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Abstract 
We consider a three-electron system in the Impurity Hubbard model with a 
coupling between nearest-neighbors. Our research aim consists of studying 
the structure of essential spectrum and discrete spectra of the energy operator 
of three-electron systems in the impurity Hubbard model in the quartet state 
of the system in a ν -dimensional lattice. We have reduced the study of the 
spectrum of the three-electron quartet state operator in the impurity Hubbard 
model to the study of the spectrum of a simpler operator. We proved the es-
sential spectra of the three-electron systems in the Impurity Hubbard model 
in the quartet state is the union of no more than six segments, and the dis-
crete spectrum of the system is consists of no more than four eigenvalues. 
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1. Introduction 

In the early 1970s, three papers [1] [2] [3], where a simple model of metal was 
proposed that has become a fundamental model in the theory of strongly corre-
lated electron systems, appeared almost simultaneously and independently. In 
that model, a single nondegenerate electron band with a local Coulomb interac-
tion is considered. The model proposed in [1] [2] [3] was called the Hubbard model 
after John Hubbard, who made a fundamental contribution to studying the sta-
tistical mechanics of that system, although the local form of Coulomb interac-
tion was first introduced for an impurity model in metal by Anderson [4]. We 
also recall that the Hubbard model is a particular case of the Shubin-Wonsowsky 
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polaron model [5], which had appeared 30 years before [1] [2] [3]. In the Shu-
bin-Wonsowsky model, along with the on-site Coulomb interaction, the interac-
tion of electrons on neighboring sites is also taken into account. The Hubbard 
model is an approximation used in solid-state physics to describe the transition 
between conducting and insulating states. It is the simplest model describing 
particle interaction on a lattice. 

The Hubbard model and impurity Hubbard model is currently one of the most 
extensively studied multielectron models of metals [6] [7] [8] [9] [10]. But little 
is known about exact results for the spectrum and wave functions of the crystal 
described by the Hubbard model, and obtaining the corresponding statements is 
therefore of great interest. The spectrum and wave functions of the system of two 
electrons in a crystal described by the Hubbard Hamiltonian were studied in [6]. 
It is known that two-electron systems can be in two states, triplet and singlet [6] 
[7] [8] [9] [10]. It was proved in [6] that the spectrum of the system Hamiltonian 

tH  in the triplet state is purely continuous and coincides with a segment [ ],m M , 
and the operator sH  of the system in the singlet state, in addition to the con-
tinuous spectrum [ ],m M , has a unique antibound state for some values of the 
quasimomentum. For the antibound state, correlated motion of the electrons is 
realized under which the contribution of binary states is large. Because the sys-
tem is closed, the energy must remain constant and large. This prevents the elec-
trons from being separated by long distances. Next, an essential point is that bound 
states (sometimes called scattering-type states) do not form below the continuous 
spectrum. This can be easily understood because the interaction is repulsive. We 
note that a converse situation is realized for 0U < : below the continuous spec-
trum, there is a bound state (antibound states are absent) because the electrons 
are then attracted to one another. 

For the first band, the spectrum is independent of the parameter U of the 
on-site Coulomb interaction of two electrons and corresponds to the energy of 
two noninteracting electrons, being exactly equal to the triplet band. The second 
band is determined by Coulomb interaction to a much greater degree: both the 
amplitudes and the energy of two electrons depend on U, and the band itself 
disappears as 0U →  and increases without bound as U →∞ . The second band 
largely corresponds to a one-particle state, namely, the motion of the doublet, 
i.e., two-electron bound states. 

The spectrum and wave functions of the system of three electrons in a crystal 
described by the Hubbard Hamiltonian were studied in [11]. 

The spectrum of the energy operator of system of four electrons in a crystal 
described by the Hubbard Hamiltonian in the triplet state was studied in [12]. 
The four-electron system exists quintet state, and three type triplet states, and 
two type singlet states. The spectrum of the energy operator of four-electron 
systems in the Hubbard model in the quintet, and singlet states was studied in 
[13]. 

Here, we consider the energy operator of three-electron systems in the Impur-
ity Hubbard model and describe the structure of the essential spectra and dis-
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crete spectrum of the system for quartet state. 
The Hamiltonian of the chosen model has the form  

( ) ( ) ( )
( )

, , , , , , , ,
, , ,

0 0, 0, 0 0, , , 0,
,

0 0, 0, 0, 0, .

m m m m m m m m
m m m

H A a a B a a U a a a a

A A a a B B a a a a

U U a a a a

γ γ γ τ γ
γ τ γ

γ γ γ τ γ τ γ γ
γ τ γ

+ + + +
+ ↑ ↑ ↓ ↓

+ + +

+ +
↑ ↑ ↓ ↓

= + +

+ − + − +

+ −

∑ ∑ ∑

∑ ∑         (1) 

Here A (A0) is the electron energy at a regular (impurity) lattice site, B (B0) is 
the transfer integral between (between electron and impurities) neighboring sites 
(we assume that 0B >  ( 0 0B > ) for convenience), , 1, 2, ,je jτ ν= ± = � , where 

je  are unit mutually orthogonal vectors, which means that summation is taken 
over the nearest neighbors, U (U0) is the parameter of the on-site Coulomb inte-
raction of two electrons in the regular (impurity) sites, γ  is the spin index,  

γ = ↑  or γ = ↓ , ↑  and ↓  denote the spin values 1
2

 and 1
2

− , and ,ma γ
+   

and ,ma γ  are the respective electron creation and annihilation operators at a 
site m Zν∈ . 

The three electron systems have a quartet state and two type doublet states. 
The energy of the system depends on its total spin S. Along with the Hamilto-

nian, the eN  electron system is characterized by the total spin S,  

max max min, 1, ,S S S S= − � , max 2
eN

S = , min
10,
2

S = . 

Hamiltonian (1) commutes with all components of the total spin operator 

( ), , zS S S S+ −= , and the structure of eigenfunctions and eigenvalues of the sys-
tem therefore depends on S. The Hamiltonian H acts in the antisymmetric Fock 
space asH . 

2. Quartet State 

Let 0ϕ  be the vacuum vector in the space asH . The quartet state corresponds 
to the free motion of three electrons over the lattice with the basic functions 

3/2
0, , ,, , m n pm n p Z

q a a aν ϕ+ + +
↑ ↑ ↑∈

= . The space 3/2
qH , corresponding to the quartet state is 

the set of all vectors of the form ( ) 3/2
3/2 2, , , ,

, , ,q as
m n p Z m n p Z

f m n p q f lν νψ
∈ ∈

= ∈∑ ,  

where 2
asl  is the space of antisymmetric functions in the space ( )( )3

2l Zν . 

Theorem 1. The space 3/2
qH  is invariant under the operator H, and the re-

striction 3/2
qH  of operator H to the subspace 3/2

qH  is a bounded self-adjoint 
operator. It generates a bounded self-adjoint operator 3/2

qH  acting in the space 

( )( )3

2
asl Zν  according to the formula  

( )( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

3/2

0 ,0 ,0 ,0

0 , , ,

,0 ,0 ,0

, , 3 , , 2 , , , ,

, , , ,

0, , ,0, , ,0

, , , , , , ,

q

p r t

p r t

p r t

H f p r t Af p r t B f p r t f p r t

f p r t A A f p r t

B B f r t f p t f p r

f r t f p t f p r

τ

τ τ τ
τ

τ τ

τ δ δ δ

δ δ δ

δ τ δ τ δ τ

= + + + +

 + + + − + +  
+ − + +

+ + + 

∑

∑
 (2) 
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where ,k jδ  is the Kronecker symbol. The operator 3/2
qH  acts on a vector 

3/2 3/2
q qψ ∈H  according to the formula  

( )( ) 3/2
3/2 3/2 3/2 , ,

, ,

, , .q q q
p r t Z

p r t Z

H H f p r t q ν
ν

ψ
∈

∈

= ∑              (3) 

Proof. 
We act with the Hamiltonian H on vectors 3/2 3/2

q qψ ∈H  using the standard 
anticommutation relations between electron creation and annihilation operators 
at lattice sites, { }, , , ,,m n m na aγ β γ βδ δ+ = , { } { }, , , ,, ,m n m na a a aγ β γ β θ+ += = , and also take 
into account that , 0ma γϕ θ= , where θ  is the zero element of 3/2

qH . This yields 
the statement of the theorem.  

We let 1 0A Aε = − , and 2 0B Bε = − . 
Lemma 1. The spectra of the operators 3/2

qH  and 3/2
qH  coincide. 

Proof. Because the operators 3/2
qH  and 3/2

qH  are bounded self-adjoint oper-
ators, it follows that if ( )3/2

qHλ σ∈ , then the Weyl criterion (see [14], chapter 
VII, paragraph 3, pp. 262-263) implies that there is a sequence { } 1n n

ψ ∞

=
 such 

that 1nψ =  and ( )3/2lim 0q
n nH λ ψ→∞ − = . We set  

( ) 0, , ,, , , ,n n p r tp r t f p r t a a aψ ϕ+ + +
↑ ↑ ↑= ∑ . Then  

( ) ( ) ( )( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2

3/2 3/2 3/2

2

3/2 0 0, , , , , ,
, ,

2

3/2 0 0, , , , , ,
, ,

2

3/2 0 0
, ,

2

3/2, ,

,

, , ,

, , ,

, , ,

, , 0

q q q
n n n

q
n p r t p r t

p r t

q
n t r p p r t

p r t

q
n

p r t

q
np r t

H H H

H f p r t a a a a a a

H F p r t a a a a a a

H F p r t

H F p r t

λ ψ λ ψ λ ψ

λ ϕ ϕ

λ ϕ ϕ

λ ϕ ϕ

λ

+ + + + + +
↑ ↑ ↑ ↑ ↑ ↑

+ + +
↑ ↑ ↑ ↑ ↑ ↑

− = − −

= −

= −

= −

= − →

∑

∑

∑

∑

, as  

n →∞ , where ( ), , , ,n np r tF f p r t= ∑ . It follows that ( )3/2
qHλ σ∈ . Conse-

quently, ( ) ( )3/2 3/2
q qH Hσ σ⊂ . 

