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Abstract

The stability and instability phenomenon coupled with the rotation effect and
the thermal convection between two concentric cylinders was studied. By
means of the Normal-Modes method, the stability or instability criteria for
the linearized system in terms of the oscillation frequency, the axial wave-
length and the background thermal gradient are proved. Besides, some nu-
merical simulation for the axisymmetric perturbations is presented.
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http://creativecommons.org/licenses/by/4.0/ 1, Introduction

The study of the hydrodynamic stability has a long history, one of the oldest
problems considered is the stability and instability of shear flows, for example,
Rayleigh [1], as well as by many other authors with new perspectives (see [2] and
references therein). The stability or instability phenomenon for the fluid system
has attracted renewed interest during the past decades, due to the mathematical
challenges and many interesting physical phenomena they present [3]. Since the
pioneering works of Couette and Taylor (see [4] [5]), thousand of experimental,
numerical and theoretical studies have considered different aspects of circular
Couette flow [3] [6] [7]. The Taylor-Couette flow is a canonical and popular
flow, it has also led to a very large number of studies and significant advances in
the understanding of fluid stability [8] and transitions to turbulence [9] [10].
The Taylor-Couette flow is mainly to consider the sheared flow between two
independently rotating concentric cylinders. However, Taylor-Couette flow with
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axial thermal stratification has received little attention [3] [11] [12], which com-
bines horizontal shear and thermal convection, is of great interest in astrophys-
ics, for example, the stratified Taylor-Couette flow serves as a model for instabil-
ities in equatorial oceans [13] and [14]. The purpose of this paper is to study the
Taylor-Couette flow with thermal convetion.

The study of the hydrodynamic stability for rotation flow (see Figure 1) be-
gins with Rayleigh [1] (see also the overview in [15]). In the work of Rayleigh [1],
a necessary and sufficient condition for the stability of linearized system is stated

as

di( 2Q)’ >0, (1)
r

where Q(r) is the angular velocity of the fluid at the distance r (r, <r<r,)
from the axis. More precisely, when the cylinders rotate in the same direction,
only one mode of instability is present, which corresponds to the convection
mode. When the cylinders rotate in opposite directions, two types or instability
are presented. The second instability mode is of an oscillatory type. These results
suggest that the “exchange of stability” may be valid when the cylinders rotate in
the same direction, while it may not be valid when the cylinders rotate in oppo-
site direction [16].

When the thermal varies in this area, the convection triggered by the thermal
variation, also named as Bernard convection, will cause instability. There were
many efforts about the stability or not on this case, see more details in [3] [17].
As to the coupled system with both rotation and the thermal convection, in [2]
[18], the case has been studied in a rotation coordinate. However, in the work of
[2] [18], in terms of the rotation and thermal convection, which one is the do-
minant role of the instability is not very obvious.

In this paper, we shall study the stability or instability criteria of the linearized
incompressible inviscid fluid with both rotation and vertical background ther-
mal variation. The vertical thermal variation is commonly observed in the at-
mosphere and in the oceans. Certainly, there also exists a horizontal variation of
thermal across the latitudes due to differential heat radiation by the sun [19],
however, in a small scale region, it is reasonable to consider only vertical thermal

variation case. Namely, we shall study the following system:
op+(U-V)p=0,
U +(U-V)U +VP = pe;, xeR®t>0, (2)
V-U =0,

where U =(U,,U, ,U3)T is the velocity. The scalers p and Pbe the thermal
and the pressure respectively. The system (2) also named as Boussinesq sys-
tem, which is widely used to model the dynamics of the ocean or the atmos-
phere, see [20]. This system includes the weak nonlinear and dispersive ef-
fects, it can effectively interpret the dispersion wave in atmospheric dynamics
[19] [21].
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Figure 1. The geometry of
two rotation coaxial cylinders.

The goal of present work is to understand the stability problem of system (2)
connected with the rotation and the thermal variation. The main theorems state
as following:

Theorem 1.1 The necessary and sufficient condition to be stable of the linea-

rized system of (2) with axisymmetric perturbation is
r 2
B, jrl rEo(r)dr

—>0. (3)
az .[rzr[dg +1§j dr
noldr? r7"

To be more precisly, our results state:
o The sufficient condition for the linear stable and unstable with axisymmetric

perturbation:

1) When the rotation effect @ (r) >0 (defined in (34)) and 2—’0 >0 in
z
I, <1 <T,, then the axisymmetric perturbations are always linear stable;

