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Global Existence and Large Time Asymp-

totic Behavior of Strong Solution to the 11t this paper, we study the Cauchy problem of the density-dependent Boussi-
Cauchy Problem of 2D Density-Dependent ~ nesq equations of Korteweg type on the whole space with a vacuum. It is
Boussinesq Equations of Korteweg Type.  proved that there exists a unique strong solution for the two-dimensional
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1. Introduction

In this paper, we consider the system for the nonhomogeneous incompressible
Boussinesq equations of Korteweg type as follows
p,+div(pu)=0,
(pu), +div(pu®u)+Vp = uAu+vpVAp + f,
6,+u-VO-xA0=0,
divu =0,

x=(%,%)eQt=0, (1.1)
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Among them, the free vector field of divergence u= (ul,uz)(x,t) represents
the velocity of the fluid; the scalar function p=p(x,t) and @=6(xt) re-
present pressure of the fluid and temperature respectively; parameter x>0 re-
presents the viscosity coefficient dependent on temperature; p = p(x,t) and
v represent density and the capillary coefficient respectively; and the constant
x>0 represents the thermal diffusivity; fdenote the external force.

The initial data is given by
p(%,0)=py(x), pu(x,0)=pouy(x), O(x,0)=6,(x), xeR?  (1.2)

Equation (1.1) governs the motions of the incompressible nonisothermal
viscous capillary fluids. Assumed capillarity coefficient v =0, the system (1.1)
can simplify to other incompressible equations. Recently, the incompressible
equations with density p >0 have led scholars to do much research, which gets
important results in different academic fields. The study of the system (1.1) with
u#>0 and x>0 is more concerned. Cannon and DiBenedetto proved the ini-
tial value problem of the Boussinesq equation for incompressible fluid affected
by convective heat transfer (see [1]). Furthermore, they improved the regularity
of the solution when the initial data are smooth. In addition, few scholars further
studied the cases of “partial viscosity” (i.e. either the zero diffusivity case, x>0
and x =0, or the zero viscosity case, =0 and x>0). Hou and Li [2] dem-
onstrated the global well-posedness of the Cauchy problem of viscous Boussi-
nesq equations. Chae [3] considered the Boussinesq system for incompressible
fluid in R? with either zero diffusion (x=0) or zero viscosity (x#=0). He
proved global-in-time regularity in both cases. In addition, the singularity prob-
lem of Equation (1.1) is still an unsolved problem in mathematical fluid me-
chanics. Under the generalized Boussinesq equation approximation, by giving
the viscosity and thermal conductivity related to temperature, Lorca [4] and Bol-
drini [5] showed the initial value problem of viscous incompressible systems. In
some recent studies, the density-dependent viscous incompressible Boussinesq
system caused wide attention. Qiu and Yao [6] get the local well-posedness for the
density-dependent Boussinesq Equation (1.1) and consider the regularity prob-
lem of the smooth solutions for this equation in Besov spaces. The paper [7]
considers the stability and zero dissipation limit of the boundary problem of the
multidimensional Boussinesq system. But, when the initial conditions include a
vacuum situation, there are little relevant researches. For Equation (1.1) we
propose the relationship between velocity field, fluid temperature and pressure
so as to solve the difficulties caused by vacuum.

If the thermal diffusivity x =0, the system (1.1) is referred to as Korteweg
model. Research on the compressible Navier-Stokes-Korteweg fluid model has
been developed. For small initial data, [8] [9] provided the existence problems of
the global strong solutions for Korteweg system in Besov space. And the global
existence of weak solutions in the whole space R? was obtained by Danchin-
Desjardins [10] and Haspot [11]. For large initial data, Bresch-Desjardins-Lin
[12] analyzed the Korteweg-type compressible fluid model with density-dependent
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capillary coefficient, and obtained existence results. Recently, Germain-LeFloch
[13] studied the existence, convergence and compactness of the compressible
Navier-Stokes-Korteweg model. And both the vacuum and nonvacuum weak
solutions were obtained. Moreover, Chen-He-Zhao [14] discussed the construc-
tion of smooth solutions to the Cauchy problem of the fluid models of Korteweg
type, and the global solvability results are acquired if the 4, v and K satisfy
certain conditions (see also [14] [15]). Assuming that the influence of tempera-
ture is not considered, the Equation (1.1) can be simplified into a general in-
compressible Korteweg model, then liu-wang-zheng [16] studied the strong so-
lution of Cauchy problem in this model. Up to now, when the Korteweg term is
introduced into Boussinesq equation, this kind of problem is still unknown. For
this problem, we have to consider the difficulty of Korteweg term 1pVAp . More
importantly, the particularity of vacuum state should also be considered. These
are also the core issues of this article.

Our purpose is to study the Cauchy problem for the strong solutions of Equa-

tions ((1.1), (1.2)). For convenience, we can set f =0. Since
PVAP =V (pAp)-VpAp, (1.3)

classifying the term —VV( pAp) as the pressure term, we can deform the equa-

tion as

p+U-Vp=0,

pU, + pu-Vu+Vp = uAu—wWpAp,
6, +u-VO-xA6 =0,

divu=0, (xt)eR*xR".

