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Abstract 
In this paper, we study the wellness and long time dynamic behavior of the 
solution of the initial boundary value problem for a class of higher order Kir-

chhoff equations ( )( ) ( ) ( ) ( )2 2p m mm
tt t tp

u M D u u u g u f xβ+ −∆ + −∆ + =  with 

strong damping terms. We will properly assume the stress term ( )M s  and 

nonlinear term ( )tg u . First, we can prove the existence and uniqueness of the 
solution of the equation via a prior estimate and Galerkin’s method, then the 
existence of the family of global attractor is obtained. At last, we can obtain 
that the Hausdorff dimension and Fractal dimension of the family of global 
attractors are finite. 
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1. Introduction 

This paper intends to study the initial-boundary value problem of higher-order 
Kirchhoff-type equation 

( )( ) ( ) ( ) ( )2 2 ,
p m mm

tt t tp
u M D u u u g u f xβ+ −∆ + −∆ + =        (1.1) 

( ), 0, 0, 1, 2, , 2 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

          (1.2) 

( ) ( ) ( ) ( )0,0 , ,0 , .n
t tu x u x u x u x x R= = ∈Ω ⊂            (1.3) 

where 1m > , and m N +∈ , ( )1nR nΩ∈ ≥  is a bounded domain, ∂Ω  de-
notes the boundary of Ω , ( )tg u  is a nonlinear source term, ( )2m

tuβ −∆  is a 
strongly dissipative term, 0β > , ( )f x  is an external force term. 
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Kirchhoff-type equation model is one of the hot topics in mathematical phys-
ics equation research in recent years, which shows the importance of its position 
and influence. There have been many achievements in the study of the long-term 
behavior of the solution of Kirchhoff-type equation, for details, refer to refer-
ences ([1] [2] [3] [4] [5]). Cheng Jianling and Yang Zhijian studied the asymp-
totic behavior of the solution of Kirchhoff-type equation in reference [6]: 

( ) ( ) ( ) ( ) ( )2 , , ,tt t tu M u u u h u g u f x x t R+− ∆ ∆ − ∆ + + = ∈Ω×  

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

  

( ) ( )0 1,0 , , .tu x u u u x x= = ∈Ω  

The existence of the global attractor of the corresponding operator semigroup 
( )S t  in phase space is proved. 
Recently, Lin Guoguang et al. studied the existence of global attractors for 

higher order Kirchhoff type equations with nonlinear strong damping terms in 
reference [7]:  

( ) ( )( ) ( ) ( )
2

,m mm
tt t tu u u u h u f xφ+ −∆ + ∇ −∆ + =  

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

  

( ) ( )0 1,0 , , .tu x u u u x x= = ∈Ω  

They proved the existence and uniqueness of the solution of the equation by 
using prior estimation and Galerkin’s method, and then obtained that the at-
tractor exists in space ( ) ( )2m mH HΩ × Ω . 

Guoguang Lin and Changqing Zhu studied asymptotic state of solutions for a 
class of nonlinear higher order Kirchhoff type equations in reference [8]:  

( )( ) ( ) ( ) ( )
2

, ,m mm
tt t tu M D u u u g x u f xβ+ −∆ + −∆ + =  

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

  

( ) ( )0 1,0 , , .tu x u u u x x= = ∈Ω  

For more results, please refer to references ([9]-[15]).  

2. Basic Assumptions 

For convenience, space and notations are defined as follows: 
( )2H L= Ω , D = ∇ , ( ) ( ) ( )1

0 0
m mH H HΩ = Ω Ω ,  

( ) ( ) ( )2 2 1
0 0

m k m kH H H+ +Ω = Ω Ω , ( ) ( )2 2
0

mE H L= Ω × Ω ,  
( ) ( )2

0 0
m k k

kE H H+= Ω × Ω . Remember that kA  is a family of global attractors 
from 0E  to kE , 0kB  is a bounded absorption set in kE . In which 

1, 2, , 2k m=  , ( )0,1,2,iC i =   is a constant; ( ),⋅ ⋅ , ⋅  represent the inner  
product and norm on space H, namely ( ) ( ) ( ), du v u x v x x

Ω

= ∫ , ( ) 2,u u u= . 
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Kirchhoff type stress term ( )M s  satisfies the following conditions: 
(H1) ( ) [ )( )2 0, ,M s C R∈ +∞ ; 
(H2) ( )0 11 ,M sε µ µ+ = ≤ ≤  

where 0 1,µ µ  are constant, 10 1

1 1

4 2 22 20 min , ,
21 1

mm

m m

βλµ λ
ε

βλ β λ−

 + − < <  
+ − +  

. 

The nonlinear term ( )tg u  satisfies the following conditions: 
(H3) ( )( ) ( ) ( ) ( )( ) ( )2, 0, ; , , 0,1 , 1mg s s s H g s g s s

∂ ′≥ ∀ ∈ Ω ≤ ∂∈ ∂ + ∂ = ;  

(H4) There is ( )0,1σ ∈ , ( ) ( ) ( )( )14 1 kg s C R s
σ

ε
−

≤ + −∆ ,  

( ) ( )4 2
0

m ms H H∀ ∈ Ω Ω ;  
(H5) ( ) 3g s C

∞
′ ≤ . 