2) When the rotation effect ®(r)>0 and ((jj_p <0 in r <r<r,, then write
z

2
.[rzr(dé’ +§'j dr
e oZ\dror (_d_pj @
" Irrz rEfo(r)dr dz

the modes with the wave number Kk 2K, are stable, and when 0<k <k,

min
the modes are unstable;

3) When the rotation effect always ®(r)<0 the axisymmetric perturbations
are unstable for the wave number K > K, ,and be stable when 0<k <Kk, ;

e As to the stationary state (@ =0, which named as a marginal state), the crit-

ical value for ((jj_p is determined by a variation problem,
z
2 2
a5 . _.[rl K’ (r)r|& [ dr
dz critical & jrz r D*§r|2 dr
n

e On the contrary to the case without rotation, the principle of the exchange of

stabilities is invalid.
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Remark 1.1 For the case ((jj_p =0, then (3) is the well-known Rayleigh's criteria
z

[1]. In this theorem, we conclude that when ((ij_p # 400, the variation of thermal

z

shall transfer the unstable modes. In other words, when Z—’D <0, which implies
z

hot fluid under the cold fluid, for the static fluid, the buoyancy tends to overturn
the fluid. In terms of the rotation fluid, the thermal convection only affects the

low-wave numbers modes, whether on the case ®(r)>0 or ®(r)<0.

Theorem 1.2 The necessary and sufficient condition to be stable of the linea-
rized system of (2) with non-axisymmetric perturbation is

1) For the special situation: ®(r)= ((ij_p = const. > 0, then system is linear sta-
z

ble. Meanwhile, when ®(r)= Z—p =const. < 0, the linearized system is unstable;

2) When d)(r) ;&z—p , the necessary and sufficient condition to be stable of
Z

the linearized system of (2) with non-axisymmetric perturbation is
Jo rl(@-s)&r ~(m*P?)/(r's") Jar

Irz I’PZ/(S2 —dpjdr
o dz

To be more precisly, our results state:

k? = > 0. (5)

e The necessary condition for the linear stable:

1) When ®@(r)>s®=(a+ mQ)z, then the necessary condition for the linear
5 dp  k?r?+m?
stable are dp <(a+ mQ)2 or £ ———(a+ mQ)2 :
dz dz m
2) When @(r)< s? = (a+ mQ)2 , ?j—p must satisfy
z

— 2,2 2

(a+ mQ)2 < ap < kr—erm(a+ mQ)2 )
dz m

e The sufficient condition for the linear stable and unstable:

1) When CD(I‘) <s? and i—p < 5%, the linearized system is unstable;
VA

2) When @(r)<s®< c(ij_p, the linearized system is stable.
z

The paper is organized as follows. In Section 3, we shall prove Theorem 1.1,

and then theorem 1.2 shall be proved in Section 4.

2. The Perturbation Equations and the Basic State

We’re dealing with the system (2) in a coaxial cylinders area (see Figure 1), it’s

more convenient to study the system (2) in cylindrical coordinates. Let

6, :(f,l,oj, e, :(—%,é,o)ez =(0,0),

rr
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with r=+/x*+y?,and write

U=u,(r,6,zt)e +u,(r.6,zt)e, +u,(r,0,zt)e, (6)
we obtain
1
atp+urarp+?uea€p+uzazp = 07
1 uj
o, +u,0,u, +Fuf,6gur +Uu,0,u, B —-0,P,
(7)
1 u,u, 1
0,u, +Uu,0,u, +—U,0,u, +u,0,u, + =——0,P,
r r r
o,u, +U,0,Uu, +luga§uZ +Uu,0,u, =-0,P+p,
r
with
u 1
o,u, +T+?é’9u9 +0,u, =0. (8)
. 0 U, 0 . . .
By writing u-V =u, 7 + R +U, 3 we investigate the following system:
r 4 z

op+(u-v)p=0,

u2
o, +(u-V)u, —T‘gz -0,P,

9
6tug+(u~V)u€+ugrur =—%65P, ®)
o, +(u-V)u, =-9,P+p,

V-.u=0, U.-n=0,

where N denotes the normal exterior vector.
Let (u,,U,,u,) are the velocity components in the cylindrical coordinates

(r, 0, Z) respectively, the velocity boundary conditions are

ul_ =
Mr=n,n !

ug|r:r1 =5, Ug|,_, =un,, (10)
u =0,

21z=0,1

where r=r1, r=r, are the radii of the two cylinders. ;, and €, are the con-
stant rotation velocitiesat r=1 and r=r, respectively.
In this paper, we shall study the stability of the following stationary Couette

flow
o, =0,=0,U,=V(r)=rQ(r), (11)

where V (r) is an arbitrary smooth function of r.

