/
oo Resmurch
0... Publishing

Advances in Pure Mathematics, 2021, 11, 121-137
https://www.scirp.org/journal/apm

ISSN Online: 2160-0384

ISSN Print: 2160-0368

Perturbation Analysis for the Matrix-Scaled
Total Least Squares Problem

Qun Wang, Longyan Li, Pingping Zhang

School of Science, Chongqing University of Posts and Telecommunications, Chongqing, China
Email: wq2925462072@126.com, 2357028130@qq.com, zhangpp@cqupt.edu.cn

How to cite this paper: Wang, Q., Li, L.Y.
and Zhang, P.P. (2021) Perturbation Analy-
sis for the Matrix-Scaled Total Least Squares
Problem. Advances in Pure Mathematics,
11, 121-137.
https://doi.org/10.4236/apm.2021.112008

Received: December 13, 2020
Accepted: February 5, 2021
Published: February 8, 2021

Copyright © 2021 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In this paper, we extend matrix scaled total least squares (MSTLS) problem
with a single right-hand side to the case of multiple right-hand sides. Firstly,
under some mild conditions, this paper gives an explicit expression of the
minimum norm solution of MSTLS problem with multiple right-hand sides.
Then, we present the Kronecker-product-based formulae for the normwise,
mixed and componentwise condition numbers of the MSTLS problem. For
easy estimation, we also exhibit Kronecker-product-free upper bounds for
these condition numbers. All these results can reduce to those of the total
least squares (TLS) problem which were given by Zheng et a/ Finally, two
numerical experiments are performed to illustrate our results.
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1. Introduction

Consider the overdetermined linear system Ax~b, where 4eR™" and

b eR™, and the total least squares (TLS) problem can be formulated as (see [1])
ng}}l”[E /],.» subject to (4+E)x=b+f. 1)

However, in many linear parameter estimation problems, the error of data
matrix A on the left side of the approximate system may be scaled. In order to
maximize the accuracy of the estimated parameters x, the case where the scaling
factor is used to weight some columns of error matrix in data matrix A is natu-
rally considered when estimating parameters x using the TLS approach. From
the point of view, Liu, Wei and Chen [2] proposed the concept of the ma-
trix-scaled total least squares (MSTLS) problem with single right-hand side in
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2019. Inspired by [3], Liu, Wei and Chen [2] transformed the MSTLS problem
with single right-hand side into the weighted TLS (WTLS) problem.
As a continuation of their work, we extend the MSTLS problem with single

right-hand side to multiple right-hand sides as follows.
r}rgli}l")/El E, F|,., subjectto (4 +yE )X, +(4,+E,)X,=B+F, (2)

F°

where X =[X, X,]eR™ , 4eR™ , 4 ecR™ , n+n=n and
BeR"™ (m=n+d).

When d =1, our model (2) degenerates to the single right-hand case.

The condition number is a measure of the sensitivity of the solution to input
data perturbation. Therefore, condition numbers play an important role in nu-
merical analysis. Many scholars have studied the TLS problem with multiple
right-hand sides: [4] [5] [6] [7] [8] studied the sufficient conditions or/and ne-
cessary conditions for its solvability. When the TLS problem is solvable, Huang,
Yan and Yu discussed the solution set and minimal norm solution of the TLS
problem, see [4] [9]. Recently, based on singular value decomposition (SVD) of
augmented matrix, many scholars have discussed the solution set and minimal
norm solution of the TLS problem. In [10], Hnétynkova et al proposed the TLS
problem with multiple right-hand sides, and gave the conditions for the exis-
tence and expression of the solutions. In [11], Hnétynkova et al extended the
concept of the core problem of the TLS problem with single right-hand side
proposed by Paige and Strako$ in [12] to the TLS problem with multiple
right-hand sides. The perturbation analysis of the solution of the TLS problem
with multiple right-hand sides can be found in references [7] [8] [13] [14] [15].
Zheng, Meng and Wei gave the exact expressions and their upper bounds of
normwise, mixed and componentwise condition numbers of TLS problem with
multiple right-hand sides in [16] [17]. These results extend the condition num-
ber theory of TLS problem with single right-hand side. In addition, by making
use of the perturbation results in the above references, Liu e al [18] [19] derived
closed formulae for condition numbers of the total least squares problem with
linear equality constraint problem.

As far as we know, the perturbation analysis of the MSTLS problem has not
been systematically performed in literature. In this paper, we consider the per-
turbation analysis of the MSTLS problem (2). The relative normwise condition
number, the mixed condition number and the componentwise condition num-
ber are derived. Our analysis can be seen as a unified treatment of the mentioned
approaches in [3] and [16].

