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1. Introduction

In this paper, we consider the following competition-diffusion-advection system
u —V-[s4Vu—auvm]|=(m-bu)u—kuv in Qx(0,),
Vv, =V [, VV—pvvm]=(m—cv)v—kuv in Qx(0,),

ou om ov

om
——al—=pu,—-—-pv—=0 on 0Q2x(0,00),
'ulév ov 'uzév P ov ( )

(1)

where U= U(X,t) and V= V(X,t) denote the densities of two competing spe-
cies at position Xe€Q andtime t>0. m=m (X) represents a local population
growth rate that depends on location. In some sense, m (X) can reflect the quali-
ty and quantity of resources available at the location x, where the favorable region
{X eQ:m(x)> O} acts as a source and the unfavorable part {X eQ:m(x)< O}
is a sink region [1]. VU and x,Vv account for random diffusion, and auVm

and AVVM represent movement upward along the environmental gradient. The
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two non-negative constants ¢ and f measure the tendency of the two spe-
cies to move up along the gradient of m(x) ,and 44 and g, represent the ran-
dom diffusion rates of two species, respectively. The positive constants » and ¢
are the intraspecific and & the interspecific competition rates. Q is a bounded
domain in R"(N >1) with smooth boundary 6Q. The Zero-flux boundary
condition in (1) means that no individuals cross the boundary of the habitat.

From the mathematical viewpoint, qualitative properties of non-negative so-
lutions of system (1) have been extensively studied. We will briefly review some
of them, for a more complete and detailed discussion, see [2]. For the case when
k=1, a>0,8=0, Cantrell et al [3] [4] showed that if Q is convex and
1, = i, , then for positive small « the semi-trivial steady state (H(X,a, y),O)
of (1) is globally asymptotically stable. In contrast, Cantrell et a/. [3] and Chen et
al [5] proved that for large values « system (1) can have a stable positive
steady state and two competing species coexist for large « . For the case when
k=1, a>0,8>0, Chen et al [1] showed that if the ratio B/u, is suitable
related, then the two species coexist for sufficiently large « .

For the case when £ is sufficiently large, we proved in [6] that system is ex-
pected to approach a limiting configuration where all the populations survive
but have disjoint habitats. Precisely, we proved that k-dependent solutions
{(uk WV, )} of (1) are uniformly bounded in Hélder spaces and they converge to
the positive and negative parts of a solution of a scalar limit problem. The objec-
tive of this paper is to improve the result in [6], proving the uniform bound in
Lipschitz norm. Without loss of generality, we set g =, =1 in system (1),
and consider the time-independent case:

-V-[Vu, —au,Vm] =(m-bu, )u, —kuy, inQ,
-V-[VV, =By, Vm]=(m-cv, )v, —kuy, inQ, 2)
ou, al om _ov, v om

—* —aqu, —=—% ,—=0 on oQ.
ov ov ov ov
Throughout this paper, we assume that the function m(x)eC? (f)) and
m(x) is positive somewhere in () . Our main result is as follows.
Theorem 1. Let {(uk WV, )} be non-negative solutions of (2). Then for every

compact set Q' cc Q  there exist M >0 independent of k such that

"(uk’vk )"Lip(Q’) = "(uk’vk) (@) +||V(uk’vk) <M.

(@)

Note that the study of strong-competition limits in corresponding elliptic or
parabolic systems is of interest not only for questions of spatial segregation and
coexistence, in population dynamics, as here and in [7]-[14], but also is key to
the understanding of phase separation of Gross-Pitaevskii systems of modeling
Bose-Einstein condensates, see [15]-[24] and reference therein.

