 1 21 2 1 2, , , ,
:= : , , :s s s s

p r p r p r p rT T T T
T L B L B L B L Bu u d u v u vρ ρ ρ ρη≤ = −

       

 

D  

with  

1 2
1 2

2 2 , 2 2 .n ns m s m
p p

α αα α
ρ ρ

= − + − + = − + − +  

Exploiting Proposition 3.1 and Lemma 3.2 by choosing 
2 2
αρ
α

=
−

, for any 

, Tu v∈D , we get  

( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( ) ( )

1 21 2, ,

1 2
2 21 21 2 ,, ,

1 21 21 2 , ,1 2, ,

0

2
0

e

e ,

s s
p r p rT T

nm
ps s

p rp r p r TT T

s s
s s p r p rT Tp r p rT T

L B L B

mt

L BL B L B

t
L B L BL B L B

u

u u u

u u

ρ ρ

α
α

ρ ρ α

α
ρ ρ

ρ ρ

− +
−

−− Λ  
 
 
 
 

− Λ

+ ∇ −∆

+

   



 

   



   



   









        (16) 
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and  

( ) ( )( ) ( ), , .d u v d u vη                      (17) 

Now by the standard contraction mapping argument ([16]), there exists a 
unique solution Tu∈D  for T small appropriately. And from Proposition 3.1, 
we get  

( ) ( )
2 2 2 2 2 2

1 21 2, , , , ,

2 2
0 .n n nm m m

s sp p p
T p r p r p r p r p rT TL B B L B L B Bu u u uα α α

ρ ρ η− + + − − + + − − + + −
∞
 
 
 
 
 

+ +
       



   

Thus the solution u can be extended to the maximum time *T , we have  

( ) ( )2 2
* * *1 1 2 2

, , ,0, ; 0, ; 0, ; .
n m s sp

p r p r p ru L T B L T B L T B
α ρ ρ− + + −

∞
 

∈   
 

     

   

If *T < ∞  and ( ) ( )1 21 2, ,
s s
p r p rT TL B L Bu ρ ρ < ∞

   



, we need to premeditate the following 
integral equation  

( ) ( ) ( ) ( ) ( )( )e e d .
t mt T t

T
u t u T u u

α ατ τ−− − Λ − − Λ= − ∇ ⋅ ∇ −∆∫  

Similarly, we show that  

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

* *1 21 2, ,

* ** * 1 21 21 21 2 , ,, ,

, ; , ;

2

, ; , ;, ; , ;
.

s s
p r p rT T

s ss s
p r p rT Tp r p rT T

L T T B L T T B

L T T B L T T BL T T B L T T B

u t

u T u

ρ ρ

ρ ρρ ρ≤ +

   



   

   





 

Using the contraction mapping argument as in (16), the solution exists on 
*,T T   . Taking T closed to *T  and by the local existence, the solution exists 

on some time larger than *T , which contradicts the maximum time *T . Be-
sides, we can take T = ∞  in (16) and (17) if 2 2

,0
n m
p

p rBu α− + + −


 is small enough. 
Thus we proved Theorem 3.3.   

3.2. The Case 1 2α< <  and p = ∞ : Well-Posedness 

In this part, we study the endpoint case p = ∞ . The crucial bilinear estimates 
are as follow.  

Lemma 3.4 For 1 2α< < , 1m ≥ , we have  

( )
( ) ( ) ( )2 2 1 2 21 3 2 ,1 ,1,1

.m mm t tt

m
L B L BL B

u v u vαα ∞ − + − −− − ∞ ∞∞

−∇ −∆
   

 

           (18) 

Proof. We consider the following the estimation of 1I :  

( ) ( )
( ) ( )

( )
( ) ( )( ) ( )

( ) ( )

1 1

2 21 ,1

1 2 2
1

4 2

2 3 2 3 2 2

4

2 2

2 2 2 .

tt t

m
tt

k m k
j j k L LL L L L

j j k j

m j m j j m j
j L BL L

j j

I u v

u v α

α α

α α

∞ ∞∞ ∞

∞ − + −∞ ∞

− − + −
′

′ ′− ≤ ≤ −

′ ′+ − + − − −
′

′− ≤

∆ ∆ ∆

∆

∑ ∑

∑
 




 

Therefore, according to Definition 2.2, there holds  

( ) ( ) ( )1 3 2 2 2 1 2 2
,1 ,1 ,11 .m m m

t t tL B L B L BI u vα α− − ∞ − + − −
∞ ∞ ∞

     

                (19) 

In the same way, for 2I , when 1m ≥ , we obtain  

( ) ( ) ( )1 3 2 2 2 1 2 2
,1 ,1 ,12 .m m m

t t tL B L B L BI u vα α− − ∞ − + − −
∞ ∞ ∞

     

               (20) 
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Now we treat with 3I .  

