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Abstract

Let f(u) and g(v) be two polynomials of degree k and /¢ respectively,
not both linear which split into distinct linear factors over [, . Let

R= ]Fq [u,v]/{f (u), g (v) ,uv —vu> be a finite commutative non-chain ring.
In this paper, we study polyadic codes and their extensions over the ring R .
We give examples of some polyadic codes which are optimal with respect to
Griesmer type bound for rings. A Gray map is defined from R" —F;" which

preserves duality. The Gray images of polyadic codes and their extensions
over the ring R lead to construction of self-dual, isodual, self-orthogonal
and complementary dual (LCD) codes over [F,. Some examples are also giv-

en to illustrate this.
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1. Introduction

Polyadic cyclic codes or simply called polyadic codes form an important class of
cyclic codes. They have rich algebraic structures for efficient error detection and
correction, which explains their preferred role in engineering. Polyadic codes
generalize quadratic residue codes, duadic codes, triadic codes and m-adic resi-
due codes.

Codes over finite rings have been known for several decades, but interest in
these codes increased substantially after a break-through work by Hammons et
al in 1994, which shows that some well known binary non-linear codes like
Kerdock codes and Preparata codes can be constructed from linear codes over
Z, . Since then, a lot of research has been done on cyclic codes, in particular on

quadratic residue codes over different types of finite rings such as integer residue
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rings Z,,, Galois rings GR( p°, m) , chain rings and non-chain rings. Kaya et al.
[1] and Zhang et al [2] studied quadratic residue codes over a non-chain ring
F, +VF,, where v? =V and pis an odd prime. Bayram and Siap [3] considered
cyclic and constacyclic codes over F, [v] / <vp —v> , where p is a prime. Kaya et
al. [4] studied quadratic residue codes over T, +UF, +U°F, , whereas Liu et al. [5]

studied them over non-local ring F, +UulF, +U’F, where u*=u and p is an

b
odd prime. The authors [6] along with Kathuria extended their results over the
ring F, +UF, +U’F, +U°’F,, where u’=u and p=1(mod3). In [7], the au-
thors studied quadratic residue codes and their extensions over the ring
F, +uF, + UZIFp +eeet um’le ,where U™ =u, many integer greater than 1 and p
is a prime satisfying p El( mod(m —1)). In [8], the authors studied duadic
codes over the ring [, [u] / <um - u> , where ¢ is a prime power satisfying
q El( mod (m —1)) . In [9], the authors considered a more general non-chain ring
F, [u]/<f (u)> , where ¢ is a prime power and f (u) is a polynomial of degree
m > 2, which splits into distinct linear factors over [F, and studied duadic and
triadic codes over it generalizing all the previous results. In another paper [10],
the authors have studied duadic negacyclic codes over the ring F, [u] / <f (u)>
In [11], Kuruz et al. studied m-adic residue codes over F, [V] / <v2 —V> .

Recently people have started studying codes over finite commutative
non-chain rings having 2 or more variables. Ashraf and Mohammad [12] stu-
died cyclic codes over Fp[u,v]/<u2 —1,\8 —v,uv—vu>. They [13] also studied
skew-cyclic codes over Fq + uIE‘q +VIFq , where u?=u,v>=v,uv=wu=0. Srini-
vasulu and Bhaintwal [14] studied linear codes over I, +UlF, +VEF, +uvF,,
where u?=0,v?2=v,uv=VU, a non-chain extension of F, +uF,. Yao, Shi and
Solé [15] studied skew cyclic codes over [F, +UlF, +VF, +uvk, , where
u?=u,v*=v,uv=vu and g is a prime power. Islam and Prakash [16] studied
skew cyclic and skew constacyclic codes over F, +UlF, +VF, +UuvF, , where
u’=u,v*=v and UV=VU. Note that all the polynomials considered namely
u?*-u,u®-u,v’-v or u™-u with g=1(modm-1) etc. split into distinct
linear factors over F.

In this paper, we study cyclic and polyadic cyclic codes over a more general
ring. Let f(u) and g(v) be two non-constant polynomials of degree k and
¢ respectively (kand ¢ notboth 1), which split into distinct linear factors over
F,. Let R=F, [u,v]/{f (u), g(v),uv—vu> be a finite commutative non-chain
ring. Here we discuss cyclic codes and their duals over the ring R, define po-
lyadic codes over R in terms of idempotent generators and study some of
their properties. We also give examples of some codes that have optimal para-
meters with respect to Griesmer type bound for rings. A Gray map is defined
from R" —>E:( ™ which preserves linearity and in some special case preserves
duality. The Gray images of polyadic codes over the ring R and their exten-
sions lead to construction of self-dual, isodual, self-orthogonal and complemen-
tary dual (LCD) codes over Fq.

The paper is organized as follows: In Section 2, we give some preliminaries in-
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cluding Griesmer type bound for codes over rings, recall polyadic codes of
length 12 over [F, and give some of their properties. In Section 3, we study the
ring R, cyclic codes over ring R and define the Gray map ®: R" >F,".
In Section 4, we study polyadic codes over R, their extensions, their Gray im-
ages and discuss Griesmer type bound for these codes. We give some examples

to illustrate our theory.

2. Preliminaries

A cyclic code C of length n over [, can be regarded as an ideal of the ring
S, =T, [X]/<X” —1> . It has a unique generating polynomial g(x) and a unique
idempotent generator e(x). The set {i ‘o' is azero of g(x)}, where a is a
primitive nth root of unity in some extension field of [F_, is called the defining
setof C.

A polynomial a(X)=Y ax €S, iscalled even-likeif a(1)=0 otherwise it
is called odd-like. A code C is called even-like if all its codewords are even-like
otherwise it is called odd-like.

For (a,n)=1, u,:Z,—7Z, defined as 4, (i)=ai(modn) is called a mul-
tiplier, where Z ={0,1,2,---,n—1} . It is extended on S by defining
m(X, )=, f,xal)

For alinear code C over F_,the dual code C* isdefined as
Ct= {X el |x-y=0forallye C} , where x-y denotes the usual Euclidean
inner product. C isself-dualif C= Ct and self-orthogonal if Cc C*. A code
C is called isodual if it is equivalent to its dual C*. A linear code C whose
dual C* satisfies CNC' = {0} is called a complementary dual (LCD) code.

Let j(x) :%(l+ X+ X2 4+ x”’l). The even weight [n,n—1,2] cyclic code
E, over F, has generating idempotent 1—j(x), its dual is the repetition
code [n,1,n] with generating idempotent j(x).