The uniform Hélder regularity in related problems have been studied by
many authors, see [10] [11] [15] [25], for the elliptic case, [15] [18] for the para-
bolic case, and [26] [27] [28] for the fractional diffusion case. Concerning the

uniform Lipschitz boundedness, some results have already been observed in li-
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terature. For the case of two components without advection and reaction terms,
Conti, Terracini and Verzini in [10] proved that if {(u,,V, )} € H'(Q) are non-

negative solutions of
Au, =ku,v, in Q,
Av, =yku,v, in Q,
u =¢,v, =y onoQ

with 7 >0 and traces ¢,y € Lip(0Q), then {(uk WV )} is uniformly bounded
in the Lipschitz norm. By using Kato’s inequality, Wang and Zhang [14] genera-
lized the result to arbitrary number of components (possibly with suitable reac-
tion terms). In [29] Berestycki, Lin, Wei and Zhao deal with the Gross-Pitaevskii
system in dimension N =1, they proved that if {(uk WV, )} eH; ([0,1]) are un-

iformly L* bounded solutions of

—Uy + 4, U, = ouf —kuvy in[0,1],
—Vy + A, Uy = o,V —kvu? in[0,1]

with uniformly bounded coefficients 4, i=12, then u, and v, are un-
iformly bounded in the Lipschitz norm. In the recent paper [30], Soave and Zilio
extended the result of [10] [14] [29] to the case of arbitrary number of compo-
nents and general reaction terms. The approach here follows the mainstream of
[30], based upon the blow-up technique and the almost monotonicity formula
by Caffarelli-Jerison-Kenig.

The rest of the paper is organized as follows: Section 2 is devoted to giving
some prior estimates. Section 3 deals with the blow-up analysis. In Section 4, we

prove the uniform bound in the Lipschitz norm.

2. Some Preliminary Results

In this section, we will derive some basic estimates. As in [1] [4], if we let

0, =e“"u,, V, =e”™v, then system (2) is equivalent to

~Al, = aVi, -Vm+(m—be"d, )d, —ke’ 6,7, in Q,

~AV, = VY, -Vm +(m—ceﬂ"‘\7k )\7k —ke*G,V, in Q, 3)
aﬂ = % =0 on oQ.
ov ov

We start with the following observation of system (3).
Lemma 2. Let U, =e“"u,, V, =e”", and suppose that (u,,V,) is a
non-negative solution of (2). Then for all X e Q,

0<0Gy (x)< mgx{me‘“m}/b, 0<V, (x)< mgx{me‘”m }/c

Furthermore,

0 <uy (x) < max {%}ea(%m_m‘{nm], Vi (X) < max {m} eﬂ(ms%xm'mé”mj.

Q
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Proof. We prove the estimate for U, and u,; that for V, and v, follows
similarly. Let X, €Q denote a point where 0, (X,)=maxgU0, . Assume by
contradiction that

0y (%) > mgx{me‘“m}/b.

ou
Since 8_k =0, then by the Hopf lemma X, ¢ 9Q. Hence, we have X, €Q,
v

Vi, (%)=0 and A0, (X)) <0.It then follows that
0 < ke”™), (%), (%, )— Ay (%)
= Vi, (% )-Vm(% )+(m (%) -be ™) (x))a (x,)
< (mglx{me"’”“}/b—ak (xo))be“m(x")ak (%)<0.

which is a contradiction. Hence, forall XxeQ,

Uk(x)Smgx{me’“m}/b.

and forall xeQ,
u, (x)=e"Ma, (x) < (m@x m/b)ea(ngxm_mfiZn m)
Q
This completes the proof of Lemma 2. []
In the blow up procedure, we need the following lemma, which extends the
resultin [11], Lemma 4.4.
Lemma 3. Let B, :{X eR" :|X|2 < ZR} be the open ball in R" . Assume
that ue H'(B,y) satisfying
—AU<EVm-Vu—-Hu in B,g,
ux>0 in B,g,
u<A on 0B,

where meC* (I§ZR) and 6, H are two positive constant. Then for every
5€(0,1),

ol o, <o ™,
where C'is a positive constant depending only on &, Rand ||m||c1(§2R) .

Proof. The proof is inspired by Conti et al [11]. Let o = ||m||c1(§2R) and con-

sider the following problem:

" N_l ' ’
) (r)+T¢ (r)=—-6o¢'+Hop,
¢(0)=1>0,
¢'(0)=0.