(1.4)

Now, we explain the estimation of the complex term in this model. It is worth
noting that when the initial data meets (1.7), the uniqueness and existence result
of the strong solution of (1.1)-(1.2) Cauchy problem has been discussed in [17]. In
order to extend the local situation to large-time, we need not only lower order esti-

mate on strong solution of (1.1)-(1.2), but also a priori estimates with higher norm.

In this article, the estimate of terms " pl/zu ||Vu||L2 (x2 and u-V@ requires

2(n2)>
us to use some special ideas. We follow the iLdfas of Lii-Shi-Zhong [18] studying the
incompressible N-S equation and Lii-Xu-Zhong [17] studying the compressible
MHD equation. First, we attempt to estimate on the L~ (O,T; L (Rz)) -norm of
Vu and V@. Using the key technique of [19] [20] [21], we multiplied
UA =u,+U-Vu and abandoned the normal u, (see [20]). More importantly,
motivated by [22] [23], the term Ipﬁjuiaiujdx was controlled by the basic
theories of Hardy and BMO in the second section, which have the term

|| p||BMO "é’juiaiuj » (see (3.13)). Next, we use the Stokes system (3.18) to get the

”Vzu"Lr and ||Vp||Lr (see (3.19)), the key point is to use Gagliardo-Nirenberg

inequality to estimate the value of ||VpAp||Lz. Multiplying (1.1); by A6 can
control the strong coupled term u-V@ after integration by parts (see (3.16)).
And, considered [17] [24] [25] [26], we apply O, +U-V to (1.1); and multiply
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the resultant equality by 0’ to attain the L~ (O,T; 2 (RZ )) -norm of t¥2p"Au
and the L? (RZ x(0,T )) -norm of tY?Vu (see (3.31)), then together with (3.44)
to attain " pxe

LNM . Based on the above treatment of the special term, one can
complete the higher order estimates of the solution (p,u, p,8). Finally, moti-
vated by [17], our new observation of this paper is to obtain the L*-norm of
X¥20 and XY*V@ (see (3.76)), which are critical to constraint the
L? (Rz X(O,T)) -norm of both tY*Vu, and t'’V, and the L* (O,T; L? (RZ))—
norm of t¥?V2@, see Lemma 3.8.

Now we will explain the symbols and conventions applied in this article. For
R>0,let

Br £{x &’ |X|<R}.[-dx2 [-dx
2

Meanwhile, for 1<r<ow and k=>1, the standard Lebesgue and Sobolve

spaces have the following forms:
Lr:Lr(RZ)' Wk,l’ :Wk,r(RZ)' szwk,zl

Next, we show the definition of strong solution to system (1.1) as follows:
Definition 1.1. Assumed the whole derivatives related to system for ( £,U, p, 6’)
are regular distributions, Equation (1.1) also hold almost everywhere in
R? x(0,T), then (p, u, p, 9) is considered a strong solution to (1.1).
Moreover, it can be assumed that the initial density p, satisfies

[ podx =1, (1.5)
RZ

which implies that exists a positive constant N, such that

| podxz%jpodx:%. (16)

Bng

The main conclusions of this paper are given as follows:
Theorem 1.2. Besides (1.5) and (1.6), if the initial data (po,uo,ﬁo) hold that

for any constant a>1 and gq>2,

Py 20,9 %% € ' AHZ W29, Vu, € L2, /U, € L2,

a (1.7)
6,>0,6,x% e ?,V, e *,divu, =0,
where
1
Yé(e+|x|2)2 Iogz(e+|x|2) (1.8)
and satisfy the compatibility condition
— AUy + VP, + W Ap, =4/, 9, (1.9)

for some p,eH!(B;) and gel?(Bg), divuy=0. Then the problem (1.1)-
(1.2) has a unique global strong solution (p,U, p,d) satisfying that for any

0<T <o,
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eC([0TLNH? NW?T),
pXGL(OTBﬂHrWWﬂ
Jpu, vu, X,V pu Atvp VivRu e L (O,T; Lz),
0,0%%*, v 0,6, N1V? 0NtV ox¥* e L” (0,T; ),
Vue*(0,T;H)N L (0,T;w™e), (1.10)
vpe’(0,T;L)NL4 (0,T; 1),
Voel®(0,T;H').6,Vox* e *(0,T; %),
Jivue 2 (0,T;w),

Jpu ANtVU VY 6 A, e L ( 2X(O,T)),

and

. 1
OISI’ET ] p(x,t)dxzz, (1.11)
1

, N, and T In ad-
LZ

dition, the (p,u, p,6) has the following decay rates, that is for t>1,

1
for positive constant N, depending only ||po||L1, PEU,

Y vo( <CtV?,
H e 170l -

)z Ve (). sct™,

where C depends onlyon u, &, ||| »

2
o, ¥l and 6,
Remark 1.3. If there is no influence of fluid temperature, ie., =0, then

(1.1) reduces to the fluid of Korteweg type, Theorem 1.2 extends the results of Liu
and Wang [27] to the Cauchy problem of global solutions in two-dimensional space.
When the initial data is large, there is no other compatibility conditions are con-
sidered for the global existence of the strong solutions.

The following sections of the article are introduced as follows: first, in Section
2, we give some basic facts and important inequalities, which can be applied in
the calculations below. Next, in Section 3, we will give the priori estimates. In
Section 4, we will attain the important result of this paper, Theorem 1.2, based

on the previous.