In the experiments the basic temperature state is, a priori, a time-dependent
state because the initial temperature gradient is not maintained by the boundary
conditions. However, if we consider the time scale smaller than the typical diffu-
sion time over the height of the cylinders, this gradient can be considered as

constant in time. Therefore, we choose as time scale small enough, which allows
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us to write the basic state for the temperature as time-independent. In this paper,

we consider the variation of background thermal as the following case:
p= 5(1)- (12)

According to the (11) and (12), the basic pressure distribution is determined

by the system (9). It takes the form as

ﬁzjv (:)2

dr+j/3(z)dz+const. (13)

Consider an infinitesimal perturbation of the system (11)-(13), we write the

perturbed state as
p+p,u, +U,,U, +U,,u, +T,,P+P. (14)

Substitute (14) into (9), we get the system for the perturbations as
o,p+ u,a,p+3(v +Uy)3yp +U,0,p+U,0,,, =0,
r

V 2 2
Vru,) +8rP+—V(r) =0,

1
O, +u.d.u, +=(V +U,)0,u, +u,0,u, —
r r r

v
o, +u,0, (V +ug)+%(v +U,)0,U, +U,0,U, +%+%agp _0,(15)

1
AU, +U,0,u, +=(V +U,)d,u, +u,0,u, +0,P = p,
r

u 1
OU, +—L+=0,(V +u,)+0,u, =0.
ror
The linearized equations governing these perturbations system (15) is

atp—i_\ia&p-i_uzaZIB(z) = 0’
r
\% 2Vu,

o, +—0,U, — +0,P=0,

r

Y dv VvV 1
ou,+—ou, +| —+— (U +—0,P =0, 16
tveo r A’ (dl’ rj r r ] ( )

o\, +!80uZ +0,P =p,
r

u 1
0,u, +—+=0,u, +0,u, =0.
rr

We analyze the disturbance by using the Normal-modes method. It is natural
to write that the various quantities describing the perturbation have a (t, r,o, Z)

-dependence as

p= p(r)ei(kﬁmé}—wt),

u, =u, (r)ei(kume—wt),

ug _ Ug (r)ei(kume—wt)' (17)
u, =u, (r)ei(kz+m0—wt),

pP= P(r)ei(kume—wt),
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where @ is a constant (which may be comlex). m and k are positive integers,
which are the oscillation frequency and the wave number of the disturbance in
the z-direction respectively. u,(r), u,(r), u,(r) and P(r) denote the am-
plitudes of the respective perturbations. From (16) and (17), then we get

is,o+uzd—p=0, (18)
dz
. dP
isu, —2Qu, = ——, 19
200, = (19)
d(rQ i
isug+(Q+—( )jurz—ﬁ, (20)
dr r
isu, =—ikP + p, (21)
%+u—'+mug +iku, =0. (22)
dar r

where we used the notation S=-@w+mQ, which is named as the Dopp-

v(r)

ler-shifted frequency. Physically, (Q=-——= be the angular velocity and
r

Q+d(rQ)/dr = (]/r)d(er)/dr be the axial vorticity of the base flow.

To simplify the system (18)-(22), we consider the Lagrangian displacement
&, &, and &, which describe the displacement of a fluid element in the per-
turbed flow relative the location at time ¢in the unperturbed flow. Thus we have

variation of the velocity as
5u:%§+u V&, (23)

where U'is the velocity field of the unperturbed flow. By using the Taylor’s for-

mula, we also have

Su=u+<-vu. (24)
Combining (23) and (24), we get
u=2c u.ve_evu, (25)
ot
Now, we proceed directly to the equations of the normal modes by letting
E=(&.5,¢, )ei(k“mgf'”t) , then there holds
u, =isé,,u, =isé, —ri—?;,uz =is¢,. (26)

By using the solenoidal character of zand (26), we have

s,o+sd—'0e:Z =0, (27)
dz

. im
§°&, —2iQsE, =—P, (28)

r

. dQ dP
2

-S -2Q|is&, —-r— =——, 29
ér ( 56 dr §rj dr ( )
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s?¢, =ikP - p, (30)

L

+—§9+|k§ =0. (31)
dr

Eliminating &, between Equations (28) and (29), we have

(s _orod jg +2I—Q(2§2 L j @ (32)
dr s r dr
Rearranging the terms in this equation, we obtain
I:S B :|§r dP 2mQ 2ma o (33)
dr sr
where
dQ »_2Qd
2rQQ—+4Q reQ 34
*(r)= dr ’ r dr( ) G

is the Rayleigh discriminant. Similarly, we also get

d& & 2mQ m? k?
=+ = + — |P. 35
dar r rs g r’s? . dp (35)

