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Abstract

We consider a three-electron system in the Impurity Hubbard model with a
coupling between nearest-neighbors. Our research aim consists of studying
the structure of essential spectrum and discrete spectra of the energy operator
of three-electron systems in the impurity Hubbard model in the quartet state
of the system in a v -dimensional lattice. We have reduced the study of the
spectrum of the three-electron quartet state operator in the impurity Hubbard
model to the study of the spectrum of a simpler operator. We proved the es-
sential spectra of the three-electron systems in the Impurity Hubbard model
in the quartet state is the union of no more than six segments, and the dis-
crete spectrum of the system is consists of no more than four eigenvalues.
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1. Introduction

In the early 1970s, three papers [1] [2] [3], where a simple model of metal was
proposed that has become a fundamental model in the theory of strongly corre-
lated electron systems, appeared almost simultaneously and independently. In
that model, a single nondegenerate electron band with a local Coulomb interac-
tion is considered. The model proposed in [1] [2] [3] was called the Hubbard model
after John Hubbard, who made a fundamental contribution to studying the sta-
tistical mechanics of that system, although the local form of Coulomb interac-
tion was first introduced for an impurity model in metal by Anderson [4]. We
also recall that the Hubbard model is a particular case of the Shubin-Wonsowsky
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polaron model [5], which had appeared 30 years before [1] [2] [3]. In the Shu-
bin-Wonsowsky model, along with the on-site Coulomb interaction, the interac-
tion of electrons on neighboring sites is also taken into account. The Hubbard
model is an approximation used in solid-state physics to describe the transition
between conducting and insulating states. It is the simplest model describing
particle interaction on a lattice.

The Hubbard model and impurity Hubbard model is currently one of the most
extensively studied multielectron models of metals [6] [7] [8] [9] [10]. But little
is known about exact results for the spectrum and wave functions of the crystal
described by the Hubbard model, and obtaining the corresponding statements is
therefore of great interest. The spectrum and wave functions of the system of two
electrons in a crystal described by the Hubbard Hamiltonian were studied in [6].
It is known that two-electron systems can be in two states, triplet and singlet [6]
[7] [8] [9] [10]. It was proved in [6] that the spectrum of the system Hamiltonian
H' in the triplet state is purely continuous and coincides with a segment [m, M ] ,
and the operator H® of the system in the singlet state, in addition to the con-
tinuous spectrum [m, M ] , has a unique antibound state for some values of the
quasimomentum. For the antibound state, correlated motion of the electrons is
realized under which the contribution of binary states is large. Because the sys-
tem is closed, the energy must remain constant and large. This prevents the elec-
trons from being separated by long distances. Next, an essential point is that bound
states (sometimes called scattering-type states) do not form below the continuous
spectrum. This can be easily understood because the interaction is repulsive. We
note that a converse situation is realized for U < 0: below the continuous spec-
trum, there is a bound state (antibound states are absent) because the electrons
are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the
on-site Coulomb interaction of two electrons and corresponds to the energy of
two noninteracting electrons, being exactly equal to the triplet band. The second
band is determined by Coulomb interaction to a much greater degree: both the
amplitudes and the energy of two electrons depend on U and the band itself
disappears as U — 0 and increases without bound as U — «. The second band
largely corresponds to a one-particle state, namely, the motion of the doublet,
Le., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal
described by the Hubbard Hamiltonian were studied in [11].

The spectrum of the energy operator of system of four electrons in a crystal
described by the Hubbard Hamiltonian in the triplet state was studied in [12].
The four-electron system exists quintet state, and three type triplet states, and
two type singlet states. The spectrum of the energy operator of four-electron
systems in the Hubbard model in the quintet, and singlet states was studied in
[13].

Here, we consider the energy operator of three-electron systems in the Impur-

ity Hubbard model and describe the structure of the essential spectra and dis-
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crete spectrum of the system for quartet state.
The Hamiltonian of the chosen model has the form

+ + + +
H= AZ am,yam,y +B Z am,yamﬂ,y +Uzam,Tam,Tam,iam,l
m,y m

mz,y

+(A-A) 22,8, +(B-B) X (a8, +a,a, ) 1

Ty

+ +
+ (UO -uU )ao,Tao,Tao,¢a0,¢'

Here A (A,) is the electron energy at a regular (impurity) lattice site, B (B,) is
the transfer integral between (between electron and impurities) neighboring sites
(we assume that B>0 (B, >0) for convenience), 7= te;,j=12,---,v, where
g; are unit mutually orthogonal vectors, which means that summation is taken
over the nearest neighbors, U (U}) is the parameter of the on-site Coulomb inte-

raction of two electrons in the regular (impurity) sites, » is the spin index,

y=T or y={, T and { denote the spin values % and —%, and a;w

and a, are the respective electron creation and annihilation operators at a
site meZ”.
The three electron systems have a quartet state and two type doublet states.
The energy of the system depends on its total spin S. Along with the Hamilto-
nian, the N, electron system is characterized by the total spin S,
S =&, Siin :0,1.

max 2 2

S=S, . Smx —LS

max ? ~ max min >

Hamiltonian (1) commutes with all components of the total spin operator
S= (S+, S°,S° ) , and the structure of eigenfunctions and eigenvalues of the sys-
tem therefore depends on S. The Hamiltonian A acts in the antisymmetric Fock

space 7 .

2. Quartet State

Let ¢, be the vacuum vector in the space .7, . The quartet state corresponds

to the free motion of three electrons over the lattice with the basic functions

q;’ f],peZV =a, +a,,a; ,¢,. The space H,, corresponding to the quartet state is
q _ 3/2 as
the set of all vectors of the form wj, _Zm,n,pez‘/ f(m,n, p)qmn’pezv,f el®,

3
where 1 is the space of antisymmetric functions in the space |, (ZV)

Theorem 1. The space /) is invariant under the operator H, and the re-
striction Hj, of operator H to the subspace 7.}, is a bounded self-adjoint
operator. It generates a bounded self-adjoint operator H3, acting in the space

15 ((Z Y )3 ) according to the formula
(H_g,zf)( p.r.t)=3Af (p,r,t)+2BY [ f(p+r,rt)+f(pr+r,t)

+ f (p,r,t+r)]+(AD —A)[5p,o +6,, +5w] f(pr.t)
+(B,—B) Y[ 8, T (0,r,t)+5, . F(p,0,t)+5, . F(p.r,0)

T

2

+0,0F (7,1,8)+ 3,0 F (p.7.t) + 6,0 (p.1.7) ],
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where &, ; is the Kronecker symbol. The operator Hj, acts on a vector

W4, € #4 according to the formula

L Z (qu/zf

p,ritez”

J(p.r)ay ()

Proof.

We act with the Hamiltonian A on vectors 3, € 7,5 using the standard
anticommutation relations between electron creation and annihilation operators
at lattice sites, {amy, nﬁ} Omn0, > { my,an,ﬁ} = {a;,r, nﬁ} 0, and also take
into account that a, @, =6, where ¢ isthe zero element of 7,}. This yields
the statement of the theorem.

Welet & =A —A,and &, =B,-B.

Lemma 1. The spectra of the operators HJ, and HJ, coincide.

Proof. Because the operators HJ, and HJ, are bounded self-adjoint oper-
ators, it follows that if Ae O'(H 3,2) then the Weyl criterion (see [14], chapter
VII, paragraph 3, pp. 262-263) implies that there is a sequence {y/n}::l such
that [y, [|=1 and lim ”(H,j,2 —/1)1,//,, =0.We set

L8 :Zp” n(p'rlt) pTa:TaITgDO.Then

(H52 = 2] =((H. - 2)wr (152 - )
= 3 (5~ 2) (0 (a5 200,253 00
= er;t (H3.—4)F. (p, r,t)“2 (818,52, 15 187 18'10.0, ) as
5 (-2 (0 )

(Hi, = 2)F. (p, r,t)”2 -0

:Zp,r,t
=zp” f.(p,r,t). It follows that /160'(|-_|3q,2). Conse-
quently, O'(H??/Z)CO'(H:?/Z),

n—oo, where F,

Conversely, let 1 € G( I-_|3q,2) . Then, by the Weyl criterion, there is a sequence
{F,}”, suchthat |F,|=1 and lim (Hg, = 2)w,| =0. Setting
1

f, ( P, r,t)|2 )E , we conclude that

n—oo

Fn:Zpr[ n(p rt "Fﬂ":(Zp,r,t

=1 l=1 and |(A3, -2)F |- (L, - 2w,
means that 1 e a(Hg?,z) and hence o-(Hé‘,2 c o-(Hm) These two relations

imply G( 3,2) O'(I-_lsq,z) . O
We call the operator H,, the three-electron quartet state operator.