2. Preliminaries

In this section, we recall the relevant results obtained by previous mathemati-
cians and state our main results. Then, we begin with the unique and local
strong solution. As follows:

Lemma 2.1. If that (p,,Uy,6,) satisfies (1.7). Then there exists a small time
T, >0 and a unique strong solution (p,u, p,@) to the problem (1.1)-(1.2) in
R?x(0,T,) that satisfies (1.10) and (1.11).

Lemma 2.2. (Gagliardo-Nirenberg inequality). For me[2,»), qe(1,),

and re(2,00), there exists some generic constant C >0 which may depend
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on m, q, and r such that for f e H* (]Rz) and gel’ (Rz)ﬂ D (Rz), we have

" f "T’" ]RZ C" f |||_2 ]RZ "Vf "L2 RZ (2'1)
ML@Q<CMM§§ﬂ”raH HT;W’Z (2.2)

The next weighted L' bounds can be seen in ([28], Theorem 1.1) for ele-
ments in D2 (Rz) {v € H,loC R2)|Vv e *(R? )}

Lemma 2.3. For he[2,00) and 1€ (1+h/2,0), there exists a positive con-
stant C such that for all v e D*? (R2 ) s

) W]
LW(Iog(e+|x| )) dx 03

R

< Cliz(e, + <19V

L2 ]Rz

Between Lemma 2.3 and the Poincaré inequality, we can get the following key
results on weighted bounds, this proof is mentioned in ([18], Lemma 2.4).

Lemma 2.4. Let X be as in (1.8). Assume that pe L' (Rz)ﬂ L (RZ) is a
non-negative function such that

||p||L1(BNO) =My, "p"Ll(]Rz)ﬂL“’(RZ) <M, (2.4)

for positive constants M;, M,;,and N, 21 with By < R?. Then for >0,
S >0, there is a positive constant C'depending onlyon «, £, M,, M;,and
N, such that every ve D"? (Rz) satisfies

”VT”

SC"pl/zv

o tC ||Vv||L2(R2) , (2.5)

()

L(2+a)/[7 (RZ)

with B =min{1,4}.

Finally, set Hl(RZ) and BMO(RZ) denote the standard Hardy and BMO
spaces (see [29], chapter IV). Then the next basic fact is very important for
proving lemma 3.2 in the section 3.

Lemma 2.5 (i) There is a positive constant C such that
16 Mgt = CI s M 2o

forall Gel® (Rz) and M el? (RZ) satisfying
divG=0, V"M =0 in D'(R?). 2.7)

(ii) There is a positive constant C such that

" f "BMO(RZ) <C "Vf "LZ(JRZ) ! (2.8)

forall f e D"? (Rz).
Proof. (i) For the specific proof steps, please see ([30], theorem II.1).
(ii) It follows from the Poincaré inequality that for any ball B (RZ)

12
|B|j |B|j y)dy|dx < c{ﬂwf dxj , (2.9)

O
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3. A Priori Estimates of the Solution

Lower Order Estimates

First, because of divu =0, we have the following estimate related to the density
on the L~ (O,T; L ) -norm.

Lemma 3.1. There exists a positive constant C depending only on ||, |
such that

nL
398 [Pl <C- (3.1)

We give the time-independent estimates of Vu and V& onthe L” (O,T; L2)
-norm.

Lemma 3.2. There exists a positive constant C depending only on x, &,
loul» 19tk [Pl andt [6] such that

) ) 2 T .
tz[[(,)l?]("VU"I_z +||V6"|_2 +||H"L2 )+Io ( \/;U

e )dt

12

(3.2)
<Cf] [vulf, dt+C[ yat,
Here UZ0,u+U-Vu,and y = "pfal ilﬂHzﬂWZ'q , furthermore, one has
1 2
t([vul, Vol )+ [ t| [o2u] +[a6] |dt
o ([vul |l )+ [p ol 4 H -

<CJ] [vul}. dt+C[ yat.

Proof. Applying standard energy estimate, taking the X; -derivative (/= 1, 2)
of (1.4) gives

0P, +0u-Vp+u-0,(Vp)=0. (3.4)

Multiplying (1.1) by 2Vp and integrating the resulting equality on R?, we
get

SIvell, +Clvull, +C[val <. 65)

Adding (1.4) x 2uto (1.4) x « and integrating the resulting equality on R?,

we have
il

Multiplying (1.1) by € and integrating the resulting equality on R?, we

"+ 20wl <l +C IVl 6o

have
d 2 2
Ao, +feof, <c. @)
Combining (3.5) with (3.6), (3.7), and then integrating on [0,T] gives

sup (“\/;u
te[0T]

Next, multiplying (1.1) by u and integrating the resulting equality on R?,

2
. #Ivol +lel: J+ ) (Ivull +Iv ol )<, e
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we have

[ plu] dx = [ sAu-udx— [Vp-udx—v [V pAp-dx

(3.9)
2F+F, +F,.