( ) ( )
( ) ( )

( )
( ) ( )( ) ( )

( ) ( )

1 1

0

2 21 ,1
0

1 2 2
3

1

2 3 2 3 2 2

2 2

2 2 2 .

t t t

m
tt

j m j
j j jL L L L L L

j j N j j

m j m j j m j
j L BL L

j j N

I u v

u v α

α α

α α

∞ ∞ ∞ ∞

∞ − + −∞ ∞

′′ ′′− − + −
′ ′′

′ ′ ′′≥ − − ≤

′ ′+ − + − − −
′

′≥ −

∆ ∆ ∆

∆

∑ ∑

∑
 




 (21) 

Under the hypothesis 1 2α≤ < , we have 2 3 0mα + − < . Hence considering 
the estimate (21), and multiplying ( )3 22 m jα− −  to the resulting inequality, then 
taking 1l  norm yields  

( ) ( ) ( )2 2 1 2 21 3 2
,1 ,1,13 .m mm

t tt L B L BL BI u vαα ∞ − + − −− −
∞ ∞∞

    

                 (22) 

Due to (19), (20) and (22), we come to the (20). The proof of Lemma 3.9 is 
done.   

Theorem 3.5 Let 1 2α< <  and p = ∞ . Assume that 2 2
,10 mBu α− + −

∞


 is small 
enough. When 3 2 0mα− − > , then there is a unique solution to this system (1) 
that satisfies  

( )( ) ( )( )2 2 1 2 2
,1 ,10, ; 0, ; .m n m nu L B L Bα∞ − + − −

∞ ∞∈ ∞ ∞   

   

Proof. To proving Theorem 3.5, we consider the space  

( ) ( )2 2 1 2 2
,1 ,1

m m
t tL B L Bα∞ − + − −

∞ ∞
   

 . From the mapping (15), Proposition 3.1 and Lemma 
3.4, one has  

( ) ( ) ( ) ( )
( )

( ) ( )

2 22 2 1 2 2 1 3 2,1,1 ,1 ,1

2 2 1 2 22 2
,1 ,1,1

0

2
0 .

mm m mt t t

m mm
t t

m
BL B L B L B

L B L BB

u u u u

u u

αα α

αα

− + −∞ − + − − − −∞∞ ∞ ∞

∞ − + − −− + −
∞ ∞∞

−+ ∇ −∆

+



   



 

   



 


    (23) 

Applying the standard contraction mapping argument as before, we can show 
that system (1) confesses a unique solution in ( ) ( )2 2 1 2 2

,1 ,1
m m

t tu L B L Bα∞ − + − −
∞ ∞∈    

  if 
2 2

,10 mBu α− + −
∞


 is sufficiently small.   

3.3. The Case p1< < ∞ : Gevrey Analyticity 

In this part, we calculate analyticity of system (1) with initial data in 
2 2

,

nm
p

p rB
α− + − +

  
for 1 2α< ≤  and 1 p< < ∞ . At the very beginning, let’s review the following 
three results.  

Lemma 3.6 (Lemma 3.2 in [18]) We consider the operator  

( )
1 11

1

: e
t s s t

E
α αα

α

 
 − − + − Λ 
  =  for 0 s t≤ ≤ . Then Eα  is either the identity operator or 

is the Fourier multiplier with 1L  kernel whose 1L -norm is bounded indepen-
dent of s and t.  

Lemma 3.7 (Lemma 3.3 in [18]) Assume that the operator 
1

1
1
2: e

t t
F

αα

α

Λ − Λ
=  

for 0t ≥ . Then Fα  is the Fourier multiplier which maps boundedly p pL L→  
for 1 p< < ∞ , and its operator norm is uniformly bounded with respect to 

0t ≥ .  
Lemma 3.8 (Proposition 3.5 in [15]) Let s∈ , 1 p< < ∞ , 11 ,r ρ≤ ≤ ∞  
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and 0 T< ≤ ∞ . Assume that ( )0 ,
s n
p ru B∈    and ( )

1

1 1 1
,e

s
t n

T p rf L Bα
α α

ρ ρ
+ −

Λ
 
 ∈
 
 

 

 . 

Then (7) has a unique solution 
1

1

1 ,e
s

t
T p ru L Bα

α
ρ ρ

ρ ρ

+
Λ

≤ ≤∞

 
∈   

 
 



. In addition, there 

exists a constant 0C >  depending only on α  and n so that for any 

1ρ ρ≤ ≤ ∞ , we see  

1 1

11 1 1, ,,0e e .ss
t ts

p r p rp rT TL B L BBu C u f αα αα αρρ ρρ
+ −+

Λ Λ
   
   
   
   
   

 
 ≤ +  
 

   

           (24) 

Let’s take 
1

1 ,et s
p rTL Bf αρ Λ

 
 
 
 
 

 

 represent for 
( )

1

1

,

e
s
p rT

t

L B

fα

ρ

Λ

 

. Now we employ the 

operator 
1

1etα Λ  to certificate a result similar to Lemma 3.2.  

Lemma 3.9 Let 0s > , 1 p< < +∞ , 1 21 , , ,r ρ ρ ρ≤ ≤ +∞  with 
1 2

1 1 1
ρ ρ ρ
= + . 

