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Abstract 
With the creation of logic gates and algorithms for quantum computers and 
entering our lives, it is predicted that great developments will take place in 
this area and important efforts are made. Spin rotation processors are quan-
tum mechanical rotation processors and have no classic counterparts. The 
rotation operators of spin 1/2 are well known and can be found in related 
textbooks. But rotation operators of other spins greater than 1/2 can be found 
numerically by evaluating the series expansions of exponential operator ob-
tained from Schrödinger equation, by evaluation of Wigner-d formula or by 
recently established expressions in polynomial forms discussed in the text. In 
a previous paper, rotation operators for spins 1/2 to 2 were published. In this 
work, explicit symbolic expressions of x, y and z components of rotation op-
erators for spin 5/2, 3 and 7/2 are worked via exponential operator for each 
element of related spin operators and utilizing simple linear curve fitting 
process. The procedures gave out exact expressions of each element of the 
rotation operators. 
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1. Introduction 

Quantum mechanical rotation operators in explicit forms are the essential tools 
of microscopic systems. Wigner [1] introduced expressions of rotation matrices 
or Wigner-d matrices for orbital angular momenta with the basis of standard 
Euler angles. Real rotation operators for total angular momenta of 1/2, 1, 3/2 and 
2 were generated from Wigner-d formula in some classical textbooks of quan-
tum mechanics [2]-[8]. A recently published paper on rotation operators by 
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Curtright et al. (2014) and Curtright and Van Kortryk [9] [10] give rotation op-
erator expressions in polynomial form for all angular momenta in Cartesian 
components. In order to find out the rotation operators in a matrix form, one 
has to sum up the polynomial terms given, which includes powers of related an-
gular momentum operators. 

Pulsed nuclear magnetic resonance, (pulsed-NMRnuclear magnetic reson-
ance), pulsed electron paramagnetic resonance (pulsed-EPRElectron para-
magnetic resonance) and pulsed electron nuclear double resonance (pulsed- 
ENDORElectron nuclear double resonance) spectroscopies, however, utilizes 
rotation operators in rotating coordinate system or laboratory coordinate system 
where the spins are polarized along a definite orientation by a known external 
magnetic field. This direction is defined as z axis and a series of magnetic pulses 
are applied consequently along laboratory x and/or y axes to rotate the polarized 
spins around related axes [11] [12] [13] [14] [15]. Besides the spectroscopic ap-
plications, spin based quantum-computing systems in which the pulsed mag-
netic resonance techniques constructed the pioneering pulse arrays, utilizes 
rotation operators intensively in rotating Cartesian coordinate system [13] 
[14]. 

In this work explicit rotation operator expressions of angular momenta 5/2 to 
7/2 are constructed from exponential operators given in equality below for x, y 
and z components of angular momenta for a series of angles θ between interval 

1θ  to Nθ , and fitting the obtained values to suitable functions by linear curve 
fitting procedure.  

2. Rotation Operator Expression 

We start rewriting the exponential rotation operator expression, 

( )ˆ ˆexp , , ,pR i J x y zα αθ α= =                      (1) 

derived from time dependent Schrödinger equation for a rotating magnetic field 
pulse B1 given as ˆi

t
ψ ψ∂

− =
∂

   where 1
ˆ ˆg B Jαβ=  is pulse Hamiltonian 

applied to a spin system polarized along laboratory z axis by an external mag-
netic field, where ( )ˆ , ,J x y zα α =  is Pauli spin matrices. Ĵα  can be nuclear 
spin I or electron spin S, or coupled S and I systems, and g and β have conven-
tional meanings. The rotation angle pθ  is defined for rotating pulse duration 

pt  as 1p p p pg B t tθ β ω= = . 
The exponential function for nuclear spin in equation above can be rewritten 

by Euler expansion, 

( ) ( ) ( )ˆ ˆ ˆexp cos sin , , ,p p pR i J J i J x y zα α α αθ θ θ α= = + =          (2) 

where; 

( ) ( )

( ) ( )

2 2 4 4 6 6 2 2

0

1 1 3 3 5 5 2 1 2 1

0

1 1 1 1ˆcos
2! 4! 6! 2 !