Then it follows from integration by parts and Gagliardo-Nirenberg inequality
that

R :yJ'Au-(ut +U-Vu)dx

A8l —afawa (o o

ud (3.10)
T
< £ d

<2 3w, <l

2
V2.,

Integrating by parts together with (1.1) gives
F, == Vp(u, +u-Vu)dx = [ pa,u'd,u’dx < C| py,,o "aju‘aiuj

o0 (1D

where one has used the duality of H" space and BMO one (see [28], Chapter
IV]) in the last inequality. Since div(6ju)=6]-divu =0, vl-(wi)=o, and
(2.6) yields

||8ju‘6iuj

L <C[Vul [vul,.. (3.12)

Equation (3.11) combined with Equation (3.12) and Equation (2.8) gives
.| =[] pa,u'duldx| < C [Pl [VUll: <CIVPJe [Vullz.  (3.13)

Integration by parts together with (1.4), (3.4), (3.8), and Gagliardo-Nirenberg

inequality gives
F, = % [(Vp)* vudx <C |Vl +C|vul;
<cla(x-xp)|, +clvulf; (3.14)

<C , +C|vull; <Cy +C|vu, .

2
H

X% p
Next, substituting (3.10), (3.13) and (3.14) into (3.9) gives

& Jvul +[Npo

> iz < C(||V2u

190l el +CIvl +Cy. 319

Then, multiplying (1.1) by A& and integrating the resulting equality by
parts over R?, it follows from Holder’s and Gagliardo-Nirenberg inequalities
that

]IV of ax-2xf[aof ox

a2
<Cvul|ve[ dx<c|vu|, [Vo|3 [V, (3.16)

< C||Vu||i2 Vi

2 +CIVOlz +Clad .

which combined with (3.15) and (3.8) gives
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d .
S 2wl it | il ~2clpf:
dil 2 : (3.17)
<c|vel: +c( o JIvulls +c|valfs +cy.
Since (p,u, p,0) satisfies the following Stokes system
—UAU+Vp =—pli—WpAp, XeR?,
divu =0, xeR?, (3.18)

u(x)—0, x| — oo,

Applying the standard L' -estimate to (3.18) (see [31]) yields that for any
r>1,

||, P '“U +C||VpAp||Lr . (3.19)
Moreover, since X, VX ?, V’X® are all bounded in R?, an application

of the Gagliardo-Nirenberg inequality results in

q

-2
[Vosel. <[VAl.- Al <C IIVPILi(q’” IVAlE™ 40l 2

—c|v(x - p)“% la(= o), G20
<c|px ﬁ o x| <c,
substituting (3.20) into (3.19), we get
[v? < EH*/;L]”Q +Cy. (3.21)

This combined with (3.17) and (3.19) gives
d(u |12
S Srwels 41w et )2,

<clvefl vclvult +e|Vaul,

+ 2k A6

(3.22)
+C ||VL]||i2 +Cy,

1
where & isto be determined. Choosing ¢ = E , it follows from (3.22) that

d(u 1 112
S Al el J+3 A,

<C(Ivulle +Iv el J(Iveli: +vulf: +¢)+ vl +Cy,

+ 2k A6

(3.23)

which together with (3.8), (3.22) and Gronwall’s inequality gives (3.2). Then,
multiplying (3.22) by ¢ we have

d
St Gvul vt |-41wuf ~ o + 3o,

<t(|vullz + Vol )(Iv ol +Ivuli. +¢)+clval. +Cy,

+2xt A6
(3.24)

O

which combined (3.8) with Gronwall’s inequality gives (3.3). Finally, the above

completes the proof of Lemma 3.2.
Lemma 3.3. There exists a positive constant C depending only on 4,
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1
Jgin

Moz > || It » , "pOYa 1> No,and T, such that
L2
sup ||,07a L <C(T). (3.25)
te[0,T] L

Proof. First, for N >1,let ¢y eCy (B ) satisfy

0< g, <1, (pN(X)z{]&’ Iiii E/z [Voy|<CN (3.26)
It follows from (1.1) that
%Ip(p,\, dx = [ pu- Vg, dx
>-CN* ([ px)” ([ pluf dx)w (3.27)

>-CN?,
where in the last inequality one has used (3.1) and (3.8). Integrating (3.27) and
choosing N =N, 2 2N, +4CT , we obtain after using (1.6) that

. - S\ -1
é{é,fq By pdx > t:[rg’fT]J'pgo,\,ldx > J‘poledx—CN1 T
T (3.28)

1
—_— .
2N, +4CT ~ 4

> JBNO PodX—

Hence, it follows from (3.28), (3.1), (2.2), (3.8) and (3.2) that for any 7€ (0,1]
andany s>2,

||u7”’

< C("pl/zu

2 +Ivullz). (3.29)

Ls/z]

Multiplying (1.1) by X* and integrating the resulting equality by parts over
R? vyield that

%Ipiadx < ij|u|7a‘1 log? (e+|x|2 )dx

_4
ux 8+a

<Clpx  &a (3.30)

&a
L7+a

<C[px*dx+C,

L8+a

this together with Gronwall’s inequality can get (3.25), and the above completes
the proof of Lemma 3.3.00

Lemma 3.4. There exists a positive constant C depending only on x, &,

Il > Vo | and “\//TOUO”Lz such that for i=1,2,
i |1 T.i .12 T
ti[lg?]t ”\/;u . +_[0 t'|Vul dt < CJO wt, (3.31)
and
tz[tgg]ti (”vzu ZLZ +|vo| ) < Cj; wt. (3.32)

Proof. Operating 0, +U-V to (1.1), one gets by some simple calculations
that
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0, (pu’)+div(pud’) - pAu’
= —p0; (8,u-Vu’ ) - pdiv(Budu’)-0,6,p—(u-V)3;p (3.33)
—0, (VpAp)—v(u-V)(Vprp).