(4)

We claim that:
1) (o'(r) >0 for r e(O,oo);

2) (o(r)S/lerJﬁ for re[O,oo);
Ae% o) (ro

N-1
> ] e(r_r")“m for re[ro,oo),where rL,>0.
r

3) o(r)=
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To prove (1), we observe that ¢ is defined on [0,00) and that ¢ >0,
¢'>0 on (O,oo). Indeed, if not, ¢ is positive on [O,R) and (o(R)zo,
then ¢'(R) <0; On the other hand, since

_ _ N-1 _ _ _
(eao—rrN 1 /) Ho_eaar N 1¢; eso—rrN 1(pl+eﬁarrN 1(pn:eﬁarrN 1H¢,
r

Har N-1_r

then e @' is strictly increasing on [0,R]. Hence, ¢'(R)>¢'(0)=0, a
contradiction. Since ¢’ is positive, we have ¢" <Hg . Then using the initial
conditions and comparison arguments, ¢(r)< e for re [0,0), and thus
(2) follows. Finally, we define @(r)=e”"r""p(r). Then @(r,)= """

and

(E!(ro) — eaeﬂrfro rON_lgD(ro)+¥egﬂro rON—lgo(rO)+e9crrroN—1¢r(r0) >0.

0

Furthermore,
-1
—290' gfor N1 +200_ex90'r N 1 ' (90_)2 gf (N 1(/,
r

N-1)(N-2
+( 2’(2 )eﬁorrN—lq)_'_z Nr 1eHUr N l¢!+et%'rrN—1(Dn

NlHo‘FNl
r

=200 —= (ZH-HGGGM N 1 ' (00_)2 gforpN 1(/)

+(N _1)(2N _2) eearrN—l¢+ Nr_leHGrI’Nfl¢'+ Hp
r

>Hep,

since >0, ¢'>0.Using again comparison arguments, we obtain

Oorg »N-1
()Zﬁe or, (e(”‘”m+e

o *(f*ro)\/ﬁ)
r
v 2

which gives (3).
Now let y Dbe the solution of

” N-1 ’ '
% (I")-!—Tl// (r)=—6oy'+Hy,
w(2R)= A,
w'(0)=0.

Clearly y satisfies the assumptions in (4) for a suitable 1,so y'>0. Re-
call that o = ||m"01(BzR) , thus we have

4

!//"(r)+¥y/'(r) < —Ht//'Vm-T+ Hy.

If we let V(X)=l//<|X|) , then by construction we have that v is a radially
symmetric function with —Av>6vVm-Vv—Hv in B,;, v=A on 0B,;, and
hence, by maximum principle, 0<u (X) < V(X) in B,y .Moreover, since y is
an increasing function, if we prove that y(R)<C(5,R,0) Ae VH | then we will
obtain the required bound for ||u||Lw (Be) and the proof of the lemma will be
concluded. Using (3) and choosing r, =7R, 7€(0,1), we obtain
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OoR(7-2)
A=y (2R)> ’lez—NrN-le(z’”m,
that gives
N
A<A_ 2 ol 2RV

- eHo'R(r—Z)z_N—l

Substituting in the inequality in (2), we finally have

2" (-1+7)RVH
V/(R) = AeﬁaR(r—Z)z_N—l € !

then setting & =1-17, provides the desired inequality. [J

3. Asymptotic of the Blow up Sequence

We deduce from Section 2 that the solutions of system (2) is uniform bounded
in L”(Q). For any compact set K < K'cc Q, we are aim to show that the
Lipschitz semi-norm of solutions to system (2) is bounded in K uniformly in 4
To begin with, let 7 be a cut-off function such that 0<7 <1, 7=1 in Kand
supp 7= K'cc Q, we want to show that there exist a constant C >0 inde-
pendent of & such that,

max{sug|v(77uk )|,su§p2)|V(77vk )|} <C, (5)

from which the desired result follows. Inspired from the work of Soave and Zilio

in [30], we assume by contradiction that, up to a subsequence, it holds
L, = max {sup|V(77uk )| sup|V (v, )|} —> +o0,
XxeQ xeQ

Without loss of generality, we may assume that the supremum is achieved by

u, atapoint x, e K’,thatis

L, =[Vu, (%) = +=.