Conversely, let ( )3/2
qHλ σ∈ . Then, by the Weyl criterion, there is a sequence 

{ } 1n n
F ∞

=
 such that 1nF =  and ( )3/2lim 0q

n nH λ ψ→∞ − = . Setting  

( ), , , ,n np r tF f p r t= ∑ , ( )( )
1

2 2
, , , ,n np r tF f p r t= ∑ , we conclude that  

1n nFψ = =  and ( ) ( )3/2 3/2 0q q
n nH F Hλ λ ψ− = − →  as n →∞ . This 

means that ( )3/2
qHλ σ∈  and hence ( ) ( )3/2 3/2

q qH Hσ σ⊂ . These two relations 
imply ( ) ( )3/2 3/2

q qH Hσ σ= .   
We call the operator 3/2

qH  the three-electron quartet state operator. 

Let ( )( ) ( )( )3 3

2 2 3/2: ql Z L Tν ν→ ≡ �F H  be the Fourier transform, where Tν   

is the ν -dimensional torus endowed with the normalized Lebesgue measure 
dλ , i.e. ( ) 1Tνλ = . 

We set 1
3/2 3/2
q qH H −=� F F . In the quasimomentum representation, the oper-

ator 3/2
qH  acts in the Hilbert space ( )( )3

2
asL Zν , where ( )( )3

2
asL Tν  is the sub-
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space of antisymmetric functions in ( )( )3

2L Tν . 

Theorem 2. The Fourier transform of operator 3/2
qH  is a bounded self-adjoint 

operator 1
3/2 3/2
q qH H −=� F F  acting in the space 3/2

q�H  according to the formula  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3/2 3/2
=1

1

2
=1

2
=1

2
=1

3 , , 2 cos cos cos , ,

, , d , , d , , d

2 cos cos , , d

2 cos cos , , d

2 cos cos , ,

q q
i i i

i

T T T

i iT
i

i iT
i

i iT
i

H Af B f

f s s f t t f l l

s f s s

t f t t

l f l

ν ν ν

ν

ν

ν

ν

ν

ν

ν

ψ λ µ γ λ µ γ λ µ γ

ε µ γ λ γ λ µ

ε λ µ γ

ε µ λ γ

ε γ λ µ

 = + + + 

 + + + 

 + + 

 + + 

 + + 

∑

∫ ∫ ∫

∑∫

∑∫

∑∫

�

d .l

  (4) 

The proof of Theorem 2, is straightforward of (2) using the Fourier transfor-
mation. 

It is clear that spectral properties of energy operator of three-electron systems 
in the impurity Hubbard model in the quartet state are closely related to the 
spectral properties of its one-electron subsystems in the impurity Hubbard mod-
el. First we investigate the spectrum of one-electron subsystems. 

3. Spectra of the Energy Operator of One-Electron System in  
the Impurity Hubbard Model 

The Hamiltonian H of one-electron systems in the impurity Hubbard model also 
has the form (1). We let 1H  denote the Hilbert space spanned by the vectors in 
the form 0,pp aψ ϕ+

↑= ∑ . It is called the space of one-electron states of the oper-
ator H. The space 1H  is invariant with respect to action of the operator H. 
Denote by 

11H H=
H

 the restriction of H to the subspace 1H . 
As in the proof of Theorem 3, using the standard anticommutation relations 

between electron creation and annihilation operators at lattice sites, we get the 
following. 

Theorem 3. The subspace 1H  is invariant with respect to the action of the 
operator H, and the restriction 1H  is a linear bounded self-adjoint operator, act-
ing in 1H  as  

( )( )1 1 0 1, , ,p
p

H H f p aψ ϕ ψ+
↑= ∈∑ H                    (5) 

where 1H  is a linear bounded self-adjoint operator acting in the space 2l  as  

( )( ) ( ) ( ) ( ) ( ) ( )( )1 1 ,0 2 , ,00 .p p pH f p Af p B f p f p f fτ
τ τ

τ ε δ ε δ δ τ= + + + + +∑ ∑ (6) 

Lemma 2. The spectra of the operators 1H  and 1H  coincide.  
The proof of Lemma 2 is the same as the proof of the Lemma 1. 
As in Section 2 denote by ( ) ( )2 2 1: :l Z L Tν ν→ = �F H  the Fourier transform. 

Setting 1
1 1H H −=� F F  we get that the operator 1H  acts in the Hilbert space 

( )2L Tν . 
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Using the equality (6) and properties of the Fourier transform we have the 
following. 

Theorem 4. The operator 1H�  acting in the space 1
�H  as  

( )( ) ( ) ( )

[ ] ( ) ( ) ( )

1 1
1

2 1 1
1

2 cos d

2 cos cos d , , , , , , .

i T
i

i i n nT
i

H f A B f f s s

s f s s s s s T

ν

ν

ν

ν
ν

µ µ µ ε

ε µ µ µ µ

=

=

 = + +  

+ + = = ∈

∑ ∫

∑∫

�

� �
 (7) 

It is clear that the continuous spectrum of operator 1H�  is independent of the 
numbers 1ε  and 2ε , and is equal to segment [ ] [ ], 2 , 2m M A B A Bν ν ν ν= − + , 
where ( )min

x T
m h x

νν
∈

= , ( )max
x T

M h x
νν

∈
=  (here ( ) 12 cos iih x A B xν

=
= + ∑ ). 

To find the eigenvalues and eigenfunctions of operator 1H�  we rewrite (7) in 
following form: 

( ) ( )

[ ] ( )

1
1

2
1

2 cos d

2 cos cos d 0,

i T
i

i iT
i

A B z f f s s

s f s s

ν

ν

ν

ν

µ µ ε

ε µ

=

=

 + − + 
 

+ + =

∑ ∫

∑∫
             (8) 

where z∈ . 
Suppose first that 1ν =  and denote ( )d

T
a f s s= ∫ , ( )cos d

T
b f s s s= ∫ ,  

( ) 2 cosh A Bµ µ= + . From (8) it follows that  

( ) ( )
( )

1 2 22 cos 2
.

a b
f

h z
ε ε µ ε

µ
µ

+ +
= −

−
                 (9) 

Now substitute (9) in expressing of a and b we get the following system of two 
linear homogeneous algebraic equations: 

( ) ( )
1 2

2
2 cos d1 d 2 0;

T T

s ss a b
h s z h s z

ε ε
ε

 +
+ ⋅ + ⋅ =  − − 
∫ ∫          (10) 

( )
( ) ( )

1 2
2

cos 2 cos cos dd 1 2 0.
T T

s s s ss a b
h s z h s z
ε ε

ε
 +

⋅ + + ⋅ =  − − 
∫ ∫        (11) 

This system has a nontrivial solution if and only if the determinant ( )1 z∆  of 
this system is equal to zero, where  

( ) ( )
( ) ( )

( )
( )
( )

1 2
1 2

1 2
2

2 cos d cos d1 1 2

cos 2 cosd2 d .

T T

T T

s s s sz
h s z h s z

s ss s
h s z h s z

ε ε
ε

ε ε
ε

   +
∆ = + ⋅ +      − −   

+
− ⋅

− −

∫ ∫

∫ ∫
      (12) 

Therefore, it is true the following. 
Lemma 3. If a real number [ ]1 1,z m M∉  then z is an eigenvalue of the oper-

ator 1H�  if and only if ( )1 0z∆ = .  
The following Theorem describe of the exchange of the spectrum of operator 

1H�  in the case 1ν = . 
Theorem 5. Let 1ν = . Then 
1) If 2 Bε = −  and 1 2Bε < −  (respectively, 2 Bε = −  and 1 2Bε > ,) then 
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the operator 1H�  has a unique eigenvalue 1z A ε= + , lying the below (respec-
tively, above) of the continuous spectrum of the operator 1H� . 

2) If 2 2Bε = −  and 1 0ε <  (respectively, 2 2Bε = −  and 1 0ε > ), then the 
operator 1H�  has a unique eigenvalue 2 2

14z A B ε= − +  (respectively,  
2 2

14z A B ε= + + ), lying the below (respectively, above) of the continuous 
spectrum of the operator 1H� . 

3) If 2 0ε =  and 1 0ε <  (respectively, 2 0ε =  and 1 0ε > ), then the operator 

1H�  has a unique eigenvalue 2 2
14z A B ε= − +  (respectively,  

2 2
14z A B ε= + + ), lying the below (respectively, above) of the continuous 

spectrum of the operator 1H� . 
4) If 1 0ε =  and 2 0ε >  (respectively, 1 0ε =  and 2 2Bε < − ), then the op-

erator 1H�  has a unique eigenvalue 
2

2

1

BEz A
E

= −
−

, (
2

2

1

BEz A
E

= +
−

), where 

( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

, lying the below (above) of the continuous spectrum of the oper-

ator 1H� . 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , (respectively, 

( )2
2 2

1

2 2B

B

ε ε
ε

+
= − ), then the opera-

tor 1H�  has a unique eigenvalue 
( )2

2

2 1

1

B E
z A

E

+
= +

−
, (respectively,  

( )2

2

2 1

1

B E
z A

E

+
= −

−
), where ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, lying the above (respectively, below) 

of the continuous spectrum of the operator 1H� . 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
>  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then the operator 1H�  has a unique eigenvalue  

( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, where ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real number 

1α > , lying the above of the continuous spectrum of the operator 1H� . 

7) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< −  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then the operator 1H�  has a unique eigenvalue  

( )2 2

1 12

2 1

1

B E E
z A m

E

α α+ − +
= − <

−
, where ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real num-

ber 1α > , lying the below of the continuous spectrum of the operator 1H� . 