3. The Existence of the Family of Global Attractor 

Lemma 3.1. set ( )M s  satisfy assumption (H1),  
( ) ( ) ( )2 2

0 1 0, mu u E H L∈ = Ω × Ω , ( ) ( )2f x L∈ Ω , and ( )( )20, ; mu L H∞∈ +∞ Ω ,
( )( ) ( )( )2 2 20, ; 0, ; mv L L L T H∞∈ +∞ Ω Ω , then the smooth solution of problems 

(1)-(3) ( ),u x t  and ( ) ( ) ( ), ,tv t u x t u x tε= +  satisfy  

( ) ( ) ( )
0

22 22 1, 0 e 1 e .m bt bt
E

Cu v D u v w
b

− −= + ≤ + −  

where tv u uε= + , ( ) 22 22 2
0 0 00 mw v u u uε= + + ∇ , where constants 0t  and 

0R , so that  

( ) ( )
0

2 1
0 0

2
, .

E

Cu v R t t
b

≤ = >  

Proof. It is proved that the inner product of tv u uε= +  and Equation (1.1) 
can be obtained  

( )( ) ( ) ( )( ) ( )( )2 2 , , .
p m mm

tt t tp
u M D u u u g u v f x vβ+ −∆ + −∆ + =     (3.1) 

( )
2

2 2 2 231 d d, .
2 d 2 dttu v v u v u

t t
ε ε ε= + − +             (3.2) 

( )( )( ) ( ) ( )( )
( ) ( )

2 2 2

2 22 2

2 22 2
0

, ,

d
2 d

d .
2 d

p pmm m m m
tp p

pm
pp m m m
p

m m

M u u v M u u u u

M u
u M u u

t

u u
t

ε

ε

µ εµ

∇ −∆ = ∇ ∇ ∇ +

∇
= ∇ + ∇ ∇

≥ ∇ + ∇

 (3.3) 

By using the Poincare’s inequality, we obtain  

( )( ) ( )( )22 22

22 22 2 222 2 21

2 22 222 21

, ,

2 2 2 2

.
4 4 2

m mm
t

m
m m m

m
m m

u v v u v

v u v u

D v v D u

β β βε

βλβ βε βε

βλβ βε

−∆ = ∇ − −∆

≥ ∇ − ∇ ≥ − ∇

≥ + −

  (3.4) 
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By using the hypothesis (H3) and Young’s inequality, we obtain the following 
estimation  

( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )

( )( ) ( )( )

( ) ( )( )

( ) ( )( )

2
2

2

1 1
2

1 1

22

, , , ,

,

, ,

1 ,

1 , .
2 2 1

t t t t t t

m
t t t m

m
t t t t

m
t t

m
t t

g u v g u u u g u u g u u

g u u g u D u

g u u g u u D u

g u u D u

g u u D u

ε ε

ε

ε

ε

ε ε

−

∂

′∂ ′∂

′ ′∂ ∂

= + = +

≥ −

≥ −

′≥ − ∂ − ∂

′∂
≥ − ∂ − −

′∂ −

        (3.5) 

( )( )
2

2 2
2

1, .
2 2

f x v f v v fε
ε

≤ ≤ +                 (3.6) 

Substitute Inequality (3.2)-(3.6) into Equation (3.1), therefore,  

( )
222 2 2 22 2 2 31

1
21

2 22 2 2
0 2

d 2 2
d 2

22 .
2 2 1

m
m

m m

v u u v u
t

f
u D v

βλ
ε µ ε ε ε

β εεµ βε ε
ε

′∂
′∂

 
+ + ∇ + − − + 

 

  ′∂
+ − − ∇ + ≤ +   ′∂ − 

    (3.7) 

let 
2

21
1 2

2

m

b βλ
ε ε= − − , 

1
2

2 02b εµ βε ε ′∂= − − , and let 22
1min , ,

bb b ε
ε

 =  
 

, 

1
2

1 2

2
2 1

f
C ε

ε

′∂′∂
= +

′∂ −
, then  

( ) ( )
22

1
d ,
d 2

mw t bw t D v Ct
β

+ + ≤                 (3.8) 

where 

( )
22 22 2 .mw t v u uε µ= + + ∇                 (3.9) 

By using the Gronwall’s inequality, we get 

( ) ( ) ( )10 e 1 e .bt btCw t w
b

− −≤ + −                 (3.10) 

where 

( )
22 22 2

0 0 00 .mw v u uε µ= + + ∇               (3.11) 

Then 

( ) ( ) ( )2 2

22 22 1, 0 e 1 e ,m
m bt bt

H L

Cu v D u v w
b

− −

×
= + ≤ + −       (3.12) 

and  
2

10
d .

2
T mv t C Tβ
∆ ≤∫                     (3.13) 

There are constants ( )0t Ω  and 0R , we, get 
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( ) ( )
0

2 1
0 0

2
, .

E

Cu v R t t
b

≤ = >                   (3.14) 

Lemma 3.1 is proved.  
Lemma 3.2. If lemma 3.1 holds, and the condition is (H4), set 

( ) ( ) ( )2
0 0, m k ku v H H+∈ Ω × Ω , 1,2, ,k m=  . ( )kf H∈ Ω , then the smooth so-

lution of Problems (1.1)-(1.3) ( ),u x t  and ( ) ( ) ( ), ,tv t u x t u x tε= +  satisfy 

( ) ( ) ( ) ( ) ( )2

2 22 2 2, 0 e 1 e ,m k k
m k k t t

H H

Cu v D u t D v t M α α

α+
+ − −

×
= + ≤ + −  

where constants ( )1t Ω  and 1R , then 

( ) ( )( )2

2 22
1 1

2
, , .m k kH H

Cu v R t t
α+ ×

≤ = > Ω  

Proof. Set ( ) ( ) ( )k k k
tv u uε−∆ = −∆ + −∆ . It is obtained by inner product of 

( )k v−∆  and Formula (1.1).  