Let ./ :l, ((Z" )3) - L, ((T" )3) = 7,5 be the Fourier transform, where T"

—>0 as Nn—oo . This

is the v -dimensional torus endowed with the normalized Lebesgue measure
di, e A(T")=1

Weset HS, =./ HJ, /. In the quasimomentum representation, the oper-

ator Hj, acts in the Hilbert space L;‘S((Zv)a), where L3 ((Tv)s) is the sub-
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3
space of antisymmetric functions in L, ((TV) ) .

Theorem 2. The Fourier transform of operator HS, is a bounded self-adjoint

operator H, =.7 HY,. 7" acting in the space 7,y according to the formula

He,ws, =3AF (4, 1, ;/)+ZBZ[COS( () +cos( s )+cos(y;) ] f (4 u,7)
vl [ f(smy)ds+], f £ (2 l)dl]

+252I Z[cos )+cos i)]f(s,y,;f)ds (4)

(Aty)dt+],

+25,[, ;[COS(M )+cos(t )] f(A.t,y)dt

+25,[ iZvl“[cos(;/i)+cos(li)] f (A, p,1)dl.

The proof of Theorem 2, is straightforward of (2) using the Fourier transfor-
mation.

It is clear that spectral properties of energy operator of three-electron systems
in the impurity Hubbard model in the quartet state are closely related to the
spectral properties of its one-electron subsystems in the impurity Hubbard mod-

el. First we investigate the spectrum of one-electron subsystems.

3. Spectra of the Energy Operator of One-Electron System in
the Impurity Hubbard Model

The Hamiltonian / of one-electron systems in the impurity Hubbard model also
has the form (1). Welet .7, denote the Hilbert space spanned by the vectors in
the form y =) 5 a;ﬁ(ao. It is called the space of one-electron states of the oper-
ator H. The space .#, is invariant with respect to action of the operator AH.
Denote by H, =H | Y the restriction of A'to the subspace 7] .

As in the proof of Theorem 3, using the standard anticommutation relations
between electron creation and annihilation operators at lattice sites, we get the
following.

Theorem 3. The subspace .7, is invariant with respect to the action of the
operator H, and the restriction H, Iis a linear bounded self-adjoint operator, act-

ingin 7, as
Hy =2 (H,f)(p)a, 00w € 7, (5)
P

where H, isalinear bounded self-adjoint operator acting in the space |, as
(H,f)(p)=Af(p )+BZf(p+r)+gl f(p )+8ZZ( f(0)+6,,f(7))-(6)

Lemma 2. The spectra of the operators H, and H, coincide.

The proof of Lemma 2 is the same as the proof of the Lemma 1.

As in Section 2 denote by ./ :1, (Z Y ) -L (T Y ) = #, the Fourier transform.
Setting H, =./ H,. /" we get that the operator H, acts in the Hilbert space

L(T").
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Using the equality (6) and properties of the Fourier transform we have the
following.

Theorem 4. The operator W, acting in the space 7, as

(R1)(0)=| A+ 283 cosi | 1 (1) 0], 1 (5)s
V = 7)
+2£szV§[005ﬂi +coss; | f(s)ds, u= (s, ,),5=(5,8,)eT".

It is clear that the continuous spectrum of operator I:|1 is independent of the
numbers & and &,, and is equal to segment [m,,M |=[A-2Bv,A+2Bv],
where m, =minh(x), M, =maxh(x) (here h(x)=A+2B} " cosx).

v xeTV ~

Xe
To find the eigenvalues and eigenfunctions of operator H, we rewrite (7) in

following form:

{A+ 2B cos 4, - z} f(u)+el, f(s)ds

i=1

(8)
+2¢, [, 2 [cos 1 +coss ] f(s)ds =0,
i1
where zeR.
Suppose first that v =1 and denote a= J.T f(s)ds, b= L f (s)cossds,
h(x)= A+2Bcos x. From (8) it follows that
f(,u):_(.91+2e32 CoS p)a+2¢&,b ©)

h(u)-z

Now substitute (9) in expressing of a and b we get the following system of two

linear homogeneous algebraic equations:

& +2&,C085 ds )
[1+J‘TﬁdsJ.a+282J‘TW'b:O’ (10)
J. coss(gl+2<9zcoss)dS.aJr 1406 [ £OSSAS | o (11)
T h(s)—z 2Th(s)-z '

This system has a nontrivial solution if and only if the determinant A, (z) of

this system is equal to zero, where
(& +2¢,coss)ds cos sds
Al(Z):(l'FJTW . 1+282J.TW
ds ,[ coss(& +2¢,0ss)
2Th(s)-z 7 h(s)-z

(12)

-2¢&

Therefore, it is true the following.

Lemma 3. Ifa real number z ¢[m;,M,| then z is an eigenvalue of the oper-
ator H, ifand only if A,(2)=0.

The following Theorem describe of the exchange of the spectrum of operator
H, in thecase v=1.

Theorem 5. Let v =1. Then

1) If ¢,=—B and g <-2B (respectively, &, =—B and & >2B,) then
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the operator H, has a unique eigenvalue z=A+¢,, lying the below (respec-
tively, above) of the continuous spectrum of the operator Hl.

2) If ¢,=-2B and & <0 (respectively, &, =—2B and ¢ >0), then the
operator H, has a unique eigenvalue z= A—./4B?+g2 (respectively,
z=A+,/4B* +& ), lying the below (respectively, above) of the continuous
spectrum of the operator |:|1.

3)If &,=0 and & <0 (respectively, &, =0 and & >0), then the operator
H, hasa unique eigenvalue z=A—,/4B*+5’ (respectively,
z=A+,/4B* +& ), lying the below (respectively, above) of the continuous
spectrum of the operator |:|1.

4)If =0 and g, >0 (respectively, & =0 and ¢, <-2B), then the op-

erator H, has a unique eigenvalue z= A—ﬂ, (z=A+ 2BE
E*-1 E*-1
(B+¢92)2

=———-—, lying the below (above) of the continuous spectrum of the oper-
&, +2B¢,

), where

ator H,.
2(&; +2Bs,)
B

2(&; + 2Bz, )

5)If ¢ = 5

, (respectively, & =-— ), then the opera-

2B(E*+1
tor H, hasaunique eigenvalue z=A+

2 , (respectively,

( ¢ )2
N where E = ~ 2J 5 lym the above (res ectively, below
EZ -1 ) 622 + 2862 8 ( P )

of the continuous spectrum of the operator |:|l.

2(822 +ZBEZ)

6)If ¢,>0 and g > (respectively, &, <—2B and

2(&5 +2Bs, ) N
& > — 5 ), then the operator H, has a unique eigenvalue

2B(a + EVE? -1+ «? 2
(B+e,)
, where E=~——°7_

E*-1 & +2Be,

z,=A+ , and the real number

a >1, lying the above of the continuous spectrum of the operator H,.
2 (822 +2Bs, )

7)If ¢,>0 and g <- 5

(respectively, &, <—2B and

2(&; +2Bs, ) N
g < — 5 ), then the operator H, has a unique eigenvalue

2B(a+ EVE? -1+ a? 2
(B+¢,)
<m,, where E=—-——"—

z,=A-
' E*-1 &l +2Bg,

, and the real num-

ber « >1, lying the below of the continuous spectrum of the operator H,.
2(&2 +2Be 2(&2 +2Be
8) If &, >0 and —¥<€l <¥

2(&2 +2Be 2(&2 +2Be ~
% <g < % ), then the operator H, has

(respectively,

& <—-2B and -
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28(a+ EJE -1+ az)

a exactly two eigenvalues z, = A+ £7 ] <m, and
28(a—EVE -1+’ (B+2s,)
2

Z, = A+ >M,;, where E-= , and the real

EZ-1

number |a| <1, lying the above and below of the continuous spectrum of the

2
&, +2Bs,

operator H 1-

9) If —2B<¢, <0, then the operator H, has no eigenvalues lying the out-
side of the continuous spectrum of the operator H, .
Proof. In the case v =1, the continuous spectrum of the operator |:|1 coin-
cide with segment [m;,M,]=[A-2B, A+2B]. Expressing all integrals in the
ds
equation A;(Z)=0 through theintegral J(z)=| ————, we find that
d :(2) & & (2) J.TA+ZBcoss—z

the equation A, (Z) =0 isequivalent to the equation

[B”+(&3 +2Bs,) (2= A) |3 (2) +(B+5,)" =0, (13)
ds

Moreover, the function J (z) :j — s a differentiable function
. 7 TA+2Bcoss—z
on the set R\[m;, M, ], in addition,

J,(Z):I ds

T[A+2Bcoss—z]

~>0,2¢[m,M,]. Thus the function J(z) is an

monotone increasing function on (—o,m;) and on (M,,+). Furthermore,
J(z)>+0 as z—>—w0, J(z)>+0 as z>m -0, J(z)>—o as
z—>M,+0,and J(z)>-0 as z— +o.
If ¢B? +(522 +ZBSZ)(Z —A)#0 then from (13) follows that
2
3(2)=——; (ZB+52) _
&8 +(&} +2Bg, ) (- A)

(14)

(B+52)2

The function t//(Z):‘g B? + (&2 +2Be, ) (- A)
1 2 2

has a point of asymptotic

B¢, (B+s,) (522 +2Bez)

&2 +2Be,

discontinuity z, = A— . Since y'(z)=

|:ng2 +<522 + 2852)(2 - A)}2
for all z#1z, it follows that the function (z) is an monotone increasing
(decreasing) function on (—0,2;) and on (Z,,+%) in the case &, +2Be, >0
(respectively, & +2Bg, <0), in addition, and if &, >0, or & <-2B, then
(//(Z)—>+0 as Z—> -, (//(z)—>+oo as z—>1z,-0, l//(Z)—)—OO as
252,40, y(z)>-0 as z— +oo (respectively,if —2B<¢, <0, then
(//(Z)—)—O as Z—> -, (//(Z)—)—oo as z—>1z,-0, l//(Z)—>+OO as
7>2,+0, y(z)>+0 as z— +oo0).