Then for any 0ε > , 0 T< ≤ ∞ , there holds  

( ) 1 11 1 2
1 21 11 , ,,

e ee
.nm

t ts pt s p r p rT Tp rT

m
L B L BL B

u v u v εα αρ ρεαρ
− + −

Λ Λ+Λ

−                         

∇ −∆
   

 

       (25) 

In addition, if we choose 0ε = , then (25) also holds for 1r = .  

Proof. Set ( ) ( ) ( ) ( )
1 1

1 1e , et tU t u t V t v tα αΛ Λ= = . Then according to the idea of 
Lemma 3.2, firstly, by Bony’s paraproduct decomposition to get  

( )( ) ( )

( )

( )

1 1 1 1

1 1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

1

1

1

1 2 3

e e e e

e e e

e e e

: .

m mt t t t
j j

j Z

mt t t
j j

j Z

mt t t
j j

j Z j j

u v U S V

S U V

U V

J J J

α α α α

α α α

α α α

− −Λ Λ − Λ − Λ
′ ′−

′∈

−Λ − Λ − Λ
′ ′−

′∈

−Λ − Λ − Λ
′ ′′

′ ′ ′′∈ − ≤

∇ −∆ = ∆ ∇ −∆

+ ∇ −∆ ∆

+ ∆ ∇ −∆ ∆

= + +

∑

∑

∑ ∑

 

To estimate the items ( )1,2,3iJ i = , we draw support a thought in [19] and 
[20] and find the coming bilinear operator ( )B ,t f g  of the descriptor  

( )

( )
( ) ( ) ( ) ( )

1 1 1

1 1 1

1

1 1 1

B , : e e e

1 ˆ ˆe e d d .
2

n n

t t t
t

tix
n

f g f g

f g

α α α

α ξ η ξ ηξ η ξ η ξ η

Λ − Λ − Λ

+ − −⋅ +

 
=   

 

=
π

∫ ∫ 

 

Based on the symbols jξ , jη , and j jξ η+ , we can split the integration do-
main into subdomains. For ( )1, , nζ ζ ζ=  , ( )1, , nµ µ µ=  ,  

( )1, , n
nν ν ν= ∈   such that iζ , iµ , { }1,1iν ∈ − , we define  

{ }: : 0, 1, 2, , ,i iD i nζ η ζ η= ≥ =   
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{ }: : 0, 1, 2, , ,i iD i nµ ξ ξ µ= ≥ =   

( ){ }: : 0, 1, 2, , .i i iD i nν ξ η ν ξ η= + + ≥ =   

Dχ  is a characteristic function on the domain D. Next we redefine ( )B ,t f g  
as  

( )
( )

( ) ( ) ( ) ( )
1

1 1 11 ˆ ˆB , : e e d d .
2

n n

tix
t D D Dnf g f g

α

ν µ ζ

ξ η ξ ηξ η χ χ ξ χ η ξ η+ − −⋅ +=
π

∫ ∫ 
 

By this way, we bring in the monodimensional operators:  

( )

( )

1 0

0
1

1 ˆ: e d ,
2

1 ˆ: e d ,
2

ix

ix

K f f

K f f

ξ

ξ

ξ ξ

ξ ξ

∞ ⋅

⋅
− −∞

=
π

=
π

∫

∫
 

and  

( )

1 2

1

1
1 2

, , 1 2

2
, , 1 2

: if 1,

1 ˆ: e e d if 1.
2

t

tix
t

L f f

L f f
α

ε ε

ξξ
ε ε

ε ε

ξ ξ ε ε
∞ −⋅

−∞

= =

= = −
π ∫

 

Furthermore for 0t > , we have the operator  

1 1 1, , , , , ,: .
n n nt t tZ K L K Lζ µ µ ζ µ µ ζ µ= ⊗ ⊗                (26) 

The above tensor product (26) means that the j-th operator acts on the j-th 
variable of the function ( )1, , nf x x . By calculation we have the following 
identity:  

( )
{ }

( )1
3

, , , ,
, , 1,1

B , .
n

n
t t tf g K K Z fZ gµ µ ζ µ ζ ν

ζ µ ν ×∈ −

= ⊗ ⊗∑ 
 

Observing that for Dνξ η+ ∈ , Dµξ ∈  and Dζη ∈ , ( )
1

1 1 1etα ξ η ξ η+ − −  have 
to be a member of the following set:  

1 1 1

1 1 12 2 2: 1,e ,e ,e , 1, 2, , .i i it t t i n
α α αξ η ξ η− + − −

  = = 
  

  

Notice that Dζ
χ , Dµ

χ , Dν
χ  and the elements in   are Fourier multipliers 

in pL  for 1 p< < ∞ , and the operators Kµ  and , ,tZ ζ µ  are combination of 
identity operators and those Fourier multipliers. It is clear that the operators 
Kµ  and , ,tZ ζ µ  are bounded linear operators on pL  with 1 p< < ∞ , and the 
relevant operator norm of , ,tZ ζ µ  is bounded independent of 0t ≥ . Moreover, 
for 1 21 , ,p p p< < ∞ , we have  