Due to the fluid is confined between two coaxial cylinders of radii I, and T,,
we must require that the radial components of the velocity vanish for these val-

ues of r. Thus, we consider the Equations (33) and (35) with the boundary con-

ditions
ér |r:r1 r =0,
36
(d_P 2mQ P) _o. (36)
dr  sr —_—

3. Linear Stability for Axisymmetric Perturbations

In this section, we shall prove Theorem 1.1, the results for the axisymmetric
perturbation case. Namely in (17), we take m=0 (which implies
S=—-o+MQ =-® ), then Equations (33) and (35) read as

dP
Z_d(r = 37
(@ =o(n)é = (37)
2
di+i: k B P. (38)
arr 2 _0Op
dz
Eliminating Pbetween these equations, we obtain
ot - (DD.-K*)¢& =—k* cp(r)—d—ﬁ & (39)
dz ' dz )™
. 2 dﬁ
Write M=o —-——, we get
dz
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M(DD. -k*)¢, =—k2(q>(r)—‘3—’j)§, (40)

where we used the notations

D =d/dr and D, =d/dr +1/r.

Equation (40) together with the boundary conditions (36) constitute a cha-
racteristic value problem in terms of M. Now let’s prove the Theorem 1.1.

We shall first show that the principle of the exchange of stabilities is invalid.

3.1. Exchange of Stability Is Invalid

Proof. Testing Equation (40) by r& (where & is the conjugate function of

&), we obtain
M| DD*g,(rgj)dr—Mj:k?gr(rgj)dr:-kﬁf(cp( ‘é’z’jg (r&’)dr (a1)
Integrating by parts, from the left hand of side, we get
M[?DD.&, (g7 )dr = M[ K2, (v )dr
- M D, (1%,)
— M (|p.

Similarly, from the right hand side of the Equation (41) we get

[ (on-La (i) =] ol -Lrigf o @

So we have
2R d,E 2
. k .[rl r[(b(r)—dz)|§r| dr

JEr(pef vkl ar

From (44), we conclude that the real and the imaginary parts must vanish

ool DED(E o [ o e
k(g [ )ar.

(44)

separately. Noting that &, ®(r) and Z—p are all real, we get
z

im(M) =0. (45)
Recalling that M = o® —(;—’5 , then (45) implies that @ be a real number or
z

pure imaginary number. Let w=a+bi then a-b=0.
Now we prove the exchange of stability is invalid by using the proof of con-
tradiction. Let b =0, by using (44), then

2" _dj 2

) k Irl r((b(r) dzj|z§r| dr+d_/3
r 2 2 2 dZ’
I\ r( Pk )dr

Since the Equation (46) holds for k € N, we conclude that a # 0, which im-

k eN. (46)

plies the principle of exchange the stability is invalid.
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3.2. The Critical Value of ((jj—p at the Marginal State

z

The marginal state illustrates that the transition from stability to instability. In

the following, we present the critical value for the (:j—p at the marginal state.
z

The equations governing the marginal state as (by setting @=0)

dP
—O(r)E =—,
(e dr
2 47
k_P. (47)
_dp
dz

D., =

1
Eliminating Pbetween these equations, and denoting R = Tk we obtain
dz

{DD*; =-k*RO(r)¢,, )

é:r |r:r1,r2 =0.

We shall show that the critical value for Rin (48) is a minimum for a variation

problem. By testing r¢&, to the Equation (48), we get
r r, 2
J, D& (v, )dr =—[ *K*Ro>(r)r|& [ dr. (49)
Integration by parts we have

[, DD.&, (ré )dr =D.g, (vé,)

I
—["r
n

From (49) and (50) we obtain

Jor
B kzj:cb(r)r|§,|2 dr

In (51), the characteristic value of R

r=n,r, _J-rl D*érD(rér)dr
D.& [ dr.

D*é:r |2 dr |

1
I,

(51)

min Will be a minimumin terms of the
characteristic functions of a variation problem. To verify this fact, we denote
OR Dbe the variation in Rwhen ¢, is subjected to a small variation o6&, which
is also compatible with the boundary conditions on &, .

