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where D(t)=Ke"”

To determine the correct solution of the equation, we proceed as follows:

di (t)

dt

dld—(tt)+(a+bt)l(t):—D(t),0stsT (1)

+1(t)(a+bt)=—Ke"”". This is a linear differential equation where the

1.

at+
Integrating factoris € 2 so that the solution is
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dt

a\t+1bt2 h—/?tJratJrlbt2
=—K]Je 2

(2

In trying to determine the integral on the right hand side of Equation (2), it is

noted that the exponent is not linear so the exponential cannot be integrated di-

rectly. One needs to use the series solution of the exponential and then integrate

term-by-term (see Wataru, 2014 [19]).

The Integral then becomes

1 2
1 (h—ﬁt+at+2bt2j
=—KI 1+(h—ﬁt+at+§bt2j+ 4o |dt

2!

2
=—K_[ 1+h—ﬁt+at+%bt2 +h?—hﬂt+hat+

2 242
bht? 5t

3 3 242 244
_ﬂat2_ﬁbt  abt’ at’ bt +~~1dt

+

2 2 2 8
2 2 3 2 2 2 3

=-K t+ht—ﬂ—t+£+bi+u—hﬂt +hat +bht
2 2 6 2 2 2 6

243 3 4 4 243 245
+ﬁt _ pat” pbt +abt +at +bt
6 3 8 8 6 40

+...:|+Q

where Qis a constant.

Applying the initial boundary condition i.e at t=0, {#) =
l,e° =-K[0]+Q ie Q=1
Substituting Equation (5) into Equation (4), we get

at+Lbt2 2 2 3 2 2 2 3
I(t)et 2" K t+ht—ﬁ—t+£+bL+u—hﬂt +hat +bht
2 2 6 2 2 2 6

243 3 4 4 243 245
+,Bt _ pat” bt +abt +at +b_t+m l,
6 3 8 8 6 40

Applying the boundary condition at £= 7, [(#) = 0 into Equation (6) gives
aT? bT® h*T hpT® haT? DbhT®
—_— + +
6 2 2 2 6
213 3 4 4 23 25
+ﬂT _pat _ﬂbT +abT +aT +bT .
6 3 8 8 6 40

2
0:—K{T+hT——mz- +

So that
2 2 3 2 2 2 3
I, =K T+hT—ﬂT +aT +bT +h—T—hﬂT +haT +th
2 6 2 2 2 6
213 3 4 4 213 215
JBTS paT® poT! abTt a’T® b’T +}

6 3 8 8 6 40

Substituting Equation (8) into Equation (6) gives

3)

4)

)

(6)

)

(8)
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+
2 6 2 2 2
3 243 3 4 243 245
+bht +ﬂt _par” pbt +at +bt e
6 6 3 8 6 40
2 2 3 2 2 2
+K{T+hT_ﬁT aT? bT® h’T hpT? haT

S 2 2 3 2 2 2
|(t)etzbt :_K{Hh At at> bt* ht hpt? hat

)

+
2 6 2 2 2

3 2T3 3 4 4 23 25
BT BT paT® poT abT! a’T° b7 +}

6 6 3 8 8 6 40

= 1(t)= P [(T —t)+h(T —t)—ﬁ(T2 —t2)+%(T2 -t?)
bis 5\ h?
+E(T ! )+?

, (10)
A1) ()2 1) B

)
D) E (g E(Ts—t5)+--1

The total demand during the cycle period [0,T] is given as follows:

[ID(t)dt = [ Ke" "dt :%[eh'ﬁ‘ 1 JE—‘;[e-ﬂT -1] (11)

The number of deteriorated units is given as initial order quantity minus the

total demand in the cycleperiod [O,T] . Thus the number of deteriorated units is
T
l,— [, D(t)dt