Next, multiplying (3.33) by U', together with integration by parts and (1.1),
we get
1d
24t

=—[ w0, (8u-Vu’ )udx— [ udiv(dud,u’ )uldx
~[(u'a.0,p+u’ (u-V)a;p)dx—v[i’ (8, (8,pAp)+(u-V)(8,pAp))dx (339
4

H.

i
i=1

jp|u|2 dx + yj|vu|2 dx

1>

Following the same argument as ([21], Lemma 3.3) we have the estimates of
(Hi (i =1,2,3)) as
3 d i i 4 4 & .12
> H, <[ pojuauiax+C([pfl +[vull )+ Sva.  (335)
Py dt 2
which combined (1.3), (3.4) and the Gagliardo-Nirenberg inequality leads to
H, =—v[VpAp-udx—v[VpAp, -udx—v [ (u-V)(VpAp)-u'dx
= vijVprl]dX + vj(u -V) pApVudx
<v[|Vp[ [vul[vuldx (3.36)

<cfa(x-xp)[., +C|vulls +C|vul}

<c|vull, +g||vu||; +Cy.

Substituting (3.35) and (3.36) into (3.34) and together with (3.2) gives

d .
G a2 vl <ol + Vo]l ) <cv. 657

where
A1 . i j
A(t) = 5[ pldl ax=[ po,u'du’x,

satisfies

2 2

1
pru

1

p2u +e|Vul:+Cy.  (3.38)

4

—e|[vull +Cy < A() <3

2 2
Due to (3.13) and (3.21), for the right-hand side of (3.37), it follows from

(3.13), (3.21), (3.1) and Sobolev’s inequality that

Il el <l + |

Jpu

Substituting (3.38) and (3.39) into (3.37)

" Jscloal, v’
L3 L3 (3.39)

<Clloff, Nou[, +cv? <c|Jou, +cp.
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d J7T
S Ae)+ 4w,

<o, ~cv* sy
< C(Hﬁu i +Cc,y)A(t)+C(”\/;u

2
Next, we estimate ”\/;u 2 First, the (3.25) combined (3.8) with (3.29) that

forany >0 and o>0

L C://)(A(t) +[vull) (3.40)

" lvulls +cv ),

3a 3
< p’7740 ux 4o

7
ol

4o

L3

4o
3a

UxX 4

3
4o
L1

3
<Clel.

<c(|Voul, +Ivulz )

The (1.4) combined with (3.8), (3.41) and the Gagliardo-Nirenberg inequality,

we derive
jp|u|2 dx < ij|ut|2 dx+C|p[(u -Vu)]2 dx
< C'|.,0|u|2 |Vu|2 dx+C_[,o‘1 |uAu-Vp —1<’V,0Ap|2 dx+||,ou||2L4 ||Vu||i4

pxX? (3.41)

L4o

SCJ',o|u|2|Vu|2 dx+C.|'p’1|,uAu—Vp—z(VpAp|2 dx (3.42)

+C(“\/;u L2)

< C_[,o|u|2 |Vu|2 dXJrC'[,o’1 |uAu—vp —K’VpAp|2 dx + g||Vu||i2 +Cy,

2
-+ VUl JIvuls (jvel,s v

which together with (3.41) and the compatibility condition (1.9) yields
.12
[ [ (x,0)dx
<sup [C(p7*[uau=Vp—xvprpf + p|uf* [Vuf* o+ 2| Vul} +Cy

t—>0"

<C(T) ol +Cloatolle [Vuolli + [V iz +Cy (3.43)

2
<c()lgfi +C(Vaue[l, +Ivul: JIvuof [¥u,.
<C(T).

O

Finally, Multiplying (3.40) by t'(i=12) and using (3.43), it deduces from
Gronwalls inequality and (3.8) to lead to (3.31). The (3.32) is a direct result of
(3.31) and (3.21). The proof of Lemma 3.4 is finished.

Lemma 3.5. There exists a positive constant C depending on T such that

2

q+l
+[; [llelliz +9pll +tIVPlis jdt <Cljyidt

, a
, +||V2u|| q +t||V2u
L K

T
ti[lgg]"p”HlﬂWl'q +'[O [”VZU (3.44)

Proof. First, it follows from the mass Equation (1.1) that Vp satisfies for any
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Sl <c(r)vel vl 649

Next, employing Gagliardo-Nirenberg inequality, using (3.2) and (3.19), we

have gq>2,
fvul, <CIvuff v <c[npun ] (.40
It follows from (3.28), (3.1), (2.2) and (3.25) that for any s> 2,
G e
des i VX 4s
L3 L4s

3
4s
1L

o+l )

) (3.47)

E
<clpl. ox
12

=

which together with the Gagliardo-Nirenberg inequality shows that
2(a-1) a(a-2)
2 2
ol < Cledlls ™ lloul 3.