1 1 1 1ˆsin
1! 3! 5! 2 1 !

n n
p p p p p

n

n n
p p p p p

n

I J J J J
n

I J J J J
n

α α α α α

α α α α α

θ θ θ θ θ

θ θ θ θ θ

∞

=

∞
+ +

=

= − + − + =

= − + − =
+

∑

∑






   (3) 
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where   is the unit matrix with the same dimension as J. 
Evaluation of power series given in above requires intensive calculation due to 

the powers of spin operator matrices. The rotation operators for spin-1/2 sys-
tems are rather easy because the elements of the powers of Pauli spin matrices 
are either zero or unity multiplied by a coefficient. As an example, Pauli matrices 
for spin-1/2 and corresponding explicit rotation operators are borrowed from 
textbooks [11] [12] [13] and are given in Equation, 

( ) ( ) ( ) *

0 1 0 1 1 01 1ˆ ˆ ˆ, ,
1 0 1 0 0 12 2 2

0ˆ ˆ ˆ, ,
0

x y z

x y z

iI I I

c is c s z
R R R

is c s c z
θ θ θ

−     
= = =     −     

     
= = =     −     

          (4) 

where ( ) ( )cos 2 , sin 2 ,c s z c isθ θ= = = + . 
One of the ways of obtaining explicit expressions of the rotation operators for 

the spins greater than 1/2 is two-step numerical calculation. In the first step the 
sine and cosine series given in powers of spin operator matrices are summed up 
numerically for each element of a spin matrix for angles between e.g. 0˚ and 360˚ 
with intervals of 5˚, and with the highest possible precision. The results for each 
angle are found to be real and imaginary elements of rotation matrices. 

In the second step, variations of each element of the rotation matrices against 
rotation angles are fitted to a linear function. The exact fitting functions ( )ijr θ , 
found after some trials, are determined and given in equation, 

( ) 1
1 cos sin , 2 1; , 1, 2,3, ,

2 2
K K k k

ij kkr K J i j Kθ θθ ξ − −
=

   = = + =   
   

∑      (5) 

where K is the number of terms of the function, θ is rotation angle around x, y 
or z axis and J is the value of spin (nuclear, electronic or coupled spins). kξ  is 
the coefficient of k’th term of linear fitting function which is determined by li-
near curve fitting process. Goodness of all fitting processes was controlled by the 
value r which is known as regression coefficient or spectral radius, or visually on 
simultaneous plots of original and fitted curves. All operator matrices obtained 
were tested by comparing to corresponding operators obtained from Wigner-d 
formula [1] [2] [3] [4] [5] and operators in polynomial forms [9]. 

3. Results and Discussion 

The calculations performed for each element of rotation matrices for all compo-
nents of spins-5/2 to 7/2 produce the operators given below. The symbols c and s 
are given in Equation 4. It should be noted, just for economy of calculations, that 
the rotation matrices can be symmetric or anti-symmetric and therefore calcula-
tions of only upper triangular matrices will suffice.  

Explicit rotation operators for spin-5/2, 3 and 7/2 are given below together 
with the recommended fit functions. Although all terms of each fitting function 
are given, most of the coefficients are found to be zero and therefore a few terms 
will be left as given below. For precise results, only several terms including non-
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zero coefficients should be taken in fitting processes. 

3.1. Rotation Operators of Spin-5/2 

Suggested fitting function for rotation operators: 
5 4 3 2 2 3 4 5

1 2 3 4 5 6ijr c c s c s c s cs sξ ξ ξ ξ ξ ξ= + + + + +               (6) 

Rotation operators were given as, 

( )

11 12 13 14 15 16

12 22 23 24 25 15

13 23 33 34 24 14

14 24 34 33 23 13

15 25 24 23 22 12

16 15 14 13 12 11

ˆ
x

r ir r ir r ir
ir r ir r ir r
r ir r ir r ir

R
ir r ir r ir r
r ir r ir r ir
ir r ir r ir r

θ

− − 
 − − − 
 − − − − −

=  
− − − − − 
 − − −
 

− −  

 

( )

11 12 13 14 15 16

12 22 23 24 25 15

13 23 33 34 24 14

14 24 34 33 23 13

15 25 24 23 22 12

16 15 14 13 12 11

ˆ
y

r r r r r r
r r r r r r
r r r r r r

R
r r r r r r

r r r r r r
r r r r r r

θ

− − 
 − − 
 − − −

=  
− − − − 
 − − −
 
− − −  

               (7) 