( ) 1 2, , , ,

1 2

B ,

1 1 1with .

p pp pt t t L LL L
f g Z fZ g f g

p p p

ζ µ ζ ν

= +

 
 

Because of the new restriction of the bilinear operator ( )B ,t f g , we can do 
prove Lemma 3.9 based on Lemma 3.2. In fact, let’s take the example of 1J :  
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( ) ( )( )
( )

( )( ) ( )

( ) ( )
( )

( ) ( )

1

1 2

21

1 1

, , , , 1
4

, , , , 1
4

1 2

4 2

4

B ,

2 2

p
T p

T

n p
T

p
T T

pp
TT

m
j j t j jL L

j L L

m
t j t j

L Lj j

m
t j t jL L L Lj j

nk m
pk

j k L LL L
j j k j

j j

J U S V

K K Z UZ S V

Z U Z S V

U V

ρ
ρ

ρ

ρ ρ

ρρ

µ µ ζ µ ζ ν

ζ µ ζ ν

ε
ε

∞

−
′ ′−

′∈

−
′ ′−

′− ≤

−
′ ′−

′− ≤

 
− + − 

 
′

′ ′− ≤ ≤ −

′− ≤

∆ = ∆ ∆ ∇ −∆

⊗⋅⋅⋅⊗ ∆ ∇ −∆

∆ ∇ −∆

∆ ∆

∑

∑

∑

∑ ∑

∑









 ( )
( )

1 2
21 ,

2 2 .nm
pp p qTT

j ssj
j L BL L
U V ε

ρρ
ε − + −′ +′−  

 ′
 
 
 

∆
 

 

The rest of terms are similarly estimated. Therefore, we get the estimated 
formula (25).   

Theorem 3.10 Let 1 p< < ∞ . Then the solution obtained in Theorem 3.3 sa-
tisfies  

1

1
*e .t

T
uα Λ ∈                           (27) 

What is more, if ( )
2 2

0 ,

n m
np

p ru B
α− + + −

∈    is small enough, then *T = ∞ .  

Proof. Taken together with Lemma 3.8 and Lemma 3.9, using the mapping 
(15), we get  

( )

( ) ( )
( )

( ) ( )

1 1
11 21 1 2, ,

1

11 1
11 21 1 2, ,1 21 2, ,

1 21 2, ,

e e

0
e e

2
0

e

e

tt s s
p r p rT T

tt s s
p r p rT Ts s

p r p rT T

s s
p r p rT T

L B L B

mt t

L B L B
L B L B

t

L B L B L

u

u u u

u u

αρ ρ α

αα

αρ ρ α
ρ ρ

α

ρ ρ

ΛΛ

ΛΛ

              

−Λ − Λ               

− Λ

+ ∇ −∆

+

   



   



   



   









 1 1
11 21 1 2, ,

2

e e

.
tt s s

p r p rT TB L Bαρ ρ α
ΛΛ

              

  



 

Based on estimate the above estimate and the contraction mapping argument, 
we accomplish the proof.  

3.4. The Case 1 2α< <  and p = ∞ : Gevrey Analyticity 

Theorem 3.11 Let 1 2, pα< < = ∞ . Then the solution obtained in Theorem 
3.5 satisfies  

( )( ) ( )( )
1

1 2 2 1 2 2
,1 ,1e 0, ; 0, ; .t m n m nu L B L Bα αΛ ∞ − + − −

∞ ∞∈ ∞ ∞   

           (28) 

Proof. Suppose ( ) ( )
1

1: etU t u tα Λ= . Then ( )U t  meets the following integral 
equation  

( ) ( ) ( )
11 1 1

11 1 1
0 0

e e e e d .
t mt tt tU t u U U

αα αα α ατ τ τ τ−Λ − − ΛΛ − Λ − Λ − Λ
  

= − ∇ ⋅ ⋅ ∇ −∆      
∫  (29) 
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Since the symbol 

1

1 2e
tt αα ξ ξ−

 is uniformly bounded for all ξ  and decays ex-

ponentially for 1ξ  , the Fourier multiplier 
1

1
1
2: e

t t αα

α

Λ − Λ
=F  maps uniformly 

bounded from L∞  to L∞  for all 0t ≥ . Using Young’s inequality, there holds  

( ) ( ) ( ) ( )

1

1
2 2

,1
2 2 1 2 22 2 1 2 2

,1 ,1,1 ,1

1
2

0 0 0e e .m

m mm m
t tt t

tt t
B

L B L BL B L B

u u u
ααα

α

αα

− + −
∞

∞ − + − −∞ − + − −
∞ ∞∞ ∞

− ΛΛ − Λ


   

   





   

For the nonlinear part, although the operators Kζ  and , ,tZ ζ µ  don’t map 
L∞  to L∞  bounded, these operators are bounded in L∞  when localized in 
dyadic blocks. Based on the calculations line from (19) to (22) and by the con-
tinuing the same line as the proof of Lemma 3.9, and notice that Lemma 3.9, we 
have  

( )

( )

1 1

2 2 1 2 21 1,1 ,1

2 2 1 1,1
2 2 1 2 21 1,1 ,1

e e

2
0

e e

.

t tm m
t t

m

t tm m
t t

L B L B

B
L B L B

u t

u u t

α αα

α

α αα

Λ Λ∞ − + − −
∞ ∞

− + −
∞

Λ Λ∞ − + − −
∞ ∞

   
   
   
   
   

   
   
   
   
   

+

   





   



  

This finishes the proof, as expected.   