1) If §,=—B and & <—-2B (respectively, &, =—B and g >2B), then
the equation for eigenvalues and eigenfunctions (13) has the form

{eB*-B*(z-A)}J(z)=0. (15)

It is clear, that J(z)#0 for the values z ¢ o, (I:|1) . Therefore,
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&—-1+A=0,ie, z=A+g.If g <—-2B, then this eigenvalue lying the below
of the continuous spectrum of operator H,, if & > 2B, then this eigenvalue
lying the above of the continuous spectrum of operator H; .

2) If ¢,=-2B and & <0 (respectively, &, =—2B and ¢ >0), then the

equation for the eigenvalues and eigenfunctions has the form

&B?J(z)+B? =0, that is, J(Z):—gi. It is clear, what the integral J(z)
1

calculated in a quadrature, of the below (above) of continuous spectrum of op-

erator H,, the integral J (2)>0,(J(2)<0,) consequently, & <0 (& >0.)

The calculated the integral J(z) =I ‘,L , the below of the conti-
T A+2Bcoss—z

nuous spectrum of operator H,, we have the equation of the form

! —i. (16)

J(A-z)-4B2 &

This equation has a solution z=A—,/g? +4B? , lying the below of the con-

tinuous spectrum of operator |:|1. In the above of continuous spectrum of op-
erator H,, the equation take the form

v 1 (17)

(z—AY-4B> &
This equation has a solution of the form z=A+,/¢? +4B? , lying the above
of the continuous spectrum of operator ﬁl.
3) If &, =0 and ¢ <0 (respectively, ¢, =0 and ¢ >0), then the equa-
tion for the eigenvalues and eigenfunctions take in the form £B?J(z)+B*=0

or

J(z2)=—=. (18)

It is clear, what the integral J(z) calculated in a quadrature, of the below
(respectively, above) of continuous spectrum of operator I:|1, the integral

J(z)>0, (respectively, J(z)<0,) consequently, & <0 (respectively, & >0.)

The calculated the integral J(z)= J.Tvﬁ , the below of the conti-
+ COSS—zZ

nuous spectrum of operator |:|1 , we have the equation of the form

! —i. (19)

(A-z)°-4B> &

This equation has a solution z=A-,/g? +4B? , lying the below of the con-

tinuous spectrum of operator H, . In the above of continuous spectrum of op-
erator H,, the equation take the form

B Sy 0

J(z-AY-4B? &

This equation has a solution of the form z= A+,/¢ +4B? , lying the above

DOI: 10.4236/jamp.2021.96094

1399 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.96094

S. M. Tashpulatov

of the continuous spectrum of operator ﬂl.
4) If & =0 and ¢, >0 (respectively, & =0 and ¢, <-2B), then the eq-
uation for the eigenvalues and eigenfunctions take in the form

(2 +2Bs, ) (z-A)I(2)=—(B+5,)",

or
(B+g, )2
I(2)=-7 : (21)
(£3 +2Bs, )(z-A)
B 2
Denote E:(ZJF—EZ).Then J(Z):— , Or J(Z): . In the below
&, +2B¢, z-A A-z
of the continuous spectrum of the operator |:|1, we have the equation of the
form
! __E . (22)
(A-z)’-4B? A-Z
2BE

This equation has a solution z=A- . It is obviously, that E®>1.

E?-1
This eigenvalue lying the below of the continuous spectrum of operator H, . In
the above of the continuous spectrum of operator |:|1, the equation for the ei-

genvalues and eigenfunctions has the form

1 - E (23)
J(z-AY -4z Z-A
2BE N .
From here, we find z= A+ — . This eigenvalue lying the above of the
E°-1
continuous spectrum of operator H, .
2(&; +2Bs,)
5)If & =————~=, then the equation for eigenvalues and eigenfunctions
has the form
(3 +2Bs,)(z— A+2B)J (2)=—(B+5,)’, (24)
from this
2
B+e
I(z)=- (Brer) (25)

(£2 +2Bz,)(z—A+2B)

2
B+
We denote E :(2—82). In the first we consider the Equation (25) in the
&, +2B¢,

below of continuous spectrum of operator |:|1. In Equation (25) we find the

equation of the form

1 __E 26)
(A—Z)2—4BZ A-z-2B°
ZB(E2+1)

From this, we find 7, = A+ 5 ,and z, = A—2B . Now we verify the
E
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conditions z; < A-2B,i=12. The inequality z, < A-2B, is incorrectly, and
inequality z, < A—2B, also is incorrectly. We now consider the Equation (25)

in the above of continuous spectrum of operator |:|1. We have

~ 1 _ E @)

(z-A) - 4B CZ-A+2B’

In this equation we find the solutions above of continuous spectrum of oper-

ator H,. Now we verify the conditions z, > A+2B,i=12. The inequality
z, > A+2B, is correctly, and inequality z, > A+2B, is incorrectly. Conse-

quently, in this case the operator Hl. has a unique eigenvalue

2B(E* +1) ~
Z,=A+ 71 lying the above of continuous spectrum of operator H,.
2(.922 +2Bs, )
Let & =——————=, then the equation of eigenvalues and eigenfunctions

take in the form
E
I)=———, 28
(2) z-A-2B (28)
B+s,)
where E = (2—82) .
&, +2B¢,
In the below of continuous spectrum of operator |:|l , we have equation of the
form
1 _ E
2B(E* +1)
2
equalities z, < A—2B, is correct, and 7, < A-2B, is incorrect. In the above of

(29)

From here we find z, = A- ,and z, = A+2B. The appear in-

continuous spectrum of operator |:|1 , we have equation of the form
1 _E

\/(Z—A)2—4BZ z—-A-2B

2B(E* +1)
E°-1

z,>A+2B,and z, > A+2B, are incorrectly. Therefore, in this case the oper-

2B(E* +1)
E2 -

(30)

It follows that, what z, = A— , and z, = A+2B. The inequality

ator H,; has a unique eigenvalue z, = A- , lying the below of con-

tinuous spectrum of operator H,.
2 (522 +2Bs, )

6)If &,>0 and g > 5

, (respectively, ¢, <-2B and
2(.922 + ZBgz)

2 (822 +2Bs, )
& > T), then consider necessary, that & =ax—————=

, where
o >1—real number. Then the equation for eigenvalues and eigenfunctions has
the form

2 (822 + ZBgz)

ax—— B’ +(£3+2Bz,)(z-A){I(2)+(B+5,) =0, (31)
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or
(3 +2Be,)(z— A+2aB)J(2)+(B+s,) =0. (32)
From this
2
I(2)=- (Bre,) . (33)
(522+2852)(Z—A+2a8)
(B+s,)
Wedenote E=-—2"—, then
&, +2Bs¢, e
J = 34
(z) z—-A+2aB G4

In the first we consider this equation in the below of the continuous spectrum

of operator H,. Then

1 _ E
(A—Z)2—482  A-z-2aB’

ZB(a+ EJEZ 1+ az)

E2-1

(35)

This equation has the solutions z, = A+ ,and

28(a—EVE -1+’
+ 2
E°-1
z;, < A-2B,i=12. The solution 2z, no satisfy the condition z, < A—2B, but