2 2 3 2: 2 2 3 273
:K{HhT_ﬂT LaT? bT® h°T hgT? haT® bhT® pT

+
2 6 2 2 2 6 6 (12)
3 4 4 23 25 h
_par” put +abT +aT +bT | K_e[e,m_l]
3 8 8 6 40 -5
2 2 3 2 2 2 3 273
=K T+hT—ﬂT +aT +bi+h—T—hﬁT +haT +th +'BT
2 6 2 2 2 6 6 (13)
pat?®  poT* abT* a’T® b*T° "7 ¢"
- - + + + + —— -
3 8 8 6 40 s B

Deterioration cost (DC) for the cycle [O, 7] = A. x (the number of deteri-
orated units)

2 2 3 2 2 2 3 273
=AK T+hT—ﬂ+i+bL+h—T—hﬂT +haT +th +’BT
2 2 6 2 2 2 6

(14)
_paT’ peTt abTt &’ bTS e o }

+ + — e
3 8 8 6 40 B B

To find the total inventory holding cost (IHC) for the cycle [O, 7] we note
that
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1 1 ., ?
—_at — = pt? —at——bt
2 2

+
1 21

—at—tpt?
2

=1+

1 2%t +abt® + - bt
:1—at—5bt2+ 5 4 4.
242 3 244
:1—at—1bt2+{Jlt +abt +bt +
2 2 8

3 24+4 2
~(t)=K]||1-at-= bt2 a’t’ +abt +bt N 1+h+h— (T-1)
2 2 8 2

(53 sz 3 o)
(2 ) z;w—w 1
[ (2+2h+h?)( (—ﬂ+a—hﬂ+ha)(T2—t2)

2 3 3 b 4 4

+E(b+hb+ﬂ —-2ap+a’ )(I -t )+§(—ﬁ+a)(l -t )
bz 5 5 2 2 2 3
+%(I -t )—%(2+2h+h )(Tt—t )—%(—ﬂ+a—hﬁ+ha)(l t—t )

—%(b+hb+ﬂ2 —2aﬁ+az)(T?'t—t“)—%b(—ﬂ+a)(T4t—t5)
ab
40

+%(a2 —b)(—/}+a—hﬁ+ ha)(TZt2 —t“)

O (Tt=t)+ 5 (a" -b) (2 2017 (e ")

(a2 )(b+hb+,82 2ap+a’ )( t—t5)
(

£
16
a_b

a? —b)(~f+a)(T*t t6)—Z—O(T5t2—t7) agg (Tt -t

2+2h+h?)(Tt* —t* )+ =—=(-p+a—hb+ha) (Tt -t°
] )
b+hb+ﬂ2—2aﬂ+az T3 —t° +—2 —p+a)(T -t’
(-pa)
ab 5.3 8\, b’ 2 4 .5
+¥(T t°—t )+E(2+2h+h )(Tt —t )

b? 204 46
+E(—ﬂ+a—hﬁ+ha)(T t* -t )
b2 2 2 344 7
+E(b+hb+ﬂ ~2ap+a’) (Tt -t)
+E(—p’+a)(T4t4—t8)+i(T5t4—t9)+---
64 320
(15)
Therefore the total inventory holding cost (/HC) is given by
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. T
IHC =iC| 1(t)dt (16)
Substituting Equation (15) into Equation (16) gives

IHC = iCK_[OTE(2+2h+hZ)(T —t)+%(—ﬂ+a—hﬁ+ha)(Tz -t?)

1 2 2 3 3 b 4 4
+g(b+hb+,8 ~2ap+a’)(T° -t )+§(—ﬁ+a)(T -t*)

(o) -2 (e n ) (Te-t?)
40 2

—%(—ﬁ+a—hﬂ+ha)(T2t—t3)

—%(b+ hb + 82 —2aﬂ+a2)(T3t—t“)—%b(—/ﬂa)(T“t—ts)

SR CENCE N

+%(a2—b)(—ﬁ+a—hﬂ+ha)(T2t2—t“)

+%(a2 —b)(b+hb+g° —2ap+a?)(T°t* —t°)