3.5. Decay Rate of Solution 

In this part, we concentrate on the decay rate estimates of solutions gained in 
Theorem 3.3, Theorem 3.5, Theorem 3.10 and Theorem 3.11. The proof is based 
on the following consequence.  

Lemma 3.12 ([15]) For all 0σ ≥  and 1 2α< ≤ , the operator 
1

1e tασ − ΛΛ  is 
the convolution operator with a kernel ( ) ( )1 nK t Lσ ∈   for all 0t > . Moreo-
ver  

( ) 1 ,
L

K t C t
σ
α

σ σ

−
≤                        (30) 

where 1
1: e

L
C σ
σ

−Λ= Λ .  
Now we have show that if the initial data 0u  is small enough in critical Besov 

spaces 
2 2

,

n m
p

p rB
α− + + −

  for either 1 2α< ≤ , 1 p< < ∞  and 1 r≤ ≤ ∞  or 

1 2α< < , p = ∞  and 1r = , then the solution is in the Gevrey class. As a result, 
we obtain the time decay of global mild solution for all 0σ ≥  in Besov spaces:  

( ) ( )

( )

1 1

1 12 2
2 2,

,

1

1

2 2
,

2 2
,0

e e

e

.

n m
p n mp r

p
p r

n m
p

p r

n m
p

p r

t t

B
B

t

B

B

u t u t

C t u t

C t u

α α
α

α

α

α

α

σ σ

σ
α

σ

σ
α

σ

− + + −

− + + −

− + + −

− + + −

− Λ Λ

− Λ

−

Λ = Λ

≤

≤








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This proof is done.  

4. The Case 1α = : The Proof of Theorem  
In this part, we will prove the case 1α =  for the system (1) with initial data in 

critical spaces ( )
1 2

,1 1
nm
p

pB p
− +

≤ ≤ ∞ . 

4.1. The Case p1≤ < ∞ : Well-Posedness 

For any initial data 
1 2

0 ,1

nm
p

pu B
− +

∈  , we think the resolution space 
1 2

,1

nm
p

t pL B
− +

∞
 
  
 

  . 

Slightly modifying the proof Lemma 3.4, we obtain the consequence as follows.  

Lemma 4.1 For any 
2 1

,1,
nm
p

t pu v L B
− + +

∞
 

∈   
 

  , when 1 1 1min ,
2 2 2 2

n nm
p

 
< < + + 

 
, 

we find  

( ) 2 1 2 12 1
,1 ,1,1

.n nn m mm p pp t tp pt p

m
L B L BL B

u v u v− + + − + +− + + ∞ ∞∞

−                         

∇ −∆
   

 

          (31) 

Proof. Firstly, we calculate the estimation of 1I :  

( ) ( ) ( )

( )
2 1

,1

2 1

1
4 2

4

2

.

pp p tt t

nm
pp t pt

nk m
p

j j k L LL L L L
j j k j

j L BL L
j j

I u v

u v

∞∞ ∞

− + +
∞∞

 
− + + 
 

′
′ ′− ≤ ≤ −

 
 ′  ′− ≤  
 

∆ ∆ ∆

∆

∑ ∑

∑
 




        (32) 

Multiplying 
2 1

2
nm j
p

 
− + + 
   to (32), then taking 1

  norm to the resulting in-
equality, we obtain  

2 1 2 1 2 1

,1 ,1 ,1
1 .n n nm m m

p p p
t t tp p pL B L B L BI u v− + + − + + − + +
∞ ∞ ∞
     
     
     
     
     

     

  

Meanwhile, for 2I , we obtain  

2 1 2 1 2 1

,1 ,1 ,1
2 .n n nm m m

p p p
t t tp p pL B L B L BI u v− + + − + + − + +
∞ ∞ ∞
     
     
     
     
     

     

  

Now we treat with 3I . We discuss in two situations. One is the case of 
2 p≤ < ∞ :  

( ) ( ) ( )

( )

( )

0

2 1

,1
0

2 1

3
1

22 1 2 1 2 1

2 2

2 2 2 ,

p p p
t t t

nm
pp t pt

nn m jj
pp

j j jL L L L L L
j j N j j

n n nm j m j j m j
p p p

j L BL L
j j N

I u v

u v

∞ ∞ ∞

− + +
∞∞

  ′′− + 
 

′ ′′
′ ′ ′′≥ − − ≤

     ′ ′− − − − + + − − + +              ′  ′≥ −  
 

∆ ∆ ∆

∆

∑ ∑

∑
 




 

the other is that 1 2p≤ < , and satisfies that 2 p′≤ ≤ ∞  and 1 1 1
p p
+ =

′
, that is  
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( )