The following is a well known result, see [17]:

Lemma 1: 1) Let C be a cyclic code of length 1 over a finite field F, with
defining set 7. Then the defining set of 4, (C) is 4 ,(T) and that of C* is
Zy—p(T).

2) Let C and D be cyclic codes of length 1 over a finite field F, with de-
fining sets T, and T, respectively. Then C(N1D and C+D are cyclic codes
with defining sets T, UT, and T, T, respectively.

3) Let C and D be cyclic codes of length n over [, generated by the
idempotents E;,E, in IFq[x] / <X” —1>, then CD and C+D are generated
by the idempotents E,E, and E +E,-EE, respectively.

4) Let C be a cyclic code of length nover F, generated by the idempotent
E, then 4, (C) is generated by 4, (E) and C* is generated by the idempo-
tent 1- E(X'l).

A linear code C over a finite commutative ring R is an R-submodule of R".
Dual of a linear code over a finite commutative ring is defined in the same way

and results in Lemma 1 (3) and (4) also hold true over any finite ring.
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2.1. Griesmer Type Bound for Codes over Rings

Let R be a finite commutative quasi-Frobenious ring. For a linear code Cover R,

the value k(C) is defined as the rank of minimal free R-submodules of R"
which contain C. Let R= @A Re,, where e, are central orthogonal idempo-

tents with, 1, = >'e,. Then R, =Re, is also a QF ring for each aeA. Let

acA
J(R) denote the Jacobson radical of R. If Cis a linear code of length 1 over R,
then C, =Ce, isalinear code oflength nover R,.
The following Griesmer type bound is due to Shiromoto and Storme ([18],
Theorem 2.6).
Theorem 1: Let R= @ Re, be a finite quasi-Frobenious ring such that R,
isalocal ring for all « eaj\A andlet g, be the prime power such that

R./I(R.)

=(, foreach aeA.If Cisalinear code of length n over R, then
k(€)1
n> >y (mw (1)
i=0 q
where g =max{q,}, k(C)=T§AX{k(Ca)} and d(C)=min{d(C,)}.

acl

The code Cover Ris said to have parameters [n, k(C),d (C)] .

2.2. Polyadic Cyclic Codes over F,

Let (n,q)=1 and suppose

z,=5USs,U---US, US,, (2)
where
1) S,S,,-,S, and S_ are union of g-cyclotomic cosets mod n,
2) §,,S,,---,S,, and S_ are pairwise disjoint,

3) there exists a multiplier 4, , (a,n)=1 such that ,(S;)=S,,, for
1<i<m, the subscripts are taken modulo mand 4,(S,)=S

Itis clear that 0eS, always.Let S, =S, —{0}.

Then codes, for 1<i<m, having S,US, or (S,US, )C as their defining
sets are called odd-like polyadic codes and the codes having (S, US., )c or

o *

S,US,, as their defining sets are the associated even-like polyadic codes. Let D),
denote the odd-like codes having S;US. as their defining sets; I){ denote the
odd-like codes having (S;US, )C as their defining sets; C; denote the
even-like codes having (S, US, )C as their defining sets; and C; denote the
even-like codes having S;US, as their defining sets.

In the special case, when m=2 and S, ={0}, polyadic codes are duadic
codes [19]. When m=3, polyadic codes are triadic codes as defined by Pless

and Rushanan [20]. When n= p,an odd prime, m|(p-1), S, ={0}, Z; = (b) ,

S, = {bmr A1<r Sp—_l} , S;=b""S,, then polyadic codes are m-adic residue
m

codes as defined by Job [21]. A polyadic code of prime length p exists if and only

if g ia an m-adic residue mod p, see Brualdi and Pless [22]. When n is a prime

power, the conditions for the existence of polyadic codes over [, were obtained
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by Sharma ef al [23] and for general n see Bakshi et al [24].
Clearly D,,D,,---,D,
c,,C,,--,C, areequivalent;and C;,C,,---,C,

m

are equivalent codes; Dj,D,---, D

., are equivalent;

are equivalent codes.

For 1<i<m,let ¢(x) and €/(x) be the even-like idempotent generators
of even-like polyadic codes C; and C| respectively, d,(x) and d/(x) be
odd-like idempotent generators of odd-like polyadic codes D, and D) respec-
tively.

As the defining set of C, is S,US,U---US,U{0}, the defining set of
#,(Cy) is p (S, US;U--US, U{0})=5,US,U---US,,, U{0} . Therefore
#,(C,)=C, and hence y,(e)=e, . Similarly, x,(e)=¢_ for 1<i<m
and y,(d;)=d,_; for 1<i<m. Similar results hold for & and d.

Let the set {1,2,~~-,m} be denoted by A. Similar to the properties of triadic
codes obtained in [9], we have the following results for polyadic codes over F,.

Proposition 1: For any subset {t,,t,,--,t,} = A, where 2<r<m,we have

1) C,NC,N--NC,=C,NC, N-NC, ,

2) C,+C,+--+C, =E, :(x—l):<1—T(x)>,

3) D,+D,+---+D, =D, +D, +---+D, ,

4) D,ND,N--ND, =(T(X)),

5 Ci+D,=S,, C;ND,={0} for 1<i<m,

6) el(x)ez (X)"'em (X) =& (X)etz (X)"'etr (X) ’

7) & (x)+ & (x) - e, (X)—(m-1)e,(x)e, (x)-, (x) =1- ] (x),

8)

3:0,(x)- 26, (¢, () + ¥ 0 (x)d; (1), ()--—(-0" ],

i<j i<j<k i=1

:Z;dti (x)->.d, (x)dlj (x)+ > d, (x)dIj (x)d, (x)—u-(—l)r*:l d, (x)
i= ti<tj ti<tj<ty i=1

9) dy(x)d; (x)--dy (x) = J(X)>

10) d;(x)=1-¢(x), &(x)d,(x)=0 for 1<i<m.