Now we introduce two blow-up sequences

W, (x) = 17 (%) (% +5X) 2 (X)= 7(% Vi (X +1X)

= , , XeQ,,
L Lk
@, (x) = (UUk)I(_X:,-FrkX)’ 7. (x) = (nvk)(Lxl;+rkx), xeQ,.
Tk i
where Q, = Q;Xk . We choose the scaling factor r, >0 in such a way that
k
V_Vk (0)+7k (0) — (Uuk)(xk)-i_(nvk)(xk) =1
L
—r = (7u) (%) + (i) (%) 0.

Ly

Note that, since K'cc Q, we have Q, —»R" as k — . Furthermore, if
(ug,Vy ) isasolution to (2), then (w,,z,) satisfies
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{—V.(Vwk —aw vm, )= rZw,m, —bM,w; —kM, w,z, inQ,, ©)

-V-(Vz, - Bz, Vm, ) =rZzm —cM, 2 —kM, W, z,  in Q,
where
m, (X) =m(x, +x) and M, = LrZ/n(x,).
The following lemma focuses on some preliminary properties of the blow up
sequences.

Lemma 4. In the previous blow-up setting, the following assertions hold:
1) vm, —> 0, Am, — 0, uniformlyin Q, as kK = 400, in particular,

m, (x) > m, for some constant m, > 0;
2) we have
2 2 2 2
row.m, —bM, w, — 0, r’z,m, —cM,z, -0,

uniformlyinall Q, as k—o;
3) the sequence {W,} and {7} have uniformly bounded Lip-seminorm:

. ()~ (1) Suplfk<x)—fk<y>|}£1;

max {sup :

X2y X=y X2y X=Yy

furthermore |VV_\Ik (0)| =1 and |VWk (O)| —1 as k—+o;
4) there exist w,z, globally Lipschitz continuous in R" with Lipschitz con-
stant equal to 1, such that up to a subsequence:

H N
W, > W,z =z in C,OC(R )

W, >W,Z, >z in C,OC(RN);

,loc(RN) as k—> o, and for any

r >0 thereexist C >0, independent of & such that
-[B,(O) kM, w,z, <C. (7)

5) there holds w, -»w,z, >z in H

If kM, - o, then Wz, -0 as K — 0. Moreover the limit w, z satisfies
-Aw=0 in {w>0},
-Az=0 in{z>0},
wz=0 inR",
w,z20 inR".

(8)

Proof 1) Since m e C? (ﬁ) , then for every xeQ,,
[vm, (x)| =5 [vm(x, +6x)| <, ||m||cl(ﬁ) —0 as k- +ox,
|Am, (x)|= i |am(x, +1,x)| <7 Mz >0 ask oo

Note also that m(x) is positive somewhere in Q, thus there exists a posi-
tive constant m,, such that m, —m,.

2) By Lemma 2 and the definitions of w, and 7, we have
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F2w,m, —bM, W = rk77(xk)(ukr|1_1k)(xk +1,X) " rkn(xk)u;f_(xk +1X)
k K

<ck o
k

Similarly, we have r’z,m, —cM,z} —0.
The uniform bound on the Lipschitz seminorm of W, , Z, and the fact that

|Vv_\lk (O)| =1, are direct consequence of the definitions. Moreover

v, (0)= Uy (%, ):U(Xk)_’_ﬂ(xk)z(“k (%) —0(1)+Vw, (0),

as K — o0, then (3) holds.

4) We will only prove the estimate of w, and W, , that of z, and Z, are
similar. For any fixed r >0, we may let ksufficient large such that B, (0)cc K .
The sequence {W,} has a uniformly Lipschitz seminorm in m , and is un-
iformly bounded in 0. Hence by the Ascoli-Arzela theorem, it is uniformly con-
vergent (up to a subsequence) to some weC (m) having Lipschitz-seminorm
bounded by 1. To complete the proof, we shall show that w, —W, >0 as
k—+0 in C,, (RN ) . To this aim, it is sufficient to observe that for any com-
pact K<cR",

sup, () =1 () =sup ==

35up|£|x|,
xeK Ly

where /denotes the Lipschitz constant of 7, Cis the uniformly boundedness of
{u }.Since L, —> o and Kis compact, the desired result follows.