( )( )
( )

2 1

,1
0

3

1 2 2 1
2 12 2 2 .

p
t

nm
pp t pt

j L L

n nm j m j
n m j jp p

j L BL L
j j N

I

u v

∞

− + +
∞∞

    ′− − + − + +   ′− − + −       ′  ′≥ −  
 

∆

∆∑
 


 

Multiplying ( )3 p
t

j L L
I ∞∆  by 

1 2
2

nm j
p

 
− + 

   and taking 1
  norm to them, we get  

2 1 2 12 1

,1 ,1,1
3 .n nn m mm

p pp
t tt p pp L B L BL BI u v− + + − + +− + +
∞ ∞∞
    
    
    
    
    

    

  

  
Theorem 4.2 Let 1 p≤ < ∞ . Then there exists a sufficiently small 1 2

,1
0

n m
p
pBu + −


 

such that the system (1) has a unique solution ( )
1 2

,10, ;
n m

np
pu L B
+ −

∞
 

∈ ∞  
 

   .  

Proof. According to the Proposition 3.1, Lemma 4.1 and the mapping (15), 
there holds  

( ) ( )1 21 2 1 2
,1,1 ,1

1 2

1 2,1

,1

0

2
0 .

nn nmm mpp pt pp t p

nm
p nmp p

t p

m
BL B L B

B
L B

u u u u

u u

− +− + − +∞ ∞

− +

− +
∞

−               

 
 
 
 
 

+ ∇ −∆

+



 

 



 

 


 

By the contraction mapping argument as before, the system (1) admits a 

unique solution in 
1 2

,1

nm
p

t pL B
− +

∞
 
  
 

   for small 1 2

,1
0

nm
p

pBu − +


.   

4.2. The Case p = ∞ : Well-Posedness 

In the case p = ∞ , the resolution space ( )1 2
,1

m
tL B∞ −

∞
   is not able to be adjusted to 

the system (1). We use the resolution space ( ) ( )1 2 1 2 2
,1 ,1

m m
t tL B L B∞ − −

∞ ∞
   

 .  

Theorem 4.3 Let p = ∞ . Assume that 1 2
,10 mBu −

∞


 is small enough. Then there 
is a unique solution to the system (1) that satisfies  

( )( ) ( )( )1 2 1 2 2
,1 ,10, ; 0, ; .m n m nu L B L B∞ − −

∞ ∞∈ ∞ ∞   

   

Proof. By Proposition 3.1,  

( ) ( ) 1 21 2 1 2 2 ,1,1 ,1
0 0e .mm m

t t

t
BL B L B

u u −∞ − − ∞∞ ∞

− Λ


   



                 (33) 

Next, through Lemma 3.4, we obtain  

( )
( ) ( ) ( )1 2 1 2 21 2 2 ,1 ,1,1

2 .m mm t tt

m
L B L BL B

u u u ∞ − −− ∞ ∞∞

−∇ −∆
   



 

              (34) 

Therefore think over the mapping (15), we infer from Proposition 3.1, (33) 
and (34) that  

( ) ( ) ( ) ( )
( )

( ) ( )

1 21 2 1 2 2 1 1 2,1,1 ,1 ,1

1 2 1 2 1 2 2
,1 ,1 ,1

0

2
0 .

mm m mt t t

m m m
t t

m
BL B L B L B

B L B L B

u u u u

u u

−∞ − − −∞∞ ∞ ∞

− ∞ − −
∞ ∞ ∞

−+ ∇ −∆

+



   



 

    



 


        (35) 
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Thus by the standard contraction mapping argument, system 1 admits a 
unique solution in ( )( ) ( )( )1 2 1 2 2

,1 ,1
m n m n

t tL B L B∞ − −
∞ ∞

   

   for small initial data 
1 2

,10 m
pBu −


.   

4.3. The Case p1< < ∞ : Gevrey Analyticity 

Theorem 4.4 Let 1 p< < ∞ . Then the solution acquired in Theorem 4.2 
meets  

( )
1

2 1
1 2

,1e 0, ; .n
n m

t np
pu L B
+ −

Λ ∞
 

∈ ∞  
 

    

Proof. The dissipation term e t− Λ  is not sufficiently strong to overcome the 
operator 1e t− Λ . Thus, we demand to define a more precise Gevrey operator. Be-

cause of 
1

1 1
2 2n

ξ ξ< , we choose  

( ) ( )1
1

2: e .
t

nU t u t
Λ

=  

So ( )U t  fulfills the integral equation as follows:  

( )
( )

( )1 1 1 1
1 1 1 1

2 2 2 2
0 0

e e e e d .
t t t tt mn n n nU t u U U

τ τ τ
τ

Λ − Λ Λ − − Λ − Λ − Λ −  
= − ∇ ⋅ ⋅ ∇ −∆      

∫   (36) 