According to the Equation (51), we obtain
1 I 1
5R=I— 5|l—l—5|2 =I—(5|1—R5|2), (52)

2 2 2

where

d{m (d 1 d 1
5'1 :E(Iﬁ r(a+?](§r +€5§r)(a+Fj(§r +8§§r )j .

r d 1 d 1 d 1 d 1
= Jﬁ r[[a&i +;5§r](d—r«; +;§rj+[agﬁ +;§J[a§; +;6¢ﬂdr (53)

rn d 1
=2|"r| —8E +=6E |(D.E )dr,
ﬁ [dr 5+ g:j( &)
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and

d 7] P
51, :E(Iﬁ (1) (& +205 (& +205 )dr )| =2[ o (r)razé . (54

=0

Integrations by parts, we further get

o1, =2(roD.&, ) -2 [*DD.&, (roz, )dr =—2[* DD., (o, )dr.  (55)

Thus

5R:—%j: ro&, [ DD.&, +K*Rd(r)& |dr. (56)

From (56), it follows that 6R=0 if and only if DD.& +k2R<D(r)<fr =0,

which comes from the Equation (48).

3.3. The Linear Stability for Axsymmetric Perturbation

Proof. Recalling (45), for simplicity we write Re(M)= M. Next, we rewrite
Equation (41) as
Mll—kzlz+3—pkzl3=0, (57)
z

with

r d 1
Il :-[rl r[(m"ergr

I, = jrrz rCD(r)|§r|2 dr, (58)

I, = _[: rl& [ dr.

2
+k2|§,|z}dr,

From (57), we get

dp
— KL, — KA,
Moz P % dz * (59)
dz I

To keep the linearized system stable, the necessary and sufficient condition is
that @ be real. That is to say,

ke, - %Py,

2 2 dz % dp
0 =—*——+-">0. (60)

I dz

It is equivalent to study
dp dp

k?l, ——=Kk?l, +—=1,>0. 61
2odz 0 dz ? (6D

Recalling (58), the inequality (61) is equivalent to the following one:

dp ¢
gfﬁ r

D.& ["dr +-[: k?r&(r)dr > 0. (62)

From (62), we get
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Case 1. i—p: 0. In this case, the equilibrium state p is a constant. From
z

the Equation (62), it is sufficient to study
2 2
jrl r|&[ @ (r)dr > 0. (63)

According to the inequality (63), it is apparent that the linearized systems
(33)-(36) are stable when ®(r) is positive, and which is unstable when ®(r)
is negative. And if ®(r) changes sign in the interval (I,r,), Such case is a lo-
cally unstable situation.

This case is also the well-known Rayleigh’s criterion.
Case 2. c;_p > 0. From the Equation (62), we obtain
z
1) If ®(r)>0, the inequality (62) always holds. In this case, the fluid is sta-

ble.
2)If ®(r)<0, we write

jrz r[D.& [ dr /g5

; r 0

Koo == (d—j (64)
[Freto(rydr\ dz

then for the modes k =K., , they all be unstable. For the modes k <k, , they

min ?

are stable. Compare with the results of Rayleigh’s situation (see for example case

1), the condition i—’B >0, which means that cold fluid is under hot fluid, the
z

buoyancy tends to stabilize the fluid although the rotation tends to turn over the
fluid. In this case, the positive temperature gradient effect can stabilize the low

modes, but the rotation effect is the dominant role to cause the instability.

Case 3. ((jj_p < 0. Physically, under this condition, it means that hot fluid un-
z

der the cold fluid.
1) If d)(r) < 0, the fluid must be unstable and convection will occur. In this

case, both the rotation and the buoyancy tend to overturn the flow.
2)If ®(r)>0,when k >k the fluid is stable and when 0<k <k

unstable. Compare with Case 2-2), we conclude that the thermal affects only the

min > it i8

small wave numbers (whatever the stabilize or destabilize the fluid).

4. Non-Axisymmetric Linear Stability Analysis

In this section, we study Theorem 1.2, the non-axisymmetric perturbation situa-
tion.

Proof. We consider non-axisymmetric perturbations, namely, m= 0. Noting
that S=-w+mQ, we shall analyze the following cases.

Case 1. s’ =0. In this case, it is equivalent to

{(a+mQ)b =0,

65
(a+mQ)2—b2=0. (65)

From which, we conclude that b=0, When b=0. In this situation, the
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perturbation is stable. Actually, from (26)-(31), this case means the trivial case
u =u,=u,=0.

Case 2. s° = ((jjj # 0 . In this case, it is equivalent to

(a+mQ)b=0,

(a+mQ)° —b? :(i—f. (©®
If dp >0, then recalling (4.2); we get b =0 which implies the stable situa-

dz

tion. When ((jj_p <0, then recalling (4.2) we conclude that b =0, which means
z

unstable case.
Under this situation, by using (26)-(31) again, we conclude that

O(r)= z—p(z) or ®(r)= z—p(z) = const . In the first case, it is corresponding
zZ zZ
to the trivial case U, =U, =U, =0. For the second case, then

o(r)= p(z) const >0 it is stable and ®(r)= p(z)_const<0 is unsta-

ble. In this situation, both the rotation and the thermal convection play the sta-
bilization or destabilize role simutanously.