3

b b *p?
+E(a2 ~b)(-p+a)(T*t? —ts)—%(Tstz —t7)+2—0(T5t2 ~t')

+a7b(2+2h+h2)(Tt3 —t4)+a7:’(—ﬂ+a—hb+ ha)(T?° -t°)

ab
+_
12
+Z—tg<Tst3—t8)+%(2+2h+h2)(Tt4 _t)

2

+tl)—(:‘)(—[;?+a—h,[3+ha)(T2'[4 —tG)

(b+hb+p* —2ap+a”)(T*" —t6)+%(—ﬂ+a)(T4t3 ~t")

+Z—28(b+ hb + p° —2a,8+az)(T3t4 —t7)
ﬁLE(—ﬁJra)(T“t4 —t8)+£(T5t4 —t9)+--}dt
64 320

2 3

. el T 2\, T 2
o IHC_|CK{T(2+2h+h )+E(—4,B+4a—4hﬁ+4ha—2a—2ah—ah )

4
+Z_8(6b +6hb+6/5° ~125a +6a” +6a/f —6a’ +6ahf —6a’h +2a”

5

+2ha’ +a’h’ —2b—2bh—bh2)+%(—24bﬂ+24ab—12ab—12hab
—12ap% +24a’ f —12a° —8a° 5 +8a* —8a’*h B +8a°h +8b 3 —8ab

6
+80hj3 —8abh + 6ab + 6abh + 3abh” ) +11m(30b2 +60ab3 —60ab
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+20a%b + 20a%hb + 20a° B% — 40a° B+ 20a* — 20b? — 20bh — 20b 52
+40ab/3 — 20ab —30ab 3 + 30a%b —30abh 3 + 30abh + 6b? + 6b%h

7
+3p°h?) +1;m(—15ab2 —20a%b +20a°h + 20b? B — 20ab? +15ab?

+15ab%h +15ab/” ~30a’b 8 +15a’h — 6b” 4+ 6ab? —6b?h /3 +6ab’h)

8

1920

+——(-5b° +5a’h” ~15ab’ B +15a°h” +3b° + 3b°h + 3p? 5

Tiop4
3200

T9
—6ab? 3 +3a%b? ) +——(5ab® —4b* B + 4ab® ) +
P ) 2880( P )

+...

Letting P, =%(2+2h+h2), P, =%(—4ﬁ+2a—4h/§’+2ah—ah2),

P, - %(4b+4hb+ 6/3° —63a-+ 2’ + 6ah s —4a’h +a’h’ —bh?)

P, = %(—mbﬂ +10ab —14hab —12a8” +16a*3 — 4a°

—8a’h3+8ha’ +8hb3 + 3abh’ ),

1
1440
+20a" ~14hb’ - 20b3 —30abh/3 + 30N’ ),

P, (1602 +70ab/3 — 30’ +50a’hb + 208’ 5 — 40a°

P, =$(-14ab2 —~50a’h3 +35a°h +14b” 3+ 21ab’h +15ab 8° — 6 fb’h),

P, = ﬁ(—ztﬁ +23a%h’ —21ab’ B+ 30°h + 307 5% ),

1 b*
P, =——(9ab® - 4b° d P,=——
9 ( ﬂ) an 10~ 3500

~ 2880 gives
IHC =iCK[RT*+RT*+PT*+RT*+RT* +PT +RT*+RT*+R,T*| (18)

However, the total variable cost = Ordering cost (OC) + Deterioration cost +
Inventory Holding cost (/HC) and the total variable Cost per unit time 7C{(7) is
_ Total variable cost
- Time

2 2 3 2 2 2
TC(T):&.}.& T+hT_ﬂ+i+bL+h_T__hﬂT +haT
T T 2 6 2 2 2
3 2T3 3 4 4 23 25 h-pT
+th +,BT _par” put +abT +aT +bT e
6 6 3 8 8 6 40 B (19)

e’ iCK 2 3 4 5 6 7
e +?[P2T +PT+PT +RT +PT +PT

+RT®+PT? + Pme]]

The main objective is to find the cycle length 7 that will give the minimum

variable cost per unit time. The necessary and sufficient conditions to minimize
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TA(T) are respectively,
d’TC(T
dTC(M) _ 5 ang 7€)

>0
dT dT?