(q 1) -2)

<Clloulf * (Noul, +||Vu||L2) (3.48)

2q—1) (q—2)
sc[u@u e ol }

which is deformed and calculated appropriately leads to

ool o< Nl o+ sp (N[, i

te[0,T]
,M a(q-2)(q+1)
Lo (gl ) e e 649
q +q -2q-2
<cf! ”fu dt+C[ t @2 dtyCf t]vulf, ot
<[
[, thoulls de< [[ (tvalfs +w)dt<cf vt (3.50)

Then, the (3.49) along with (3.46) in particular implies
T T,
[ IVu]. dt<C| wdt. (3.51)

Next, applying Gronwall’s inequality to (3.45) gives

.
tfﬁ?]"VpuLzﬂL“ <C[ yldt. (3.52)

Setting r =2 in (3.19) and integrating the resulting equality over [0,T], we
obtain after using (3.1), (3.2) and (3.3) that
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Lt [ [vpfl, dt<c yldt (3.53)

fo v
0

Similarly, setting r=q in (3.19) and integrating the resulting equality over
[0,T], we deduce from using (3.49), (3.1), (3.2) and (3.3) that

T o2 o T s T,
[ [vou 8 dt+ [ [vpld de<c| yt. (3.54)

Multiplying (3.19) by ¢ and integrating the resulting equality over [0,T], it
can obtain after using (3.50), (3.1), (3.2) and (3.3) that

Jy v

2

dt+ [T t|Vp[f e dt < C [ it (3.55)

2nue

2NLe

Furthermore, it is easy to deduce from (3.53), (3.54) and (3.55) that
T 2 2
Io ["V u 2nu ]dt

g+l
o 5 e v

) g+l
, +||V2u|| q +t||V2u
L La

(3.56)

this together with (3.1) and (3.52) yields (3.44), which completes the proof of
Lemma 3.5.00
Lemma 3.6. There exists a positive constant C depending on 7 such that for

q>2,
<C(T). (3.57)

Ya
ti[lég]”p tNHZ w24
Proof. First, setting o = pX* in (1.1) that satisfies

8, (px*)+u-v(px*)-apx®u-Vlogx =0. (3.58)
Taking the X, -derivative on both side of the (3.58) gives

0=20,0, (pX*)+u-Vo,(pX*)+8u-V(pX*)-ad, (pX*)u-Vlogx (3.59)
—apx®o,u-VlogX —apXx®u-o,VlogX.

r-2

For any re[2,q], multiplying (3.59) by ‘V(pfa) 0, (pfa) and inte-
grating the resulting equality by parts over R?, we obtain that

L (ox)],

<C (vl +Ju-viogs],.)

(o)

o (Ivulviogxll, +]ul[v* togx]], (3.60

) [nvuuu . ]
L3

o)

where in the last and the second inequalities, we has applied (3.29) and (3.25),

L

+C||,07a

4
3

3
ux s X

<C(1+][Vulysq )

+C||,0Ya

—a
V(px ) v 4

<C (L [Vullyso ) (1] ¥ (%)

L * ”V(pfa)

respectively. Choosing r=q (3.60), and applying Gronwall’s inequality to-
gether with (3.44) indicates that
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<C. (3.61)

L4

ts{t;;:: HV px*)

Setting r =2 1in (3.60), we deduce from (3.44) and (3.61) that

v(px ) L2
Next, taking the X, -derivative again on both side of the (3.59) gives

0=08,0; (pX*) +20,u-0,V(pX*)+u-8,0,V(pX*)+8,0u-V(pX*)

sup
tE[O,T]

<C. (3.62)

—a0;0; (an)u -VInX -2ag, (pYa)aiu -VInX -2a0, (pia)u -0,;VInX (3.63)
—apX?9,0,u-VInX —2apx®o,u-0,VInx —apx®u-96,6,VInX.

p-2
Similarly, for any pe[2,q], multiplying (3.63) by ‘Vz (pia) % (pYa)
and integrating the resulting equality by parts over R?, we can find that

L (%),

<C (1+||VU||L°O +|u-ViInx|..)

“l (I

. (|||w||vm7|||Lp +

Ve (X,

Iv?

7.)

u||V In Y”‘Lp + ||u -VeInx|
ux 4

| o)

Jooe
et

) LP +“V2 (’Dya) 2nLP * ‘V(’Dya)

)+ (o%°) 7))

Using (3.64) for Gronwall’s inequality, and according to (3.25), (3.44) and
(3.61), we gain the desired estimate (3.57). It completes the proof of the Lemma
3.6.0

Lemma 3.7. There exists a positive constant C such that

o)

SC@+WWE+WML+

+c[|

+cﬁwqwqwmh+

o)

<C(1+ y/)(“vz (pYa

LP

2nLP

L L

1
ux 4 (3.64)

2nLP

I

< C(l+||V2u

‘Vz (pya

Lszp)

+‘V(

2nLP

2 a
sup ox? +j 5 <C(T), (3.65)
te[0,T] L2
a 2 a 2
— T o
sup | t|[Vex2| |+[ t|agx?| dt<C(T). (3.66)
te[0T] 2 0 2

Proof. First, multiplying (1.1) by 6X® and integrating the resulting equality
by parts over R?, we have

DOI: 10.4236/apm.2021.114022 360 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.114022

Q. Zhang

2

— S |6 ax*ax+ = [|of° u-vE®dx
2 2

(3.67)

2 12

2 l\?l1 + |\7I2,
where
M, =§ [|of Ax2dx

< CJ'|¢9|2 XX 2 log” (e + |x|2 )dx (3.68)

(3.69)

L4

2 12

Substituting (3.68), (3.69) into (3.67), we get

2 2 2

1d

2dt

ox? (3.70)

L2 L2 L2

Using (3.70) for Gronwall’s inequality, we obtain (3.65).