Proof: By Lemma 1 (2), the defining set of each of C,NC,N---NC,,
C,NC, N---NC, is SUS,U---US,U{0}, hence they are equal. The defin-

ing set of C,+C,+---+C, is {0}, which is the defining set of even weight

—
x
~

code [, having generating idempotent 1—j(x). Again by Lemma 1 (2), the
defining set of each of D, +D, +---+D,, D, +D, +---+D_ is S, hence they
are all equal. The defining set of D, ND,N---ND, is Z, —{0}, which is the
defining set of the repetition code having generating idempotent j(x). The de-
fining set of C,ND; is whole of Z , hence it is {0} in the ring
S, =F, [X]/<X” —1>; whereas defining set of C,+I); is &, so it is S, =(1).
The other results follow by Lemma 1 (3). [J

Proposition 2: For any subset {t,,t,,---,t,} = A, where 2<r<m, we have

1) C;NC,N---NC;, ={0},

2) C{+Cy+-+C'=C, +C, +--+C, ,

3) DiND; N---NDy, =Dy NDy, ---ND; ,

4) Dy +Dj+--+D) =S, =(1),

DOI: 10.4236/jcc.2021.95004
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5) C+D;=S,, C;ND/={0} for 1<i<m,

S ei(x)- X el (x)e] ()+ 3 el(x)e] (x)ef (x)—(-1)" [ Ter(x

i= i<j i<j<k i=1
6)

e (x)- X e (x)e (x)+ 3 e (x)ef (x)e; (x)=(-1)"TTe; (x)

t<tj t <tj <ty i=1
X)d; (x)---dp, (x) = di (x)d (x)---d; (x),
(

x)=(m-1)dj(x)d; (x)---dq (x) =1,

~—

7) df
8) d,
9) €
10) d/(x)
11) C;+(
12) C +< )
13) C,NC|={
14) D, NI} =(

15) g+j(x)=d/,e/+]j(x)=d,ej(x)=0€7](x)=

16) ee =0, +e =1-7](x),dd/ =7(x),d, +d/=1+TF(x).

Proof: Statements (1) to (10) are similar to those of (1) to (10) of Proposition
1. For (11), we note that the defining set of (T(X)) is Z,—{0}. Therefore the
defining set of C, ﬂ<j_(x)> is Z, and defining set of C, +<T(X)> is same as
that of D). Similarly we have (12). The defining set of C; (1C| is Z, and that
of C;+C] is {0}. The defining set of ;D] is Z,—{0} and that of
D, +D; is &.Now (15) and (16) follow by Lemma 1(3). O

Proposition 3: Suppose S/ is empty, then for any subset {t,t,,---,t.} < A,
where 2<r <m, we have the following additional results:
1) C,NC,N--NC,=C, NC, N---NC, ={0},
2) D, +D, +---+D, =D, +D, +---+D, =S,
3) D;ND,N--ND, =D ND - ND, =(T(x)),
4) C;+Ch+--+C, (C' +C; +---+C; =E, :<1—T(x)>,
5) e(x)e,(x)--e,(x)= etl(x)etz(x)~--etr=0,
6)
;d( )- ;d( )d; (x )+i§kdi(X)dj(X)dk(x)_m(_l)mill:!di(X)
Zd (x)- tzt: dt.( ) ( )"'t tZ:t dti (X)dt,- (X)dtk (X)_._'(_l)r—lthi (X)’
i<t i <tj <t i=
=1

7 410080 ()= (03 (x)--; (1)

X)--- d, ; 7
2.6 (x) =2 (x)e (x)+ 2 el (x)e (x)e () =~ (1™ 1He( )

i=1 i<j<k
r

8) Ze (x)- Z: (el (x)+ X e{i(x)e{j(x)et’k(x)—---(—l)"1 6, (x).

ti<tj<ty i=1
=1-7(x)
Proof is straightforward.
Proposition 4: Let C;, C{, for 1<i<m, be two pairs of even-like polyadic
codes over F, with I, D the associated pairs of odd-like polyadic codes.
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Then Ci =px,(D;) and Ci =, (D}).
Further if 4 ,(D;)=D;, then C; =D;, C*=D; and so C;, C{, D, and
D; are LCD codes.
Proof: As the defining set of C, is (S,US, )c ={0}US,Us,U---US,,, the
defining set of C;, by Lemma 1 (1) is
=7, —u,({0jUS,Us,U---US,))
:/ufl(Zn)_/u—l({O}UsZ USS UUsm)
:ﬂ—l(slusz U--us, Uxm)_ﬂ—l({o}usz US3U"'USm)
=,U71(SlU X..)
= u_, (defining set of I, ).

This proves that C; = 41(Dy) . Similar is the proof of others. When
4.1 (D;) =D, we get, from Propositions 1 (5) and 2 (5), that
C;NC; =C;ND, ={0} and C;NC;"=C{ND;={0}; proving that C, and
C{ are LCD codes. One can check that I, and I are also LCD codes. [J

3. Cyclic Codes over the Ring R and the Gray Map
3.1.TheRing R

Let g be a prime power, = p°. Throughout the paper, R denotes the com-
mutative ring T, [u,v]/(f (u),g(v),uv—vu) , where f(u) and g(v) are two
non-constant polynomials of degree kand (¢ respectively, which split into dis-
tinct linear factors over F,. We assume that kand / are not both 1, otherwise
R~F,.If (=1 or k=1, thenthering R=F, [u,v]/(f (u),g(v),uv—vu> is
isomorphic to [, [u]/<f (u)> or F [V]/<g (v)) . Cyclic, duadic and triadic
codes over F,[u] / <f (u)> have been discussed by the authors in [9].
Let f(u)=(u-a)(u-a,)-(u-e),with & eF,, & #a; and
g(v)=(v=-8)(v=25,)--(v-5,), with g eF,, f#p,. R is a non chain

k" and characteristic p.

ring of size (¢
For k>2 and (>2, let &, 1<i<k and y;, 1<j</, be elements of
the ring R given by
(U—a)(u—ap)- (U= ) (U= ) (U—e)
(o —on)(e —ay) (o — oy ) (e — ety ) (@ — )
(V=B)(v=5) - (v=5)(v=Fia) - (v=5,)
By = BBy = P.) (B = i) (B =B ) (B =)

If k=1,wedefine & =1 andif /=1, wetake y, =1.
For 1=12,---,k,j=12,---,/, define 1; as follows

i =1 (uv)=g (U)j/j (v). (4)

Lemma 2: We have 77”?:%- » M =0 for 1<ir<k,, 1<js</,
(i,i)#(r;s) and >, .7;=1 in R, ie, 7;’s are primitive orthogonal
idempotents of the ring R .