Z,=A . Now, we verify the condition

z, satisfy the condition z, <A-2B. We now verify the conditions
Z, < A—2aB . The appear, this inequality is incorrectly. The appear inequalities
z, > A+2B iscorrect,and z, > A+2B, is incorrect. We now verify the condi-
tions z, > A—2aB. So far as, A—2aB < A+2B, the appear, this inequality is

correctly. Consequently, in this case, the operator H, has a unique eigenvalue

28(a+ EJE? —1+a2)

z, = A+ £7 ] , above of continuous spectrum of operator
H, .
2(&; +2Bs,)
7)If ¢ >0,and ¢ < —5 (respectively, ¢, <-2B,and
2(&; +2Bs,) 2(&; +2Bs,)
& <—T), then we assume that g :—axT , wWhere

o >1—real number. The equation for eigenvalues and eigenfunctions take in

the form
(3 +2Bs,)(z— A-2aB)J(2)=—(B+5,)". (36)
From here

(B+e,)
£ +2Bs, )(2- A-2aB)

J(z)z—( (37)
M.Then

The introduce notation E = 5
&, +2Bg,
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E

)= (38)

In the below of the continuous spectrum of operator |:|1, we have the equa-

tion
E
J(2)=————, 39
(2) A-z+2aB (39)
from here
e (40)
(A—Z)2—4BZ A-z2+2aB
This equation take the form
(E*-1)(A-2)’ -4aB(A-2)-4B’(E*+a’)=0. (41)
28(a+ EVE? -1+a”
Wefind z, = A- 5 and
E°-1
28(a—EVE' -L+o
Z,=A- 71 . We now verify the conditions

z,<m = A-2B,i=12. The appear, that z, < A—2B, is correctly and
z, < A—2B, is incorrectly. Now we consider the Equation (38) in the above of

the continuous spectrum of operator |:|1. Then

E
J(z)=——"—. 42
() z—A-2aB (42)
From this
- ! =— E . (43)
[(Z_A)2_4Bz 72— A-2aB
ZB(a+E\/E2—1+a2)
Wefind 7, = A- 5 , and
E--1
ZB(—a+E\/E2—1+a2)
z,=A+ . We verify the conditions z, > A+2B,i=12.

E?-1
The appear z, > A+2B, it is not true, and the z, > A+2B, is true. We now
verify the conditions z, > A+2aB. The appear, this inequality is incorrectly.
Consequently, in this case, the operator H, have unique eigenvalue
28(a+EVE -1+’
B E?-1
spectrum of operator |:|l.
2(&l +2Be 2(&2 +2Be
8)If ¢,>0 and —% <g < % (respectively,

2 2
@< g <@), the we take

z,=A <my, ie, lying the below of the continuous

& <—-2B and -
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2(&; +2Bs,
&= XT , where —1<a <1—real number. Then the equation for

eigenvalues and eigenfunctions has the form

(3 +2Bz,)(z—A+2aB)I(2)=—(B+¢5,) |o| <1 (44)
2
We denote E = (|23+—82) . Then the Equation (44) receive the form
&, +2Bs, c
J(z)=——. 45
(Z) z—-A+2aB (45)

In the below of the continuous spectrum of the operator I:|l we have equa-

tion of the form

1 B E
(A—Z)Z—4Bz " A-z-2aB

ZB(a+E\/E2—1+a2)

EZ-1

,|a| <1. (46)

This equation has a solutions z, = A+

ZB(a—E\/E2—1+a2)
+ 2
EZ_1

z, < A-2aB, is implements. The inequalities z, < A—2B, is correctly, and the

,and

Z,=A

. The inequalities z, < A—2B, and

inequality z, < A—2B, is incorrectly. We now verify the conditions z, < A-2aB,
since A—2B < A-2aB, this inequality is true. We now consider the Equation
(44) in the above of the continuous spectrum of the operator Hl. We have the
equation of the form

1 E
(2-A) 48" " 72-A+2aB’

2B(a+ E\/E2—1+a2)

E*-1

(47)

This equation has a solutions 7, = A+

28(a~EVE' -1+a?
E*-1

The inequalities z, > A+2B,and z, > A-2aB istrue,as A+2B>A-2aB,

that the inequality z, > A—2aB is correctly. The inequalities z, > A+2B,

,and

Z,=A+

and z, > A+2aB is incorrectly. Consequently, in this case the operator H,

ZB(a+ EJEZ 1+ az)

has a exactly two eigenvalues z, = A+ £7 ]

ZB(a—E\/E2—1+aZ)
EZ-1

spectrum of the operator I:|1.

,and

Z,=A+ , lying the above and below of the continuous

9)If 2B <&, <0,then & +2Bg, <0, and the function

o (B+(<,‘2)2
v(z)= 6B +(f +2Be, ) (2- A)

is a decreasing function in the intervals
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(-©,2,) and (Z,,+); By, z—> —oo the function y(z)—>-0, and by
z—12,-0, the function y(z)—> -, and by z—>+w, ¥ (z)—>+0, and by
212,40, y(z)—>+wo . The function J(z)—>0, by z—>-w, and by
z—>m -0, the function J(z)—>+w, and by z—>M,+0, the function
J(Z)—)—OO,by Z — +o, the function J(Z)—)—O.Therefore, the equation

v(2)=3(2) (a9

that’s impossible the solutions in the outside the continuous spectrum of opera-
tor H,. Therefore, in this case, the operator H, has no eigenvalues lying the
outside of the continuous spectrum of the operator I:|1. O

Now we consider the two-dimensional case. In two-dimensional case, we have,

what the equation A, (z)=0, is equivalent to the equation of the form

(£,+B) +{aB” + (2 +2Bs, ) (- A)}3(2) =0, (49)

ds,ds
h J — 172
where 3(2)= [ A+2B(coss, +coss, ) -2

. In this case, also J (Z) —>+0, as
Z— -0, and J(Z)—>+oo,as z—>m,-0,and J(Z)—)—OO,as z—>M,+0,
and J(z)—> -0, as z—> +o. In one- and two-dimensional case the behavior
of function J(z) be similarly. Therefore, we have the analogously results, what
is find the one-dimensional case.

We consider the three-dimensional case.

Theorem 7. Let v =3. Then
1) a) If & =-B and & <-6B (respectively, &, =—B and g >6B))

then the operator H, has a unique eigenvalue z=A+e¢,, lying the below (re-
spectively, above) of the continuous spectrum of the operator H~1-

b)If &, =—B and -6B<g <-2B (respectively, &, =—B and
2B <& <6B,) then the operator H, has no eigenvalue, lying the below (re-

spectively, above) of the continuous spectrum of the operator Hl.

2)If ¢,=-2B and g <0, g < —SV—B, (respectively, ¢, =—2B and ¢ >0,

& = ?/\/_B ), then the operator H, has a unique eigenvalue z, (respectively, z,),
lying the below (respectively, above) of the continuous spectrum of the operator

H,. If —3V—B£51<0 (respectively, 0<81S$N_B)’ then the operator H, has

no eigenvalue the outside of the continuous spectrum of operator H,.

3)If ¢,=0 and ¢ <0,¢ < —\GN—B , (respectively, &, =0 and ¢ >0,¢ > \GN—B),

then the operator H, has a unique eigenvalue z lying the below (respectively,

above) of the continuous spectrum of the operator H,. If & =0 and
& <0, —3\/—8 <¢g <0, (respectively, ¢,=0 and O<g < 3\/—8), then the operator

H, has no eigenvalues in the outside of the continuous spectrum of the opera-

tor H,.
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4)If =0 and ¢, >0,E>W, (respectively, & =0 and &, <-2B,E<W),
(B+s,)

then the operator H, has a unique eigenvalue z ( Z), where E = 5 ,
&, +2Bg,

lying the below (above) of the continuous spectrum of the operator H,. If
& =0 and ¢,>0,E<W, (respectively, ¢ =0 and &, <-2B,E>W ), then
the operator H, has no eigenvalues the outside the continuous spectrum of the
operator |:|1.

2(&; +2Bs,) . 2(&; +2Bs,)
— 5 (respectively, ¢ = 5

tor H, has a unique eigenvalue z (respectively, 7 ), lying the above (respec-

51If ¢ = ), then the opera-

tively, below) of the continuous spectrum of the operator |:|1.

2 (522 +2Bs, )
6)If ¢,>0 and g >————= (respectively, & <—-2B and
2(&; +28Bs,) N S .
& >T), then the operator H, has a unique eigenvalue z,, lying

the above of the continuous spectrum of the operator H,.
2(&; +2Bs,)

7)If & >0 and ¢ <- 5

(respectively, ¢, <-2B and

2(&; +2Bs,) N
& <—————=), then the operator H, has a unique eigenvalue z,, lying

the below of the continuous spectrum of the operator |:|1.

2(&f +2Be 2(&? +2Be.
8)If &, >0 and —% <g < % (respectively,
2(&5 +2Bs,) 2(&5 +2Bs,) N
& <—2B and EEEe— <& <————=), then the operator H, has

a exactly two eigenvalues z;, and z,, lying the above and below of the conti-
nuous spectrum of the operator I:|1.

9) If 2B <&, <0, then the operator H, has no eigenvalues lying the out-
side of the continuous spectrum of the operator H,.

