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Abstract

Generalized Least Squares (least squares with prior information) requires the
correct assignment of two prior covariance matrices: one associated with the
uncertainty of measurements; the other with the uncertainty of prior infor-
mation. These assignments often are very subjective, especially when correla-
tions among data or among prior information are believed to occur. How-
ever, in cases in which the general form of these matrices can be anticipated
up to a set of poorly-known parameters, the data and prior information may
be used to better-determine (or “tune”) the parameters in a manner that is
faithful to the underlying Bayesian foundation of GLS. We identify an objec-
tive function, the minimization of which leads to the best-estimate of the pa-
rameters and provide explicit and computationally-efficient formula for cal-
culating the derivatives needed to implement the minimization with a gra-
dient descent method. Furthermore, the problem is organized so that the mi-
nimization need be performed only over the space of covariance parameters,
and not over the combined space of model and covariance parameters. We
show that the use of trade-off curves to select the relative weight given to ob-
servations and prior information is not a form of tuning, because it does not,
in general maximize the posterior probability of the model parameters, and
can lead to a different weighting than the procedure described here. We also
provide several examples that demonstrate the viability, and discuss both the
advantages and limitations of the method.

Keywords

Bayesian Inference, Covariance, Error, Generalized Least Squares, Gradient
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1. Introduction

Generalized Least Squares (GLS, also called least-squared with prior information)
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is a tool for statistical inference [1]-[6] that is widely used in geotomography
[7]1-[12] and geophysical inversion [13] [14], as well as other areas of the physi-
cal sciences and engineering. One of the attractive features of GLS that makes it
especially useful in the imaging of multidimensional fields (for example, density,
velocity, viscosity) is its ability to implement, in a natural and versatile way,
prior information of the behavior of the field. Widely-used types of prior infor-
mation include the field being smooth, as quantified by its low-order derivatives
[15], having a specified power spectral density or autocovariance [7] [15], and
satisfying a specified partial differential equation (such as the geostrophic flow
equation [16] or the diffusion equation [4]). The word “regularization” some-
times is used to describe the effect of prior information on the solution process
[17].

We review the Generalized Least Squares (GLS) method here, following the
notation in [6], in order to provide context and to establish nomenclature. In
GLS, observations (or data) and prior information (or inferences) are combined
to arrive at a best-estimate of initially-unknown model parameters (which might,
for example, represent a field sampled on a regular grid). The data are assumed
to satisfy the linear equation Gm =d , where d e RN is a vector of data,
meRM is a vector of model parameters, and G is a known “kernel” matrix
associated with the data. Prior information is assumed to satisfy a linear equa-
tion Hm =h, where heR" is a vector of prior values and H is a kernel
matrix associated with the prior information. GLS problems are assumed to be
over-determined, with N +K >M . For observed data d°™, known prior in-
formation h" and a specified model m, the prediction erroris e =d°* —Gm
and prior information error is £=h"" —Hm. These errors are assumed to be
Normally-distributed with zero mean and prior covariance C, and C,, re-
spectively. Then, the normalized errors € =C;%’e and £=C,%*¢ are inde-
pendent and identically-distributed Normal random variables with zero mean
and unit variance. Bayes theorem can be used to show that the best estimate

est

m*" of the solution is the one that minimizes the generalized error ®=E+L,
with E=6"6 and L=¢"7¢ [1] [2] [5]. The solution can be expressed in a va-

riety of equivalent forms, among which is the widely-used version [6]:
m™ =Z*(G'C,'d™ + H'C,'h®") with Z=G'C;'G+HTC'H (1)

The assumption of linear kernels G and H is a very restrictive one. In the
well-studied nonlinear generalization [1] [6], the products Gm and Hm are
replaced with vector functions g(m) and h(m). Then, a common solution
method is to linearize the data and prior information equations around a trial

solution m(®:

GYam=ad with G© =% and ad =d™ — g(m)
1] a

m-.