( )( ) ( ) ( ) ( )( ) ( ) ( )( )2 2 , , .
p m m k km

tt t tp
u M D u u u g u v f x vβ+ −∆ + −∆ + −∆ = −∆   

(3.15) 

( )( ) ( )( ) ( )( )2 2 2

22 2 2 23

1 d, , ,
2 d

1 d d .
2 d 2 d

k k kk k
tt t t

k k k k

u v v u v D v D v u v
t

D v D v D u D u
t t

ε ε ε

εε ε

−∆ = − −∆ = − + −∆

= − + +
 (3.16) 

( ) ( )( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

2 2

2 2

222 2 22 2 1

22
2 2 22 2 1

, ,

, ,

2 2

.
3 2 6

m k m k
t

m k m k

m
m k m k k

m
m k m k k

u v v u v

v v u v

D v D u D v

D v D u D v

β β ε

β εβ

βλβεβ

βββ λε

+ +

+ +

−∆ −∆ = −∆ − −∆

= −∆ −∆ − −∆ −∆

≥ − −

≥ − +

         (3.17) 

( )( ) ( )( ) 2 22 2 2
0

d, .
2 d

p m km m k m k
p

M D u u v D u D u
t

δ εδ+ +−∆ −∆ ≥ +      (3.18) 

From hypothesis (H4), we get  

( ) ( )( )
( )

( )( )
( )
( )
( )

2

1
2

4

12 2 2
4

12 2 2 2
4

2 2 2 2
4

22 2 2 2 2
4 4 4

,

1

1

1

1

k
t

k
t

kk
t

k k k

k k k

k k k

k k k k

g u v

g u D v

C D v u

C D v D v D u

C D v D v D u

C D v D v D u

C D v C D v C D v D u

σ

σ

σ

ε

ε ε

ε ε

ε ε

ε ε

−

−

−

−∆

≤

≤ + −∆

≤ + −

≤ + +

≤ + +

≤ + +
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( )
( )

2 22 2 2 24
5 4

2 22 2 2 2 2 2
5 4 1 4 1

2

.

k k

m k m k m k m k

CC C D v D u

C C D v C D u

ε ε ε

ε ε λ ε λ− + − +

≤ + + +

≤ + + +
 

Then 

( ) ( )( ) ( ) 2 22 2 2 2 2 2
5 4 1 4 1, .k m k m k m k m k

tg u v C C D v C D uε ε λ ε λ− + − +−∆ ≥ − − + −   

(3.19) 

( ) ( )( ) ( )( )
2

2 2

2, , .
22

k
k k k k

f
f x v f x v vε

ε

∇
−∆ = ∇ ∇ ≤ + ∇       (3.20) 

Substitute Inequality (3.16)-(3.20) into Equation (3.15), therefore,  

( )
( )

( )

22 2 2 22 2 21

2 23 2 2 2 2
0 4 1

2
2 22 2 2 2

4 1 52

d 2
d 3

2 2

.
3 3

m
k k m k k

k m k m k

k
m k m k m k

D v D u D u D v
t

D u C D u

f
C D v D v C

βλ
ε δ ε ε

ε εδ βε ε λ

β βε ε λ
ε

+

− +

− + +

 
+ + + − − 

 

+ + − −

∇ + − + + ≤ +  

 (3.21) 

Let 
2

21
1 2 0

3

mβλ
α ε ε= − − ≥ , 

2 2 2
2 0 4 12 0m kCα εδ βε ε λ −= − − ≥ , 

( )2 2
4 1 0

3
m kCβ ε ε λ −− + ≥ , and let 32

1min , ,
α

α α ε
δ

 =  
 

, 
2

2 52

k f
C C

ε
∇

= + ,  

then 

( ) ( )
22

2
d 2 .
d 3

m kM t M t D v C
t

βα ++ + ≤             (3.22) 

where 

( )
2 2 22 2d .

d
k k m kM t D v D u D u

t
ε δ += + +          (3.23) 

By using the Gronwall’s inequality, we get 

( ) ( ) ( )20 e 1 e ,t tCM t M α α

α
− −≤ + −                 (3.24) 

where  

( )
2 2 22 2

0 0 0
d0 .
d

k k m kM D v D u D u
t

ε δ += + +           (3.25) 

Then 

( ) ( ) ( ) ( ) ( )2

2 22 2 2, 0 e 1 e ,m k k
m k k t t

H H

Cu v D u t D v t M α α

α+
+ − −

×
= + ≤ + −   (3.26) 

and 

22
20

d .
3

T m kD v t C Tβ + ≤∫                     (3.27) 
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There are constants ( )1t Ω  and 1R , then 

( ) 2

2 22
1

2
, .m k kH H

Cu v R
α+ ×

≤ =                   (3.28) 

Lemma 3.2 is proved.  
Theorem 3.1. Assume that the nonlinear function ( )M s  satisfies (H1), (H2), 

( )0 0, iu u E∈ , ( ) ( )2f x L∈ Ω , then the Problems (1.1)-(1.3) have a unique global 
smooth solution ( ) [ )( )0, 0, ,u v L E∞⊂ +∞ , and ( )( )2 2