Therefore to satisfy the necessary condition we have to differentiate Equation

(19) with respect to 7, as follows
dTC(T 2
A:_N_S.FA:K _£+E+b_T_h_ﬂ+E+hbT+ﬁT_2ﬂaT
dT T 2 2 3 2 2 3 3 3
3pbT? 3abT? a’T Db’T® "/ "/ "
——t +—t + t——t——+ | (20)
8 8 3 10 T @ pT: BT
+iCK[P2+2P3T +3PT?+4RT*+5PT* +6PT°+7RT®

+8R,T7 +9R,T? |

We now equate Equation (20) to zero and simplify by multiplying with
[—lZOT ’p ] on both sides in order to determine the 7'which minimizes the va-
riable cost per unit time as follows:

120N, +60A K #°T? —60A KafT? —40A Kb ST ? + 60A KhS°T?

—~60A KhaST? —40A KbhAT® —40A K #°T% +80A Kap*T?

+45A KbB’T* —45A Kab AT * —40A Ka?AT° —12 A Kb’ AT

—~120A K ATe"#T ~120A Ke" T —120A Ke" —~120iCKP, 5T ?
—240iCKP,AT® —360iCKP, AT * — 480iCKP, AT — 600iCKP, AT °
—T720iCKP, ST —840iCKP, T ® —960iCKP, AT ® —~1080iCKP,, T +---=0

(21)

The value of T obtained, gives the minimum cost provided it satisfies the fol-
lowing condition
d’TC(T)

e >0. (22)

Equation (21) is highly nonlinear and therefore difficult to solve by any ana-
lytic method. Likewise the same problem will exist in trying to check the inequa-
lity in (22) above. However, in all our examples below, we use direct search me-
thod with the help of EXCEL to obtain the root of the equation and also confirm
that the sufficient Condition (21) is satisfied.

4. Numerical Example

Example

To illustrate the model developed an example is considered based on the fol-
lowing values of parameters: N, = 85000 per order, K= 250, C'= N2.50 per unit,
p£=1,a=0.8, b=2,i=0.1 per Naira per unit time, A. = ¥3.00, and A = 0.5, tak-
ing some parameter values from Dash et al (2014) [17]. Substituting and sim-
plifying the above parameters into Equation (21), gives T" =1.34247 (490
days). On substitution of this optimal value T* in Equations (19) and (8), we
obtain the minimum total cost per unit time TC* = N4578.88 and economic
order quantity |, =852.6601216 units. Note that the T" value satisfies
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d°TC(T)
dT?

5. Sensitivity Analysis

A sensitivity analysis was carried out to study the effect of changes in the values
of the system parameters M, K, 5, a, b, G, I, A. and A on the optimal length of
the cycle (T"), the economic order quantity (l,) and the minimum total cost
per unit time (TC"). The sensitivity analysis was performed for each of the pa-
rameters by changing its value by 50%, 25%, 5%, 2%, —2%, —5%. —25%, —50%,
while keeping the remaining parameters at their original values. The analysis
showed the following:

1) With increase in the value of the parameter a, the values of T* decrease
while TC* and Ig increase. This is because when a increases, deterioration
increases and so to avoid much deterioration the model forces T to decrease.
I, increases probably to compensate for the deteriorated units. TC" increases
due to the cost of deterioration. The increase/decrease in the values is moderate
hence the decision variables are moderately sensitive to changes in a.

2) With increase in the value of parameter b, the values of T* and |, de-
crease while the value of TC" increases. This is expected because when b in-
creases, deterioration with respect to time also increases and so the model forces
T® and I to decrease. TC" increases due to the cost of deterioration. The de-
creases/increase in the values are moderate hence the decision variables are
moderately sensitive to changes in .