Because the symbol 1
1 1

2 2e
t t

n
ξ ξ−

 is uniformly bounded and decays for any 

1ξ ≥ , the operator 1
1 1

2 2e
t t

n
Λ − Λ

 is a Fourier multiplier map pL  to pL  
(1 p< < ∞ ) with uniformly bound independent of t. By Proposition 3.1, there 
holds  

1 1 2

1 21 2 ,1

,1,1

1 1
2 2

0 0 0e e .nm
pnn mm ppp

tt pp

t t t
n

B
L BL B

u u u − +

− +− +
∞∞

Λ − Λ − Λ

  
  
  
     



  

        (37) 

With regard to the nonlinear term, we define  

( ) ( ) ( )1 1 1
1 1 1

2 2 2e e e .
t t t t

n n n
τ τ τ τΛ − − Λ − Λ − − Λ Λ

=  

Hence by the new boundedness properties of the operator 1
1 1

2 2e
t t

n
Λ − Λ

 and the 
bilinear operator ( ),t f g  of the form  

( ) 1 1 1
1 1 1

2 2 2, : e e e ,
t t t

n n n
t f g f g

Λ − Λ − Λ 
=   

 
  

we can get the Gevrey analyticity of the global solution as before. In fact, the 
corresponding operators Kζ

  and , ,tZ ζ µ
  are bounded independent of 0t ≥ , 

hence, in regard to 1 21 , ,p p p< < ∞ , 
1 2

1 1 1
p p p
= + , we have  

( ) 1 2, , , ,, .p pppt t t L LLL
f g Z fZ g f gζ µ ζ ν

     
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  

4.4. The Case p = ∞ : Gevrey Analyticity 

In order to resolve the Gevrey analyticity of the solution in the case p = ∞ , the 
following a priori estimate is true:  

( )
( ) ( )

( )
( ) ( )

1 1
1 2

,1
1 2 1 2 2 1 2 1 2 2

,1 ,1 ,1 ,1

21 1
2 2

0e e .m

m m m m
t t t t

t t
n n

B
L B L B L B L B

u t u u t−
∞

∞ − − ∞ − −
∞ ∞ ∞ ∞

Λ Λ
+



       

 

     (38) 

Theorem 4.5 Let p = ∞ . Then the solution is given in theorem 4.3 which sa-
tisfies  

( )( ) ( )( )
1

2 1 1 2 1 2 2
,1 ,1e 0, ; 0, ; .nt m n m nu L B L BΛ ∞ − −

∞ ∞∈ ∞ ∞   

           (39) 

Proof. Because from previous analysis, for 0t ≥ , we know  

( ) ( ) ( ) ( )

1
1 2

,1
1 2 1 2 21 2 1 2 2

,1 ,1,1 ,1

1 1
2 2

0 0 0e e .m

m mm m
t tt t

t t t
n

B
L B L BL B L B

u u u −
∞

∞ − −∞ − −
∞ ∞∞ ∞

Λ − Λ − Λ



      



      (40) 

With respect to the nonlinear part, we find out the bilinear operator 
( ),t f g  of the form  

( ) 1 1 1
1 1 1

2 2 2, e e e .
t t t

n n n
t f g f g

Λ − Λ − Λ 
=   

 
  

Although the above operator is not bounded from L L∞ ∞×  to L∞ , by the 
similar analysis as before, we can conclude the results line by line.   

4.5. Decay Rate of Solution 

In this part, we hold up the decay rate estimates of solutions gotten in Theorem 
obtained in the fourth part. On the strength of Lemma 3.12, we know that for all 

0σ ≥ , the operator 1
1

2e nσ − Λ
Λ  is the convolution operator with a kernel 

( ) ( )1 nK t Lσ ∈   for all 0t > . What’s more,  

( ) 1 ,
L

K t C t σ
σ σ

−≤                       (41) 

where 1

1

1
2: e n

L

C σ
σ

− Λ
= Λ . Theorem obtained in fourth part shows that if 

1 2

0 ,1

n m
p
pu B
+ −

∈   is sufficiently small, then the solution is in the Gevrey class. As a 
result, for 0σ ≥ , utilizing (41), we acquire  

( ) ( )

( )

1 1
1 2

1 2,1
,1

1

1 2

,1

1 2

,1

1 1
2 2

1
2

0

e e

e

.

n m
np mp p
p

n m
p
p

n m
p
p

t t
n n

B
B

t
n

B

B

u t u t

C t u t

C t u

σ σ

σ
σ

σ
σ

+ −
+ −

+ −

+ −

− Λ Λ

Λ−

−

Λ = Λ

≤

≤












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5. Conclusions 

In summary, we can get the following conclusions:  

Conclusion 5.1 Let 2n ≥ , 1 2α< ≤ . Suppose ( )
2 2

0 ,

n m
np

p ru B
α− + + −

∈   . When 

1 ,p r≤ ≤ ∞ , there exists the following results: 