5) To prove (7), it is sufficient to test the equation for w, against a smooth
cut-off function 0<@<1 such that ¢=1 in B (0) and ¢=0 in
R" \B,, (0), we obtain:

Jo KMz, < IBZr(rJ)‘(rkzmka _kasz)“’*WkA‘”‘ + g, @@ me Vol

By the uniform boundedness of {W,} in compact sets and the fact that
|mG| — 0, there exists a constant C >0 independent of %, such that

J.B,(o) kM, w,z, <C.
Testing the equation for W, against W, ¢, we also deduce that
% Jo oV <4f, 2 (o7 Vm [ +[Vof )
+2f, o aWip|Vm ||Vl +(Em,w, ~bM, W} Jw,® <C,

where Cis a positive constant independent of & This implies that, up to a sub-

sequence,
w, —w weakly in H*(B, ), w, - w in L*(B,).

To prove the strong convergence, we test the equation for w, against (W, —W),
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and recalling that W, — W uniformlyin B, , we deduce thatas K — o,

IB, W, -V (W, — W)‘

.[asravwk (w, — w)‘ + UBr (—-avm VW, —aw,Am,
+r2mw, —kawf)(wk —-w)—kM, Wz, (W, —W)‘

< .~

L”(By) .[aB, aka'

+ W _W||L°°(Br) -[B, |—ankVWk —aW, Am, +£Zm,w, —kawlf|
— 0.
From this we can pass from the weak convergence to the strong one.
To prove (8), we note that
AW, —7,) = (—aVW, + AVZ, ) VM, +(—aw, + Bz, ) Am,
+(r?mow, —bM,w; ) - (KZm, z, —cM, 7).

By strong H' convergence and (1), above equation can be passing to the
limit. So up to a subsequence, we have in the distribute sense that
-A(w-2)=0.
Since wz=0,wehave W—zZ=W in {W > 0} , and thus
—Aw=0 in {w>0}.

Similarly, the result holds for z This completes the proof of Lemma 4. [

Lemma 5. The limit function (W, Z) is not constant. In particular, w is nei-
ther trivial nor constant.

Proof. We divide the proof according to properties of kM, .

Case 1. (KM, ) is bounded. The equation for W, can be rewrite as:

2 2
—AW, +aVw, -Vm, =—-aw,Am, +r'mw, —bM, w, —kM, w, z, .

Since {Ww, | is uniformly bounded in any compact set of R", by standard re-
gularity theory for elliptic equations, we deduce that for every compact K < R"

there exist C >0 independent of & such that ||Wk || e < C. This implies that,

K)
up to a subsequence

W, — W in C“‘(RN), forany 0 <a <1.

loc

So that in particular |VW(0)| =lim, |VWk (O)| =1, and (W,z) cannot be a
vector of constant functions.

Case2. KM, — +oo. By Lemma 4 (5) we infer that wz=0 in R" , and the
choice of 1, implies that W, (0)+2(0)=1, so there are only two possibilities:
either w(0)=0,0r w(0)=1.

Assume at first that w(0)=0, then z(0)=1, and by continuity of w,z it
results that w=0 in an open neighbourhood of 0. Moreover, there exists

0 <r <1, such that
Z, (0)2% inB, (0),

for sufficient large k. Thanks to Lemma 4 (4), we have
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|zk (x)-z, (0)| < |zk (x)-7, (x)|+|7k (x)-7, (0)| <o(1)+|x < 0(1)+%,

1
as kK — o0, for every xeB,,(0). Thus, whenever kis sufficiently large, z, > A

in B, (0). As a consequence, if we Let W, =e™*™w, , then W, satisfies

—AW, = @YW, -V, +(r7m, —bM e ™ W, ), —kM, W, Z,
< aVW, -Vm, +(rk2mk —bM, e“™ W, —%kMkjv”vk
< GV, VM, —— KM,
- k k 16 k "kt
By Lemma 3,

—C" kM =
C'e “inB,,.

W, <
Hence for every xeB,, (O) ,
—AW,

Note that |mG| — 0. By standard regularity theory for elliptic equations, we
have ||| —0 (by

-aVvW, -Vm,|<C.

_am
i (g) S C . Note also that w, =e“™W, and "mk||c2(5,(o))

Lemma 4), we then deduce that

(i

. <C in B, (0).