8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), then the operator 1H�  has 
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a exactly two eigenvalues 
( )2 2

1 12

2 1

1

B E E
z A m

E

α α+ − +
= + <

−
, and  

( )2 2

2 12

2 1

1

B E E
z A M

E

α α− − +
= + >

−
, where ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real 

number 1α < , lying the above and below of the continuous spectrum of the 

operator 1H� . 

9) If 22 0B ε− < < , then the operator 1H�  has no eigenvalues lying the out-
side of the continuous spectrum of the operator 1H� .  

Proof. In the case 1ν = , the continuous spectrum of the operator 1H�  coin-
cide with segment [ ] [ ]1 1, 2 , 2m M A B A B= − + . Expressing all integrals in the  

equation ( )1 0z∆ =  through the integral ( ) d
2 cosT

sJ z
A B s z

=
+ −∫ , we find that 

the equation ( )1 0z∆ =  is equivalent to the equation  

( )( ) ( ) ( )22 2
1 2 2 22 0.B B z A J z Bε ε ε ε + + − + + =            (13) 

Moreover, the function ( ) d
2 cosT

sJ z
A B s z

=
+ −∫  is a differentiable function 

on the set [ ]1 1\ ,m M , in addition,  

( )
[ ]

[ ]1 12

d 0, ,
2 cosT

sJ z z m M
A B s z

′ = > ∉
+ −

∫ . Thus the function ( )J z  is an  

monotone increasing function on ( )1, m−∞  and on ( )1,M +∞ . Furthermore, 
( ) 0J z → +  as z → −∞ , ( )J z → +∞  as 1 0z m→ − , ( )J z → −∞  as  

1 0z M→ + , and ( ) 0J z → −  as z → +∞ . 
If ( )( )2 2

1 2 22 0B B z Aε ε ε+ + − ≠  then from (13) follows that  

( ) ( )
( )( )

2
2

2 2
1 2 2

.
2

B
J z

B B z A
ε

ε ε ε

+
= −

+ + −
                (14) 

The function ( ) ( )
( )( )

2
2

2 2
1 2 22

B
z

B B z A
ε

ψ
ε ε ε

+
= −

+ + −
 has a point of asymptotic 

discontinuity 
2

1
0 2

2 22
Bz A

B
ε

ε ε
= −

+
. Since ( )

( ) ( )
( )( )

2 2
2 2 2

22 2
1 2 2

2

2

B B
z

B B z A

ε ε ε
ψ

ε ε ε

+ +
′ =

 + + − 

  

for all 0z z≠  it follows that the function ( )zψ  is an monotone increasing 
(decreasing) function on ( )0, z−∞  and on ( )0 ,z +∞  in the case 2

2 22 0Bε ε+ >  
(respectively, 2

2 22 0Bε ε+ < ), in addition, and if 2 0ε > , or 2 2Bε < − , then 
( ) 0zψ → +  as z → −∞ , ( )zψ → +∞  as 0 0z z→ − , ( )zψ → −∞  as  

0 0z z→ + , ( ) 0zψ → −  as z → +∞  (respectively, if 22 0B ε− < < , then  
( ) 0zψ → −  as z → −∞ , ( )zψ → −∞  as 0 0z z→ − , ( )zψ → +∞  as  

0 0z z→ + , ( ) 0zψ → +  as z → +∞ ). 
1) If 2 Bε = −  and 1 2Bε < −  (respectively, 2 Bε = −  and 1 2Bε > ), then 

the equation for eigenvalues and eigenfunctions (13) has the form  

( ){ } ( )2 2
1 0.B B z A J zε − − =                    (15) 

It is clear, that ( ) 0J z ≠  for the values ( )1contz Hσ∉ � . Therefore,  
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1 0z Aε − + = , i.e., 1z A ε= + . If 1 2Bε < − , then this eigenvalue lying the below 
of the continuous spectrum of operator 1H� , if 1 2Bε > , then this eigenvalue 
lying the above of the continuous spectrum of operator 1H� . 

2) If 2 2Bε = −  and 1 0ε <  (respectively, 2 2Bε = −  and 1 0ε > ), then the 
equation for the eigenvalues and eigenfunctions has the form  

( )2 2
1 0B J z Bε + = , that is, ( )

1

1J z
ε

= − . It is clear, what the integral ( )J z   

calculated in a quadrature, of the below (above) of continuous spectrum of op-
erator 1H� , the integral ( ) 0J z > , ( ( ) 0J z < ,) consequently, 1 0ε <  ( 1 0ε > .)  

The calculated the integral ( ) d
2 cosT

sJ z
A B s zν=
+ −∫ , the below of the conti-

nuous spectrum of operator 1H� , we have the equation of the form  

( )2 2 1

1 1 .
4A z B ε

= −
− −

                     (16) 

This equation has a solution 2 2
1 4z A Bε= − + , lying the below of the con-

tinuous spectrum of operator 1H� . In the above of continuous spectrum of op-
erator 1H� , the equation take the form  

( )2 2 1

1 1 .
4z A B ε

− = −
− −

                   (17) 

This equation has a solution of the form 2 2
1 4z A Bε= + + , lying the above 

of the continuous spectrum of operator 1H� . 
3) If 2 0ε =  and 1 0ε <  (respectively, 2 0ε =  and 1 0ε > ), then the equa-

tion for the eigenvalues and eigenfunctions take in the form ( )2 2
1 0B J z Bε + =  

or  

( )
1

1 .J z
ε

= −                          (18) 

It is clear, what the integral ( )J z  calculated in a quadrature, of the below 
(respectively, above) of continuous spectrum of operator 1H� , the integral 
( ) 0J z > , (respectively, ( ) 0J z < ,) consequently, 1 0ε <  (respectively, 1 0ε > .)  

The calculated the integral ( ) d
2 cosT

sJ z
A B s zν=
+ −∫ , the below of the conti-

nuous spectrum of operator 1H� , we have the equation of the form  

( )2 2 1

1 1 .
4A z B ε

= −
− −

                     (19) 

This equation has a solution 2 2
1 4z A Bε= − + , lying the below of the con-

tinuous spectrum of operator 1H� . In the above of continuous spectrum of op-
erator 1H� , the equation take the form  

( )2 2 1

1 1 .
4z A B ε

− = −
− −

                    (20) 

This equation has a solution of the form 2 2
1 4z A Bε= + + , lying the above 
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of the continuous spectrum of operator 1H� . 
4) If 1 0ε =  and 2 0ε >  (respectively, 1 0ε =  and 2 2Bε < − ), then the eq-

uation for the eigenvalues and eigenfunctions take in the form  

( )( ) ( ) ( )22
2 2 22 ,B z A J z Bε ε ε+ − = − +  

or 

( ) ( )
( )( )

2
2

2
2 2

.
2
B

J z
B z A
ε

ε ε

+
= −

+ −
                  (21) 

Denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then ( ) EJ z
z A

= −
−

, or ( ) EJ z
A z

=
−

. In the below 

of the continuous spectrum of the operator 1H� , we have the equation of the 
form  

( )2 2

1 .
4

E
A zA z B

=
−− −

                    (22) 

This equation has a solution 
2

2

1

BEz A
E

= −
−

. It is obviously, that 2 1E > .  

This eigenvalue lying the below of the continuous spectrum of operator 1H� . In 
the above of the continuous spectrum of operator 1H� , the equation for the ei-
genvalues and eigenfunctions has the form  

( )2 2

1 .
4

E
z Az A B

− = −
−− −

                  (23) 

From here, we find 
2

2

1

BEz A
E

= +
−

. This eigenvalue lying the above of the 

continuous spectrum of operator 1H� . 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , then the equation for eigenvalues and eigenfunctions 

has the form  

( )( ) ( ) ( )22
2 2 22 2 ,B z A B J z Bε ε ε+ − + = − +              (24) 

from this  

( ) ( )
( )( )

2
2

2
2 2

.
2 2

B
J z

B z A B
ε

ε ε

+
= −

+ − +
                (25) 

We denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. In the first we consider the Equation (25) in the  

below of continuous spectrum of operator 1H� . In Equation (25) we find the 
equation of the form  

( )2 2

1 .
24

E
A z BA z B

=
− −− −

                 (26) 

From this, we find 
( )2

1 2

2 1

1

B E
z A

E

+
= +

−
, and 2 2z A B= − . Now we verify the  
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conditions 2 , 1,2iz A B i< − = . The inequality 1 2z A B< − , is incorrectly, and 
inequality 2 2z A B< − , also is incorrectly. We now consider the Equation (25) 
in the above of continuous spectrum of operator 1H� . We have  

( )2 2

1 .
24

E
z A Bz A B

− = −
− +− −

                  (27) 

In this equation we find the solutions above of continuous spectrum of oper-
ator 1H� . Now we verify the conditions 2 , 1,2iz A B i> + = . The inequality 

1 2z A B> + , is correctly, and inequality 2 2z A B> + , is incorrectly. Conse-
quently, in this case the operator 1H� . has a unique eigenvalue  

( )2

1 2

2 1

1

B E
z A

E

+
= +

−
, lying the above of continuous spectrum of operator 1H� . 

Let 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= − , then the equation of eigenvalues and eigenfunctions 

take in the form  

( ) ,
2

EJ z
z A B

= −
− −

                       (28) 

where ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. 