(1) (Well-posedness for 1 p≤ < ∞ ) Let 1 p≤ < ∞ , 
1 2

2 2 1 1α
α ρ ρ
−

= + , 

1 2 ns m
p

= − +  and 
1

1 αε α
ρ

= − + . Then we have a ( )* *
0 0T T u= >  such that 

the system (1) has a unique solution *T
u∈ , where  

( ) ( )( ) ( )( )1 1 2 2
*

2 2
* * *

, , ,: 0, ; 0, ; 0, ;
n m

s sn n np
p r p r p rT

L T B L T B L T B
α

ρ ρ
− + + −

∞
 
 =
 
 

     

     

with  

1 2
1 2 1 2

1 1 12 2 , 2 2 , .n ns m s m
p p

α αα α
ρ ρ ρ ρ ρ

= − + − + = − + − + + =  

If *T < ∞ , we have  

( ) ( )1 21 2, ,* *
.s s

p r p r
T T

L B L Bu ρ ρ = ∞
   



 

Furthermore, if the initial value 0u  is small enough in ( )
2 2

,

n m
np

p rB
α− + + −

  , 
then *T = ∞ . 

(2) (Well-posedness for p = ∞ ) Let 1 2α< <  and p = ∞ . Assume that 
2 2

,10 mBu α− + −
∞


 is small enough. When 3 2 0mα− − > , then there is a unique solu-
tion to this system (1) that satisfies  

( )( ) ( )( )2 2 1 2 2
,1 ,10, ; 0, ; .m n m nu L B L Bα∞ − + − −

∞ ∞∈ ∞ ∞   

   

(3) (Analyticity for 1 p< < ∞ ) Let 1 p< < ∞ . Then the solution obtained in 
(1) satisfies  

1

1
*e .t

T
uα Λ ∈  

What is more, if ( )
2 2

0 ,

n m
np

p ru B
α− + + −

∈    is small enough, then *T = ∞ . 
(4) (Analyticity for p = ∞ ) Let 1 2α< < , p = ∞ . Then the solution ob-

tained in (2) satisfies  

( )( ) ( )( )
1

1 2 2 1 2 2
,1 ,1e 0, ; 0, ; .t m n m nu L B L Bα αΛ ∞ − + − −

∞ ∞∈ ∞ ∞   

   

(5) (Decay rate for 1 p< ≤ ∞ ) With any 0σ ≥ , 1 p< < ∞  or p = ∞  and 
1r = , the global solution acquired in (1) and (2) satisfies  

( ) 2 22 2
,,

0 ,nn mm pp p rp r BB
u t C t u αα

σ
σ α

σ
− + + −− + + −

−
Λ ≤





 

where 1
1: e

L
C σ
σ

−Λ= Λ .  

Corresponding to Conclusion 5.1, when 1α = , we can get the results as fol-
lows.  

https://doi.org/10.4236/jamp.2022.101008


W. L. Xiao, Y. Zhang 
 

 

DOI: 10.4236/jamp.2022.101008 109 Journal of Applied Mathematics and Physics 
 

Conclusion 5.2 Let 2, 1n α≥ =  and suppose ( )
1 2

0 ,1

n m
np

pu B
+ −

∈   . When 

1 p≤ ≤ ∞ , 
1 1 1min ,
2 2 2 2

n nm
p

 
< < + + 

 
, there exists results as follows: 

(1) (Well-posedness for 1 p≤ < ∞ ) Let 1 p≤ < ∞ . Then there exists a suffi-

ciently small 1 2

,1
0

n m
p
pBu + −


 such that the system (1) has a unique solution 

( )
1 2

,10, ;
n m

np
pu L B
+ −

∞
 

∈ ∞  
 

   . 

(2) (Well-posedness for p = ∞ ) Let p = ∞ . Assume that 1 2
,10 mBu −

∞


 is small 
enough. Then there is a unique solution to the system (1) that satisfies  

( )( ) ( )( )1 2 1 2 2
,1 ,10, ; 0, ; .m n m nu L B L B∞ − −

∞ ∞∈ ∞ ∞   

   

(3) (Analyticity for 1 p< < ∞ ) Let 1 p< < ∞ . Then the solution acquired in 
(1) meets  

( )
1

2 1
1 2

,1e 0, ; .n
n m

t np
pu L B
+ −

Λ ∞
 

∈ ∞  
 

    

(4) (Analyticity for p = ∞ ) Let p = ∞ . Then the solution is given in (2) 
which satisfies  

( )( ) ( )( )
1

2 1 1 2 1 2 2
,1 ,1e 0, ; 0, ; .nt m n m nu L B L BΛ ∞ − −

∞ ∞∈ ∞ ∞   

   

(5) (Decay rate for 1 p< ≤ ∞ ) With any 0σ ≥ , 1 p< < ∞  or p = ∞  and 
1r = , the global solution got in (1) and (2) fits  

( ) 1 21 2
,1,1

0 ,nn mm pp
pp

BB
u t C t uσ σ

σ
+ −+ − −Λ ≤





  

where 1

1

1
2: e n

L

C σ
σ

− Λ
= Λ .  
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