Proof. In the case v =3, the continuous spectrum of the operator H, coin-
cide with segment [m;,M;]=[A—-6B, A+6B]. Expressing all integrals in the
equation
(6‘1 +2¢,) coss, )dsldszds3

A+2BY’ coss 2

Ay (2)= 1+.[T3

«| 1+ 62, ,[ cos s,ds,ds,ds,

1 3 through
A+2B) coss -z

(51 +2¢,Y ) 0SS, )cos s,ds,ds,ds,

_6e J~ ds,ds,ds, I
o A+ZBZi3:1COSSi -z T3 A+ZBZLCOSSi -7
the integral J(z)= J’ ds,ds,ds,

. 3 , we find that the equation
T A+2B) coss —z
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A, (Z) =0 isequivalent to the equation

[28%+ (22 +2B5,)(2-A) |3 (2)+(B+5,)" =0. (50)

is a differentiable func-

Moreover, the function J(z) = J. s dsld: 4%
T A+2B) . coss —z

tion on the set R\[m;, M,], in addition,
, ds,ds,ds

J (Z):IT3 13 2493 .

[A+ 2B). coss, —z}

In the three-dimensional case, the integral

I ds,ds,ds, ds,ds,ds,
N

>0,z ¢[m;,M,].

s =, have the finite value,
3+C0Ss, +C€0SsS, +C0SS, 7" 3—C0SS, —C0SS, —COSS,

expressing these integral via Watson integral [15]

W = is j " J'” ‘[“ Sdxdydz ~1,516, and taking into account, what
7 777 3—C0S X —COS Y —COS Z

the measure is normalized, we have, that J (z) = ZV_B Thus the function J (Z)

is an monotone increasing function on (—oo,m,) and on (M,,+o). Further-

more, in the three-dimensional case J(Z)—>+O at z —> -0, and J(z)::SN_B
as 7=A-6B,and J(z)>-0 as z - +o0,and J(Z):_ZV_B as z=A+6B.
If &B? +(522 +2Bg, )(Z —A)#0 then from (12) follows that

J(z)=-

(B+s,)
£B% + (& +2Bs, )(2- A)

(B+s,)
&8’ +(&] +2Bz, ) (2 A)

The function l//(Z) =- has a point of asymptotic

BZs, (B-i—gz)z(gzz—i-ZBgz)

2
&, +2Beg,

discontinuity z,=A- . Since y'(z)=

87 +(c2 +2B,) (- A)|
for all z#1z, it follows that the function (z) is an monotone increasing
(decreasing) function on (-%,2,) and on (z,,+©) in the case
&2 +2Bg, >0 (respectively, & +2Bg, <0), in addition, and if & >0, or
& <-2B, then y(z)>+0 as z—>—o, y(z)>+0 as z->z,-0,
w(z) > - as
22,40, y(z)>-0 as z— +oo (respectively,if —2B<¢, <0, then
w(z)>-0 as z—>-o, y(z)>—0 as 2>7,-0, y(z)>+0 as
25>2,+0, y(z)>+0 as z— +mo).

1) If ¢,=—B and g <—-6B (respectively, &, =—B and & >6B), then
the equation for eigenvalues and eigenfunctions (13) has the form (15):

{B*-B*(z-A)}I(2)=0.

Itis clear, that J(z)#0 for the values z ¢ o, (Hl). Therefore,
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&g—-1+A=0,1ie, z=A+¢ .If g <—-6B, then this eigenvalue lying the below
of the continuous spectrum of operator H,, if & >6B, then this eigenvalue
lying the above of the continuous spectrum of operator H,.If —6B <g <-2B
(respectively, 2B < g <6B), then this eigenvalue not lying in the outside of the
continuous spectrum of operator H, .

2) If ¢,=-2B and & <0 (respectively, &, =—2B and ¢ >0), then the

equation for the eigenvalues and eigenfunctions has the form £B?J(z)+B* =0,

that is, J (Z) = —i . In the three-dimensional case J (Z) —+0 as z—> -,
&

and J(Z)Z;N—B as Zz=A-6B, and J(Z)—)—O as zZ —> 40, and

J(2)= —ZV—B as z=A+6B. Therefore, in order to the equation J(z)= 1
&

in the below (respectively, above) of continuous spectrum of operator |:|1 have
1 W
the solution, one should implements the inequality ——<6—B, (respectively,

&

1 w 6B 6B
——>——)1ie, & <——,¢g <0, (respectively, & >—,g >0).If
, GB) 1 w'e (resp Y> & w A )

—\GN—B<gl <0, (respectively, 0<¢, <$N—B), then the operator H, has no ei-

genvalues the outside the continuous spectrum of operator H~1.
3) If &, =0 and ¢ <0 (respectively, ¢, =0 and ¢ >0), then the equa-

tion for the eigenvalues and eigenfunctions take in the form £B?J(z)+B*=0

1
or J(z)=——. In the three-dimensional case J(z)—>+0 as z—>-x, and
1

J(Z):ZV—B as z=A-6B, and J(Z)—>—0 as z — +oo, and J(Z):—\6N—B

as z= A+6B. Therefore, in order to the equation J (Z) = 1 in the below
&

(respectively, above) of continuous spectrum of operator |:|1 have the solution,

one should implements the inequality S <ﬂ , (respectively, L > W »)
g 6B & 6B

Le, &< —3\/—8,51 <0, (respectively, & > sN—B,gl >0). If —3\/—8 <& <0, (respec-

tively, 0< g < 3\/—8), then the operator H, has no eigenvalues the outside the

continuous spectrum of operator H~1-
4) If =0 and &, >0 (respectively, ¢ =0 and &, <—2B), then the eq-
uation for the eigenvalues and eigenfunctions take in the form
(£3+2Bz,)(z-A)I(2)=—(B+5,)’, (51)
or

(B+e,)
& +2Bz,)(z-A)

(52)

J(z):—(
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. In the

2
Denote E=(IZ3+—82). Then J(Z):—i, or J(z)=
&2+ 2Bs, 7-A Az

three-dimensional case J(z)—>+0 as z—>—w,and J(z)= ZV—B as

z=A-6B, and J(z)>-0 as z-—>+w, and J(Z):_ZV_B as z=A+6B.

Therefore, in order to the equation J (Z) =- in the below (respectively,

above) of continuous spectrum of operator |:|l have the solution, one should
E W E W
implements the inequality — >——, (respectively, —<—,) ie, E>W,
P Wty 55 6p” PN 55 “5p
(respectively, E<W ). If ¢ =0 and &, >0, E<W , (respectively, ¢ =0
and &, <—2B, E >W ), then the operator H, has no eigenvalues the outside
the continuous spectrum of operator H, .

2(822 +ZBgz)

51If ¢ = , then the equation for eigenvalues and eigenfunctions

has the form
(3 +2Bs,)(z— A+2B)J (2)=—(B+5,)’, (53)
(B+52)2
(£3 +2Be, ) (z-A+2B)

from this we have equation in the form (13): J(z)=-

2
B+
We denote E = (2—82) . In the first we consider the Equation (14) in the be-
&, +2B¢,

low of continuous spectrum of operator H,. In the below of continuous spec-

~ E
trum of operator H,, the function ——— > +0,as 7z > -,
A-z-2B
E

—————=—as Z=A-6B, and in the three-dimensional case J(Z)—>+O
A-z-2B 4B

as Z— —w,and J(z)::sN—B as z=A-6B,and J(z)>-0 as z—>+wo,

and J (Z) = _;N_B as Z= A+6B . Therefore, the below of continuous spectrum

~ E
of operator H,, the equation J (Z) RNTETT) has a unique solution, if
- Z —
E . 2W L e
B >6—B, ie, E >?. This inequality is incorrect. Therefore, the below of

continuous spectrum of operator H,, this equation has no solution.

We now consider the equation for eigenvalues and eigenfunctions

J (Z) = B , in the above of continuous spectrum of operator I:|1. In
z-A+2B

the above of continuous spectrum of operator I:|1 , the function -0,

e — S
A-z-2B

E —E ,as Z=A+6B, and in the three-dimensional

as z—>+4w, —————=
A-z-2B 8B
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case J(z)—>-0 as z—+oo,and J(z)= _ZV_B as Z= A+6B . Therefore,
the above of continuous spectrum of operator ﬂl , the equation

E
J(z)=————— has a unique solution, if _E > W ,ie, E< % . This

A-z-2B 8B 6B
inequality correctly. Therefore, the above of continuous spectrum of operator

H,, this equation has a unique solution z.