00, ; mv L T H∈ Ω . 
Proof: The proof of existence is divided into the following three steps by Gale-

kin’s method: 
Step 1: Approximate solution 
Suppose the eigenvector jw  of ( )2 2m m

j j jω λ ω−∆ =  generates an orthonor-
mal basis for 2mH , where jλ  is the eigenvalue of −∆  with homogeneous Di-
richlet boundary on Ω , define k order approximation ( )ku t : 

( ) [ ] ( ) ( )1 2
1

, , , , .
k

k k k jk j
j

u t span u t g tω ω ω ω
=

∈ = ∑  

( ) ( )( )( ) ( ) ( ) ( ) ( )( )
( )( )

2 2 ,

, .

P m mm
k k k k k jP

j

u t M D u t u t u t g u

f x

β ω

ω

′′ ′+ −∆ + −∆ +

=
  (3.29) 

where 1 j k< < , 

( ) ( ) [ ]0 1 0 1 1 20 , 0 , , , , , .k k k k k k ku u u u u spanν ω ω ω′= = ∈   

with in H, 

0 0 1 1, .k ku u u u→ →                       (3.30) 

This system of ordinary differential equations about ( )jkg t  can determine 
( )ku t  in the interval [ ]0, kt ; need to prove kt T= . 
Step 2: Prior estimation 
According to the conclusion and proof method of lemma 3.1, ( ) ( )( ),k ku t u t′  

is uniformly bounded on 0E , then  

( )ku t R≤                          (3.31) 

( )2m
kD u t R≤                        (3.32) 

( )ku t R′ ≤                         (3.33) 

thus it can be seen kt T= , Inequality (3.32)-(3.33) shows ( )ku t  is bounded in 
( )( )20, ; mL T H∞ Ω , and ( )ku t′  is bounded in ( )( )20, ;L T L∞ Ω . 

And it’s actually available ( )ku t  in ( )( )20, ; mL H∞ +∞ Ω  and ( )ku t′  in 
( )( )20, ;L L∞ +∞ Ω . 

Step 3: Limit process 
According to Danford-Pttes theorem, Space ( )( )20, ; mL T H∞ Ω  conjugate to 

space ( )( )20, ; mL T H −′ Ω ; Space ( )( )20, ;L T L∞ Ω  conjugate to space  
( )( )20, ;L T L′ Ω , select the subsequence ( )hu t  from the sequence ( )ku t , such 

that  
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( )hu t u→  weakly * converges in ( )( )20, ; mL T H∞ Ω , 
( )hu t u′ ′→  weakly * converges in ( )( )20, ;L T L∞ Ω , 
( )hu t u′ ′→  weakly converges in ( )( )2 20, ; mL T H Ω .  

According to Pellich-Kohdarachov theorem, ( )2mH Ω  is compact embedded 
in ( )PL Ω  and ( )2L Ω , ( )ku t u→  is strong convergence almost everywhere 
in ( )0,PL T  and ( )2 0,L T . 

( )( ) ( )( )p p
k p p

M u t M u t→  converges in R+ . 

( )( ) ( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )( )2 22 2, ,
p pm mm m

k k j k jp p
M u t u t D w t M u t u t D w t−∆ → −∆

is weak * convergence in ( )0,L T∞ . 
( ) ( )( ) ( )( )2 2 2 2, ,m m m m

k j ju t w t u t wβ β′ ′∇ ∇ → ∇ ∇  is weak * convergence in 
( )0,L T∞ . 

( )( ) ( )( ) ( )( )d, , ,
dh j k j ju t u t u t

x
ω ω ω′ ′′= →  converges in ( )0,D T′ . 

( )( )( ) ( )( )( ), ,k j jg u t g u tω ω′ ′→  is weak * convergence in ( )0,L T∞ . 
From the Formula (3.30), we get 

( )( ) ( )( )( ) ( )( )
( )( ) ( )( )

2 2 2 2, , ,

, ,

pm m m m m
j j jp

t j j

u t M D u u u t w

g u f x

ω ω β

ω ω

′′ ′+ ∇ ∇ + ∇ ∇

+ =
 

For j∀ , according to the density of 1 2, , , ,kω ω ω  .  

( ) ( )( )( ) ( )( ) ( )( )
( )( )

2 2 2 2, , , ,

,

pm m m m m
tp

u M D u u u t g u

f x

ϕ ϕ β ϕ ϕ

ϕ

′′ ′+ ∇ ∇ + ∇ ∇ +

=
 (3.34) 

( )2mHϕ∀ ∈ Ω  and ( ) ( )0 0ku u→  weakly converges in ( )2L Ω , and in 
( )2mH Ω . 

( ) ( )0 0 ,ku u→  

( )( ) ( ) ( )( )
0

0 , , 0 , ,k j j jt
u u uω ω ω

=
′ ′ ′→ =  

( )( ) ( )10 , , ,k j ju uω ω′ →  

then ( )( ) ( )10 , ,j ju uω ω′ →  is satisfied for all j, so that existence can be proved. 
Then prove the uniqueness of the solution. 
Set * *,u v  be two solutions of the Problem (1.1)-(1.3), let * *u vω = − , then  

( ) ( )( )( ) ( )( )( )

( ) ( )

2 2 2* * * *

* * 0,

p pm m mm m
tt t p p

t t

M D u t u M D v t v

g u g v

ω β ω+ −∆ + −∆ − −∆

+ − =
 (3.35) 

( ) ( )0 0, 0 0.ω ω′= =                        (3.36) 

Take the inner product with tω  and (3.34). 