(0)
Hnt )

. oh, _
H®Am =Ah with H!” =—|  and Ah=h" -h(m)
om; | o)
m

DOI: 10.4236/am.2021.123011 158 Applied Mathematics


https://doi.org/10.4236/am.2021.123011

W. Menke

and Am=m-m . The solution is then found by iterative application of (1)
applied to (2); that is, by the Gauss-Newton’s method [3]. Alternatively, a gra-
dient-descent method [18] can be used that employs:

V@0 =26yt (0 ~6m® ) —2HOTCH (! —Hm®)  (3)

The latter approach is preferred for very large A4, since the convergence rate of
gradient descent is independent of its dimension [18], whereas the effort re-
quired to solve the M x M system (1) by a direct method scales as A [19].

We now discuss issues related to the covariance matrices that appear in GLS.
The data covariance C, quantifies the uncertainty of the observations and the
information covariance C, quantifies the uncertainty of the prior information.
Prior knowledge of the inherent accuracy of the measurement technique is
needed to assign C,, and prior knowledge of the physically-plausible solutions,
perhaps stemming from and understanding of the underlying physics, is needed
to assign C, . These assignments are often very subjective, especially when cor-
relations are believed to occur (thatis, C; and C; have non-zero off-diagonal
elements). For example, one geotomographic study [7] reconstructs a two-di-
mensional field using a C, that represents autocovariance of the field and that
is dependent upon a scale length ¢. The value of gis chosen on the basis of broad

physical arguments that, while plausible, leaves considerable room for subjectiv-
ity.
. 1 1
The matrices C; and C, together contain 3 N (N +1) +E K(K+1) elements,

many more than the (N + K) constraints imposed by the data d and prior
information h.Consequently, insufficient information is available to uniquely
solve for all the elements of C; and C,.However, it sometimes may be possi-
ble to parameterize C, (q) and/or C, (q) in terms of € R’ , and ask whether
an initial estimate of ¢ can be improved. As long as (M +J)<(N+K), ade-
quate information may be available to determine a best estimate ¢*'. We refer
to the process of determining ' as “tuning”, since in typical practice it re-
quires that the covariances be close to their true values.

As an example of a parametrized covariance, we consider the case where the
model parameters represent a sampled version of a continuous function m(x) ,
where Xxe€R is an independent variable; that is, m, = m(xn ) , with X, =nAX
and AX the sampling interval. The prior information that m(x) is approx-
imately oscillatory with wavenumber g can be modeled by:

H=1and h" =0and [C,] =07 cos(q|x, - X,|) ()

In this case, C, approximates the autocovariance of M(X), which is as-
sumed to be stationary. The goal of tuning is to provides a best-estimate 4, as

well of best estimated m®™*

of the model parameters. This problem is further
developed in Example 4, below.
Although the GLS formulation is widely used in geotomography and geo-

physical imaging, the tuning of variance is typically implemented in a very li-
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mited fashion, through the use of trade-off curves [7]-[12]. In this procedure, a
scalar parameter g controls the relative size of C; and C,, thatis,

C,(a)= qC\?, where C\” is specified [20]. The GLS problem is then solved
for a suite of gs, the functions E ( q) and L(q ) are tabulated and the resulting
trade-off curve E ( L) is used to identify a solution m (qo) that has acceptably
low Eand L (for example, Figure 1 of [20]). As we will show below, this ad hoc
procedure is not a consistent extension of GLS, because it results in a different g
than the one implied by Bayes’ principle. A more consistent approach is to apply
Bayes theorem directly to estimate both the model parameters M and the co-
variance parameters (. Such an approach has been implemented in the context
of ordinary least squares [21] and the Markov chain Monte Carlo (MCMC) in-
version method [22] (which is a computationally-intensive alternative to GLS).
An important and novel result of this paper is a computationally-efficient pro-

cedure for tuning GLS in a Bayes-consistent manner.