2(322 + ZBgz)

If ¢ =- , then the equation for eigenvalues and eigenfunctions

has the form

(3 +2Bs,)(z— A-2B)J (2)=—(B+5,)", (54)
from this we have the equation in the form (14):
B+e,)’ 2
J(Z)z— 5 ( +82) . We denote E:(?Jr—gz). In the first we
(£3 +2Bs, ) (z— A+2B) &% +2Bg,

consider the Equation (14) in the below of continuous spectrum of operator H, .

In the below of continuous spectrum of operator H 1> the function

——— —>+0, as Z—> -, L:E, as z=A-6B, and in the
A-z+2B A-z+2B 8B

three-dimensional case J(z)—>+0 as z—>—w,and J(z)= 23N_B as

z=A-6B, and J(z)>-0 as z-—>+w, and J(Z):_ZV_B as z=A+6B.

Therefore, the below of continuous spectrum of operator I:|1, the equation

3(2)

equality is correct. Therefore, the below of continuous spectrum of operator |:|1 ,

=————— has a unique solution, if £<ﬂ, ie, E <ﬂ. This in-
A-z+2B 8B 6B 3

this equation has a unique solution.

We now consider the equation for eigenvalues and eigenfunctions

E ~
J (Z) = ECEYETR in the above of continuous spectrum of operator H,. In
z — —

the above of continuous spectrum of operator |-~|1 , the function

>

_
A-z+2B

E —E, as Zz=A+6B, and in the three-dimensional

as Z—>+o0, — =
A-z+2B 4B

case J(z)—>—-0 as z—+o0, and J(z)= _‘\SN_B as z=A+6B . Therefore,
the above of continuous spectrum of operator ﬂl , the equation

J (Z)=— has a unique solution, if —£>—ﬂ, Le, E <&. This
A-z+2B 4B 6B 3

inequality is incorrect. Therefore, the above of continuous spectrum of operator

H,, this equation has no solution.

2(&; +2Bs,)

6)If ¢,>0 and ¢ > , (respectively, ¢, <-2B and
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2(.922 + 2832)
& > T), then consider necessary, that & =ax

o >1—real number. Then the equation for eigenvalues and eigenfunctions has

Aot 282) e

the form
2(&; +28Bs,) ,
axTsz+(5§+ZBgz)(z—A) J(z)+(B+e,) =0,  (55)
or
(£ +2Be,)(z2— A+2aB)J (2)+(B+s,)" =0. (56)
B+s,)
From this J(z)=- > (B+2) . We denote E=(23+—82),
(£3 +2Bs, )(z— A+ 2aB) 2 +2Be,
then J(z)= B In the first we consider this equation in the below
z—-A+2aB
of the continuous spectrum of operator I:|1. Then J (Z)—>+O, as Z—> -,
J(z):ﬂ,as z=A-6B, —L—)+O,as Z — -0, and
6B z-A+2aB
E E .
- = ,as Z=A—-6B. The equation
z-A+2aB (6-2a)B
E
(Z) z—A+2aB 57)
3—a)W
has a unique solution, if L<ﬂ From here E <&. This

(6-2a)B
inequality is incorrect. Therefore, the below of continuous spectrum of operator
H,, the operator H, has no eigenvalues.
The above of continuous spectrum of operator I:|1, we have the J (Z) -0,

E
if z— 400, J(z)z—ZV—B,if Z=A-6B. Besides, —ﬁ—)—o,as
- A+2ax

E
7—A+2aB  6B+2aB

The equation

Z—>40, — ,if z=A+6B.

E
()=
(Z) z-A+2aB
e w @raw

have a unique solution, if ———————>———. From here E <
(6+2a)B 6B

(58)

. This

inequality is correctly. Therefore, the above of continuous spectrum of operator
H,, the operator H, has a unique eigenvalues z,.
2(&; +28Bs,)

7) If &>0, and & <- 5

, (respectively, &, <-2B, and
2(& +2Be 2(& +2Be
51<—¥), then we assume that g :—axM

, where
B

DOI: 10.4236/jamp.2021.96094 1411 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.96094

S. M. Tashpulatov

o >1—real number. The equation for eigenvalues and eigenfunctions take in

the form
(¢ +2Be,)(z-A-2aB)J(2)=—(B+¢5,)". (59)
From here
2
B+e
J(z)=- > ( 2) . (60)
(52 + ZBgz)(z —-A-2aB)
. . (B+s,) o
The introduce notation E =--——"—. Then we have the equation in the
&, +2Bg,
form (15): J (Z) :—;. In the below of the continuous spectrum of
z-A-2aB
operator |:|1, we have the equation J (Z) = L In the below of con-
A-z+2aB
. ~ E
tinuous spectrum of operator H,, ———— — > +0,as 7z > -,
z—-A-2aB
_ E = E ,as Zz=A-6B.
z-A-2aB 6B+2aB
The equation J(z)= B have a unique solution, if
z-A+2aB
E W (3+a)W

. From here E< . This inequality is correctly.

(6+22)B 6B

Therefore, the below of continuous spectrum of operator |:|l, the operator H,
has a unique eigenvalues.

. ~ E
In the above of continuous spectrum of operator H,, ———— —
z—-A-2aB

>

E
7—-A-2aB  6B-2aB

of continuous spectrum of operator |:|l, the operator |:|1 has a unique eigen-

e _w (o
3

as Z——w, —

,as Z= A+6B . Therefore, the above

—— =——— . From here E<
6B-2aB 6B

Therefore, the above of continuous spectrum of operator ﬂl, the operator I:|l

values, if — , what is incorrectly.

has no eigenvalues.

2(&2 +2B¢ 2(&2 +2B¢
8)If ¢,>0 and —¥<31<¥ (respectively,
2(&2 +2Be 2(&2 +2Be
& <—2B and —¥<gl<¥), the we take

2(&; +2Bs,)

B
eigenvalues and eigenfunctions has the form:

& =ax , where —1<a <1—real number. Then the equation for

(3 +2Bs, )(z- A+2aB)J (2)=—(B+¢,) |a|<1. (61)

2
B+
We denote E = (2—82) . Then the Equation (61) receive the form
&, +2B¢,

DOI: 10.4236/jamp.2021.96094 1412 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.96094

S. M. Tashpulatov

E

_ 62
z—-A+2aB (62)

J(2)=
In the below of continuous spectrum of operator |:|1 , we have
—;—>+O,as Z——w,and - E = E
z—A+2aB z-A+2aB 2B(3-a)
B E
z—-A+2aB

, as

z=A-6B. The equation J(z)= have a unique solution the

. 5 . E w
below of continuous spectrum of operator H,, if ————>—. From here

(6-2a)B 6B
(3—a)W
3

spectrum of operator |:|l , the operator |:|1 has a unique eigenvalues z.

E > . This inequality is correctly. Therefore, the below of continuous

The above of of continuous spectrum of operator H 1» we have
E E

——— > -0,as z—>+w,and - =— ,as
z-A+2aB z-A+2aB  2B(3+a)
z=A+6B. The equation J (z)=—L have a unique solution the
z—-A+2aB
~ 3+a)W
above of H, if £ > W ,Le, E< Q . This inequality is cor-
2B(3+a)
rect.

Consequently, in this case the operator H, have two eigenvalues z, and z,,
lying the below and above of continuous spectrum of operator H; .
9)If 2B <&, <0,then & +2Bg, <0, and the function
(B+s,)

w(z)=- Be (522 + 2852)(2 “A) is a decreasing function in the intervals

(-,7y) and (zy,+®); By, z—>—oo the function y(z)—>-0, and by
z—17,-0, the function ¥ (z)—> -, and by z—+o, y(z)—>+0, and by
212,40, y(z)—>+w. The function J(z)—>+0, by z— -, and by
z = A-6B, the function J(Z)zZV—B,andby z=A+6B, the function

J(z)= _:SN_B’ by z >+, the function J(z)— —0. Therefore, the equation

w(z)=1J(z), that’s impossible the solutions in the outside the continuous spec-
trum of operator H, . Therefore, in this case, the operator H, has no eigenva-
lues lying the outside of the continuous spectrum of the operator H,. [

From obtaining results is obviously, that the spectrum of operator H, is
consists from continuous spectrum and no more than two eigenvalues.

Using tensor products of Hilbert spaces and Using tensor products of opera-
tors in Hilbert spaces [16], we can verify that the operator HJ, can be represented

in the form
HI, =H, ®I®I+I®H,®I+1®I®H,, (63)

where 7is the unit operator in the space /‘/1~ .
The spectrum of the operator A® | +1®B, where A and B are densely de-
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fined bounded linear operators, was studied in [17] [18] [19]. In this work expli-
cit formulas were given there that express the essential spectrum

Ous (A®1+1®B) of A®1+1®B and the discrete spectrum
Ousc (A®1+1®B) in terms of the spectrum o (A) of A and the discrete
spectrum oy (A) of Aand in terms of the spectrum o (B) of Band the dis-
crete spectrum oy, (B) of B

O (A®1+1®B) ={o( )\Gess(A)+0'(B)\O'ESS(B)}\{(Jess(A) o
+O_(B)>U(O-(A)+GeSS(B))}’

Ous (A® 1 +1®B) = (0, (A)+0(B))U(c(A)+ 0, (B)). (65)

It is clear that O'(A®I +1 ®B):{ﬁ+,u:/160(A),,uea(B)}.