Case 3. SZ;t(:j—p and s° #0. In this case, we write
zZ
m? k?
C(r)=——s+———. 67
( ) rZSZ 2 dp ( )
dz
Since m = 0, which implies that C (r) # 0. From (35), we obtain
1 d 2mQ
P= —(ré ) ————ré&, |, 68
rC(r){dr( &) rs g’} (68)

and

dP d 1 d dl 2mQ 2mQ d
a:a{ma“fﬁHJ[mréj Crysar e ﬁ' ()

Substitute Equations (68) and (69) into Equation (33) and eliminat P, we obtain

d| 1 d[ 2mQ 4m’Q?
e 1)l e o) et o
:w(ré)_

By testing —r& (the conjugate function of —ré ) to Equation (70), we ob-

n d 1 * nd 2mQ
K dr{rc( r)dr ar” §r)}(r§,)dr dr{f “C(r J| afar (71)

rn, 4m*Q)?
e

tain

r§| dr j %(r)hgrfdr.
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Integrating by parts and using the boundary condition, we estimate the first
term of (71) as

T e e

1 d * n 1
:_(rc(r)gr(’z’J +Iﬁ rC(r)dr ( /’:’) ( /’:’) (72)
p] 1 d 2
:J‘rl rC(r)E(ré) dr.

Similarly, there also holds

nd 2mQ
-[r:dr(rzc J' lhar

_[_2mQ e 4mQ d
[ | §| ] jﬁ rZC(r)s| éi'dr'”’grldr (73)
r=n.r
r 4mQ
e i

Combining (71)-(73), we get

r 2mQ n®(r)-s?
ol a2 - (2 s e o

Noting that $=(a+mQ)+bi and 32=[(a+mQ)2—b2}+2(a+mQ)bi,we

get
m? k?
C(r)_ 1252 + z_dj
dz
m? [(a+mQ)2—b2J—2(a+mQ)bi
re [(a+ mQ)2 —bz]z +4(a+ mQ)2 b? (75)
[(a+m§2)2 —h? —dﬁ}—z(a+mQ)bi
+k? oz
—2
{(a+ mQ)2 —b? —Z’ﬂ +4(a+ mQ)2 b?
=A-Bi
where
2 dp
N mz[(a+mQ)2—b2} . kz[(a“LmQ) _bz_dz}

?[(a+m) b7 [ +a(armo) b? [(a+mg)z_bz_jﬂh(amgybz o
7

2m* (a+mQ)b 2k? (a+mQ)b

+ .
2 2 2 —"2
rZ[(aerQ) _bz] +4(a+mQ) b* [(a+mQ)z—b2—(XZ)} +4(a+mQ)’b?

Substitute Equation (75) into Equation (74), we obtain
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2

()

jrz A+Bi | d(ré) 2mQ

rlr(A2+BZ) dr _r(a+mQ+bi) 77)

_J.rz (Ib(r)—(a+mQ)2 +b* —2(a+mQ)bi
n r

|r §r| dr.

The real and the imaginary parts must be considered separately. From (77) we

obtain
r A |d(r§r)|2 o 2mQ[ A(a+mQ)+Bb |
i r(A2+BZ)| dr | " rz(A2+Bz)[(a+mQ)2+b2

ﬁ(raf

Ala+mQL —b?)+2B(a+mQ)b
( [ ] ) ( ) |r§r|2 dr (78)

+ J'; (4m*Q?

re (A2 + BZ)[(aJr mQ)’ —bZT +4(a+mQ)’ b2

b @ (r)—(a+mQ) +b?
=jr1 (r) (j; ) + Ir&|*dr.

and

J-rz B |d(r§r)2d

“r(A?+B?)| dr |

r+j,2 2mQ[ Ab—(a+mQ)B | i(rfr)z

Tt (A BZ)|:(a+ mQ)’ +b2} dr

2A(a+mQ)b- B[(a+ mQ)2 _sz

(% (4202 réffdr (79)
Irl( )rg(AerBz)[(aerQ)z—b2T+4(a+mQ)2b2| |

_ 2(a+mQ Ire [ dr.

n

It is obvious that b=0 (thatis S e R) is the necessary and sufficient condi-
tion for linearized stable to system (33)-(35).
At the beginning, we assume that se R . Testing the Equation (33) by r&,

we obtain
Jiolst ()]l = [ rer o [ v Z e
=(r§:P)r:m— rZPd(rgj) j (5 Zm—Qde r (80)

:_rl [ (re’)- ngcfr}dr.