( ) ( )( )( )( )
( )( )( ) ( ) ( )( )
2 2* *

2* * * *

,

, 0.

pm mm
tt t tp

p mm
t t tp

M D u t u

M D v t v g u g v

ω β ω ω

ω

+ −∆ + −∆

− −∆ + − =
        (3.37) 
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( ) 21 d, .
2 dtt t tt

ω ω ω=                       (3.38) 

( )( ) 22 2, .
2

m m
t t tDββ ω ω ω−∆ ≥                  (3.39) 

By using hypothesis (H5), there are ( ) 3g s C
∞

′ ≤ , then 

( ) ( )( )( ) ( )( ) 2* *
3, , .t t t t t tg u g v w g s w w C w′− = ≤          (3.40) 

By using hypothesis (H1), Lemma 3.1 and Differential Mean Value Theorem 

( )( ) ( )( )( )( )
( ) ( ) ( )( )( )

( ) ( )

2 2* * * *

2 2* 2 * * *

2 12 2 * 2
6 1

22 2
7

22 2 22 2 7

,

1 d ,
2 d
1 d
2 d
1 d
2 d
1 d .
2 d 2 2

p pm mm m
tp p

p p p mm m m m
tp p p

pm m m m m
tp

m m m
t

m m m
t

M D u u M D v t v w

M D u D w M D u t M D v v w
t

D w M C D w D w D v D w
t

D w C D w D w
t

C
D w D w D w

t

µ ξ

µ

βµ
β

−

∞ −

−∆ − −∆

 = + − −∆ 
 

′≥ − ⋅ ⋅

≥ −

≥ − −

  

(3.41) 

To sum up, we obtain 

( ) ( )
2 22 2 22 22 27 7

1

d .
d

m m m
t tm

C C
w D w D w w D w

t
µ µ

β µβλ
+ ≤ ≤ +  

From Gronwall’s inequality, we get  

( ) ( ) ( )( )
2
7

1
2 222 2 2

1e 0 0 0.
m

C
t

m m
tw D w t w D wµβλµ µ+ ≤ + =      (3.42) 

Therefore * *u v= , the uniqueness is proved.  
Theorem 3.2. [9] Let E be a Banach space, ( ) :S t E E→  Semigroups satisfy 

the following conditions 
1) Semigroup ( )S t  is uniformly bounded in E, then 0r∀ > , there is con-

stant ( )C r , so that when Eu r≤ , there is ( ) ( ) [ )( ), 0,
E

S t u C r t≤ ∀ ∈ +∞ ; 
2) There is a bounded absorption set 0B  in E; 
3) ( )S t  is a fully continuous operator. That is, semigroups ( )S t  have com-

pact global attractors 0A . 
The Banach space E in theorem 3.2 is changed into Hilbert space kE , there 

are the following existence theorems of global attractor’s families.  
Theorem 3.3. Under the hypothesis of lemma 3.1 and lemma 3.2, Then there 

is a family of global attractor ( )1,2, , 2kA k m=   for Problems (1.1)-(1.3). That 
is, there is a compact set 0k kA E E⊂ ⊂ , make: 

1) ( ) , 0k kS t A A t= ∀ > ; 
2) ( )( )lim , 0k kt

dist S t B A
→∞

=  ( k kB E∀ ⊂  is a bounded set), among  
( )( ) ( )lim , sup inf

kkk
k k Et y Ax B

dist S t B A S t x y
→∞ ∈∈

= − , ( )S t  is the solution semigroup  

generated by Problems (1.1)-(1.3). 
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Proof: It is necessary to verify the conditions (1), (2) and (3) of Theorem 3.2. 
Solution Semigroup ( ) : k kS t E E→  generated by Theorem 3.1 and Lemma 3.2 
to know Problems (1.1)-(1.3). 

1) Knowing the arbitrary bounded set k kB E⊂  by Lemma 3.2, have 
( ) 2

2 2
1, m k kH H

u v R+ ×
≤  and 

( )( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

2 2 22 2 2
0 0 0 0, .m k k m k k

k
kH H H HE

S t u v u v u v R+ +Ω Ω Ω Ω
= + ≤ + ≤    (3.43) 

where 0t ≥ , ( )0 0, ku v B∈ , this shows that ( ){ }( )0S t t ≥  is uniformly bounded 
with in kE . 

2) Further, about ( )0 0, ku v E∀ ∈ , there is  

( )( ) ( ) ( )2
0 0

2 2 2 2 2 2
0 0 1 0, .m k k

k
kH HE

S t u v u v R R R+ Ω Ω
= + ≤ + ≤         (3.44) 

Then 0kB  is a bounded absorbing set of semigroup ( )S t . 
3) According to Rellich-Kondrachov compact embedding theorem 0kE E⊂ , 

then the bounded set in kE  is the compact set in 0E , therefore, the solution 
semigroup ( )S t  is a fully continuous operator. Therefore, the family of global 
attractor kA  of the solution semigroup ( )S t  can be obtained, where 

( ) ( )0 0
0

.k k k
t

A W B S t B
τ≤ ≤

= =
 

                  (3.45) 

The theorem is completed. 