( )

11

22

33
*
33

*
22

*
11

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0ˆ
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

z

z
z

z
R

z
z

z

ϕ

 
 
 
 

=  
 
 
 
  

 

The elements of operators were found as given below; 
5 5 3 2

11 22

4 2 3 4
12 23

3 2 3 2 4
13 24

2 3 2 3 5
14 25

4 5 3 2 4
15 33

5 4 2 3 5
16 34

4

5 18 8

10 18 8

10 4

10 4 3
3 6

r c r c c s

r c s r c s c s

r c s r c s cs

r c s r c s s

r cs r c c s cs
r s r c s c s s

= = −

= = −

= = −

= = −

= = − +
= = − + −

 

( ) ( )
( ) ( )
( ) ( )

5 3 2 4 4 2 3 5
11

5 3 2 4 4 2 3 5
22

5 3 2 4 4 2 3 5
33

10 5 5 10

2 3 3 2

2 2

z c c s cs i c s c s s

z c c s cs i c s c s s

z c c s cs i c s c s s

= − + + − +

= − − + + −

= + + + + +

            (8) 

3.2. Rotation Operators of Spin-3 

Suggested fitting function for rotation operators: 
6 5 4 2 3 3 2 4 5 6

1 2 3 4 5 6 7ijr c c s c s c s c s cs sξ ξ ξ ξ ξ ξ ξ= + + + + + +          (9) 

Rotation operators were found to be, 
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( )

11 12 13 14 15 16 17

12 22 23 24 25 26 16

13 23 33 34 35 25 15

14 24 34 44 34 24 14

15 25 35 34 33 23 13

16 26 25 24 23 22 12

17 16 15 14 13 12

ˆ
x

r ir r ir r ir r
ir r ir r ir r ir
r ir r ir r ir r

R ir r ir r ir r ir
r ir r ir r ir r
ir r ir r ir r ir
r ir r ir r ir r

θ

− − −
− − −

− − −
= − − − − − −

− − − −
− − − −

− − − 11

 
 
 
 
 
 
 
 
 
 
 

 

( )

11 12 13 14 15 16 17

12 22 23 24 25 26 16

13 23 33 34 35 25 15

14 24 34 44 34 24 14

15 25 35 34 33 23 13

16 26 25 24 23 22 12

17 16 15 14 13 12 11

ˆ
y

r r r r r r r
r r r r r r r

r r r r r r r
R r r r r r r r

r r r r r r r
r r r r r r r

r r r r r r r

θ

 
 − − 
 − −
 

= − − 
 − − −
 
− − 
 − − − 

           (10) 

( )

11

22

33

44
*
33

*
22

*
11

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

ˆ 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

z

z
z

z
R z

z
z

z

ϕ

 
 
 
 
 

=  
 
 
 
 
  

 

The elements of operators were found as given below; 

( )

( )

( )

6 4 2 2 4
11 24

5 3 3 5
12 25

4 2 2 4 6
13 26

3 3 6 4 2 2 4
14 33

2 4 3 3 5 5
15 34

5 4 2 2 4 6
16 35

6 6 4 2 2 4 6
17 44

6 4 2
22

5
23

30

6 40 10

15 5

20 8 6

15 108 12

6 6 8

9

5

10

r c r c s c s

r c s r c s cs

r c s r c s s

r c s r c c s c s

r c s r c s c s cs

r cs r c s c s s

r s r c c s c s s

r c c s

r c

= = +

= = −

= = +

= = − +

= = − +

= = − + −

= = − + −

= −

= − 3 340s c s+

 

( ) ( )
( ) ( )
( ) ( )

6 4 2 2 4 6 5 3 3 5
11

6 4 2 2 4 6 5 5
22

6 4 2 2 4 6 5 3 3 5
33

44

15 15 6 20 6

5 5 4

2 2

1

z c c s c s s i c s c s cs

z c c s c s s i c s cs

z c c s c s s i c s c s cs

z

= − + − + − +

= − − + + −

= + − − + + +

=

       (11) 

3.3. Rotation Operators of Spin-7/2 (Octet) 

Suggested fitting function for rotation operators: 
7 6 5 2 4 3 3 4 2 5 6 7

1 2 3 4 5 6 7 8ijr c c s c s c s c s c s cs sξ ξ ξ ξ ξ ξ ξ ξ= + + + + + + +      (12) 
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Rotation operators are given as, 