3) With increase in the value of parameter A, the values of T* and |, de-
crease while TC" increases. This is also expected since when the cost of a dete-
riorated unit increases then the model will avoid much quantity in a supply and
so both T* and |, decrease. TC" increases because of the cost of deteri-
orated items. The increase/decrease in the values is moderate hence the decision
variables are moderately sensitive to changes in A..

4) With increase in the value of the parameter S, the values of T* and |,
increase while TC" is not stable. This is not expected because when fincreases,
it is expected that T* and |, should decrease. The fact that TC" is not stable
indicates that the model tries to adjust TC" to the minimum value, at the ex-
pense of increasing T* and |I. The increases/decrease in the values are low
hence the variables are lowly sensitive to changes in 3.

5) With increase in the value of the parameter N, the values of T*, TC" and
I, increase. This is also expected since when ordering cost increases then the
model will avoid more orders and so both T* and I, increase. TC* will how-
ever increase due to increase in stockholding cost. The increases in the values are
high hence the decision variables T*, TC* and |, are highly sensitive to
changes in N,.

6) With increase in the value of parameter K; the values of TC* and |, in-

crease while T" decreases. This is because when K increases, there will be more
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demand and so the economic order quantity (I,) will increase. This will result
in increase in the optimal total cost (TC"). The cycle period (T") decreases
probably as a result of the model trying to avoid much deterioration. The in-
creases/decrease in the values are moderate hence the decision variables are
moderately sensitive to changes in K.

7) With increase in the value of parameter A, the values of TC* and I; in-
crease while T" decreases. This is because as the demand increases the eco-
nomic order quantity also increases, hence the total variable cost, TC" also in-
creases. On the other hand however, the cycle period decreases which is proba-
bly due to higher demand. The increase in the values is moderate hence the deci-
sion variables are moderately sensitive to changes in A.

8) With increase in the value of parameter j the values of T* and I, de-
crease while TC" increases. This is expected because when the inventory car-
rying charge, 7 is increased there will be more stockholding cost so the model
will avoid that by reducing quantity in an order which results in decreasing |
and T". TC" increases due to the increase in the carrying charge (i). The in-
crease/decrease in the values is moderate hence the decision variables are mod-
erately sensitive to changes in 7.

With increase in the value of parameter C, the values of T* and |, decrease
while TC" increases. This is also expected because when the unit cost of an
item, G, is increased there will be more stockholding cost so the model will avoid
that by reducing quantity in an order, which results in decreasing I, and T".
TC" increases due to the increase in the unit cost. The increase/decrease in the
values is moderate hence the decision variables are moderately sensitive to changes
in C.

References

[1] Wee, HM. (1993) Economic Order Quantity Model for Deteriorating Items with
partial Back Ordering. Computer and Industrial Engineering, 24, 449-458.

[2] Ghare, P.N and Schrader, G.P. (1963) A Model for Exponential Decaying Inventory.
Journal of Industrial Engineering, 14, 238-243.

[3] Covert, R.B. and Philip, G.S. (1973) An EOQ Model with Weibull Distribution De-
terioration. AIIE Transactions, 5, 323-326.
https://doi.org/10.1080/05695557308974918

[4] Shah, Y.K. and Jaiswal, M.C. (1977) An Order-Level Inventory Model for a System
with Constant Rate of Deterioration. Operational Research, 14, 174-184.

[5] Aggarwal, S.P. (1978) A Note on an Order-Level Model for a System with Constant
Rate of Deterioration. Operational Research, 15, 184-187.

[6] Dave, U. and Patel, LK. (1981) (7; &) Policy inventory Model for Deteriorating
items with Time-Proportional Demand. Journal of the Operational Research Soci-
ety, 32, 137-142. https://doi.org/10.1057/jors.1981.27

[7] Hollier, R.H. and Mark, K.L. (1983) Inventory Replenishment Policies for Deterio-

rating Items in a Declining Market. International Journal of Production Research,
21, 813-836.