In the below of continuous spectrum of operator 1H� , we have equation of the 
form  

( )2 2

1 .
24

E
A z BA z B

=
− +− −

                   (29) 

From here we find 
( )2

1 2

2 1

1

B E
z A

E

+
= −

−
, and 2 2z A B= + . The appear in-

equalities 1 2z A B< − , is correct, and 2 2z A B< − , is incorrect. In the above of 
continuous spectrum of operator 1H� , we have equation of the form  

( )2 2

1 .
24

E
z A Bz A B

− = −
− −− −

                 (30) 

It follows that, what 
( )2

1 2

2 1

1

B E
z A

E

+
= −

−
, and 2 2z A B= + . The inequality 

1 2z A B> + , and 2 2z A B> + , are incorrectly. Therefore, in this case the oper-

ator 1H�  has a unique eigenvalue 
( )2

1 2

2 1

1

B E
z A

E

+
= −

−
, lying the below of con-

tinuous spectrum of operator 1H� . 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
> , (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then consider necessary, that 

( )2
2 2

1

2 2B

B

ε ε
ε α

+
= × , where 

1α > —real number. Then the equation for eigenvalues and eigenfunctions has 
the form  

( ) ( )( ) ( ) ( )
2
2 2 22 2

2 2 2

2 2
2 0,

B
B B z A J z B

B

ε ε
α ε ε ε
 + × × + + − + + = 
  

   (31) 
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or  

( )( ) ( ) ( )22
2 2 22 2 0.B z A B J z Bε ε α ε+ − + + + =            (32) 

From this  

( ) ( )
( )( )

2
2

2
2 2

.
2 2

B
J z

B z A B
ε

ε ε α

+
= −

+ − +
               (33) 

We denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

, then  

( ) .
2

EJ z
z A Bα

= −
− +

                     (34) 

In the first we consider this equation in the below of the continuous spectrum 
of operator 1H� . Then  

( )2 2

1 .
24

E
A z BA z B α

=
− −− −

                  (35) 

This equation has the solutions 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= +

−
. Now, we verify the condition  

2 , 1,2iz A B i< − = . The solution 1z  no satisfy the condition 1 2z A B< − , but 

2z  satisfy the condition 2 2z A B< − . We now verify the conditions 

2 2z A Bα< − . The appear, this inequality is incorrectly. The appear inequalities 

1 2z A B> +  is correct, and 2 2z A B> + , is incorrect. We now verify the condi-
tions 1 2z A Bα> − . So far as, 2 2A B A Bα− < + , the appear, this inequality is 
correctly. Consequently, in this case, the operator 1H�  has a unique eigenvalue  

( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, above of continuous spectrum of operator 

1H� . 

7) If 2 0ε > , and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< − , (respectively, 2 2Bε < − , and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then we assume that 

( )2
2 2

1

2 2B

B

ε ε
ε α

+
= − × , where  

1α > —real number. The equation for eigenvalues and eigenfunctions take in 
the form  

( )( ) ( ) ( )22
2 2 22 2 .B z A B J z Bε ε α ε+ − − = − +             (36) 

From here  

( ) ( )
( )( )

2
2

2
2 2

.
2 2

B
J z

B z A B
ε

ε ε α

+
= −

+ − −
               (37) 

The introduce notation ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then  
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( ) .
2

EJ z
z A Bα

= −
− −

                      (38) 

In the below of the continuous spectrum of operator 1H� , we have the equa-
tion  

( ) ,
2

EJ z
A z Bα

=
− +

                      (39) 

from here  

( )2 2

1 ;
24

E
A z BA z B α

=
− +− −

                  (40) 

This equation take the form  

( )( ) ( ) ( )22 2 2 21 4 4 0.E A z B A z B Eα α− − − − − + =          (41) 

We find 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= −

−
 and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= −

−
. We now verify the conditions  

1 2 , 1, 2iz m A B i< = − = . The appear, that 1 2z A B< − , is correctly and  

2 2z A B< − , is incorrectly. Now we consider the Equation (38) in the above of 
the continuous spectrum of operator 1H� . Then  

( ) .
2

EJ z
z A Bα

= −
− −

                     (42) 

From this  

( )2 2

1 .
24

E
z A Bz A B α

− = −
− −− −

               (43) 

We find 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= −

−
, and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− + − +
= +

−
. We verify the conditions 2 , 1,2iz A B i> + = .  

The appear 1 2z A B> + , it is not true, and the 2 2z A B> + , is true. We now 
verify the conditions 2 2z A Bα> + . The appear, this inequality is incorrectly. 
Consequently, in this case, the operator 1H�  have unique eigenvalue  

( )2 2

1 12

2 1

1

B E E
z A m

E

α α+ − +
= − <

−
, i.e., lying the below of the continuous 

spectrum of operator 1H� . 

8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), the we take  
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( )2
2 2

1

2 2B

B

ε ε
ε α

+
= × , where 1 1α− < < —real number. Then the equation for 

eigenvalues and eigenfunctions has the form  

( )( ) ( ) ( )22
2 2 22 2 , < 1.B z A B J z Bε ε α ε α+ − + = − +          (44) 

We denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then the Equation (44) receive the form  

( ) .
2

EJ z
z A Bα

= −
− +

                     (45) 

In the below of the continuous spectrum of the operator 1H�  we have equa-
tion of the form  

( )2 2

1 , 1.
24

E
A z BA z B

α
α

= <
− −− −

              (46) 

This equation has a solutions 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= +

−
. The inequalities 1 2z A B< − , and  

1 2z A Bα< − , is implements. The inequalities 2 2z A B< − , is correctly, and the 
inequality 1 2z A B< − , is incorrectly. We now verify the conditions 2 2z A Bα< − , 
since 2 2A B A Bα− < − , this inequality is true. We now consider the Equation 
(44) in the above of the continuous spectrum of the operator 1H� . We have the 
equation of the form 

( )2 2

1 .
24

E
z A Bz A B α

− = −
− +−

                (47) 

This equation has a solutions 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= +

−
. 

The inequalities 1 2z A B> + , and 1 2z A Bα> −  is true, as 2 2A B A Bα+ > − , 
that the inequality 1 2z A Bα> −  is correctly. The inequalities 2 2z A B> + , 
and 2 2z A Bα> +  is incorrectly. Consequently, in this case the operator 1H�   

has a exactly two eigenvalues 
( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and  

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= +

−
, lying the above and below of the continuous 

spectrum of the operator 1H� . 

9) If 22 0B ε− < < , then 2
2 22 0Bε ε+ < , and the function  

( ) ( )
( )( )

2
2

2
1 2 22

B
z

B B z A
ε

ψ
ε ε ε

+
= −

+ + −
 is a decreasing function in the intervals  
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( )0, z−∞  and ( )0 ,z +∞ ; By, z →−∞  the function ( ) 0zψ → − , and by 

0 0z z→ − , the function ( )zψ → −∞ , and by z → +∞ , ( ) 0zψ → + , and by 

0 0z z→ + , ( )zψ → +∞ . The function ( ) 0J z → , by z → −∞ , and by 

1 0z m→ − , the function ( )J z → +∞ , and by 1 0z M→ + , the function 
( )J z → −∞ , by z → +∞ , the function ( ) 0J z → − . Therefore, the equation  

( ) ( ) ,z J zψ =                           (48) 

that’s impossible the solutions in the outside the continuous spectrum of opera-
tor 1H� . Therefore, in this case, the operator 1H�  has no eigenvalues lying the 
outside of the continuous spectrum of the operator 1H� .   

Now we consider the two-dimensional case. In two-dimensional case, we have, 
what the equation ( )2 0z∆ = , is equivalent to the equation of the form  

( ) ( )( ){ } ( )2 2 2
2 1 2 22 0,B B B z A J zε ε ε ε+ + + + − =           (49) 

where ( ) ( )2
1 2

1 2

d d
2 cos cosT

s sJ z
A B s s z

=
+ + −∫ . In this case, also ( ) 0J z → + , as  

z → −∞ , and ( )J z → +∞ , as 2 0z m→ − , and ( )J z → −∞ , as 2 0z M→ + , 
and ( ) 0J z → − , as z → +∞ . In one- and two-dimensional case the behavior 
of function ( )J z  be similarly. Therefore, we have the analogously results, what 
is find the one-dimensional case. 

We consider the three-dimensional case. 
Theorem 7. Let 3ν = . Then 
1) a) If 2 Bε = −  and 1 6Bε < −  (respectively, 2 Bε = −  and 1 6Bε > ,) 

then the operator 1H�  has a unique eigenvalue 1z A ε= + , lying the below (re-

spectively, above) of the continuous spectrum of the operator 1H� . 

b) If 2 Bε = −  and 16 2B Bε− ≤ < −  (respectively, 2 Bε = −  and  

12 6B Bε< ≤ ,) then the operator 1H�  has no eigenvalue, lying the below (re-
spectively, above) of the continuous spectrum of the operator 1H� . 

2) If 2 2Bε = −  and 1 0ε < , 1
6B
W

ε ≤ − , (respectively, 2 2Bε = −  and 1 0ε > , 

1
6B
W

ε ≥ ), then the operator 1H�  has a unique eigenvalue 1z  (respectively, 2z ), 

lying the below (respectively, above) of the continuous spectrum of the operator 

1H� . If 1
6 0B
W

ε− ≤ <  (respectively, 1
60 B
W

ε< ≤ ), then the operator 1H�  has 

no eigenvalue the outside of the continuous spectrum of operator 1H� . 

3) If 2 0ε =  and 1 1
60, B
W

ε ε< < − , (respectively, 2 0ε =  and 1 1
60, B
W

ε ε> > ), 

then the operator 1H�  has a unique eigenvalue z, lying the below (respectively, 

above) of the continuous spectrum of the operator 1H� . If 2 0ε =  and 

1 1
60, 0B
W

ε ε< − ≤ < , (respectively, 2 0ε =  and 1
60 B
W

ε< ≤ ), then the operator 

1H�  has no eigenvalues in the outside of the continuous spectrum of the opera-

tor 1H� . 
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4) If 1 0ε =  and 2 0, E Wε > > , (respectively, 1 0ε =  and 2 2 ,B E Wε < − < ), 

then the operator 1H�  has a unique eigenvalue z, ( z� ), where ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

,  

lying the below (above) of the continuous spectrum of the operator 1H� . If 

1 0ε =  and 2 0, E Wε > < , (respectively, 1 0ε =  and 2 2 ,B E Wε < − > ), then 
the operator 1H�  has no eigenvalues the outside the continuous spectrum of the 
operator 1H� . 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , (respectively, 

( )2
2 2

1

2 2B

B

ε ε
ε

+
= − ), then the opera-

tor 1H�  has a unique eigenvalue z, (respectively, z� ), lying the above (respec-

tively, below) of the continuous spectrum of the operator 1H� . 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
>  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then the operator 1H�  has a unique eigenvalue 1z , lying 

the above of the continuous spectrum of the operator 1H� . 

7) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< −  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then the operator 1H�  has a unique eigenvalue 1z , lying 

the below of the continuous spectrum of the operator 1H� . 

8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), then the operator 1H�  has 

a exactly two eigenvalues 1z , and 2z , lying the above and below of the conti-

nuous spectrum of the operator 1H� . 

9) If 22 0B ε− < < , then the operator 1H�  has no eigenvalues lying the out-
side of the continuous spectrum of the operator 1H� .  

Proof. In the case 3ν = , the continuous spectrum of the operator 1H�  coin-
cide with segment [ ] [ ]3 3, 6 , 6m M A B A B= − + . Expressing all integrals in the 
equation 

( )
( )

( )

3

3

3 3

3
1 2 1 2 31

3 3
1

1 2 3
2 3

1

3
1 2 1 1 2 311 2 3

2 3 3
1 1

2 cos d d d
1

2 cos

cos d d d
1 6

2 cos

2 cos cos d d dd d d
6 0

2 cos 2 cos

ii

T
ii

i
T

ii

ii

T T
i ii i

s s s s
z

A B s z

s s s s
A B s z

s s s s ss s s
A B s z A B s z

ε ε

ε

ε ε
ε

=

=

=

=

= =

 +
 ∆ = + + − 
 

 
 × +
 + − 

+
− =

+ − + −

∑
∫ ∑

∫ ∑
∑

∫ ∫∑ ∑

 through 

the integral ( ) 3
1 2 3

3
1

d d d
2 cosT

ii

s s s
J z

A B s z
=

=
+ −

∫ ∑
, we find that the equation  
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( )3 0z∆ =  is equivalent to the equation  

( )( ) ( ) ( )22 2
1 2 2 22 0.B B z A J z Bε ε ε ε + + − + + =           (50) 

Moreover, the function ( ) 3
1 2 3

3
1

d d d
2 cosT

ii

s s s
J z

A B s z
=

=
+ −

∫ ∑
 is a differentiable func-

tion on the set [ ]3 3\ ,m M , in addition,  

( ) [ ]3
1 2 3

3 323
1

d d d
0, ,

2 cos
T

ii

s s s
J z z m M

A B s z
=

′ = > ∉
 + − 

∫
∑

. 

In the three-dimensional case, the integral  

3 3
1 2 3 1 2 3

1 2 2 1 2 2

d d d d d d
3 cos cos cos 3 cos cos cosT T

s s s s s s
s s s s s s

=
+ + + − − −∫ ∫  have the finite value, 

expressing these integral via Watson integral [15] 

3

1 3d d d 1,516
3 cos cos cos

x y zW
x y z

π π π

−π −π −π
= ≈

− − −π ∫ ∫ ∫ , and taking into account, what  

the measure is normalized, we have, that ( )
6
WJ z
B

= . Thus the function ( )J z  

is an monotone increasing function on ( )3, m−∞  and on ( )3 ,M +∞ . Further-

more, in the three-dimensional case ( ) 0J z → +  at z → −∞ , and ( )
6
WJ z
B

=   

as 6z A B= − , and ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  as 6z A B= + . 

If ( )( )2 2
1 2 22 0B B z Aε ε ε+ + − ≠  then from (12) follows that  

( ) ( )
( )( )

2
2

2 2
1 2 2

.
2

B
J z

B B z A
ε

ε ε ε

+
= −

+ + −
 

The function ( ) ( )
( )( )

2
2

2 2
1 2 22

B
z

B B z A
ε

ψ
ε ε ε

+
= −

+ + −
 has a point of asymptotic 

discontinuity 
2

1
0 2

2 22
Bz A

B
ε

ε ε
= −

+
. Since ( )

( ) ( )
( )( )

2 2
2 2 2

22 2
1 2 2

2

2

B B
z

B B z A

ε ε ε
ψ

ε ε ε

+ +
′ =

 + + − 

  

for all 0z z≠  it follows that the function ( )zψ  is an monotone increasing 
(decreasing) function on ( )0, z−∞  and on ( )0 ,z +∞  in the case 

2
2 22 0Bε ε+ >  (respectively, 2

2 22 0Bε ε+ < ), in addition, and if 2 0ε > , or 

2 2Bε < − , then ( ) 0zψ → +  as z → −∞ , ( )zψ → +∞  as 0 0z z→ − , 
( )zψ → −∞  as  

0 0z z→ + , ( ) 0zψ → −  as z → +∞  (respectively, if 22 0B ε− < < , then  
( ) 0zψ → −  as z → −∞ , ( )zψ → −∞  as 0 0z z→ − , ( )zψ → +∞  as  

0 0z z→ + , ( ) 0zψ → +  as z → +∞ ). 
1) If 2 Bε = −  and 1 6Bε < −  (respectively, 2 Bε = −  and 1 6Bε > ), then 

the equation for eigenvalues and eigenfunctions (13) has the form (15):  

( ){ } ( )2 2
1 0.B B z A J zε − − =  

It is clear, that ( ) 0J z ≠  for the values ( )1contz Hσ∉ � . Therefore,  
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1 0z Aε − + = , i.e., 1z A ε= + . If 1 6Bε < − , then this eigenvalue lying the below 
of the continuous spectrum of operator 1H� , if 1 6Bε > , then this eigenvalue 
lying the above of the continuous spectrum of operator 1H� . If 16 2B Bε− ≤ < −  
(respectively, 12 6B Bε< ≤ ), then this eigenvalue not lying in the outside of the 
continuous spectrum of operator 1H� . 

2) If 2 2Bε = −  and 1 0ε <  (respectively, 2 2Bε = −  and 1 0ε > ), then the 
equation for the eigenvalues and eigenfunctions has the form ( )2 2

1 0B J z Bε + = ,  

that is, ( )
1

1J z
ε

= − . In the three-dimensional case ( ) 0J z → +  as z → −∞ , 

and ( )
6
WJ z
B

=  as 6z A B= − , and ( ) 0J z → −  as z → +∞ , and  

( )
6
WJ z
B

= −  as 6z A B= + . Therefore, in order to the equation ( )
1

1J z
ε

= −  

in the below (respectively, above) of continuous spectrum of operator 1H�  have 

the solution, one should implements the inequality 
1

1
6
W
Bε

− < , (respectively, 

1

1
6
W
Bε

− > − ,) i.e., 1 1
6 , 0B
W

ε ε< − < , (respectively, 1 1
6 , 0B
W

ε ε> > ). If  

1
6 0B
W

ε− < < , (respectively, 1
60 B
W

ε< < ), then the operator 1H�  has no ei-

genvalues the outside the continuous spectrum of operator 1H� . 

3) If 2 0ε =  and 1 0ε <  (respectively, 2 0ε =  and 1 0ε > ), then the equa-
tion for the eigenvalues and eigenfunctions take in the form ( )2 2

1 0B J z Bε + =   

or ( )
1

1J z
ε

= − . In the three-dimensional case ( ) 0J z → +  as z → −∞ , and 

( )
6
WJ z
B

=  as 6z A B= − , and ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  

as 6z A B= + . Therefore, in order to the equation ( )
1

1J z
ε

= −  in the below 

(respectively, above) of continuous spectrum of operator 1H�  have the solution, 

one should implements the inequality 
1

1
6
W
Bε

− < , (respectively, 
1

1
6
W
Bε

− > − ,) 

i.e., 1 1
6 , 0B
W

ε ε< − < , (respectively, 1 1
6 , 0B
W

ε ε> > ). If 1
6 0B
W

ε− < < , (respec-

tively, 1
60 B
W

ε< < ), then the operator 1H�  has no eigenvalues the outside the 

continuous spectrum of operator 1H� . 

4) If 1 0ε =  and 2 0ε >  (respectively, 1 0ε =  and 2 2Bε < − ), then the eq-
uation for the eigenvalues and eigenfunctions take in the form  

( )( ) ( ) ( )22
2 2 22 ,B z A J z Bε ε ε+ − = − +               (51) 

or  

( ) ( )
( )( )

2
2

2
2 2

.
2
B

J z
B z A
ε

ε ε

+
= −

+ −
                  (52) 
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Denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then ( ) EJ z
z A

= −
−

, or ( ) EJ z
A z

=
−

. In the 

three-dimensional case ( ) 0J z → +  as z → −∞ , and ( )
6
WJ z
B

=  as  

6z A B= − , and ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  as 6z A B= + . 

Therefore, in order to the equation ( ) EJ z
z A

= −
−

 in the below (respectively, 

above) of continuous spectrum of operator 1H�  have the solution, one should 

implements the inequality 
6 6
E W
B B
> , (respectively, 

6 6
E W
B B
< ,) i.e., E W> ,  

(respectively, E W< ). If 1 0ε =  and 2 0ε > , E W< , (respectively, 1 0ε =  
and 2 2Bε < − , E W> ), then the operator 1H�  has no eigenvalues the outside 
the continuous spectrum of operator 1H� . 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , then the equation for eigenvalues and eigenfunctions 

has the form  

( )( ) ( ) ( )22
2 2 22 2 ,B z A B J z Bε ε ε+ − + = − +              (53) 

from this we have equation in the form (13): ( ) ( )
( )( )

2
2

2
2 22 2

B
J z

B z A B
ε

ε ε

+
= −

+ − +
. 

We denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. In the first we consider the Equation (14) in the be-

low of continuous spectrum of operator 1H� . In the below of continuous spec-

trum of operator 1H� , the function 0
2

E
A z B

→ +
− −

, as z → −∞ ,  

2 4
E E

A z B B
=

− −
, as 6z A B= − , and in the three-dimensional case ( ) 0J z → +  

as z → −∞ , and ( )
6
WJ z
B

=  as 6z A B= − , and ( ) 0J z → −  as z → +∞ ,  

and ( )
6
WJ z
B

= −  as 6z A B= + . Therefore, the below of continuous spectrum 

of operator 1H� , the equation ( )
2

EJ z
A z B

=
− −

 has a unique solution, if  

4 6
E W
B B
> , i.e., 2

3
WE > . This inequality is incorrect. Therefore, the below of 

continuous spectrum of operator 1H� , this equation has no solution. 
We now consider the equation for eigenvalues and eigenfunctions  

( )
2

EJ z
z A B

= −
− +

, in the above of continuous spectrum of operator 1H� . In 

the above of continuous spectrum of operator 1H� , the function 0
2

E
A z B

→ −
− −

, 

as z → +∞ , 
2 8

E E
A z B B

= −
− −

, as 6z A B= + , and in the three-dimensional 
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case ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  as 6z A B= + . Therefore, 

the above of continuous spectrum of operator 1H� , the equation  

( )
2

EJ z
A z B

=
− −

 has a unique solution, if 
8 6
E W
B B

− > − , i.e., 4
3
WE < . This 

inequality correctly. Therefore, the above of continuous spectrum of operator 

1H� , this equation has a unique solution z. 

If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= − , then the equation for eigenvalues and eigenfunctions 

has the form  

( )( ) ( ) ( )22
2 2 22 2 ,B z A B J z Bε ε ε+ − − = − +             (54) 

from this we have the equation in the form (14):  

( ) ( )
( )( )

2
2

2
2 22 2

B
J z

B z A B
ε

ε ε

+
= −

+ − +
. We denote ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

. In the first we  

consider the Equation (14) in the below of continuous spectrum of operator 1H� . 
In the below of continuous spectrum of operator 1H� , the function  

0
2

E
A z B

→ +
− +

, as z → −∞ , 
2 8

E E
A z B B

=
− +

, as 6z A B= − , and in the 

three-dimensional case ( ) 0J z → +  as z → −∞ , and ( )
6
WJ z
B

=  as  

6z A B= − , and ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  as 6z A B= + . 

Therefore, the below of continuous spectrum of operator 1H� , the equation 

( )
2

EJ z
A z B

=
− +

 has a unique solution, if 
8 6
E W
B B
< , i.e., 4

3
WE < . This in-

equality is correct. Therefore, the below of continuous spectrum of operator 1H� , 
this equation has a unique solution. 

We now consider the equation for eigenvalues and eigenfunctions  

( )
2

EJ z
z A B

= −
− −

, in the above of continuous spectrum of operator 1H� . In  

the above of continuous spectrum of operator 1H� , the function 0
2

E
A z B

→ −
− +

, 

as z → +∞ , 
2 4

E E
A z B B

= −
− +

, as 6z A B= + , and in the three-dimensional 

case ( ) 0J z → −  as z → +∞ , and ( )
6
WJ z
B

= −  as 6z A B= + . Therefore, 

the above of continuous spectrum of operator 1H� , the equation  

( )
2

EJ z
A z B

=
− +

 has a unique solution, if 
4 6
E W
B B

− > − , i.e., 2
3
WE < . This 

inequality is incorrect. Therefore, the above of continuous spectrum of operator 

1H� , this equation has no solution. 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
> , (respectively, 2 2Bε < −  and  
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( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then consider necessary, that 

( )2
2 2

1

2 2B

B

ε ε
ε α

+
= × , where 

1α > —real number. Then the equation for eigenvalues and eigenfunctions has 
the form 

( ) ( )( ) ( ) ( )
2
2 2 22 2

2 2 2

2 2
2 0,

B
B B z A J z B

B

ε ε
α ε ε ε
 + × × + + − + + = 
  

    (55) 

or  

( )( ) ( ) ( )22
2 2 22 2 0.B z A B J z Bε ε α ε+ − + + + =             (56) 

From this ( ) ( )
( )( )

2
2

2
2 22 2

B
J z

B z A B
ε

ε ε α

+
= −

+ − +
. We denote ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, 

then ( )
2

EJ z
z A Bα

= −
− +

. In the first we consider this equation in the below 

of the continuous spectrum of operator 1H� . Then ( ) 0J z → + , as z → −∞ , 

( )
6
WJ z
B

= , as 6z A B= − , 0
2

E
z A Bα

− → +
− +

, as z → −∞ , and  

( )2 6 2
E E

z A B Bα α
− =

− + −
, as 6z A B= − . The equation  

( )
2

EJ z
z A Bα

= −
− +

                       (57) 

has a unique solution, if 
( )6 2 6

E W
B Bα
<

−
. From here 

( )3
3

W
E

α−
< . This  

inequality is incorrect. Therefore, the below of continuous spectrum of operator 

1H� , the operator 1H�  has no eigenvalues. 
The above of continuous spectrum of operator 1H� , we have the ( ) 0J z → − , 

if z → +∞ , ( )
6
WJ z
B

= − , if 6z A B= − . Besides, 0
2

E
z A Bα

− → −
− +

, as  

z → +∞ , 
2 6 2

E E
z A B B Bα α

− = −
− + +

, if 6z A B= + . 

The equation 

( )
2

EJ z
z A Bα

= −
− +

                     (58) 

have a unique solution, if 
( )6 2 6

E W
B Bα

− > −
+

. From here 
( )3

3
W

E
α+

< . This  

inequality is correctly. Therefore, the above of continuous spectrum of operator 

1H� , the operator 1H�  has a unique eigenvalues 1z . 

7) If 2 0ε > ,  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< − ,  (respectively,  2 2Bε < − ,  and 

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then we assume that 

( )2
2 2

1

2 2
=

B

B

ε ε
ε α

+
− × , where  
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1α > —real number. The equation for eigenvalues and eigenfunctions take in 
the form  

( )( ) ( ) ( )22
2 2 22 2 .B z A B J z Bε ε α ε+ − − = − +             (59) 

From here  

( ) ( )
( )( )

2
2

2
2 2

.
2 2

B
J z

B z A B
ε

ε ε α

+
= −

+ − −
               (60) 

The introduce notation ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then we have the equation in the 

form (15): ( )
2

EJ z
z A Bα

= −
− −

. In the below of the continuous spectrum of 

operator 1H� , we have the equation ( )
2

EJ z
A z Bα

=
− +

. In the below of con-

tinuous spectrum of operator 1H� , 0
2

E
z A Bα

− → +
− −

, as z → −∞ ,  

2 6 2
E E

z A B B Bα α
− =

− − +
, as 6z A B= − . 

The equation ( )
2

EJ z
z A Bα

= −
− +

 have a unique solution, if  

( )6 2 6
E W

B Bα
<

+
. From here 

( )3
3

W
E

α+
< . This inequality is correctly. 

Therefore, the below of continuous spectrum of operator 1H� , the operator 1H�  
has a unique eigenvalues. 

In the above of continuous spectrum of operator 1H� , 0
2

E
z A Bα

− → −
− −

, 

as z → −∞ , 
2 6 2

E E
z A B B Bα α

− = −
− − −

, as 6z A B= + . Therefore, the above 

of continuous spectrum of operator 1H� , the operator 1H�  has a unique eigen-

values, if 
6 2 6

E W
B B Bα

− = −
−

. From here 
( )3

3
W

E
α−

< , what is incorrectly. 

Therefore, the above of continuous spectrum of operator 1H� , the operator 1H�  
has no eigenvalues. 

8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), the we take  

( )2
2 2

1

2 2B

B

ε ε
ε α

+
= × , where 1 1α− < < —real number. Then the equation for 

eigenvalues and eigenfunctions has the form:  

( )( ) ( ) ( )22
2 2 22 2 , 1.B z A B J z Bε ε α ε α+ − + = − + <          (61) 

We denote ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. Then the Equation (61) receive the form  
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( ) .
2

EJ z
z A Bα

= −
− +

                    (62) 

In the below of continuous spectrum of operator 1H� , we have  

0
2

E
z A Bα

− → +
− +

, as z → −∞ , and 
( )2 2 3

E E
z A B Bα α

− =
− + −

, as  

6z A B= − . The equation ( )
2

EJ z
z A Bα

= −
− +

 have a unique solution the 

below of continuous spectrum of operator 1H� , if 
( )6 2 6

E W
B Bα
>

−
. From here 

( )3
3

W
E

α−
> . This inequality is correctly. Therefore, the below of continuous 

spectrum of operator 1H� , the operator 1H�  has a unique eigenvalues 1z . 

The above of of continuous spectrum of operator 1H� , we have  

0
2

E
z A Bα

− → −
− +

, as z → +∞ , and 
( )2 2 3

E E
z A B Bα α

− = −
− + +

, as  

6z A B= + . The equation ( )
2

EJ z
z A Bα

= −
− +

 have a unique solution the 

above of 1H�  if 
( )2 3 6
E W

B Bα
− > −

+
, i.e., ( )3

3
W

E
α+

< . This inequality is cor-

rect. 
Consequently, in this case the operator 1H�  have two eigenvalues 1z  and 2z , 

lying the below and above of continuous spectrum of operator 1H� . 
9) If 22 0B ε− < < , then 2

2 22 0Bε ε+ < , and the function  

( ) ( )
( )( )

2
2

2
1 2 22

B
z

B B z A
ε

ψ
ε ε ε

+
= −

+ + −
 is a decreasing function in the intervals  

( )0, z−∞  and ( )0 ,z +∞ ; By, z → −∞  the function ( ) 0zψ → − , and by 

0 0z z→ − , the function ( )zψ → −∞ , and by z → +∞ , ( ) 0zψ → + , and by 

0 0z z→ + , ( )zψ → +∞ . The function ( ) 0J z → + , by z → −∞ , and by 
6z A B= − , the function ( )

6
WJ z
B

= , and by 6z A B= + , the function  

( )
6
WJ z
B

= − , by z → +∞ , the function ( ) 0J z → − . Therefore, the equation  

( ) ( )z J zψ = , that’s impossible the solutions in the outside the continuous spec-
trum of operator 1H� . Therefore, in this case, the operator 1H�  has no eigenva-
lues lying the outside of the continuous spectrum of the operator 1H� .   