From (35), by taking the complex conjugate, we have

d/ .\ 2mQ . m? k? .
E( ér)__égr = r2s? + , dp P (81)
Cdz
Substitute (81) into (80), we obtain
r m2 k2 )
Irl r( )|§| dl‘— Iq W"rsz_—dj r|P| dl‘, (82)
dz
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from which we get

Jo rl(@=s)e ~(m*P*)/(r*s?) Jor

k? =
.[rz er/(s2 —dpjdr
il dz
o 1 (dP 2mQ ¥ m?p? (83)
[ o s P| +—5 5 |rdr
1| s* -\ dr sr res

Jrz rPZ/(S2 —d"_)jdr
n dz

In the last step above, we use the Equation (33).
Noting that k? >0, and write

1 (dP 2mQ_Y m?P?
,=—[" —+ P| + rdr, 84
' IﬁLZ—cD(dr sr j rzsz} (84)
and

[} er
I, = —dr, 85
.=, & (85)

dz

we have the following results:

1) (:j—p<sz. From the Equation (85), we obtain 1, >0. When ®(r)<s?
z

then I, <0, combining with 1, >0, we obtain k? <0. Therefore the assump-

tion SeR is not true. In other words, s must be complex, which means that
the system is unstable.

2) Z_p > (~w+mQ)’ =s?. From the Equation (85), we obtain |, <0. When
z

(r)< s’ then I, <0, combining with 1, <0, we obtain k? > 0. Therefore

k? >0 isequivalentto seR.In this situation, the system is linear stable.
Moreover, we also give a necessary condition for the linear stable. To do this,

let b=0, we get
2 k2
C(r)=- m -+ T (86)
r*(a+mQ) (a+mQ) 4

From the Equations (78)-(79) and (74), we get the following necessary condi-

tion for the linear stable:

3) When @(r)> s* >0, namely O (r)> (a+mQ)2 >0. From the Equation

(74), we know that i—p must satisfy ((jj_p <(a+ mQ)2 =s? or
z z

_Krtem®

dp  K’r>+m?
L g,

QZ
dz m? mo) m

4) When (D(r)<52, namely CD(r)<(a+mQ)2. From the Equation (74),

] dp Kir?+m’
C(ij_p must satisfy (a+mQ)2<—p<—2
z

Q).
i - (a+mQ)
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5. Further Discussion on the Axisymmetric Perturbations
Case

dp(z)

in the stabilize or destabilize the flow

To study the role of ®(r) and
in a more obvious way, in this section, we shall present some simulation by tak-
dp(z)

ing ®(r) and 4 with some special value. Moreover, for simplicity, we

constrain for the case with axisymmetric perturbations on the domain
n<r<2n and 0<z<n.In this case, we get the system as

0,p+u,0,p =0, (87-1)

0,U, —ZV?UH +0,P=0, (87-2)

atu6+(i—v+!)urzo, n<r<2n,0<z<m, (87-3)
r r

o,u, +0,P = p, (87-4)

0., +2 5.0 =0, (87-5)
r

We first rewrite the linearized system (87) in a scalar equation.
Applying 0, and 0, to the Equations (87-2) and (87-4) respectively, elimi-

nating P, we get

0, (0,u, —0,u,)+2Q0,u, =0, p. (88)
Similarly, from (87-1) and (87-3), we obtain

0, (0,p—290,u,)+0,p0,u, —P(r)o,u, =0, (89)

dv(r) V(r
where ®(r)= ZQ(#+QJ is the Rayleigh discriminant. Combine the

r r

Equations (88) and (89), we have

dy (0,u, —0,u, ) =®(r)d,u, —0,p0,U,. (90)

By using the incompressible conditions (87-5), as to the axisymmetric case, we

write

ru =0,y and ru,=—0,y, n<r<2m,0<z<m, (91)

with ¥ (t,r,z) be a scalar function and satisfying

=0, oyl

=0. (92)

z=0,7 -

oy

r=n,2n

Then we analyze the Equations (90)-(91), we get

Oy (ar,y/ +5zzl//—%5rl//j+q)(l’)5zzl//+(’3Zﬁ(6”l//—%arl//j =0, n<r<2n,0<z<m, (93

-0, o], =0. (93-2)

z=0,m

azl// r=m2n
Let w(t,r,z)=y,(t)»,(r)7;(z), next by using the boundary condition
(93-2), we take y, (r) = Zko a, sin (kor) and y, (Z) = zk b, sin (kz) . From (93),

we take
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Co (Ko, K, 1) (t)

2 1,2\ ci _ky ©4)
J{(k d)(r)+azpk0)S|n(k0r)+aszcos(kOr)}%(t):0,

where
Cy (koo ko) = (kS +k2)sin(kor)+k—r°cos(kor).