2. Bayesian Extenion of GLS

The general process of using Bayes’ theorem to construct a posterior probability
density function (p.d.f.) that depends on unknown parameters and of estimating
those parameters though the maximization of probability is very well unders-
tood [23]. In the current case, the p.d.f. has M model parameters and J cova-
riance parameters, so the maximization process (implemented, say, with a gra-
dient ascent method) must search an (M +J)-dimensional space. Our main
purpose here is to show that the process can be organized in a way that makes
use of the GLS solution (1) and thus reduce the dimensionality of the searched
space to /.
The GLS solution (1) yields the m that minimizes the generalized error

) (m) , or equivalently, the M that maximizes the Normal posterior probabil-
ity density function (p.d.f.) p(m |d°™, h" ) :

est

m®' = arg max p(m | d°bs,hp”)

(5)
with p(m[d™,h™ )oc p(d™*|m)p(h™ m)

Here, Bayes theorem [23] is used to related the Normal posterior p.d.f.
p(m |d, hP" ) to the Normal likelihood p (d obs | m) and the Normal prior
p(hpri | m) . When poorly known parameters ( are added to the problem, they
must be treated as additional random variables [22]. Writing q= [q(d),q(h)]T,
with q(d) appearing in the likelihood and q(h) appear in the prior, we have:

est est

m®',q*" = arg max p(m,q|d°b5,hp”)

m,q(@ g (6)

with p(m,Q|d°bs,hpri)Cﬁ p(dobs |m’q(d)) p<hpri |m,q(h)) p(q(d)) p(q(h))

Here, we have assumed that § and M are not correlated with one another.
The maximization with respect to the two variables can be performed as a se-

quence of two single-variable maximizations:
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m(q, ) : arg max p(m,q0 |d°b5,hp”)(at fixed g ) (7a)
qest  arg max p(m(qo),qo |dobs,hpri) (7b)

Yo
mest — m(qest) (7C)

In the special case of the uniform prior p(q(d)) p(q(h)) oc constant, the max-
imization in (7a) is the GPR solution at fixed Q,. For the Normal p.d.f.:

p(m(qo)yqo |dobs’hpri)

L L (8)
= (Zn)'%(MK) (detCy) 2(detC, ) 2 exp(—% Ej(—% Lj

the maximization (7b) is equivalent to the minimization of an objective function
¥ (q), defined as:

v E_z{m pra(N K)m(zn)} ~In(detC, )+ In(detC,)+E+L  (9)

The quantity In (det Cq ) is best computed by finding the Choleski decompo-

sition C, = DD, the algorithm [24] for which is implemented in many soft-
ware environments, including MATLAB® and PYTHON/linalg. Then,
In(detCy ) = ZZH In(D,,) (and similarly for In(detC,)).The nonlinear opti-
mization problem of minimizing ‘P(q) can be implemented using a gradient
descent method, provided that the derivative oWV / 00, can be calculated [18].
In the next section, we derive analytic formula for this and related derivatives.

3. Solution Method and Formula for Derivatives

The process of simultaneously estimating the covariance parameters ¢* and

model parameters M® consists of six steps. First, the analytic form of the co-
variance matrices C,(q) and C,(q) are specified, and their derivatives

dC,/0q,, and &C,/dq, are computed analytically. Second, an initial estimate
q(o) is identified. Third, the covariance matrices C, (q(o)) and C, (q(o)) are
inserted into (1), yielding model parameters m(q(o)
developed below, the value of the derivative 9¥/dq,, is calculated at q(o) . Fifth,
a z(gr)adient descent method employing 9¥/dq,, is used to iteratively perturb

q 0

through five many times). Sixth, the estimated model parameters are computed

. Fourth, using formulas

towards the minimum of ¥ at * (and in process, repeating steps three

as m*'=m (qe“) . This process is depicted in Figure 1.