Next, we estimate the (3.66). Multiplying (1.1); by A6X* and integrating the
resulting equality by parts on R?, we find

2 2

B ] Vs
2 dt - -
<C[|vul[vef x*dx+C|u[Ve[ |vx®|dx+C[|V|ag]|vx®|dx  (3.71)
SN,
i=1
where
M, = C[|vul|v e[ x*dx
a 2
<C|vul.. [vox?
LZ
-2 -2 al? (3.72)
< CvulF* Y |[vau| i [vox>

12
32
2

Vox

12

g+l
sc[1+||v2u||L§ J
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M, =C[Ju[|vef |V7a dx

2.2 _al = 2
<C|ve| mx 3| Jux 3| [[VE|e
L6a-2 6a L2
6a-2
a2l 3a 2
<c|vexz| |vo|: (3.73)
L2
a 2
<c|vex?| +C|vd|.
LZ
a 2 a 2
<c|vexz| +X|aox
2 12
) y a 2 a 2
M, =C[|V[|ag]|vx®|dx< = |aox?| +C|Vox? (3.74)
4 2 2
Submitting M,, M,, M, into (3.71), one has
1d A« 2 o i
S—vox?| +=[aox?| <C|1+|v2u|¢ |Ivex> (3.75)
2dt 2 19
L 2

Multiplying (3.75) by ¢ and together with (3.65) and (3.44), then employing
Gronwall’s inequlity, one obtains the (3.66). This completes the Lemma 3.7.]

Lemma 3.8. There exists a positive constant C'such that

sup t[
te[0,T]

Proof. First, it is easy to deduce from (3.47), (3.29) that for any 7€ (0,1] and
any s>2,

2

+lalz +[ve
LZ

1
Pu,

iz }rﬂ (t"V“r e +t|vel )dt <C(T). (3.76)

71
L5/ + ||UX

o7  <C. (3.77)

Next, we prove

2 2 T
sup (vl +[vell )+ {

With (3.2) at hand, we need only to show

2

P2,

+]6 % + a0 ]dt <C. (379
2

L

LR
jo{ pru| +lal: ]dt <C. (3.79)
L2
First, it is easy to show that
1P 1P 1 2
p2ul <|p2ul +[p?|u||Vul
12 12 12
1 |P 1 |P
<|p2ul| +C|p2u ||Vu||2L3 (3.80)
12 L8
Z. ’ 2 2. 112
<|p2u| +C|Vul. +C||V ull. -
LZ
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Then, due to (2.1) and (3.77), combining (2.1), (3.2) with (1.1)
2

a

65 < Cladl: +[lullvalf, <claol: +|vex: (3.81)
LZ
where in the last inequality one has used the follow facts
a 4 a 2
Julelf, <c | [vof +c|vex
. , - (3.82)
sl||v29 * +C|vox?
2 L 2

On the basis of (3.77) and (2.1), (3.79) can be derived by the combination of
(3.80), (3.81), (3.44) and (3.65).
Next, differentiating (1.1), with respect to £shows
PUy + puU- VU, — uAu, +Vp,

3.83
=—p, (U +U-Vu)—pu, - Vu+vApV(Vp-u)+vA(Vp-u)Vp. (3.83)

Multiplying (3.83) by u, and integrating the resulting equality by parts on
R?, it follows (1.1) that
1d
24t
< CJ'p|u||ut|(Vut +|vuf +|u||V2u|)dx+C'|',o|u|2 |Vul|[Vu,|dx

jp|ut|2 dx+/¢j|Vut|2 dx

+C[ plu,[ [Vuldx+ ZV”VZpr Jullu| dx+v [|v0][Vul|Ap]|u | dx (3.84)

+ 1/J'|Vp||V2p||Vu||ut |dx + vJ'|V2,o||Vp||u||Vut |dx + v.|'|Vp|2 |Vul[Vu,|dx
2y,
i=1

where

1 1
< Caul, Wou e Wou e (I9ule v

L

Jpu

Jpu

1
2

2

[Vou 2
L12
<c|ruf

< e|vu | +C (1+H\/;ut

1 1
+Cllp*u Jpu, ie VZu

LZ

(3.85)

|V2u

1
IVl ) (Ivude + 92l )
2
12 )’
Jou,

2
)’

dx

Jpu

2
+
LZ

|V2u

2 . .
oVl vl swolle Woufg Woul

Jpu

1, +1, <C|[Jpu

< e[vu . +C (1+ [Vou,

2
+
L2

|V2u

2
1, = 2v[[x*V2p [x~u[[x 2y,

2
a2
X'V p"Lq

<2v X full 22 (XU,

29
L9 -2

L9
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< C||p7a

(e
<e|vu > +C “\/;ut

ls + 15 < 2v[|Vp| XV p| VUl
<2v[[Vol. [Vul

|

q+2

<C [1+ ||V2u é“j(u\/;ut

<g|vu | +C (1+ ”\/;ut

2 + "Vu”LZ )(“\/;ut

2
2’

L +Ivul,)
(3.87)

dx
way72 v-a
XYoo 7

XU,

Aq
L9-2

q+2 9-2
SC"pya v2u éq ||Vu||L22q +||Vu||L2J(”\/;ut

Ve ) G.88)

. +[vul)

2
2)’

S vela: [vu.:
a2 a2
IVol2® Vel 2t [Vu.. (3.89)

< g|vu |’ +C.