Case 1. C,(ky k,r)=0. From Equation (94), to find a non-trivial solution,

we have

(k2®(r)+az,5k§ )sin (kor)+az,5(z)kT°cos(kor) =0. (95)

From which, we get ®(r)=9,p =4, with A be a uniform constant.
Write T'(t,r,z)=0,y +0,v —%6,1// , combing (93), we conclude that:
e When ®(r)=p'(z)=41>0, the general solution can be written as
r=r(orz):| Ae™+ A |, (96)

with A, and A be constants. In this case, it is unstable for any non-trivial
perturbation.
e When cI)(r) = /3’(2) =1<0, the solution is

r(trz)=0(0,r, z)-[Blcos(Ht)+ stin(\/jt)] (97)

with B, and B, be constants. In this case, the linearized system is stable.
Case 2. C; #0. From the Equation (94), we get

(kzcb(r)+6z,5k§)sin(kor)+az/3k70cos(kor)

0 t t)=0. 98
ttl/ll( )+ Co(ko,k,l’) l/’l( ) ( )
Write
(k2®(r)+6zﬁk02)sin(kor)+azﬁk—°cos(kor)
A=— r (99)
Cy (Ko, KoT)
To simplify this equation, we get
k2D (r)+p'(2)kZ)r +k,p'(z)ctan (k,r
(Ko @)k @)

(kg +k)r+m-ctan (k,r)

It is obviously, the flow will be stable with A <0 and is unstable when
A >0. In the following, we shall present some numerical simulation by taking
®(r), p'(z),and the wave number k;, kwith some special value.

e First, in Figure 2 and Figure 3, we take CD(I‘) =-1, E'(Z) =-2 and
(D(I’) =-2, ,5'(2) =—-1 respectively, In the graph, we also see that the ordi-
nate values are all greater than zero on the interval. which are unstable cases.

e The next, in Figure 4 and Figure 5, we take ®(r)=1, p'(z)=-1 and
<D(r) =-1, ﬁ'(z) =1 respectively, In that graph, we see that the ordinate

values are less than zero on the interval. which are unstable cases also. In
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Figure 4, the instability comes from the thermal convection, more precisely,
the higher frequency m with the variable z is more sensible. In Figure 5, the
instability comes from the rotation. In this case, the higher frequency & with
the variable r is more sensible, which implies the thermal buoyancy
smoothed the lower frequency & with the variable r.

Remark 5.1 The effect from the boundary. During the numerical simulation
above, whatever the sign for both ® and p'(z), there is rapid oscillation near
r=2n. Since ctan(r) —»>oo as r— 2n, we guess this oscillation is from the
function ctan(r) at the beginning. However, from the results of numerical si-
mulation, the oscillation is more likely an effect from the boundary. To clarity
the situation, we shall take the following simulations:

19
e In Figure 6, we do the simulation with re {n,ﬁn} , oscillation vanished.

199
Subsequently, In Figure 7, we do the simulation with I e {n,mn} , oscilla-

tion appeared. Apparently, there are some extra influence from the boundary

. . 19 199
in the interval re| —mn,—m |.
10 100

— kL=l
——k,=10,k=1
3t
—ko=1,k=‘10
(
1
2 ]
P i o ISV RN WY M O J
wn -~
o
E 1 \
< 1
| |
o |
BEE
) -
3 35 4 45 5 5.5 6 6.5
) )
Figure 2. ®=-1,p'=-2.
5¢
— k=Ll
5 ——k=10k=1
—k,=1k=10)
il |
3 |
E ‘
<
&a

Figure 3. ®=-2,p'=-1.
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Figure 4. ®=1p"=-1.
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— k~10k=1
4 k=110
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21
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Figure 5. ®=-1p'=1.
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Figure 6. ®=2,p'=1,n< rs%n.
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6. Conclusion

In this paper, we analyze the stability and instability criteria for the coupled
thermal effects of fluids between coaxial rotating cylinders. The perturbation
equation is analyzed by normal-modes method. We extend Rayleigh stability
criterion by the analysis of axisymmetric perturbation in some cases, and we also
analyze the case of non-axisymmetric perturbation, the results are presented in
Theorem 1 and Theorem 2. Finally, through numerical simulation experiments,
the results obtained by our experiments are consistent with the results obtained
by our analysis on the specific cases of axisymmetric perturbations under certain
given special values. For the fluid instability near the cylinder boundary, we also

found some new problems waiting for us to further deal with.
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