Proof: Since &g, =0(mod f(u)) for i=r and y;7,=0(modg(v)) for

and

&=¢(u)=
(3)

/) =y,-(V)=(
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i#s, mns=¢&y;67s=0 in R.To prove 77"? =1);, it is enough to prove that
; (77“ —1)=O in R . For that we need to prove (u-a,)|7; (u,v)(nij (u,v)—l)
for all rand (v—ﬂs)|77ij (u,v)(nij (u,v)—l) forall s. If r=i,then
mi(a.V)=¢(a,)y;(v)=0.If s#j, then n,(u,B)=¢(u)y;(B,)=0, hence
(u-a, )l (u,v), for r=i and (v-2,)|n;(u,v), for s#j. One can easily
check that (u—ai)l(nij(u,v)—l) and (v—ﬂj)|(77ij(u,v)—1),so
i (77” 1)—0 in R and hence 775_77u in R.

Now to prove z iy =1 in R, itis sufficient to prove that
Z —12—17711 (u V) (mod(f( ) g( ))) This can be easily checked as

Z,lz 177.1( ) 1 and ZHZ 177,](Uﬁ) 1 forall rand s,

r=12,---k,s=12,---,¢. O
The decomposition theorem of ring theory tells us that R = DmR= (—D ;I -
For a linear code C of length n over the ring R, let for’each pait’ (i,§)>
1<i<k1<j</, let

G :{xij el :3x, eFy,(r,s)=(i, j), such that @ 7, eC}

Then C; arelinear codes of length nover F,, C=@n;C; and
i
c[=TTleil.
The following is a simple generalization of Theorem 1 of [9].
Theorem 2: Let C=@n;C; be alinear code of length nover R .Then
i

1) C is cyclic over R if and only if C;,1<i<k,1<j</ are cyclic over

]!

F,.

2 If ¢ =(g;(x), g, e< ]> gy (X)[(x" ~1) then,

C = (10y1 (X)o7, 9y, (%), 172480 (%),
772/:9%(X)v'"v”klgkl(x)"“'”kzgkz(X)>’
=(9(x)
where g(X)=ZiZjnijgij and g(X)l(X"—l).

3) Further |C| = qkmizt‘;:lzr:ldeg(g”) .
4) Suppose that g; (x)h; (x)=x"-1,1<i<k,1<j</.Let h(x)=@n;h;(x),
then g(x)h(x)=x"-1. R
5) Cl:@nijcljl'
¥

6) C* :<hL(X)>, hL(X)z(—Dnijhiil(X), where hijL(X) is the reciprocal po-
lynomial of hij‘(x),ls i<kl<j<e.
7) |CJ_| _ qztjzlzrzldeg(gij) ‘

3.2. The Gray Map

Every element r(u,v) of the ring R=F, [u,v]/(f(u),g(v),uv—vu> can be

uniquely expressed as
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r(u,v)=%:77ijaij,

where aijeIE"q for 1<i<k,1<j</.
Define a Gray map @:R—)JF(;“ by

r(U:V):ZUijaij '_>(ail'aizl”"alé'aZl’aZZ’”"aZ("""akl’akz""'aké)V >
i

where Vis any nonsingular matrix over F, of order k¢xk¢. This map can be
extended from R" to (Ef ! )n component wise.

Let the Gray weight of an element reR be W (r)=w, (®(r)), the
Hamming weight of ®(r). The Gray weight of a codeword
C=(Cy,Cp,*,Cyy) €R" is defined as
w; (c) = Z:;WG (¢)= Z:WH (CD(Ci )) =W, (CD(C)) . For any two elements
C,,C, € R", the Gray distance d is given by
de (€.€,) =We (¢, —C, ) =Wy (@ (c,)—D(c,)).

Theorem 3: The Gray map @ isan [F,—linear, one to one and onto map. It
is also distance preserving map from (R", Gray distance d;) to (F: " Ham-
ming distance d,, ). Further if the matrix V satisfies VW' =4l,,, A€F,,
where V' denotes the transpose of the matrix V; then (I)(Cl) = (CID(C))l for
any linear code C over R.

Proof. The first two assertions hold as Vis an invertible matrix over F,.

Letnow V = (VlT AVANSA'AS ) , where
V, :(V1(|1)V1(I2)V1(?V§I1)ng)Vgg)VEl)VSz)VSf)) is a 1xk¢ row vector,
satisfying VW' = 11, . So that

k( k(
Z(vﬁ?)z =2 foralll<r<k,1<s</ and > VW) =0 for(r,s) = (w,y). (5)
t=1 t=1

Let C bealinear codeover R.Let r=(ry,I, T, )€ ch,
$=(8y:S,"*Sy1) €C, where = 771131(i1) +771231(i2) +"'+77klal(<iﬁ) and
S = nllbﬂ) -H]lzbl(;) +o b&). So that r-s=0. It is enough to prove that
®(r)-®(s)=0. Using the properties of 7;’s from Lemma 2, we get

IS = 7711a1(i1)b1(1) + 7712a1(i2)b1(;) teeet ﬂkﬁalgi(:)b&?-

Then
n-1 n-1 k ¢ (i) k ¢ n-1 (i)
O=r-s= S = ZZﬂrsars brs :ZZ% A brs
i=0 i=0 r=1 s=1 r=1 s=1 i=0
implies that
n-1 =
a'b® =0, forallr,s1<r<kdl<s</. (6)
i=0
Now
i) 50 . 40 " 000 STY 4002 L NS ()
(D(ri):(all’aizf 'ak()vz[zzarsvrs'Zzarsvrs | ’zzar Vis J
r=1 s=1 r=1 s=1 r=1 s=1
Similarly
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Using (5) and (6), we find that

n-1 n-1 k¢ k ¢ k ¢
O(r)-®(s) =2 0(r)-®(s)= > > > > Y arlbyviviy
i=0 i=0 t=1 w=1 y=1 r=1 s=1
n-1 k ¢ o 2 n-1 k ¢ k ¢ ke
55 pa(SeEE 5 Sa(Ees)
R ) T sy )
-5 i ﬁa<'>b<'> = Ai i(l a(')b(')j =0
i=0 r=1 s=1 B r=1 s=1\i=0 B ’

which proves the result. [J

4. Polyadic Codes over the Ring R

We now define polyadic codes of length n over the ring R in terms of their
idempotent generators with the assumption that the conditions on n and ¢ for
existence of polyadic codes over the field F, are satisfied. Let 7,,1<i<k,1< j</
be idempotents as defined in (3) and (4). Let the set of ordered suffixes
{ij,1<i<k,1<j<¢} be divided into m disjoint subsets

{ijl<i<kl<j<e=AUAU---UA, 7)

with the assumption that each of the sets A is non-empty, if k¢>m. In that
case let |A|: r1<r <k(-—m+l.