2 2
2+||V u
L

l,<v

vay72 v-a
KVl [

< C",DYél

w 24

ly <v[[VAls [Vuls [Vu]:

1 1 1 3
sc(uvunﬁz v, +||Vu||Lz]-[||vP||ﬁz vl +||w»||@}||w lo
1 1 1 3 ) (3.90)
< c(nvuniz [l +||vu||Lz}[ ol [t e el
<e|vu +C(l+||V2u . ),
Submitting the above |, into (3.84) gives
dl & IF 1P
p P2, . +C|vu [l <C|lp2u, ) +C(||V2u iz +1). (3.91)

Then, we multiply (3.91) by £ and together with Gronwall’s inequality and

(3.44) lead to

1 2

p2u + [ t|vu | dt<c. (3.92)

12

sup t
te[O,T]

Next, differentiating (1.1) with respect to #shows
G, +U -VO+u-VO, —xkAG, =0. (3.93)

Now, multiplying (3.93) by 6, and integrating the resulting equality by parts

on R?,we find
L9 flgf o iV = fu, v, 00

ux | [ve. (3.94)

L8 a

]+§||va||iz-

1 2

g%["Vut”; +lp%u,

12
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Next, multiplying (3.94) by tand integrating the resulting equality by parts on
[0,T], it follows from (3.79) that

sup t]6, +gjgt||v9t||i2 dt s% [ t|vufz +c. (3.95)

te[O,T]

Finally, it follows from (1.1), and (3.82) that
2

[veel.. <clali: +culvel

2

s alP (3.96)
2 +C voxz|

<claf +%||vza

L2
O
which combined with (3.66), (3.92) and (3.95) indicates (3.76) and the proof of

Lemma 3.8 is finished.

4. Proof of Theorem 1.2

In this Section, by the prior estimation in the previous chapter of Lemmas
3.1-3.8, we can complete the proof of Theorem 1.2.

Proof. On the basis of Lemmas 3.1-3.8, through previous result of local exis-
tence, there has a T. >0 such that the Equation (1.1) and (1.2) have unique
and local strong solution (p,u, p,6’) on R? ><(O,T*]. Next, we will extend the
local problem to all time.

Let

T = sup{T |(p,u, p,@)is a strong solution on R? x(O,T]}. (4.1)

For any O<7z<T <T" with 7 finite, one deduces from (3.76) that for any
q=2,

vu,ve,0C([z,T];L2NLY), (4.2)

where one has used the standard embedding
L* (¢, T;HY)NH! (2,752 ) = C([2,T]; L), for any g € [2,00).
Moreover, it follows from (3.30), (3.56), and ([27], Lemma 2.3) that
peC([0T]LNH NW ). (4.3)

We claim that
T = (4.4)

Otherwise, if T <o, it follows from (4.2), (4.3), (3.2), (3.8), (3.56), and
(3.57) that

(p,u,@)(x,T*) :tlirp(p,u,e)(x,t),

which satisfies the initial condition (1.6) at t =T . Thus, taking ( p,u,@)(X,T*)
as the initial data, since the existence and uniqueness of local strong solutions
implies that there exists some T~ >T", such that Theorem 1.2 satisfy T =T".
This contradicts the supposition of T™ in (4.1), so the (4.4) holds. Therefore,

the existence and uniqueness of local strong solutions and Lemmas 3.1-3.8 show
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that (p,u, p,0) is in fact the unique strong solution on R*x[0,T] for any
0<T <T " =c0. The above can prove Theorem 1.2.00

5. Conclusions

For the general incompressible Navier-Stokes flow equation, there is no external
force action, we can under the low estimate to a prior estimate of velocity and
pressure. In this article, we study the two-dimensional incompressible Boussi-
nesq the equations of Korteweg type model, and fluid temperature contains not
only depends on the density of viscous coefficient, and influenced by external
forces.

On the one hand, we should overcome the trouble of unbounded region when

and

making the estimation, and carefully consider the special terms ”\/;u 2
||Vu|||_2 . At the same time, we should also consider the difficulties caused by the
strong coupling between the velocity and temperature of the fluid. For example,
u-vao, for such difficult terms, we should carry out ingenious structural analysis
and strict calculation and derivation.

On the other hand, the Korteweg fluid model contains high order derivative
terms of density, and the system we consider is in the case of large initial values,
which makes it difficult to prove the global existence of strong solutions. In or-
der to prove the global existence of the strong solution, we introduce the deriva-
tive of the random body and the auxiliary energy estimation of the fundamental

inequality.
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