4. Dimension Estimation of the Family of Global Attractor 

First consider the linearization of Problems (1.1)-(1.3) 

( ) ( ) ( )

( ) ( )

2 2

2 0.

p p pm mm m m
tt u u up p p

m
t t t

U M D U M D D U

U g u Uβ

′
+ −∆ + −∆

′+ −∆ + =

        (4.1) 

( ) ( ) ( ), , 0, 1, , 2 1, 0,kU x t U x t k m t
∂Ω ∂Ω
= −∆ = = − >         (4.2) 

( ) ( )1 2,0 , ,0 .tU x U xξ ξ= =                     (4.3) 

where ( )1 2, kEξ ξ ∈ , ( ) ( )( )0 1, ,tu u S t u u=  is the solution of Problems (1.1)-(1.3), 
known ( )0 1, ku u A∈ , ( ) :S t E E→ , can prove ( )1 2, kEξ ξ∀ ∈ , the linearization 
Problems (4.1)-(4.3) have unique solutions 

( ) ( )( ) ( )( ), 0, ;t kU t U t L E∞∈ +∞ .  
Theorem 4.1. 0, 0t R∀ > > , the mapping ( ) : k kS t E E→  is Frechet differen-

tiable on kE , and differentiate the linear operator of  
( ) ( ) ( ) ( )( )TT

1 2: , , tG t U t U tξ ξ → , where ( ) ( ), tU t U t  is the solution of prob-
lems (4.1)-(4.3). 

Proof: Set ( )T
0 0 1, ku u Eφ = ∈ , ( )T

0 0 1 1 2, ku u Eφ ξ ξ= + + ∈ , then  

0 0,
k k

E E
R Rφ φ≤ ≤ , from this we can get the Lipchitz property of ( )S t  on  

the bounded set of kE , that is, 

( ) ( ) ( )
2 2

0 0 1 2e , .
kk

ct
EE

S t S tφ φ ξ ξ− ≤               (4.4) 
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Set u u Uσ = − − , then 

( )( ) ( )2 2 .
p m mm

tt tp
M D u hσ σ β σ+ −∆ + −∆ =             (4.5) 

( ) ( )1 20 , 0 ,tσ ξ σ ξ= =                      (4.6) 

let ,
p pm m
p p

s u s u= =∇ ∇  , 

then  

( ) ( )( )( ) ( ) ( )

( ) ( ) ( )

22 2

.

pm mm m m

t t t t

h M s M s u pM s u u D U u

g u g u g u U

−
′= − −∆ + ∇ ∇ −∆

′+ − +

 

   (4.7) 

Take the inner product of ( )k
tσ−∆  and both sides of Formula (4.5)  

( ) ( )( )2 2 22 21 d 1 d , .
2 d 2 d

kk m k m k
t t tD M s D D h

t t
σ σ β σ σ+ ++ + = −∆     (4.8) 

Let u u u= −  , according to lemma 3.2, differential mean value theorem and 
poincare’s inequality 

( ) ( )( )( ) ( ) ( ) ( )( )
( )( )( )( ) ( ) ( ) ( )( )
( )( )( )( ) ( )( )

( ) ( ) ( )( )

22 2

22 2

1 1 2

2 2

1 2 3

,

1 ,

1 , ,

,

.

pm m km m m
t

pm m km m m
t

p p m km m m
t

p m km m m
t

M s M s u pM s u u D U u

M as a s s s u pM s u u D U u

M as a s u u u u

pM s u u D U u

I I I

σ

σ

σ

σ

−

−

− −

−

′− −∆ + ∇ ∇ −∆ −∆

′ ′= + − − −∆ + ∇ ∇ −∆ −∆

′≥ + − ∇ ∇ + ∇ −∆ −∆

′+ ∇ ∇ −∆ −∆

= + +

 

  

     

(4.9) 

( )( )( )( ) ( )( )
( )( )( ) ( )( )

( ) ( )( )( )( ) ( ) ( )( )
( )( )( )( ) ( ) ( )( )

1 1 2
1

1 1 2

1 1 2

1 1 2

22
8 2

1 , ,

, ,

1 , ,

1 , ,

.

p p m km m m
t

p p m km m m
t

p p m km m m
t

p p m km m m
t

m k
m k t

I M as a s u u u u

M s u u u u

M as a s s u u u u

M a s s u u u u

C u

σ

σ

ξ σ

ξ σ

σ

− −

− −

− −

− −

+
+

′= + − ∇ ∇ + ∇ −∆ −∆

′− ∇ ∇ + ∇ −∆ −∆

′′= + − − ∇ ∇ + ∇ −∆ −∆

′′= − − ∇ ∇ + ∇ −∆ −∆

≤ ∇ ∇

  

 

  

  

  

(4.10) 

( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

1 1 2
2

1 2

1 2

1 2

, ,

, ,

, ,

, ,

p p m km m m
t

p m km m m
t

p m km m
t

p m km m
t

I M s u u u u

pM s u u u

M s u u u

pM s u u

σ

σ σ

σ

σ σ

− −

−

−

−

′= ∇ ∇ + ∇ −∆ −∆

′− ∇ +∇ ∇ −∆ −∆

′= ∇ ∇ −∆ −∆

′− ∇ ∇ −∆ −∆
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( )

( )

( )

2 12 2 2

1 2 2

22 2 2
9 .