( )

11 12 13 14 15 16 17 18

12 22 23 24 25 26 27 17

13 23 33 34 35 36 26 16

14 24 34 44 45 35 25 15

15 25 35 45 44 34 24 14

16 26 36 35 34 33 23 13

17 27 26 25 24 23 22 12

ˆ
x

r ir r ir r ir r r
ir r ir r ir r ir r
r ir r ir r ir r ir
ir r ir r ir r ir r

R
r ir r ir r ir r ir
ir r ir r ir r ir r
r ir r ir r ir r ir

θ =

18 17 16 15 14 13 12 11ir r ir r ir r ir r

 
 
 
 
 
 
 
 
 
 
 
  

 

( )

11 12 13 14 15 16 17 18

12 22 23 24 25 26 27 17

13 23 33 34 35 36 26 16

14 24 34 44 45 35 25 15

15 25 35 45 44 34 24 14

16 26 36 35 34 33 23 13

17 27 26 25 24 23 22 12

18

ˆ
y

r r r r r r r r
r r r r r r r r

r r r r r r r r
r r r r r r r r

R
r r r r r r r r
r r r r r r r r
r r r r r r r r

r r

θ

− − −
− − − −

− − −
− − −

=
− − −

− − −
− − − −

17 16 15 14 13 12 11r r r r r r

 
 
 
 
 
 
 
 
 
 
 

− −  

    (13) 

( )

11

22

33

44
*
44

*
33

*
22

*
11

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0ˆ
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

z

z
z

z
z

R
z

z
z

z

ϕ

 
 
 
 
 
 =  
 
 
 
 
  

 

The elements of operators were found as given below; 
7 6

11 12

5 2 4 3
13 14

3 4 2 5
15 16

6 7
17 18

7 5 2 6 4 3
22 23

5 2 3 4 4 3 2 5
24 25

3 4 6 2 5 7
26 27

7 5 2 3 4 6 4 3
33 34

7 ,

21 35

35 21

7

6 12 75

45 80 80 45

75 12 6

10 15 240 60

r c r c s

r c s r c s

r c s r c s

r cs r s

r c c s r c s c s

r c s c s r c s c s

r c s cs r c s s

r c c s c s r c s c s

= =

= =

= =

= =

= − = − +

= − + = −

= − = − +

= − − = − + 2 5

5 2 3 4 6 3 4 5 2 7
35 36

7 2 3 4 6 6 4 3 2 5 7
44 45

60 240 15 10 10
12 18 4 4 18 12

c s

r c s c s cs r c s s c s
r c s c s cs r c s c s c s s

= − + = − +
= − + − = − + −

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

7 5 2 3 4 6 6 4 3 2 5 7
11

7 5 2 3 4 6 6 4 3 2 5 7
22

7 5 2 3 4 6 6 4 3 2 5 7
33

7 5 2 3 4 6 6 4 3 2 5 7
44

21 35 7 7 35 21

9 5 5 5 5 9

5 3 3 5

3 3 3 3

z c c s c s cs i c s c s c s s

z c c s c s cs i c s c s c s s

z c c s c s cs i c s c s c s s

z c c s c s cs i c s c s c s s

= − + − + − − −

= − − + + − − +

= − − − + + + −

= + + + + + + +

      (14) 
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4. Conclusions 

The electron spin can form a dual thread, the total spin is 1, and it can form a 
triplet state or qutrite system. In addition, carbon nanotubes or fullerens will 
enable three or more paired electron systems. Therefore, it seems necessary to 
establish the theoretical foundations of large spin systems. Since EPR spectros-
copy can work in different spin systems, quantum mechanical rotation for some 
systems other than spin 1/2, some basic passages and spin processors need to be 
created. Quantum rotation processors for spin 5/2, 3 and 7/2 were found in this 
study. 

Quantum mechanical rotation operators in explicit forms were constructed by 
numerical evaluations of exponential rotation operator for spins-5/2 to 7/2. The 
exponential rotation operator was expanded in power series and numerical val-
ues for each operator element at angles consequently between definite intervals, 
and then the values were fitted to linear trigonometric polynomials of sines and 
cosines. The rotation operators obtained can be used to determine rotations of 
corresponding spin around three Cartesian coordinates. 
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