If k¢ <m, we assume that in the partition (7), k¢ sets are non-empty, each
containing exactly one element and the remaining m-—k¢ sets are empty.

Therefore |A|=r =1,if A isnonemptyand |A|=r =0,if A isempty.

Therefore
Kl=r+0,++1,.
Define
Oy = 2 My
ijeA
Hrz = z i
ijeAy

O, = 2 s

ijeAy
with the convention that empty sum is regarded as zero.
Using Lemma 2, we find that
0, +6, +--+6, =1, (8)

and that 6,,1<i<m are mutually orthogonal idempotents in the ring R, ie,

6; =0, foralli,6 6. =0 foralli= j. )

For i=12,---,m, let e,e/,d,,d’ be the idempotent generators of polyadic

codes over IFq as defined in Section 2.2.

For each tuple (11,1, ), let
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F=F%"n =gd+6,d,++6, d,
F,=F52 ) =y (F)=0,d,+6,d,+++6,d,

F, = F2m) =y (Fy)=6,d,+6,dy+--+6, d,

m
F=F®2 =g d/+6, dy++6, dy,
Fy=F 2 =y (F)=6,d,+6,d/+-+6, d, |

_ (10)
Fr=Fem) = (Fr L) =0,d;+6,d;+--+0, d]
be odd-like idempotents in the ring R [X] / <x” —1> . Similarly let
El _ E1(r1‘r2,-»,rm) — 9r1e1 +0r2e2 +...+Hrm €n
E2::ua(El)’ES;:/ua(Ez)"”'Em:ﬂa(Em—l) (11)

E/=E% ™ =9 e/ +0,e;++0, €,
E2’ ::ua(El')'Eé ::ua(EZ')"“’Er; ::ua(Er:w—l)

be even-like idempotents in the ring R [X] / <X” —1> .
)>and foreach i,1<i<m,let T2 T AT m)

denote the odd-like polyadic codes and Pi(rl'rz'm’rm),F’i'(rl'rz’“"r"‘) denote the

even-like polyadic codes over R generated by the corresponding idempotents,

For each tuple (r,,r,,---,T,

m

Le.

7.0k tm) :<|:_('1~f2»"'vrm)>, T /(02 M) :<

pi(ﬁvrzr'nfm) :<E‘(f1~f2v"vfm)>' p/(ir2im) :<E/(ﬁvrzw'wfm)>_

F/(ﬁvrzr-wfm)>,

Clearly for any tuple (r,r,,---,r ), Tl(rl’rz"”'rm),Tz(rl"z““*rm),...,Trf]ﬁv’2~"‘vfm) are

equivalent; T, (%2 m) T/wem) L pliRem) e equivalent;

Pl(rl’rz"”‘rm), Pz(rl'rz"“’r"‘),n-, Pngrl’rz"“’rm) are equivalent and
Pll(ﬁvl’zwv"m)l le(ﬁvl’zwvfm)l...' pn;(fl,rz,---,rm) are equivalent.

Next we compute the number of inequivalent odd-like and even-like polyadic
codes over thering R .
Theorem 4: If k¢>m, then there are

2 k’«'*(ﬁ”z'z":”m-z)fl. ) kffﬁi(:mfz) kf%l)(ké}(kﬂ - GJ_ ‘ '(kf —(h+h+r )j

I r, ()

m fm-1=1 rp=1 n=1 m—

inequivalent odd-like polyadic codes and the same number of inequivalent

even-like polyadic codes over the ring R .

If k¢ <m, then there are
2 m
— (ko)
m( ) (ké}

inequivalent odd-like polyadic codes and the same number of inequivalent

even-like polyadic codes over the ring R .
Proof: Let first k/>m, out of ki idempotents 7;,1<i<k,1<j</, o,
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k¢
can be chosen in [I‘j ways. Out of remaining (k/—r,) idempotents 6,
1

ki—r,

can be chosen in ( j ways, continuing like this ¢, can be chosen in

P

(ké—(rl+r2+---+rm2)
r

J ways and 6, will be fixed. As each 6, ,1<i<m
m-1
must have at least one 7, , the number of choices of idempotents

6d+0.d,+---+6 d_ is
1 2 m

k/,—(r1+r2-2+rm_z)*l' ) kf—rli(:m—z) k(%l)(kgj(kg _ rl)...[k( _(rl et )j

fma=1 rp=1 n=1 r1 rz I'm 1

Since u, (F)=F,, 1,(F,)=Fs,---, 11, (Fy )= F,» and Fi'(ﬁ'rz'm'rm) ’s contribute
equal number of inequivalent odd-like idempotents, we get the desired number.

Let now k¢ <m. Firstly the k¢ non-empty sets A in the partition (7) can

m . .
be chosen in (kﬁj ways. Out of k¢ idempotents 7;,1<i< k,1< j</, first

non-zero 6. can be chosen in k¢ ways, next non-zero t9rj can be chosen in

k(-1 ways, -, so the number of choices of F, =6,d,+6,d,+---+6, d is
m

(kf)!(kﬁ]' Since 4, (F)=F,, 1, (F,)=Fy,---, 4, (F,)=F,, and F'’s contri-

bute equal number of inequivalent odd-like idempotents, we get the required

number. [J

We drop the superscript ( by,

m) , when there is no confusion with the

idempotents or the corresponding polyadic codes.

Theorem 5: For any subset {t,,t,,---,t,} < A={1,2,---,m}, where 2<r<m,
the following assertions hold for polyadic codes over R .

» T,NT,N-NT, = <T(X)>, the repitition code over R

2) AT 44T =T +T, ++T

3) RNRN---NP, =R NR, NP,

4) PR+P+--+P, = <1—T(X)> , the even weight code over R,

5) RN{T () = {0} TN (T () =(T (%))

6) R+T, =R[x]/(x"-1), RNT, ={0}.

Proof: From the definitions and relations (8)-(11), we find that the sums of

products of terms from F,F,,---,F, taken one at a time, taken two at a time

m

and so on is equal to the sums of products of terms from d,,d,,---,d, taken

m

one at a time, taken two at a time and so on, Ze.