pm k m m m k
t

pm k m m m k
t

m k m k m k
t

M s u u u

pM s u u

C u

σ

σ σ

σ σ

−+ +

−+ +

+ + +

′≤ ∇ ∇ ∇ ∇

′+ ∇ ∇ ∇ ∇

≤ ∇ + ∇ ∇

 

  

(4.11) 

( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( )( )
( )

( )

2 2
3

2 2

2 2

2 22 2

1 2 2

22 2 2
10

,

,

, ,

.

p m km m m
t

p m km m m
t

p m km m m m m
t

pm k m m k
t

pm k m m m k
t

m k m k m k
t

I pM s u u U u

pM s u u U u

pM s u u u u u

pM s u u

u u

C u

σ

σ

σ σ

σ

σ σ

σ σ

−

−

−

−+ +

−+ +

+ + +

′= − ∇ ∇ ∇ −∆ −∆

′+ ∇ ∇ ∇ −∆ −∆

′= ∇ ∇ −∇ −∇ ∇ −∆ −∆

′≤ ∇ ∇ ∇

+ ∇ ∇ ∇ ∇

≤ ∇ + ∇ ∇





  (4.12) 

It can be obtained from hypothesis (H1), Holder’s inequality, Young’s inequa-
lity, Poincare’s inequality and differential mean value theorem, let t t tw u u= −  

( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( )( )
( )

2

22 2
11

,

, , ,

1 , ,

.

k
t t t t t

k k k
t t t t t t t

k k
t t t t

m k k m k
t t t

g u g u g u U

g x w g u w g u

g w g u

C w

σ

σ σ σ σ

θ ξ σ σ σ

σ σ+ +

′− + −∆

′ ′ ′= −∆ − −∆ − −∆

′′ ′≤ − −∆ − −∆

≤ ∇ +∇ ∇

  (4.13) 

Substitute (4.9)-(4.13) into Formula (4.8), then it can be obtained by Young’s 
inequality and Poincare’s inequality  

( )
( ) ( ) ( )

2 22

2 2 4 22 2 2
12 13 14

d
d

.

m k k
t

m k k m k m k
t t

D D
t

C D D C D C w

µ σ σ

µ σ σ µ σ

+

+ + +

+

≤ + + + ∇
 

According to Gronwall’s inequality  

( )12
2 2 42

15 1 2e , .
k

C tk m k
t t E

D D Cσ µ σ ξ ξ++ ≤ ⋅           (4.14) 

When ( ) 2
1 2, 0

kE
ξ ξ → , there is  

( ) ( ) ( )

( )
( )12

2
15 1 22

1 2

e , 0.
, k

k

C t
E

E

t t U t
C

φ φ
ξ ξ

ξ ξ

− −
≤ →          (4.15) 

The theorem is proved. 
Theorem 4.2. Under the condition of theorem 3.3, the family of global at-

tractor kA  of Problems (1.1)-(1.3) have finite Hansdorff dimension and Fractal  

dimension, and ( ) ( )2 7,
5 5H k F k
n nd A d A< < . 

Proof: assume ( ) ( )T, , , ,t tR u v u v v u uξ εΨ = Φ = Φ = = + , 
then ( ) ( )T: , ,t tR u u u u uε ε→ +  is an isomorphic mapping. 
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Linearize Equation (4.1) 

( ) .t g fεΨ + Λ Ψ + Ψ =                     (4.16) 

( ) ( )T
0 1 00 , .u u uεΨ = +                     (4.17) 

where { } ( ) ( ){ } ( ){ }T TT, , 0, , 0,t tu u u g g u f f xεΨ = + Ψ = =  

( ) 2 2 22
.

pm
m m

p

I I

M A u A I A Iε

ε

εβ ε β ε

− 
 

  Λ = Λ Ψ =  − + −     

     (4.18) 

( ) ( ): .t F f gεΨ = Ψ = −Λ Ψ − Ψ                 (4.19) 

( ) .t tP F P= Ψ                         (4.20) 

( ) 0.tP P hε+ Λ + Ψ =                      (4.21) 

where { } ( ) ( ){ }TT, , 0,t t t tP U U U g P g u Uε= + Ψ = . U is the solution of (4.16). 
For a fixed ( )0 0, ku v E∈ , Let 1 2, , , nξ ξ ξ  be n elements in kE . letting 
( ) ( ) ( )1 2, , , nU t U t U t  is several solutions of linear Equation (4.1) with initial 

value of ( ) ( ) ( )1 1 2 20 , 0 , , 0n nU U Uξ ξ ξ= = = . Available by direct calculation  

( ) ( ) ( )

( ) ( )( )
2

1 2

2
1 2 0

exp d .

k

k

n E

t
n t nE

U t U t U t

trF Qξ ξ ξ τ τ

Λ

Λ

Λ Λ Λ

′= Λ Λ Λ − Ψ∫





         (4.22) 

where Λ  represents the outer product, tr stands for trace, ( )nQ τ  represents 
the orthogonal projection from kE  to the subspace generated by 

( ) ( ) ( )1 2, , , nU t U t U t . 
For a given moment τ , let ( ) ( ) ( )( )T

, , 1, 2, ,j j jw j nτ ξ τ η τ= =   be the stan-
dard orthogonal basis of space ( ) ( ) ( )1 2, , , nU t U t U t . 