Our derivation of 0W/dq,, uses three matrix derivatives, oM ™ / oq,
oM 2 / 0q and 0ln (det M ) / 0q that may be unfamiliar to some readers, so we
derive them here for completeness. Let M (q) be asquare, invertible, differen-
tiable matrix. Differentiating MM =1 yields
[6M ’1/6qm] M+M? [OM/E)qm]: 0, which can be rearranged into ([25], their
(36)):

1
aé\(/; =-M‘{ZTM}M'1 (10)
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my 92 ¥[m(q)]
0.0

m"&st (q) \pmin
mre 554
amg* 0.5

9q1
4 a

o] d'/
| | 2 N —V,¥
1 1 1 f © | 0 -1.0
¢ a5 a4 a5t
(@) (b)

Figure 1. Schematic depiction of solution process. (a) The GLS solution m®™  (red curve)
is considered a function of the covariance parameters (| and its derivative ﬁmm/ aq,
(blue line) at a point g is computed by analytic differentiation of GLS equation (1);
(b) The objective function ¥ (colors) is considered a function of ( . The results of (a) are
used to compute its gradient V ‘¥ at the point q"®. The gradient descent method is

used to iteratively perturb this point anti-parallel to the gradient until it reaches the

minimum ¥™ of the objective function, resulting in the best-estimate g*' . This value

is then used to determine a best-estimate of the model parameters M* , as depicted in

(a).

Similarly, differentiating M Y2M ™2 =M™ and applying (10), yields the Sylve-
ster equation:

-2 -12 -1
—8';' M‘“+M‘V2—a'{\: :—62/' :—M-{gﬂ}wl (11)
q q q q

m m m m

We have not been able to determine a source for this equation, but in all like-
lihood, it has been derived previously. In practice, (11) is not significantly harder
to compute than (10), because efficient algorithms for solving Sylvester equa-
tions [26] and for computing a symmetric (principal) square root [27], are
widely available and implemented in many software environments, including
MATLAB® and PYTHON/linalg. The derivative of In(detCy) is derived start-

ing with Jacobi’s formula [12]:
M
adL()=tr adj(M)@ =tr det(M)M‘lﬁ =det(M)tr M‘lﬂ (12)
aq aq oq

where adj(.) is the adjugate and U‘(.) is the trace, applying Laplace’s identify
[28] adj(Cy)=det(C,)Cy" and the rule tr(cM)=ctr(M) (where cis a sca-
lar and M is a matrix) [29]. Finally, the determinant is moved to the left-hand
side and the well-known relationship d1In ( f ) / aq=f" (5f / Gq) , for a differen-
tiable function f (q) , is applied, yielding ([25], their (38)):
dIn(detM) 1 adet(M):tr[Mla—M]

aq  det(M) oq oq

(13)

We begin the main derivation by considering the case in which data variance
C, (q) depends on a parameter vector (, and the information variance C, is

constant. The derivative of the GLS solution can be found by applying the chain
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rule applied to (1):

om*= oz G7C g% + 7767 Ca ac;*t oz
O, Oy Ny, Oy,

=Z—1(GT acd dobs_zmestj (14)

d dobs

——H'C,'h™

aq aq

-1 -1
with 22 —67 % G ang Le -, Cy

oy, oy, oy, oy,

m m

C—l

Note that we have used (10). The derivative of the normalized prediction error
is =C;" (dObs —GmeS‘) and total error E=6"6 are:

~ est -~ 2 ~
% g ImT Loe Za_ (¢ -6m*) and B e
aq, o0, | o, aq;, U (15)
-1)2 —1)2
with &C’” c = oc,’ =-C =" oC, ct
a m m aql’ﬂ

Here, the Sylvester equation arises from (11). An alternate way of differen-

tiating £that does not require solving a Sylvester equation is:

est \T -1 est
6—Ezi(eTCd’le)z— om GTCd’le+eT&e—eTCd’IG om (16)
Ay oy, a, ay,
The derivative of the normalized error in prior information
1=C" (h - HmeSt) and total error L=2"7 are:
est Y
O g M7 g O g O (17)
m o, oy, G,
Finally, since ¥ =In(detC,)+In(detC, )+E+L, we have:
Oln(detC
¥ _omn(detC,) OB A _fcaCe), E AL g
oy, aa, 0y OV 0y ) 00y OO

Note that we have applied (13).