F+F+--+F, =d +d, +---+d,,

SR 00F 00=34, ()9, ().

i<j i'%j
2 F()F ()R (x)= 2, di(x)d; (x)dy (x), (13)
i

h ij.k
i<j<k i<]<k
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Therefore by Lemma 1 and relations (13), we find that
T,NT,N---NT, :<|:1|:2 "‘Fm>:<d1dz "'dm>1

T +T,++T, :<idi ->dd;+ > dd,d, —-~-(—1)mllm[di>,
i=1 i

i<j i<j<k i=1

ti<t; ti <tj <ty i=1

T, +T, ++T, =<Zr:dti—zdudt,-+ Z d,d, d _( 1)r_1 ) dti>'
i=1 i

By Proposition 1 (8) and (9), we get (1) and (2).

To prove (3), from Proposition 1 (6) we see that

EE, =0, (e€,)+0, (e8)+ -+, (e.e,,)
=6’,1(e1e2~~-em)+9r2 (e, m)+"'+9rm (ee,-e,)

=ee, e

m*

Similarly E E, ---E_=ee,---e, foranytuple (t,t,,--,t ). Hence

E,E, ~-E, =EE,---E,, so we get (3) by Lemma 1.

Again as E +E,+---+E =e +e,+---+e  and for any tuple (t,t,,---,t.),
E,E, ~'E, =¢€e, €, we see that

P+P,+-+P, =<Zm1: E-> EE;+ Y EEE, —~--(—1)m1ﬁEi>
i=:

i<j i<j<k i=1

<ie,_{ jele2 e (Zjelez...em_...(_l)m1[:Jele2...em>

=(g +e,+--+e, —(M-1)ee, e, ).

Now (4) follows from Proposition 1 (7).

Since g, (T(X)) =0 forall 1< j<m by Proposition 2 (15), we get
E(7(x))=0 andso P ﬂ<T(X)> {0} . As d, =1-¢, we find that F, =1-F,
and so F (T(X)): T(X)— E (T( ))— j( ) Therefore T, ﬂ< > <T( >
This proves (5).

We prove (6) for i=1. Others are similar. Note that
EF =6, (ed,)+6, (ed,)+--+6, (e,d,)=0 and
E+FR=0 (& +d1)+9r2 (e, +d2)+---+¢9rrn (e, +d, ) =1, by Proposition 1 (10).
Therefore B,NT, =(EF)={0} and P+T, =(E +F-EFR)=(1). O

Similarly we have.

Theorem 6: For any subset {t,,t,,---,t,} = A, where 2<r <m, the following
assertions hold for polyadic codes over R .

D AT N-NT, =T, AT N-NT,

2) T/+T;++T) =(1) :R[x]/<x” —1>,

3) P'NRN---NP; ={0},

4) B'+P/+-+P =R +R +--+R,

5) RNT(x) =10}, TN(T(x))=(T(x))

6) R+T/=R[x]/(x"-1), RNT'={0},
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7) R +<T(X)> =T, P."“(T(X» =T,

8) P+P'=(1-T(x)), RNP'={0} and,

9) T+T=R[x]/(x"-1), TNT=(7(x)).

Proof: The proof of statements (1) to (6) is similar to that of (1) to (6) of

Theorem 5. To prove (7) we note that
E +T(X)-E(7(x))=E+7(x)
=0,6+6,8+-+6, e, JrT(x)(Hrl +6, +~~-+9rm)
=0, (e, +7(X))+0, (e, +7(x))+-+6, (&, +7(x))

= 6,d/+0,d}+--+6, d/, = F, by Proposition 2 (15),

Hence P, +<T(X)> =T, . Similarly others. Statements (8) and (9) follow from
Proposition 2 (16). [

Theorem 7: Let P, P',for i=12,---,m, be two pairs of even-like polyadic
codes over the ring with T,, T, the associated pairs of odd-like polyadic codes.

Then
Pil =H, (Ti ) and Pi,L =H, (Ti’)'

Furtherif 4 ,(e)=¢ for i=12,--,m,then
P'=T,, B =T/ and P, P', T,, T/ are LCD codes over R.

Proof: By Proposition 1 (10), & +d, =1. So s (e )+u,(d;)=p,(1)=1.
Therefore

1-p1,(E) =0, +0, ++0, —pu,(0,6,+6,6,++0, ¢,)

= Hrl (1_ Hoy (el)) + Hrz (1_ Hoq (ez )) +- "grm (1_ Hoq (em ))
=0, 1,(dy)+6, g, (dy)+---+6,u,(d,)
=u,(0,0,+6,d,+--+6, d, )=, (F).
Hence P = <l—,ufl(El )> = </Ll (R )> =4, ((F))=p,(T,). Similarly, we get
the others.
Further if 4 (e )=¢ for i=12,--,m, then by Theorem 5 (6) and Theo-
rem 6 (6),

RNR"=RNT ={0}, RNR" =RNT/={0}

proving thereby that P and P’ are LCD codes over R . Similarly one can
check that T, and T' arealso LCD codesover R. [

Theorem 8: If S] isempty, then we have the following additional results:

(k)(n-1) (k)(n+m-1)
D [Rl=g ™ . [Tf=q
()(n-1)(m-1) (¢k)(mn-n+1)

D Ri-a v

Proof: Here since ¢ €, ---e_ =0, by Proposition 3, we have E E_---E =0

T

T|=q

for ant tuple (t,,t,,---,t, ). Therefore forany s, 1<s<m-1,
R+P++P =(E +E,++E) and
(Pl+P2+---+PS)ﬂPS+1=<(E1+E2+---+ES)ES+1>:{O}.HencebypropositionS
4,
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|P+P++ P[P

(R +Py+ 4Py )NPRy|
|R+P++P P, || Pl
(B4R, + 4Py, ) NPy "

|< -7( >|—|P+P+ +P,|=

=[P +P,++P,||P.| =

=R Pt B[ Poal|Pul == RIPe] [Poca|Pal = R
As |<1 J(x )>| (q/k)( ),we get that |P|=q T . Since from Theorems 5
and 6, we have Pi+<j(x)>:Ti' and Rﬂ(?(x»: 0},
(#)(n-1) (/)(m+n-1)
TA=[RITCNa = a*=a =
Again from Theorem 6 (8), we see that |P,||P|1 = |<1—j_(x)>| = q(ék)(nfl) , which

(%K) (n-1)(m-1) _
gives |P|1 =q " . Finally Pi'(-B<j (X)> =T, gives

B (7k)(n-1)(m-1) (#k)(mn-n+1)
T-RIT)-a 0 atea

4.1. Extensions of Polyadic Codes over the Ring R

When S is empty, we consider extended polyadic codes over the ring R
which give us some additional results.