4. Structure of the Essential Spectrum and Discrete
Spectrum of Operator H g/z

Now, using the obtained results and representation (63), and Formulas (64), (65),
we describe the structure of the essential spectrum and the discrete spectrum of
the operator HJ, .

The next theorems is described the structure of the essential spectrum and the
discrete spectrum of the operator HJ,:

Theorem 8. Let v =1. Then

1) If &, =—B and & <-2B (respectively, ¢, =—B and ¢ >2B,) then
the essential spectrum of the operator HY, is consists of the union of three

O (H3, ) = [3A-6B,3A+6B]U[2A—- 4B +7,2A+ 4B + ]
segments and dis-
U[A-2B+2z,A+2B+2z]

crete spectrum of the operator HJ, is consists of a single eigenvalue,
O gise (Hs/z) {3z}, where z=A+g.
2) If ¢,=-2B and & <0 (respectively, &, =—2B and ¢ >0), then the

essential spectrum of the operator HJ, is consists of the union of three

0. (Hs,)=[3A-6B,3A+6B]U[2A-4B +7,2A+4B+1]
segments: , and dis-
U[A-2B+2z,A+2B+2z]

crete spectrum of the operator HJ, is consists of a single eigenvalue:

Gdisc(H3/2) {3z} ,where z=A-.4B®+¢} (respectively, z=A+/4B*+¢&l ).

3)If ¢,=0 and & <0 (respectively, &, =0 and & >0), then the essen-
tial spectrum of the operator HJ, is consists of the union of three segments:
O (H3, ) = [3A-6B,3A+6B]U[2A—- 4B +7,2A+ 4B + ]

, and discrete spec-
U[A-2B+2z,A+2B+2z]

trum of the operator HJ, is consists of a single eigenvalue: o, (I:Ig,z) ={3z},

where z=A—,[4B? +& (respectively, z=A+4B°+¢&7).

4) If ¢ =0 and &, >0 (respectively, & =0 and ¢, <-2B), then the es-
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sential spectrum of the operator HJ, is consists of the union of three segments:

O (H3, ) = [3A—6B,3A+6B]U[2A—- 4B +7,2A+ 4B + 7] .
, and discrete spec-
U[A-2B+2z,A+2B+2z]

trum of the operator HJ, is consists of a single eigenvalue: o, (|:|§,2) ={3z},
(B+2)

+
where z:A—ﬂ,(respectively,(z:A+ 2BE ), and Ezz—SZ).
VE?-1 JVEZ-1 & +2Bs,
2(.922+ZB.92) 2(822+2882)

5 1If ¢= » (respectively, & =- ), then the essen-

B B

tial spectrum of the operator HJ, is consists of the union of three segments:

O (H3, ) = [3A—6B,3A+6B]U[2A—- 4B +7,2A+ 4B + 7]
, and discrete spec-
U[A-2B+2z,A+2B+2z]

trum of the operator HJ, is consists of a single eigenvalue: o, (I:Ig,z) ={3z},

2B(E* +1) . 2B(E* +1)
where z=A+ £7 ] , (respectively, Z=A—ﬁ),and
(B+gz)2
T eZ+2Be, |

2(&; +2Bs,)

6)If ¢,>0 and ¢ > 5

(respectively, ¢, <-2B and

2(&5 +28Bx,) N
& > — 5 ), then the essential spectrum of the operator Hj, is consists

of the union of three segments:
O (H3, ) = [3A—6B,3A+6B]U[2A—- 4B +7,2A+ 4B + 7]

, and discrete spec-
U[A-2B+2z,A+2B+2z]

trum of the operator HJ, is consists of a single eigenvalue: o, (I:Ig,z) ={3z},

ZB(a+E\/E2—l+a2) (B+s,)
,and E=2_ "2/

> 5 , and the real num-
E°-1 & +2Bg,

where z=A+

ber a>1;
2(822 +2B€2)

7)If ¢,>0 and g <- 5

(respectively, &, <—2B and

2(&; +2Bs,) N
g <—————"2), then the essential spectrum of the operator H,, is con-

sists of the union of three segments:

O (H3, ) = [3A-6B,3A+6B]U[2A— 4B +2,2A+ 4B + ]
, and discrete spec-
U[A-2B+2z,A+2B+27]

trum of the operator HJ, is consists of a single eigenvalue: o, (H~3q,2) ={3z},

ZB(a+E\/E2—1+a2)’ " (B+2,)

E*-1 &5 +2Bg,

where 7=A- , and the real num-

ber a>1.
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2(&Z +2Bs 2(&Z +2Bsg
8)If ¢,>0 and —% <g < % (respectively,
2(&; +2Bs,) 2(&; +2Bs,)
& <—2B and —————~<g <————7), then the essential spec-
? B ' B

trum of the operator HJ, is consists of the union of six segments:
0w (Hy,)=[3A-6B,3A+6B]U[2A- 4B +12,2A+ 4B +1,]

U[2A-4B+2,,2A+4B+2,|U[A-2B+2z,A+2B+2z] , and discrete
U[A-2B+27,+12,,A+2B+17 +12,|UA-2B+2z,,A+ 2B +7,]

spectrum of the operator Hj, is consists of a four eigenvalues:

O giee (H;*,Z) ={32,22,+1,,2, +22,,32,} , where

28(a+ EJEZ 1+ az)

E2-1

ZB(a—E\/EZ —1+a2)

Z, = A+
! E2-1

,and z, = A+ ,and

2
= (?+—82) , and the real number |a| <1.
&, +2B¢,

9) If —2B<¢, <0, then the essential spectrum of the operator HJ, is con-
sists is a single segment o (I:Ié‘,z) =[3A-6B,3A+6B], and discrete spectrum
of the operator Hj, isempty.

Proof.: 1) It follows from representation (63) and from Formulas (64) and (65),
and from Theorem 6, that in one-dimensional case, the continuous spectrum of
the operator H, is consists from o, (I:|l) =[A-2B,A+2B], and discrete
spectrum of the operator H, is consists of unique eigenvalue z Therefore, the
essential spectrum of the operator H, ® 1@ 1+ ®H, ®1+1®1®H, is con-
sists from of the union of three segments [3A—6B,3A+6B] and
[2A—4B +2,2A+4B + Z] , and [A— 2B+2z, A+2B+ 22] , and discrete spec-
trum of the operator H,® 1 ®1+I1®H, ®1+1®I®H, is consists is the
unique eigenvalue 3z These are given to the proof of statement 1) from Theo-
rem 8.

The statements (2)-(7) from Theorem 8 are proved similarly.

We now are proving the statement 8) from Theorem 8. It can be seen from
Theorem 6 (statement 8) in one-dimensional case the operator |:|1 has exactly
two eigenvalues z, and z, outside the domain of the continuous spectrum of
operator H,. Therefore, the set o, (H~3q,2) consists of the union of six inter-
vals [3A-6B,3A+6B], [2A-4B+2,2A+4B+2] and
[2A-4B+17,,2A+4B+1,| and [A-2B+2z,A+2B+2z],and
[A-2B+27,+7,,A+2B+2 +2,],and [A-2B+22,,A+2B+2z,], ie,
0w (H3, ) =[3A-6B,3A+6B]U[2A-4B +72,2A+4B+7,]
U[2A-4B+27,,2A+4B+2,|U[A-2B+2z, A+ 2B +2z] . The numbers
U[A-2B+2z,+2,, A+2B+2,+12,|U[A-2B+2z,, A+ 2B +22,]
3z,, 3z,,and 2z,+1,,and 1z +21z,, are eigenvalues of operator

H,®I®1+1®H,®1+1®1®H,. These is given to the proof of statement 8)

from Theorem 8.
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We now are proving the statement 9) from Theorem 8. It can be seen from
Theorem 6 (statement 9) in one-dimensional case the operator I:|1 has no ei-
genvalues the outside the continuous spectrum of operator |:| Therefore, the

set o, (I:I;,‘,Z) consists of a single segment: cress( 3,2) [3A-6B,3A+6B],

and the operator also has no eigenvalues, ie,
O (H@1®1+1®H, @1 +1®1®H,)=2. O

The next theorems described the structure of essential spectrum of the opera-
tor HJ, ina three-dimensional case.