[8] Hariga, M. and Benkherouf, L. (1994) Operational and Heuristic Replenishment

DOI: 10.4236/ajor.2021.112006

108 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.112006
https://doi.org/10.1080/05695557308974918
https://doi.org/10.1057/jors.1981.27

I. Aliyu, B. Sani

(10]

(11]

[12]

(13]

(14]

[15]

(16]

(17]

(18]

(19]

Models for Deteriorating Items with Exponential Time Varying Demand. European
Journal of Operational Research, 79, 123-137.
https://doi.org/10.1016/0377-2217(94)90400-6

Wee, HM. (1995) A Deterministic Lot Size Inventory Model for Deteriorating
Items with Shortages and Declining Market. Computers and operations Research,
22, 345-356.

Wee, H.M. (1995) Joint Pricing and Replenishment policy for Deteriorating Inven-
tory with Declining Market. International Journal of Production Economic, 40,
163-171.

Goyal, S.K. and Giri, B.C. (2001) Recent Trends in Modelling of Deteriorating In-
ventory. European Journal of Operational Research, 134, 1-16.
https://doi.org/10.1016/S0377-2217(00)00248-4

Ouyang L. Y., Wu K. S. and Chenga M. C. (2005), An Inventory Model for Deterio-
rating Items with Exponential Declining Demand and partial Backlogging. Yugos/av
Journal of Operations Research, 15, 277-288.
https://doi.org/10.2298/YJOR05022770

Shah, N.H. and Pandy, P. (2008) Optimal Ordering Policy for the Time Dependent
Value When Delay in Payments Is Permissible. Revista Investigation Operational, 2,
117-129.

He, Y. and He, J. (2010) A Production Model for Deteriorating Inventory Items
with Production Disruptions, Hindawi Publishing Corporation Discrete Dynamics
in Nature and Society, 2010(189017), 14.

Kumar, S., Kumar, P. and Saini, M. (2012) An Order Level Inventory Model for
Deteriorating Items with Quadratic Demand Rate and Variable Holding Cost. In-
ternational Journal of Scientific Research Engineering and Technology (IJSRET), 1,
253-263.

Singh, T. and Pattnayak, H. (2013) An EOQ Model for a Deteriorating Item with
Time Dependent Quadratic Demand and Variable Deterioration under Permissible
Delay in Payment. Applied Mathematical Science, 7, 2939-2951.
https://doi.org/10.12988/ams.2013.13261

Dash, B.P,, Sing, T. and Pattanayak, H. (2014), An Inventory Model for Deteriorat-
ing Items with Exponential Declining Demand and Time-Varying Holding Cost.
American Journal of Operational Research, 4, 1-7.
https://doi.org/10.4236/ajor.2014.41001

Aliyu, I. and Sani, B. (2018) An Inventory Model for Deteriorating Items with Ge-
neralised Exponential Decreasing Demand, Constant Holding Cost and Time-
varying Deterioration Rate. American Journal of Operations Research, 8, 1-16.

Wataru (2014) Power Series and Estimation of Integrals-Calculus\Socratic.
https://socratic.org/calculus/power-series-and-estimation (Retrieved on 10/02/2020).

DOI: 10.4236/ajor.2021.112006

109 American Journal of Operations Research


https://doi.org/10.4236/ajor.2021.112006
https://doi.org/10.1016/0377-2217(94)90400-6
https://doi.org/10.1016/S0377-2217(00)00248-4
https://doi.org/10.2298/YJOR0502277O
https://doi.org/10.12988/ams.2013.13261
https://doi.org/10.4236/ajor.2014.41001
https://socratic.org/calculus/power-series-and-estimation

	Erratum to “An Inventory Model for Deteriorating Items with Generalised Exponential Decreasing Demand, Constant Holding Cost and Time-Varying Deterioration Rate” [American Journal of Operations Research 8 (2018) 1-16]
	4. Numerical Example 
	5. Sensitivity Analysis
	References