Consider the equation
1+7*n=0. (14)

This equation has a solution y in [F, if and only if n and -1 are both
squares or both non squares in ]Fq (see [17], Chapter 6).

For a linear code Cof length nover R, C, the extension of Cis defined as
1

C ={(co,cl,---,cn1,cw):cw =7, cj,(co,cl,-‘-,cnl)ec}.

Theorem 9: Let S| be empty. Suppose there exists a y in [, satisfying
Equation (13). If the splitting of Z_, in (1) is g1ven by the multiplier x ,, then
the extended odd-like polyadic codes satisfy T, —T, .

Proof: Here, by Theorem 7, P = (T)=T.,. As T, = F}’+<T(X)> and
T, =P, +<T(X)>, by Theorem 6 (7), let T, and T,

| i+1

be the extended polya-
dic code over R generated by

012 - n-1 o

0

Ei: G, 0

111 1 -ny

and

0 1 2 n-1 o

0

—_— G, 0

Gi'+1 — i+1 )
111 1 —-ny
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where G/ is a generator matrix for the even-like polyadic code P’ and G,

is a generator matrix for the even-like polyadic code P,,. The row above the

i+l
matrix shows the column labeling by Z, Uoo. Since the all one vector belongs to

T!, andits dual T: isequalto P’, the last row of G/, is orthogonal to all

rows of G/. The last row is orthogonal to itself also as n+y’n’=0 in F,.
Therefore all rows of G/, are orthogonal to all the rows of G, . Now the result

follows from the fact that [T T l‘

, as can be verified from Theorem 8. O

i+1 i

Similarly, we have

Theorem 10: Let S be empty. Suppose there exists a y in [ satisfying
Equation (14). If 4, (e)=¢ so that the splitting of Z  in (2) is not given by
the multiplier g ,, then the extended odd-like polyadic codes satisfy 'ITiL = 'ITi' .

Corollary 1: If S/ is empty, m=2 then the following assertions hold for
duadic codes over R .

DIf u,(e)=e,u,(e,)=¢e,then R*=T/P*=T; B are self orthogon-
aland T, are self dual.

2)If py(e)=e,u,(e,)=¢, then T, areisodual.

Proof: Here, by definition C;=C, and D;=0D,, therefore E =E,,
F'=F, T/=T,, T,=T,, B'=P, and P/ =P,

If u,(e)=e,, u,(e,)=¢e, ie, when the splitting is given by u,, we
have by Theorem 7, P* =T,,,, subscript modulo m. Therefore
P =T,=T,P =T, =T, . Using statement (7) of Theorem 6 , we have
P cT/=P". Therefore P, is self-orthogonal. By Theorem 9, E = 'ITil ,
therefore 'ITii ='|Ti.

If u,(e)=e¢,By Theorem 10, fL =T/, therefore ﬁL =T, and 'ITZL =T,.

4.2. Griesmer Type Bound for Polyadic Codes over R

Kuruz et al [11] gave some examples of m-adic residue codes over F, [u] / <u2 - u>
whose parameters attain Griesmer type bound. In the next theorem, we prove
that the Griesmer type bound for polyadic codes over the ring R is same as the
Griesmer bound for the corresponding polyadic codes over the field F,.

Theorem 11: The parameters of polyadic codes over R are same as para-
meters of the corresponding polyadic codes over F . Hence Griesmer type
bound for polyadic codes over the ring R is same as the Griesmer bound for
the corresponding polyadic codes over the field F,.

Proof: Let C be a polyadic code of length nover R =@n;F,. Then C is
equalto T, or T/ or P or B’ for 1<i<m. By definition,
T,=6D,®6,D,®--+®6, D, , where D;,D,,---,D

codes over F; and are equivalent. Therefore by Theorem 1,

are all odd-like polyadic

m

k(T,)= n?%x{k (6,1, )} = dimension of polyadic code I, = k (DD, )

d(T,)= min {d (Hri D, )} = minimum distance of polyadic code D, =d (I, ).

i=1

Further T, =4, (T,) . Here Jacobson radical, J (IyijIE" ) ={0},s0
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|77ijIE‘q / J (nijIE‘q )|:q for every 7 and j Hence the Griesmer type bound for
odd-like polyadic codes T, over thering R becomes

q

which is same as Griesmer bound for polyadic code D; over F,.

Similar result holds for T, P and P’'.

Example 1: Let q=3, n=13, m=4, f(u)=u’-u and g(v)=Vv*-1.
Take E, = (1 +1, )€ + (7720 + 7722 )€, + (7721) 85 + (17, )64 - Here
R = (1 +10, ) C, ® (1, +11,) C, @ (171)C3 ©(11,)C, has parameters
[13,3,9]. It attains the Griesmer type bound over the ring
F, [u,v]/(u3 —u,v? —1,uv—vu>. Therefore P,i=1,2,3,4 are optimal. The code
Ty = (g + 7712 ) Dy © (17,0 + 1705 ) D, © (773, ) Dy @ (775,) D, has parameters [13,10,3].
It nearly attains Griesmer type bound over the ring
I, [u,v]/(u3 —u, v —l,uv—vu> .

Example 2: Let q=5, n=11, m=2, f(u)=u’-u and g(v)=v*-1.
Here P, = (1 +1, + 101 + 15 ) C, ® (15 +175,)C, has parameters [11,5,6], so
it attains the Griesmer type bound over the ring [, [u,v]/<u3 —u,v?-1,uv —vu>.
Therefore P, and P, are optimal.

Remark: Using the above theory, one can construct some other cyclic codes

over the ring R (which are not polyadic according to our definition) generated
by idempotents of the type

where 1,1,,---,1, are subsets of {1, 2, m} , and which may attain the
Griesmer type bound.

For example, take =11, n=5, m=4, f(u)= (u2 —1)(u—2) ,
g (V) =v-v and E= (1ha + 1102 + 7751 ) (8 + €, +€5 ) + (175 + 7731 +713, ) (& +8,)
Let Cbe a cyclic code over ring R generated by the idempotent £ then Chas
parameters [5,3,3] and it attains the Griesmer type bound.

As an another example, take q=7, n=19, m=6, f(u)=u’-u and
g(v)=v’*-v and
By = (7 + 700 + 7720 ) (8 + €, ) + (700 + 7051 + 7155 ) (8, +€5 ) + (1041 + 714 ) (85 + € ) . The
cyclic code C generated by the idempotent E, over ring R has parameters

[19,12,6] and it nearly attains the Griesmer type bound.