From obtaining results is obviously, that the spectrum of operator 1H�  is 
consists from continuous spectrum and no more than two eigenvalues. 

Using tensor products of Hilbert spaces and Using tensor products of opera-
tors in Hilbert spaces [16], we can verify that the operator 3/2

qH�  can be represented 
in the form 

3/2 1 1 1,qH H I I I H I I I H= ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗� � � �             (63) 

where I is the unit operator in the space 1
�H . 

The spectrum of the operator A I I B⊗ + ⊗ , where A and B are densely de-
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fined bounded linear operators, was studied in [17] [18] [19]. In this work expli-
cit formulas were given there that express the essential spectrum  

( )ess A I I Bσ ⊗ + ⊗  of A I I B⊗ + ⊗  and the discrete spectrum  
( )disc A I I Bσ ⊗ + ⊗  in terms of the spectrum ( )Aσ  of A and the discrete 

spectrum ( )disc Aσ  of A and in terms of the spectrum ( )Bσ  of B and the dis-
crete spectrum ( )disc Bσ  of B:  

( ) ( ) ( ) ( ) ( ){ } ( )({
( )) ( ) ( )( )}

\ \ \

,

disc ess ess ess

ess

A I I B A A B B A

B A B

σ σ σ σ σ σ

σ σ σ

⊗ + ⊗ = +

+ +∪
 (64) 

( ) ( ) ( )( ) ( ) ( )( ).ess ess essA I I B A B A Bσ σ σ σ σ⊗ + ⊗ = + +∪      (65) 

It is clear that ( ) ( ) ( ){ }: ,A I I B A Bσ λ µ λ σ µ σ⊗ + ⊗ = + ∈ ∈ . 

4. Structure of the Essential Spectrum and Discrete  
Spectrum of Operator qH� 3 2  

Now, using the obtained results and representation (63), and Formulas (64), (65), 
we describe the structure of the essential spectrum and the discrete spectrum of 
the operator 3/2

qH� . 
The next theorems is described the structure of the essential spectrum and the 

discrete spectrum of the operator 3/2
qH� : 

Theorem 8. Let 1ν = . Then 
1) If 2 Bε = −  and 1 2Bε < −  (respectively, 2 Bε = −  and 1 2Bε > ,) then 

the essential spectrum of the operator 3/2
qH�  is consists of the union of three  

segments 
( ) [ ] [ ]

[ ]
3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
 and dis-

crete spectrum of the operator 3/2
qH�  is consists of a single eigenvalue,  

( ) { }3/2 3q
disc H zσ =� , where 1z A ε= + . 

2) If 2 2Bε = −  and 1 0ε <  (respectively, 2 2Bε = −  and 1 0ε > ), then the 
essential spectrum of the operator 3/2

qH�  is consists of the union of three  

segments: 
( ) [ ] [ ]

[ ]
3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and dis-

crete spectrum of the operator 3/2
qH�  is consists of a single eigenvalue:  

( ) { }3/2 3q
disc H zσ =� , where 2 2

14z A B ε= − +  (respectively, 2 2
14z A B ε= + + ). 

3) If 2 0ε =  and 1 0ε <  (respectively, 2 0ε =  and 1 0ε > ), then the essen-
tial spectrum of the operator 3/2

qH�  is consists of the union of three segments:  

( ) [ ] [ ]
[ ]

3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete spec-

trum of the operator 3/2
qH�  is consists of a single eigenvalue: ( ) { }3/2 3q

disc H zσ =� , 

where 2 2
14z A B ε= − +  (respectively, 2 2

14z A B ε= + + ). 

4) If 1 0ε =  and 2 0ε >  (respectively, 1 0ε =  and 2 2Bε < − ), then the es-
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sential spectrum of the operator 3/2
qH�  is consists of the union of three segments:  

( ) [ ] [ ]
[ ]

3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete spec-

trum of the operator 3/2
qH�  is consists of a single eigenvalue: ( ) { }3/2 3q

disc H zσ =� , 

where 
2

2

1

BEz A
E

= −
−

, (respectively, (
2

2

1

BEz A
E

= +
−

), and ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , (respectively, 

( )2
2 2

1

2 2B

B

ε ε
ε

+
= − ), then the essen-

tial spectrum of the operator 3/2
qH�  is consists of the union of three segments: 

( ) [ ] [ ]
[ ]

3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete spec-

trum of the operator 3/2
qH�  is consists of a single eigenvalue: ( ) { }3/2 3q

disc H zσ =� , 

where 
( )2

2

2 1

1

B E
z A

E

+
= +

−
, (respectively, 

( )2

2

2 1

1

B E
z A

E

+
= −

−
), and  

( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
>  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then the essential spectrum of the operator 3/2

qH�  is consists 

of the union of three segments:  

( ) [ ] [ ]
[ ]

3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete spec-

trum of the operator 3/2
qH�  is consists of a single eigenvalue: ( ) { }3/2 3q

disc H zσ =� , 

where 
( )2 2

2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real num-

ber 1α > ; 

7) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< −  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then the essential spectrum of the operator 3/2

qH�  is con-

sists of the union of three segments:  

( ) [ ] [ ]
[ ]

3/2 3 6 ,3 6 2 4 ,2 4

2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete spec-

trum of the operator 3/2
qH�  is consists of a single eigenvalue: ( ) { }3/2 3q

disc H zσ =� , 

where 
( )2 2

2

2 1

1

B E E
z A

E

α α+ − +
= −

−
, and ( )2

2
2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real num-

ber 1α > . 
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8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), then the essential spec-

trum of the operator 3/2
qH�  is consists of the union of six segments:  

( ) [ ] [ ]
[ ] [ ]
[ ] [ ]

3/2 1 1

2 2 1 1

1 2 1 2 2 2

3 6 ,3 6 2 4 ,2 4
2 4 ,2 4 2 2 , 2 2

2 , 2 2 2 , 2

q
ess H A B A B A B z A B z

A B z A B z A B z A B z
A B z z A B z z A B z A B z

σ = − + − + + +

− + + + − + + +
− + + + + + − + + +

� ∪

∪ ∪
∪ ∪

, and discrete 

spectrum of the operator 3/2
qH�  is consists of a four eigenvalues:  

( ) { }3/2 1 1 2 1 2 23 , 2 , 2 ,3q
disc H z z z z z zσ = + +� , where  

( )2 2

1 2

2 1

1

B E E
z A

E

α α+ − +
= +

−
, and 

( )2 2

2 2

2 1

1

B E E
z A

E

α α− − +
= +

−
, and  

( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

, and the real number 1α < . 

9) If 22 0B ε− < < , then the essential spectrum of the operator 3/2
qH�  is con-

sists is a single segment ( ) [ ]3/2 3 6 ,3 6q
ess H A B A Bσ = − +� , and discrete spectrum 

of the operator 3/2
qH�  is empty. 

Proof. 1) It follows from representation (63) and from Formulas (64) and (65), 
and from Theorem 6, that in one-dimensional case, the continuous spectrum of 
the operator 1H�  is consists from ( ) [ ]1 2 , 2cont H A B A Bσ = − +� , and discrete 
spectrum of the operator 1H�  is consists of unique eigenvalue z. Therefore, the 
essential spectrum of the operator 1 1 1H I I I H I I I H⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗� � �  is con-
sists from of the union of three segments [ ]3 6 ,3 6A B A B− +  and  
[ ]2 4 ,2 4A B z A B z− + + + , and [ ]2 2 , 2 2A B z A B z− + + + , and discrete spec-
trum of the operator 1 1 1H I I I H I I I H⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗� � �  is consists is the 
unique eigenvalue 3z. These are given to the proof of statement 1) from Theo-
rem 8. 

The statements (2)-(7) from Theorem 8 are proved similarly. 
We now are proving the statement 8) from Theorem 8. It can be seen from 

Theorem 6 (statement 8) in one-dimensional case the operator 1H�  has exactly 
two eigenvalues 1z  and 2z  outside the domain of the continuous spectrum of 
operator 1H� . Therefore, the set ( )3/2

q
ess Hσ �  consists of the union of six inter-

vals [ ]3 6 ,3 6A B A B− + , [ ]1 12 4 ,2 4A B z A B z− + + +  and  
[ ]2 22 4 ,2 4A B z A B z− + + +  and [ ]1 12 2 , 2 2A B z A B z− + + + , and  
[ ]1 2 1 22 , 2A B z z A B z z− + + + + + , and [ ]2 22 2 , 2 2A B z A B z− + + + , i.e.,  

( ) [ ] [ ]
[ ] [ ]
[ ] [ ]

3/2 1 1

2 2 1 1

1 2 1 2 2 2

3 6 ,3 6 2 4 ,2 4

2 4 ,2 4 2 2 , 2 2

2 , 2 2 2 , 2 2

q
ess H A B A B A B z A B z

A B z A B z A B z A B z

A B z z A B z z A B z A B z

σ = − + − + + +

− + + + − + + +

− + + + + + − + + +

� ∪

∪ ∪

∪ ∪

. The numbers  

13z , 23z , and 1 22z z+ , and 1 22z z+ , are eigenvalues of operator  

1 1 1H I I I H I I I H⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗� � � . These is given to the proof of statement 8) 
from Theorem 8. 
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We now are proving the statement 9) from Theorem 8. It can be seen from 
Theorem 6 (statement 9) in one-dimensional case the operator 1H�  has no ei-
genvalues the outside the continuous spectrum of operator 1H� . Therefore, the 
set ( )3/2

q
ess Hσ �  consists of a single segment: ( ) [ ]3/2 3 6 ,3 6q

ess H A B A Bσ = − +� , 
and the operator also has no eigenvalues, i.e.,  

( )1 1 1disc H I I I H I I I Hσ ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗ =∅� � � .   
The next theorems described the structure of essential spectrum of the opera-

tor 3/2
qH�  in a three-dimensional case. 