Define the inner product over kE  

( ) ( )( ) ( ) ( )2 2, , , , , .m k m k k kD D D Dξ η ξ η ξ ξ η η+ += +           (4.23) 

To sum up, there are 

( )( ) ( ) ( )( ) ( ) ( ) ( )( )
1

, .
k

n

t t n j j Ej
trF Q F Q w wτ τ τ τ τ τ

=

Ψ = Ψ∑        (4.24) 

where  

( )( ) ( ) ( )( ) ( ) ( )( ), , , .
kk

t j j j j t t j jEE
F w w w w g u w wετ τ τΨ = − Λ −      (4.25) 

( )

( )( ) ( )

( )( )
( ) ( )

2 2 2

22 2 2

2 22 2

,

, , ,

1 ,

, ,

k
j j E

pm m m
j j j j j j j j jp

pm k m m k m k
j j jp

k k k k m k k
j j j j j j

M D u A D A

D M D u D D

D D D D D D D

εω ω

εξ η βε ξ ε ξ ξ β η εη ξ η

ε ξ βε ξ η

ε ξ η ξ η β η ε η

+ + +

+

Λ

 = − − + + + − 
 

= + − −

+ + + −
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( )

( )2 2

2 22 2 2 2

22 2

1 2 2

1

p

m k m k m k m k
j j j j

k m k k
j j jm

j

p pm m m m k m k
j jp L

D M D D D

D D D

pM D u D u D D u D

ε ξ βε ξ η β η

εε η ξ η
λ

ξ η−

+ + + +

+

− + +

Ω

≥ − − − +

− −

′−

 

( )

2 2 22 2

2 2 2 22 16

2 22 2216
1

2

216

1
2 2 2

2

1
2 2 22 2

m k m k k
j j j

m k k m
j j jm

j

m k m k
j jm m k m

j j
j

m
j

D D D

C
D D D

C
D D

C
D

ε βε ξ η ε η
ε

ε ξ η ξ
βλ

ε ε β εξ λ ε η
ελ λ

βλ

ξ
β

+ +

+

+
+

   ≥ − + − −   
   

− + −

 
    ≥ − − + − − −        

 

−

 

(4.26) 

2 2
16

1
2

1min , .
2 2 22 2

m
m m k m
j j

j

C
a ε ε β ελ ε

ελ λ
βλ

+

 
  = − − − − −  

  
 

 

Present hypothesis { }0 1,u u A∈ , according to theorem 3.3, A is a bounded 
absorption set in 1E . 

( ) ( ) ( ) ( ){ } ( ), tt u t u t u t D Aψ ε= + ∈ ; ( ) { },D A u v Au H= ∈ ∈ , there is  
[ ]0,1s∈  with mapping ( ) ( )1 : ,sh D A p v H→  

( ),
sup ,A
w A

R A
η

ξ
∈

= < ∞                       (4.27) 

( )
( ) ( ),,

sup ,
s

u A
t t p v Hu D A A R

g u R
∈ <

≤ < ∞                 (4.28) 

where ( ) ,t t j jg u ω η  satisfy  

( ) , .t t j j j js
g u rω η ω η≤                   (4.29) 

Comprehensive the above contents are as follows 

( )( ) ( )
( )

2 2 22 14

2 2 22

,

.
2 2

k

m k k m
t j j j j j j jE s

m k k
j j j

CF a D D D r

a rD D

ψ ω ω ξ η ξ ω η
β

ξ η ξ

+

+

≤ − + − +

≤ − + +
  (4.30) 

where 
2 22 1.m k k

j jD Dξ η+ + =                     (4.31) 

( )( ) ( ) ( )( ) 2

1
, .

2 2k

n

t j j jEj

na rF ψ τ ω τ ω τ ξ
=

≤ − +∑           (4.32) 

Almost any t has 
12 1

1 1
.

n n
s

j js
j j

ξ λ
−

−

= =

≤∑ ∑                        (4.33) 
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So 

( ) ( )( )
1

1

1
.

2 2

n
s

r t n j
j

na rT F Qψ τ τ λ
−

−

=

≤ − + ∑                (4.34) 

Set 

( ) ( )( ) ( )
0

0
, 1 0

1sup sup d .
K

j K j

t

n t n
A D E D

q t trF s Q
tψ η

τ ψ τ τ
∈ ∈ ≤

 
=  

 
∫         (4.35) 

limsup .N Nt
q q

→∞
=                         (4.36) 

It can be known from (4.32) 
1

1

1
.

2 2

n
s

n j
j

na rq λ
−

−

=

≤ − + ∑                       (4.37) 

Therefore, the Lyapunov exponent ( )j j Nµ ∈  of 0kB  is uniformly bounded  
1

1
1 2

1
.

2 2

n
s

n j
j

na rµ µ µ λ
−

−

=

+ + + ≤ − + ∑                 (4.38) 

From the above knowledge, there are 1n >  and [ ]0,1s∈ , 

( )
1 1

1 1

1 1
.

2 2 2 7

n n
s s
j jj

j j

na r r naq λ λ
− −

− −

+
= =

≤ − + ≤ ≤∑ ∑              (4.39) 

1
1

1

51 .
2 14

n
s

n j
j

na r naq
na

λ
−

−

=

 
≤ − − ≤ − 

 
∑                 (4.40) 

So 

( )
1

2max .
5

j

j n
n

q

q
+

≤ ≤
≤                          (4.41) 

Thus, we can get the conclusion  

( ) ( )2 7, .
5 5H k F k
n nd A d A< <                    (4.42) 
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