4.3. Gray Images of Polyadic Codes over R

Theorem 12: Let the matrix V taken in the definition of the Gray map @
satisfy VW' = Al
images of even-like polyadic codes F’i(rl""’rm), Pi’(rl”'"’rm) and Gray images of ex-
tensions of odd-like polyadic codes Ti(rl'm'rm),'I'i'(rl"“’r"‘), for i=12,---,m, have

A €F,. For all possible choices of (r,-,r,), the Gray

m?

the following properties
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D) If u,(e)=¢, ie, if p,(S)=S;, then ®(R), ®(P), ®(T,) and

®(T) are linear complementary dual(LCD) codes of length Ijén over F,.

2)If S, isemptyand u,(S;)=S;,then CD('ITi') = (d)('IT,)) .

3) If S, is empty and p,(S;)=S,,,, Le, if the splitting in (1) is given by
4, then CD('E) = (<D ('F,))i .

The theorem follows from Theorems 3, 7, 9 and 10.

Corollary 2: If S is empty, m=2, then the following assertions hold for
duadic codes over R .

1) If u,(e)=e,u,(e,)=¢, then ®(R) are self orthogonal of length
kén and (D(T_I) are self-dual codes of length k/(n+1) over F,.

2) If u,(e)=e,u,(e,)=¢,, then d)(f) are isodual codes of length
k¢(n+1) over F,.

The following examples illustrate our theory. The minimum distances of all
these codes have been computed by the Magma Computational Algebra System.

Example 3: Let =13, n=3, m=2, f(u)=u’-u, g(v)=v'-v,
y=2 and

-2 1 2 -2 1
1 2 2
-2 2 1 =2

-2 1 -2 2 -1
2 2 -1 -2 -2
1 -2 -2 -1 2

N P DN PN

be a matrix over [, satisfying VV' =5| .Here S! =@, € =3x*+x+9 and
e, =X +3x+9.Also u,(e)=e, and u,(e,)=¢ .On taking
Oy =Thy + 1y + 103 + 10 +17,, and 6, =1, we have
E =-x (uv2 +uv—3)+x(uv2 +uv+1)+9 and
F =-x (uv2 +uv +l) + X(uv2 +uv— 3) +5. The Gray images of polyadic codes
Pl(s'l) and 'Fl(s'l) are self-orthogonal [18, 6, 6] and self-dual [24, 12, 4] codes
over [, respectively.
Example 4: Let q=4, n=17, m=4, f (u):uz -1, g(v):vz—v and
a -a> 1 1
-1 1 a a°

V = B = 2
a a -1 1
1 1 a -a
be a matrix over F, satisfying WT =1, where ais a primitive element of F,.

The Gray images of polyadic codes Pl(l'z'l) , T1(1,z,1)’ Pl'(l'z'l) and Tl'(l'z'l) with
0, =m,0, =m, +n, and 6, =mn,, are respectively [68, 16, 28], [68, 52, 6],
(68, 48, 8] and [68, 20, 17] LCD codes over F,.

Some other examples of self-dual, self-orthogonal and LCD codes arising as
Gray images of Polyadic codes over R are given in Table 1. The matrices A
and Bin Table 1 are as defined in Examples 3 and 4 respectively and the matrix

C'is taken as
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Table 1. Gray images of some polyadic codes.

2 2 1 1

11 2 2
12 2 1 oaf

1 1 2 2

g o om fu g v () OR) o(T)
4 13 2 u-u vVi-v B 1 (3,1) [52,24,12]  [56,28,12]
LCD isodual
5 11 2 ui-1 v-1 H 2 (3,1) [44,20,12]  [48,24,11]
self-orthogonal  self-dual
7 9 2 u’-1 vi—v A does not (5,1) [54, 24, 6]
exist self-orthogonal
7 3 2 u‘—-u Vi—v A 3 (5, 1) [18,6, 6] [24, 12, 4]
self-orthogonal  self-dual
11 5 2 u?-u Vi —v A does not (5,1) [30, 12, 8]
exist self-orthogonal
g nom t) o(v) Vv (n-r)  ©R) o)  oF) o)
3013 ui-1 vi-1 H, (1,1,1,1) [52,12,24] [52,40,5] [52,36,8] [52,16,13]
~o(R) ~o(R)
5 13 -1 v’-1 H 2,1,1) [52,16,16] [52,36,7] [52,32,8] [52,20,13]
LCD LCD LCD LCD
7* 16 w-1 v-v H, (3,1) [64,44,4] [64,20,12] [64, 16, 12] [64, 48,2]
LCD LCD LCD LCD
11 5 wv-u Vvi-1 C (1,1,1,1) [20,4,14] [20,16,4] [20,12,6] [20,8,5]
~o(R) - (R)
13 17 w-1 vi-v F (L, 1,1,1) [68,16,12] [68,52,4] [68,48,4] [68,20,11]
LCD LCD LCD LCD
16 17 uw-u Vvi-v I (1,1,1,1) [68,16,14] [68,48,5] [68,52,5] [68,20,11]
LCD LCD LCD LCD
32 11 w-ou vi-v I (1,1,1,1,0) [44,8,10] [44,32,4] [44,36,3] [44,12,9]
LCD LCD LCD LCD

*In this case, S = {2, 4, 6,8,10,12,14} .

" H, is Hadamard matrix of order 4.

#[is the Identity matrix.
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5. Conclusion

In this paper, polyadic codes and their extensions over a finite commutative
non-chain ring F, [u,v]/(f (u),g (v),uv—vu> are studied where f(u) and
g(v) are two polynomials of degree k& and / respectively (kand ¢ are not
both 1) which split into distinct linear factors over F;. A Gray map is defined
from R" —F;" which preserves duality. As a consequence, self-dual, isodual,
self-orthogonal and complementary dual (LCD) codes over [F, are constructed.
Some examples are also given to illustrate our theory. It is shown that the
Griesmer type bound for polyadic codes over the ring R is same as the Gries-
mer bound for the corresponding polyadic codes over the field F,. Examples of
some codes which are optimal with respect to Griesmer type bound are given.
The results of this paper can easily be extended over the ring

F, [ul,uz,---,ur]/< f(uy), f,(up),e- f, (u,),uu; —ujui> where polynomials

f(u)), 1<i<r,splitinto distinct linear factors over F,.
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