Theorem 9. Let 3ν = . Then 
1) a) If 2 Bε = −  and 1 6Bε < −  (respectively, 2 Bε = −  and 1 6Bε > ), 

then the essential spectrum of the operator 3/2
qH�  is consists of the union of  

three segments 
( ) [ ] [ ]

[ ]
3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
,  

and discrete spectrum of the operator 3/2
qH�  is consists of a single eigenvalue, 

( ) { }3/2 3q
disc H zσ =� , where 1z A ε= + . 
b) If 2 Bε = −  and 16 2B Bε− ≤ < −  (respectively, 2 Bε = −  and  

12 6B Bε< ≤ ,) then the essential spectrum of the operator 3/2
qH�  is consists of a 

single segment ( ) [ ]3/2 3 18 ,3 18q
ess H A B A Bσ = − +� , and discrete spectrum of the 

operator 3/2
qH�  is empty. 

2) If 2 2Bε = −  and 1 0ε < , 1
6B
W

ε ≤ − , (respectively, 2 2Bε = −  and 

1 0ε > , 1
6B
W

ε ≥ ), then the essential spectrum of the operator 3/2
qH�  is consists 

of the union of three segments  

( ) [ ] [ ]
[ ]

3/2 1 1

1 1

3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, (respectively, 

( ) [ ] [ ]
[ ]

3/2 2 2

2 2

3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
,) and discrete  

spectrum of the operator 3/2
qH�  is consists of a single eigenvalue,  

( ) { }3/2 13q
disc H zσ =� , (respectively, ( ) { }3/2 23q

disc H zσ =� ,) where 1z  (respectively, 

2z ) are the eigenvalue of operator 1H� . 

If 1
6 0B
W

ε− ≤ <  (respectively, 1
60 B
W

ε< ≤ ), then the essential spectrum of 

the operator 3/2
qH�  is consists of a single segment  

( ) [ ]3/2 3 18 ,3 18q
ess H A B A Bσ = − +� , and discrete spectrum of the operator 3/2

qH�  

is empty. 

3) If 2 0ε =  and 1 1
60, B
W

ε ε< < − , (respectively, 2 0ε =  and 1 1
60, B
W

ε ε> > ), 

then the essential spectrum of the operator 3/2
qH�  is consists of the union of 

three segments 
( ) [ ] [ ]

[ ]
3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, 
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and discrete spectrum of the operator 3/2
qH�  is consists of a single point, 

( ) { }3/2 3q
disc H zσ =� , where z is the eigenvalue of operator 1H� . 

If 2 0ε =  and 1 1
60, 0B
W

ε ε< − ≤ < , (respectively, 2 0ε =  and 1
60 B
W

ε< ≤ ), 

then the essential spectrum of the operator 3/2
qH�  is consists of a single segment 

( ) [ ]3/2 3 18 ,3 18q
ess H A B A Bσ = − +� , and discrete spectrum of the operator 3/2

qH�  

is empty set. 
4) If 1 0ε =  and 2 0, E Wε > > , (respectively, 1 0ε =  and 2 2 ,B E Wε < − < ), 

then the essential spectrum of the operator 3/2
qH�  is consists of the union of  

three segments 
( ) [ ] [ ]

[ ]
3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, 

(respectively, 
( ) [ ] [ ]

[ ]
3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� � �∪

� �∪
,)  

and discrete spectrum of the operator 3/2
qH�  is consists of a single point, 

( ) { }3/2 3q
disc H zσ =� , (respectively, ( ) { }3/2 3q

disc H zσ =� � ,) where z (respectively, z� )  

is the eigenvalue of operator 1H� , and ( )2
2

2
2 22
B

E
B
ε

ε ε
+

=
+

. If 1 0ε =  and  

2 0, E Wε > < , (respectively, 1 0ε =  and 2 2 ,B E Wε < − > ), then the essential 
spectrum of the operator 3/2

qH�  is consists of a single segment  

( ) [ ]3/2 3 18 ,3 18q
ess H A B A Bσ = − +� , and discrete spectrum of the operator 3/2

qH�  
is empty. 

5) If 
( )2

2 2
1

2 2B

B

ε ε
ε

+
= , (respectively, 

( )2
2 2

1

2 2B

B

ε ε
ε

+
= − ), then the essen-

tial spectrum of the operator 3/2
qH�  is consists of the union of three segments  

( ) [ ] [ ]
[ ]

3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z
σ = − + − + + +

− + + +

� ∪

∪
,  (respectively, 

( ) [ ] [ ]
[ ]

3/2 3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� � �∪

� �∪
,) and discrete  

spectrum of the operator 3/2
qH�  is consists of a single point, ( ) { }3/2 3q

disc H zσ =� , 
(respectively, ( ) { }3/2 3q

disc H zσ =� � ,) where z (respectively, z� ) is the eigenvalue of 
operator 1H� . 

6) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
>  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
> ), then the essential spectrum of the operator 3/2

qH�  is consists 

of the union of three segments  

( ) [ ] [ ]
[ ]

3/2 1 1

1 1

3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete 

spectrum of the operator 3/2
qH�  is consists of a single point, ( ) { }3/2 13q

disc H zσ =� , 

where 1z  is the eigenvalue of operator 1H� . 
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7) If 2 0ε >  and 
( )2

2 2
1

2 2B

B

ε ε
ε

+
< −  (respectively, 2 2Bε < −  and  

( )2
2 2

1

2 2B

B

ε ε
ε

+
< − ), then the essential spectrum of the operator 3/2

qH�  is con-

sists of the union of three segments  

( ) [ ] [ ]
[ ]

3/2 1 1

1 1

3 18 ,3 18 2 12 ,2 12

6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z

σ = − + − + + +

− + + +

� ∪

∪
, and discrete 

spectrum of the operator 3/2
qH�  is consists of a single point, ( ) { }3/2 13q

disc H zσ =� , 

where 1z  is the eigenvalue of operator 1H� . 

8) If 2 0ε >  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < <  (respectively,  

2 2Bε < −  and 
( ) ( )2 2

2 2 2 2
1

2 2 2 2B B

B B

ε ε ε ε
ε

+ +
− < < ), then the essential spec-

trum of the operator 3/2
qH�  is consists of the union of six segments  

( ) [ ] [ ]
[ ] [ ]
[ ] [ ]

3/2 1 1

2 2 1 1

1 2 1 2 2 2

3 18 ,3 18 2 12 ,2 12

2 12 ,2 12 6 2 , 6 2

6 , 6 6 2 , 6 2

q
ess H A B A B A B z A B z

A B z A B z A B z A B z

A B z z A B z z A B z A B z

σ = − + − + + +

− + + + − + + +

− + + + + + − + + +

� ∪

∪ ∪

∪ ∪

 and discrete 

spectrum of the operator 3/2
qH�  is consists of a four points,  

( ) { }3/2 1 1 2 1 2 23 , 2 , 2 ,3q
disc H z z z z z zσ = + +� , where 1z , and 2z , are the eigenvalues 

of operator 1H� . 

9) If 22 0B ε− < < , then the essential spectrum of the operator 3/2
qH�  is con-

sists of a single segment ( ) [ ]3/2 3 18 ,3 18q
ess H A B A Bσ = − +� , and discrete spec-

trum of the operator 3/2
qH�  is empty set.  

Proof. The proof of Theorems 9 is similar to the proof of Theorems 8. 

5. Conclusions 

In this paper, we investigated the structure of essential spectra and discrete spec-
trum of the three-electron systems in the impurity Hubbard model in the quartet 
state of the system. In the investigation of the spectra of three-electron systems 
in the impurity Hubbard model, we will reduce to a study the spectrum of a 
simpler operator. The paper consists of five sections. In the first section called 
Introduction, we give a summary historical description of the problem, and also 
describe the Hamiltonian of the considering systems. In the second section 
called Quartet state, we give the basic function of the system in the quartet state, 
also describe the action of the three-electron quartet state operator in the coor-
dinate representation in the invariant subspace. This operator is the bounded 
self-adjoint operator. Using the Fourier transform, we find the action of the 
three-electron quartet state operator in a quasimomentum representation. This 
operator is a bounded self-adjoint operator. In the third section of the paper, we 
describe the spectrum of the energy operator of a one-electron system in the 
impurity Hubbard model in a ν -dimensional integer-valued lattice Zν . The 
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Hamiltonian of one-electron systems in the impurity Hubbard model also has 
the form (1), but now the operator acts in the space one-electron states 1H . We 
denote by 1H  the restriction of H to the space 1H . We find the action of the 
operator 1H  in the coordinate and quasimomentum representations. The op-
erator 1H  and 1H�  are bounded self-adjoint operators. The operator 1H�  has 
a continuous spectrum and a finite number of eigenvalues with finite multiplici-
ties. The finding of the eigenvalues of the operator 1H�  is reduced to finding 
zeros of the function ( )zν∆ . 

We showed that the operator 1H� , in addition to the continuous spectrum, 
has or one eigenvalue below the continuous spectrum, or one eigenvalue above 
the continuous spectrum, or two eigenvalues, of which one is below and the 
other is above than the continuous spectrum, or there are no eigenvalues. 

Using tensor products of Hilbert spaces and tensor products of operators in 
Hilbert spaces, we can verify that the three-electron quartet state operator 3/2

qH�  
can be represented in the form  

3/2 1 1 1,qH H I I I H I I I H= ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗� � � �  

where I is the unit operator in the space 1H . 
Now, using the obtained results on the spectrum of the operator 1H�  and this 

representation, we can describe the structure of the essential spectrum and the 
discrete spectrum of the three-electron quartet state operator 3/2

qH� . 
We prove that the essential spectrum of the three-electron quartet state oper-

ator 3/2
qH�  is consists or of a single segment, or of the union of three segments, 

or of the union of six segments, and the discrete spectrum of the three-electron 
quartet state operator 3/2

qH�  consists of an empty set, or of a single eigenvalue, 
or of four eigenvalues. 
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