Finally, we consider the case in which the information variance C, (q) de-
pends on parameters (,and C, is constant. Since the data and prior informa-
tion play completely symmetric roles in (1), the derivatives can be obtained by
interchanging the roles of C; and C,, G and H, d® and h™, € and
? and Eand L, in the equations above, yielding:

6me“ _ Z_l[H 6CQ1 hprl _EmestJ

oq,, oq,, aq,,
-1 -1
with 22— 70 ang o _ 1 L
oy, ady, ay, ady,
est A
oe __C*JJZG om and a_Ez éTa_e
o, aa, oy, 00,
est -1/2
af _Chfj/zH om® aC (hpl’l Hmest)
a0, 5qm 00,
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est T -1 est
LI [TV s TP UL
oqy, Gy, oy,

oL o
aq aq

m m

aC,¥2

12 C
a Cr:l/z +C|:1/2 a(.':h — —Cgl a h Ct:l

G oy, oy

Ooln(detC
( h)ztr[ch.ng
oq,,

m

5_‘11:“_ Chflﬁ +£+£ (19)
aa, a, ) o9, o,

These formulas have been checked numerically.

4. Examples with Discussion

In the first example, we examine the simplistic case in which the parameter ¢
represents an overall scaling of variance; thatis C, (q)= quo) and

C,(a)=qC\”, with specified C!” and C”. The solution m*' is indepen-
dent of g, as can be verified by substitution into (1). The parameter g can then be

found by direct minimization of (9), which simplifies to:

Y= In(qN deth,o))+ In(qK detCS’))Jrq‘lE0 +q7'L, (20)

Here, we have used the rule det(qM ) = qN det( M ) [25], valid for any
NxN matrix M, and have defined E,=E(q=1) and L,=L(q=1). The

minimum occurs when:

0=(N+K)g"—(E +Ly)q~ orq=—ij’:b (21)

oY
a =

This is a generalization of the well-known maximum likelihood estimate of
the sample variance [30]. As long as (EO + LO) exists, the minimization in (21)
is well-behaved and the overall scaling g is uniquely determined.

In the second example, we examine another simplistic case in which a para-
meter g represents the relative weighting of variance; that is C; 1(q) =gl and
(o (q) = (1— q) | .We consider the problem of estimating the mean m, of data
given observations d =1 and prior information h=0 (where 0 and 1 are
vectors of zeros and ones, respectively), when N=K, M =1 and G=H =1.
Applying (1), we find that m*' = ¢. Then, the objective function is
¥ =In (qN >+ In ((l— q)N )+ Ng(1-q) and its derivative is
o¥/oq=N [—q’l +(1—q)_1 +(1- q)—q] . The solution to 0¥/dq=0 is
g* =1/2, as can be verified by direct substitution. Thus, the solution splits the
difference between the observations and the prior values, and yields prior va-
riances C, and C, that are equal. While simplistic, this problem illustrates
that, at least in some cases, GLS is capable of uniquely determining the relative
sizes of C, and C, . Because trade-off curves, as defined in the Introduction,

are based on the behavior of £and Z, and not the complete objective function ¥,
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the weighting parameter ¢, estimated from them in general will be different

from g*

.Consequently, the trade-off curve procedure is not consistent with the
Bayesian framework upon which GLS rests.

Our third example demonstrates the tuning of data covariance C,(q). In
many cases, observational error increases during the course of an experiment,
due to degradation of equipment or to worsening environmental conditions.
The example demonstrates that the method is capable of accurately quantifying
the fractional rate of increase p of the variance o, , which is assumed to vary
with position X, . In our simulation, we consider N =201 synthetic data, even-
ly-spaced on the interval 0 <X <1, which scatter around the curve
d, =m +m,x’? (Figure 2). The covariance of the data is modeled as
[C4],, =04 O » Where o, = (1)2 (1+q(2x,-1)) and &, is the Kronecker del-
ta; that is, the data are uncorrelated and their variance increases linearly with x.
The derivative of the covariance is (6/0q)[C,4] = (1) (2%, ~1),,, - We have
included prior information with H =1 and h"™ =0, which implements the
notion that the model parameters are small. The corresponding covariance is
chosen to be large, C, = (1000)2 | , indicating that this information is weak. The
goal is to tune the rate of increase of variance and to arrive at a best-esti- mate of
the two model parameters. The starting value is taken to be @, =0, which cor-
responds to uniform variance. It is successively improved by a gradient descent
method that minimizes ¥, yielding an estimated value q*' ~0.709.This esti-
mate differs from the true value "™ =0.700 by about 1%. The estimated solu-
tion m* differs from m(q=0) by a few tenths of a percent, which may be

significant in some applications.