This implies that up to a subsequence W, - W in Cl(Bl/4). In particular
|VW(O)| =1, in contradiction with the fact that w=0 in a neighbourhood of 0.
Thus, the case W(0)=0 is impossible, therefore w(0)=1. As a consequence

1
the same argument described above provides W, (X) Zg in B,,(0). If we let
Z, =e™z, ,then Z, satisfies

-AZ, <aVZ -Vm, —%kMka in B

r/2
.20 inB,,,
Z, <A in B,,.

By Lemma 3 again,
7, <Ce V" inB,,.

By the uniform boundedness of the sequence {W,} in By, we infer that,
~AW, — VW, -Vm,|<C.

And hence up to a subsequence W, —» W in Cl(Bl/4>. In particular, by
Lemma 4 (3) we have

[Vw(0)| = Iil[n|Vwk (0)[=1,

which completes the proof. [
Lemma 6. There exist C>0 such that kM, >C.
Proof. Let us assume by contradiction that there exists a subsequence

k,M, — 0. Reasoning as in the previous lemma, the limiting function (w,2)
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satisfies

-Aw=0 inR",
-Az=0 inR",

and W,Z>0, thus thanks to the Liouville theorem, W,z are constant. This
contradicts the fact that |VW(O)| =1. O

We conclude this section by summing up what we proved so far in the fol-
lowing statement.

Proposition 7. Under the previous notations, we have

1) Up to a subsequence

H N
W, >W,z, >z in C,OC(R )
— - H N\.
W, > W,Z, >z in C,OC(R )

W,z is non-trivial and non-constant, and in particular |VW(0)| =1;
2) There exist C >0 suchthat kM, >C;
3) If (kM, ) is bounded, then

~-Aw=-M_wz inR",
-Az=-M_wz inR",
wz >0 in RV,

where kM, >M_ as k—>o;
4) If kM, — +0, then both wand zare subharmonicin R", and

-Aw=0 in {w>0},
-Az=0 in{z>0},
wz=0 inR",
w,z>0 inRV.

4. Uniform Lipschitz Bounds with Respect to k

This section is devoted to the study of the Lipschitz uniform continuty of the
system (2). In Section 3, we have proved that the limit (W,z) is non-trivial and
non-constant, and in particular |VW(0)| =1 (Proposition 7). In what follows,
we will show that one of the components of (W, Z) is identically zero and the
other is a constant, which bring us to a contradiction.

e (RN ) functions, we let

For any given U,ve H

[vul

1 sz
®(r) :=r—4_[Br e dx.fBr W

X|n—2

we shall make use of the celebrated almost monotonicity formula of Callarel-
li-Jerison-Kening, which we recall here in its original formulation.

Theorem 8. (Callarelli-Jerison-Kening almost monotonicity). Suppose u, v are
non-negative, continuous functions on the unit ball B,. Suppose that —Au <1
and —-AV<1 in the sense of distributions and that u(Xx)v(x)=0 for all

X € B,. Then there exist a constant C depending only on dimension such that
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forevery 0<r<l:

vuff w[’
()< c[1+ I, |x|“‘|2 s ||x|"'|2 J

Moreover, if u and v satisfy the same assumptions also in the ball B,, then

there exist a dimensional constant C >0 such that
2
2 2
@(r)< C(1+IBzu +szv ) ,0<r<1.

Now we consider the following systems

-V (VW —aw,Vm, ) = rZwm, —bM w7 —kM, w,z, in Q,
-V-(Vz - pz,Vm, ) =riz,m —cM,z; —kM, Wz,  in Q.

Therefore,
-A(W, -2, ) =(—aVW, + fVZ, ) VM, +(—aw, + Bz, ) Am,

+(rZmw, —bM,w; ) - (rim,z, —cM, z7).