Theorem 9. Let v =3. Then

1) a) If ¢, =—B and g <—-6B (respectively, ¢,=—B and & >6B),
then the essential spectrum of the operator HJ, is consists of the union of

O (H3, ) = [3A-18B,3A+18B]U[2A~12B+2,2A+12B + ]
three segments )
U[A-6B+2z, A+6B +2z]

and discrete spectrum of the operator HJ, is consists of a single eigenvalue,
O gise (H3,2) {3z}, where z=A+g.

b)If ¢, =—B and -6B<g <-2B (respectively, ¢, =—B and
2B <&, <6B,) then the essential spectrum of the operator HJ, is consists of a
single segment o, (H3,2) [3A-18B,3A+18B], and discrete spectrum of the

operator HJ, isempty.

2) If §=-2B and §<0, g< —3\/—8 , (respectively, &, =—2B and

6B . ia .
& >0, & >——), then the essential spectrum of the operator Hj), is consists
W

of the union of three segments

0. (H3, ) =[3A-18B,3A+18B]U[2A-12B + 7,,2A+12B + 2,] » vl
respectively,

U[A-6B+2z,A+6B+2z]

0. (H3,) =[3A-18B,3A+18B]U[2A-12B +7,,2A+12B + 7, |
,) and discrete

U[A-6B+2z,,A+6B+2z,]
spectrum of the operator HJ, is consists of a single eigenvalue,
Cise (Hg,z) ={3z}, (respectively, o, (I:I A ) ={3z,},) where z, (respectively,

Z, ) are the eigenvalue of operator H,.

If —3\/—8 <g <0 (respectively, 0<g S?N—B), then the essential spectrum of

the operator HJ, is consists of a single segment
Gess( 3,2) [3A-18B,3A+18B], and discrete spectrum of the operator H,

is empty.

3)If ¢,=0 and ¢ <0,¢ < _3V_B (respectively, ¢, =0 and ¢ >0,¢ > ?N_B)

then the essential spectrum of the operator qu is consists of the union of
o,

w (H3,) =[3A-188B,3A+18B]U[2A~12B + 2,2A+12B + 2]
three segments ,
U[A-6B+2z, A+6B +2z]
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and discrete spectrum of the operator HJ, is consists of a single point,

O gisc ( 3,2) {3z}, where zis the eigenvalue of operator H,.
6B . 6B
If 6,=0 and ¢ < 0,—WS & <0, (respectively, &, =0 and O<g < W),

then the essential spectrum of the operator HJ, is consists of a single segment
o'ess( 3,2) [3A-18B,3A+18B], and discrete spectrum of the operator Hj,
is empty set.

4)If =0 and &, >0,E>W, (respectively, &, =0 and ¢, <-2B,E<W),
then the essential spectrum of the operator HJ, is consists of the union of
0w (H3, ) =[3A-18B,3A+18B]U[2A-12B +2,2A+12B + ]

ess
three segments ,

U[A-6B+2z, A+6B+2z]

( el 0. (H3,)=[3A-18B,3A+18B]U[2A-12B+7, 2A+128+z])
respectively, >
U[A-6B+27, A+6B +27]

and discrete spectrum of the operator HJ, is consists of a single point,
O tise (I:I;‘,Z) ={3z}, (respectively, oy, (I:Isq,2 ) ={3z},) where z (respectively, 7)

(B+(92)2

is the eigenvalue of operator H,,and E = If £ =0 and

&, >0,E <W, (respectively, & =0 and &, <-2B,E>W ), then the essential
spectrum of the operator HJ, is consists of a single segment

O'ess( 3,2) [3A-18B,3A+18B], and discrete spectrum of the operator Hj,
is empty.

2(&; +2Bs,) 2(&5 +2B¢,)

B B
tial spectrum of the operator HJ, is consists of the union of three segments
0w (Hy, ) =[3A-18B,3A+18B]U[2A—12B +2,2A+12B + 7]
U[A-6B+2z, A+6B+2z]

O (H3, ) =[3A-18B,3A+18B]U[2A~12B+2,2A+12B + 7]
U[A-6B+2Z, A+6B+27]

5 1If ¢= , (respectively, & =-— ), then the essen-

, (respectively,

,) and discrete

spectrum of the operator HJ, is consists of a single point, o, (Ha/z) {3z},
(respectively, oy, (Hg,2 ) ={37},) where z (respectively, 7) is the eigenvalue of
operator H,.

2(&; +2Bs,)

6)If ¢,>0 and ¢ > 5

(respectively, ¢, <-2B and

2(&5 +2Bs, ) N
& > — 5 ), then the essential spectrum of the operator Hj, is consists

of the union of three segments

0. (H3,)=[3A-18B,3A+18B]U[2A-12B + 7,,2A+12B + ,]
, and discrete

U[A-6B+2z,, A+6B+2z]
spectrum of the operator HJ, is consists of a single point, o (Hg,z) ={3z},

where z, is the eigenvalue of operator H,.
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2 (822 +2Bs, )
7)If 6,>0 and ¢ < Er-e— (respectively, &, <-2B and
2(&5 +2Bs,) N
g <—————%), then the essential spectrum of the operator Hj, is con-
B

sists of the union of three segments

O (A4, ) =[3A~18B,3A+18B]U[2A~12B + 7, 2A+12B + 7]
, and discrete
U[A-6B+27,A+6B+2z]

spectrum of the operator HJ, is consists of a single point, o (I:Ig,z) ={3z,},

where z, isthe eigenvalue of operator H,.

2(&2 +2Be 2(&2 +2Be
8)If ¢,>0 and —% <g < % (respectively,
2(522+2Bgz) 2(.922+ZB$2)
& <—2B and —T<g1 <T ), then the essential spec-

trum of the operator HJ, is consists of the union of six segments
Oees (I:I:?,2 ) =[3A-18B,3A+18B|U[2A-12B+7,2A+12B+7]
U[2A-12B+2,,2A+12B +7,]U[A-6B+22,, A+ 6B +27,] and discrete
U[A-6B+27+2,, A+6B+2 +2,|U[A-6B+2z,, A+6B+22,]
spectrum of the operator HJ, is consists of a four points,
O gise (I—~|§,2) ={3z,22,+17,,2,+22,,32,} , where z,,and z,, are the eigenvalues
of operator H,.

9) If —2B<¢, <0, then the essential spectrum of the operator HJ, is con-
sists of a single segment o, (H~§,2) =[3A-18B,3A+18B], and discrete spec-

trum of the operator Hj), isempty set.

Proof. The proof of Theorems 9 is similar to the proof of Theorems 8.

5. Conclusions

In this paper, we investigated the structure of essential spectra and discrete spec-
trum of the three-electron systems in the impurity Hubbard model in the quartet
state of the system. In the investigation of the spectra of three-electron systems
in the impurity Hubbard model, we will reduce to a study the spectrum of a
simpler operator. The paper consists of five sections. In the first section called
Introduction, we give a summary historical description of the problem, and also
describe the Hamiltonian of the considering systems. In the second section
called Quartet state, we give the basic function of the system in the quartet state,
also describe the action of the three-electron quartet state operator in the coor-
dinate representation in the invariant subspace. This operator is the bounded
self-adjoint operator. Using the Fourier transform, we find the action of the
three-electron quartet state operator in a quasimomentum representation. This
operator is a bounded self-adjoint operator. In the third section of the paper, we
describe the spectrum of the energy operator of a one-electron system in the

impurity Hubbard model in a v -dimensional integer-valued lattice Z". The
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Hamiltonian of one-electron systems in the impurity Hubbard model also has
the form (1), but now the operator acts in the space one-electron states .7, . We
denote by H, the restriction of H to the space .#; . We find the action of the
operator H, in the coordinate and quasimomentum representations. The op-
erator H, and H, are bounded self-adjoint operators. The operator H, has
a continuous spectrum and a finite number of eigenvalues with finite multiplici-
ties. The finding of the eigenvalues of the operator H, is reduced to finding
zeros of the function A, (z).

We showed that the operator I:|1, in addition to the continuous spectrum,
has or one eigenvalue below the continuous spectrum, or one eigenvalue above
the continuous spectrum, or two eigenvalues, of which one is below and the
other is above than the continuous spectrum, or there are no eigenvalues.

Using tensor products of Hilbert spaces and tensor products of operators in
Hilbert spaces, we can verify that the three-electron quartet state operator HJ,

can be represented in the form
HI,=H,®1®1+I®H,®1+I1®I®H,,

where 7/is the unit operator in the space /] .

Now, using the obtained results on the spectrum of the operator I:|1 and this
representation, we can describe the structure of the essential spectrum and the
discrete spectrum of the three-electron quartet state operator HJ,.

We prove that the essential spectrum of the three-electron quartet state oper-
ator HJ, is consists or of a single segment, or of the union of three segments,
or of the union of six segments, and the discrete spectrum of the three-electron
quartet state operator HJ, consists of an empty set, or of a single eigenvalue,

or of four eigenvalues.
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