p 100 600 502
[m <500
= ,,.w-*""'f 400 50
80 g 5t
= 3 > g E/
& 200 . —— 49.8 ’ |
5 ¥ ; | a g
= 0 i i 496 } +
00 02 04 06 08 1 E 05 i 051 1 -1 0.5 | 05 1 1
est es
Xi 90 q—-" q QG 4 q

(@ © (®

e; and oy,

0o.o 02 04 06 08 1 - i 5
X; 9 49" q g0 9% q
(b) (@ ®

Figure 2. Example of tuning C,(q) . (a) Plot of synthetic data (red dots) and predicted

data (green curve); (b) The starting value g, =0 corresponds to uniform variance (black

est

curve). The estimate g*' corresponds to increasing variance (green curve); (c) Genera-

lized error @®(q) (black curve). The starting value g, (black circle) is successively im-

est

proved (red circles) by a gradient descent method, yielding an estimate q*' (green cir-
cle); (d) The gradient (3(1)/ a9 , computed using the formulas developed in the text; (e)
The first model parameter m,(q), highlighting the initial value (black circle) and esti-

mated value (green circle) (f) Same as (e), except for the second model parameter m, (q) .
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The fourth example demonstrates tuning of information covariance C,(q).
In many instances, one may need to “reconstruct” or “interpolate” a function on
the basis of unevenly and sparsely sampled data. In this case, prior information
on the autocovariance of the function can enable a smooth interpolation. Fur-
thermore, it can enforce a covariance structure that may be required, say, by the
underlying physics of the problem. In our example, we suppose that the function
is known to be oscillatory on physical grounds, but that the wavenumber of
those oscillations is known only imprecisely. The goal is to tune prior knowledge
of wavenumber to arrive at a best-estimate of the reconstructed function. In our
simulation, a total of M =101 model parameters m, are uniformly spaced on
the interval 0<Xx <100 and representing a sampled version of a continuous,
sinusoidal function m(x) with wavenumber p"* =0.1571 (Figure 3). Synthe-
tic data d”™ with uncorrelated error with variance o} = (0.01)2 are available
for N'=40 randomly-chosen points X; , where the index function j(i) aligns
in x observations to model parameters. The data kernel is G; =6, i(i)- The prior
information is given in (4), with autocovariance [C, ]nm =o! COS(q |Xn - X, |) and
ol = (10)2 . The derivative is (6/0q)[C, ]nm =-0! |Xn - xm|sin(q |Xn - Xm|) .An
initial guess p, =0.95p"™ is improved using a gradient descent method, yield-
ing an estimated value of p®' =0.1571 that differs from p"™* by less than 0.01%.
The reconstructed function is smooth and sinusoidal and the fit to the data is
much improved.

Examples three and four were implemented in MATLAB® and executed in <5s
on a notebook computer. They confirm the flexibility, speed and effectiveness of
the method. An ability to tune prior information on autocovariance may be of
special utility in seismic exploration applications, where three-dimensional
waveform datasets are routinely interpolated.