Notice that r’m,w, —bM, w? -0, r’m.z, —cM,zZ -0, m,_—>m,. Hence
in the sense of distributions that —A(W, —z,) — 0, and in particular
-A(w, —z,)" <1,
. (9)
-A(w, —-z,) <1
for ksufficiently large.
Lemma 9. There exist a constant C >0 independent of k such that for any
re(0,+o) and X, €Q,,

2

V(w, -z <C. (10)

1 2 1 ]
o 'r_NIBr(xo)‘V(Wk -2

Proof. By (9), it follows that the positive and negative part of (W, —z,) fall

under the assumptions of Theorem 8, and in particular

1 2 _
J.Br(xo)‘v(Wk a Zk )

2N B ()

Nt 2
1 ‘V(wk—zk) ‘V(Wk—zk) ‘
_rTJ-Br(XO) |X_XO|N72 . B (%) |X_XO|N72

i 2
V(W —z,)

2
2 2
SC(H.[B,(XO)WK +zk) <C,

where C >0 isindependentof & ]
Corollary 1. Any blow-up limit (W,z) is made of ordered functions, that is
if
W, > W, z, >z,
then either w<z or z<w,in C (]RN ) .

Proof. Indeed, scaling properly of the estimate (10), we obtain for every
re(0,4/r,) and klarge enough
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2 ’7(Xk)4
L

1

2
r_NJBrm)‘V(Wk -u)

1

r_NJBrm)‘V(Wk ~%)

—0

1

as k — 4. The conclusion follows by strong H

(RN) convergence of the
blow-up sequence and by the continuity of the blow-up limit. [

In order to complete the proof of Theorem 1, we need the following classical
result, for which we refer to Lemma 2 in [31].

Lemma 10. Let 1< p<o, andlet uelf, (RN) be a solution of
~Au<—[uf""u inRY,

if we assume u to be non-negative, then u=0.

With the lemmas above, we can now complete the proof of uniform Lipschitz
bounds.

Proof of Theorem 1. According to kM, , we divided the proof in two steps.

Step 1. The case (kM, ) bounded. In this case by Proposition 7 the limiting
function (W,z) is a non-negative, non-trivial, non-constant and sublinear so-
lution of

-Aw=-M_wz, —-Az=-M_wz.

By Corollary 1, we evince that either w<z in R“, or w>z in R".
Without loss of generality, we suppose that w=0 and w>z.Thus

~Az=-M_wz<-M_z°

Thanks to Lemma 10, we have z =0. But then
-Aw=-M _wz=0.
Then by the classical Liouville theorem, we have wis a constant, which is in
contradiction with the fact that wis non-trivial and non-constant.
Step 2. the case kM, — +o0. In such a situation, wz =0. Notice that
~A(W, -7, ) = (-aVW, + fVz, ) Vm, +(-aWw, + Bz, ) Am,

+ (P mw, —bM, W )~ (r?m, z, —cM, 27 ) > 0.

thatis —A(w—2)=0. Then Corollary 1 implies that either w<z,or w>z.
Without loss of generality, we suppose that W = Z, then the classical Liouville
theorem shows that

w—-z=C>0.

since W-z =0, Therefore (Z+C)Z =0.
We deduce that z=0, and w=C, this implies that wis a constant, similar-

ly, a contradiction. This completes the proof of Theorem 1. O

5. Conclusion and Further Works

The study of the asymptotic behavior of singular perturbed equations and sys-
tems of elliptic or parabolic type is very broad and active subject of research. In
this paper, we study a competition-diffusion-advection system for two compet-

ing species in a spatially heterogenous environment. We prove the uniform Lip-
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schitz bound for solutions of the system, which extends known quasi-optimal
results and covers the optimal case for this problem. We remark that the exis-
tence of uniform Lipschitz bounds is relevant not only for a pure mathematical
flavour. As already observed in [29], it is necessary to obtain, rigorous qualitative
description of phase separation phenomena (the uniform Hoélder bounds would
not be sufficient for this purpose.)

Finally, we mention that there are many interesting problems for further study.
Note that we established uniform Lipschitz bound for solutions to elliptic system
(2), naturally to ask whether our results can be extended to the parabolic system
(1)? Up to our knowledge, the optimal Lipschitz bound for parabolic setting is
unknown even for the case when o = =0 (without advection terms) in sys-
tem (1). Moreover, in system (2) the advection rates « and [ are fixed non-
zero constants, what happens if ¢ and f are k-dependent and are suitably
large? In such situation, the regularity of the solutions remains a challenge, and

it will be the object of a forthcoming paper.
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