A limitation of this overall “parametric” approach is that the solution is de-
pendent on the choice of parameterization, which must be guided by prior
knowledge of the general properties of the covariance matrices in particular

problem being solved. In Example 3, we were able to recognize (say, by visually

"\e 77D 8000
Py \ 6000
0 / Py
/ S
P’ S 4000
2000
0
0 20 40 60 80 100 0 10 20
Xi n
(@) (b)

Figure 3. Example of tuning C,(q). Sparsely-sampled synthetic data d™ (red dots)

are oscillatory. (a) A regularly-sampled version m:* is created by imposing the oscilla-

tory covariance [Ch]nm = o'lf COS(C]‘Xn - Xm‘) . With the starting value q, = 0.9500qtrue , the

reconstruction poorly fits the data (black curve). Tuning leads to a better fit (green curve

true

with dots), as well as a precise estimate of wavenumber ¢, =0.9999q™ ; (b) Decrease in

¥, with iteration number n during the gradient descent process.
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examining the data plotted in Figure 2(a)) that observational error increases with
xand chose [C,] =0} (1+q(X,—X)),, that matched this scenario. If, in-
stead, the degree of correlation between successive data increased with x, this

pattern might be less expected, more difficult to detect, and require a different

parameterization—say, [ C, (q)]nm =0} exp{—%q (% + % )Xy = X @ .

Not every parameterization of C; (or C,) is necessarily well-behaved. To
avoid poor behavior, the parameterization must be chosen so its determinant

does not have zeros at values of q*

that will prevent the steepest descent process
from converging to the global minimum. That this choice can be problematical

is illustrated by the simple Toeplitz version of C;, (with N =10, J=9):

[ 1 q1 qZ Q3 e QQ
0, 1 g G - Qg
a9, § 1 g - O

= (22)
4 49, q 1 - Us

19 U % Qg ]

with |qi| <1. This form is useful for quantifying correlations within a stationary

sequence of data [31]. Yet as is illustrated in Figure 4, the R’ volume is crossed

1 5 1
v - °
0.5 0.5 7
S 0 0 S oo 0
-0.5 -0.5 é
-1 L -5 -1 -5
-1 0 1 -1 0 1
a1 q1
(@) (®)
5 S
C —_—
0.5
B —o
0 -0.5
A —
0.5
o o0
-5 w2 -05 s 5 o5
a1 q1
(© (d)

Figure 4. The function detC,(q)=0 for the case given by (22). (a) The (q,,q,) sur-
face for g,=-0.95 and the other gs randomly assigned; (b) Same as (a), but with
g, =0.00; (c) Same as (a), but with @, =0.95; (d) Perspective view of the surfaces in the
0;.0,,9; volume. The positions of the three slices in (a), (b) and (c) are noted on the g,
-axis (green arrows). A question posed in the text is whether, given an arbitrary point
q® and the global minimum of the objective function, say at q* (and with both

points satisfying detC, > 0 ), a steepest-descent path necessarily exists between them.
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by many detC, =0 surfaces that correspond to surfaces of singular objective
function W. Their presence suggests that the steepest descent path between a
starting value q(o) and the global minimum at ¢*' may be very convoluted (if,

indeed, such a path exists) unless q(") is very close to q*'.

5. Conclusion

Generalized Least Squares requires the assignment of two prior covariance ma-
trices, the prior covariance of the data and the prior covariance of the prior in-
formation. Making these assignments is often a very subjective process. However,
in cases in which the forms of these matrices can be anticipated up to a set of
poorly-known parameters, information contained within the data and prior in-
formation can be used to improve knowledge of them—a process we call “tun-
ing”. Tuning can be achieved by minimizing an objective function that depends
on both the generalized error and determinants of the covariance matrices to ar-
rive at a best estimate of the parameters. Analytic and computationally-tractable
formulas are derived for the derivative needed to implement the minimization
via a gradient descent method. Furthermore, the problem is organized so that
the minimization need be performed only over the space of covariance parame-
ters, and not over the typically-much-larger space of model and covariance pa-
rameters. Although some care needs to be exercised as the covariance matrices
are parametrized, the minimization is tractable and can lead to better estimates
of the model parameters. An important outcome is this study is the recognition
that the use of trade-off curves to determine relative weighting of covariance—a
practice ubiquitous in the geophysical imaging—is not consistent with the un-
derlying Bayesian framework of Generalized Least Squares. The strategy outlined

here provides a consistent solution.
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