Throughout this paper, for given positive integers m and n, we denote by R™"

the space of all mxn real matrices, and I, stands for the identity matrix of order

o |{,> |, and |||, denote the 2-norm, ee-norm, and Frobenius norm of
their arguments, respectively. Given a matrix X :(xy.)eRmX" , ||X s X
X" and o,(X) denote the “max” norm given by |X]| =I1’I_1’E]1_X|xl.j , the

transpose, the Moore-Penrose inverse and the i-th largest singular value of X,
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respectively. |.X| is the absolute value of the matrix X, whose entries are |x[j|.

MXn Y . . . . . .
Moreover, for Y = ( Vi ), 7= (Zij ) e R™", E is an entry-wise division; that is,

Y
E:( Vi /Zij)’ or Y./Z in Matlab notation. Here, &0 is interpreted as zero if

£=0 and o otherwise. For matrices 4=[q an]=(al.j.)eR”’X” ,

vec(A) = [alT a’ ]T eR™' and A®B= [%—BJ denotes the Kronecker

product of A and any matrix B. Let IT, =>">" E ®E; , where

m,n) i=l1
E; e R™" hasan entry 1 in position (i, /) and all other entries are zeros.

The organization of this paper is as follows. In Section 2, we present some ne-
cessary preliminaries, including the explicit expression for minimum Wy’2 -norm
MSTLS solution under some mild conditions and some important lemmas. In
Section 3, we derive the normwise, mixed and componentwise condition numbers
and their computable upper bounds of the MSTLS solution. All these results can
reduce to those of the TLS problem which were given in [16]. Two numerical ex-
amples are tested in Section 4 to demonstrate the tightness of the derived upper
bounds. Some concluding remarks are given in Section 5. In the appendix, we
present a power method for calculating the normwise condition number of the

MSTLS solution X,,gr; ¢ similar to the one in [20].

2. Preliminaries

In this section, we give an explicit expression for the minimum W;Z -norm so-
lution of the MSTLS problem with multiple right-hand sides (2) under some
mild conditions.

Along the similar lines as in [2] [3], we can see that (2) is equivalent to the
following WTLS model:

min|[£, E, F]|,. subject to[(r4,4)+(E.E)]W,'X=B+F, (3)

yL, 0
where W, = . Let
r 0 In2

_ w0
A, =[4 B]W, with W, = ,

and the SVD of Ay be

> 0 ||pyT
A =Uuzvt=[u U] L, 4
4 [ 1 2]|:0 22:||:I/2T:| ()

V.
where U, eR™”, U, eR™" 7, y, = | RO+
d|Vy

Vi
Vz _ n vy eR(:Hd)x(er*p)’ ZI Zdiag(O'],O'z,"',O' )ERpXP and
d\Vy, !

T, = diag(a ) e RUmPXed=r)

p+l° O-p+2 PR O-n+d
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The following theorem gives the minimum ¥, -norm solution of (2).
Theorem 2.1 Let the SVD of A, be given as in (4). If

p<n, o,>0,, and rank(V,,)=d, (5)
then the MSTLS problem with multiple right-hand sides (2) has the minimum
Wy’2 -norm solution:

Xysris = _WyVnV;z’ (6)

where the weighted Wy’2 -norm Iis defined by ||X ||W,2 =, ltrace(X ' Wy’zX ) .
s

Proof. By ([8], (2.3)), we can get the minimum Fnorm solution to (3) under
the condition (5):

2

W;IXMSTLS ==V,
which leads to the minimum Wy_2 -norm solution of (2)
Kystis = _W7V12V2+2‘
Therefore, we complete the proof.
In this paper, all discussions are based on the solvability conditions (5). Next

we give some lemmas which will be used in the next analysis.
Lemma 2.1 ([21], Chapt. 2) Let BeR™", CeR”, X e R"™" . Then

(BeC) =8"oC" [Bac],=|5],|c],.
vec(BXC) = (CT ®B)vec(X),
VCC(BT) = H(m’n)vec(B),

M, (C®B)=(BOC)I

(mq)°

If an orthogonal matrix of size 1 is partitioned into a 2x2 block form, some

(p.m)

interesting connections and properties among these four submatrix blocks are

provided in the lemma below.
Ql 1 QIZ

Lemma 2.2 ([16], Lemma 2.1) Let Q ={
Q2l Q22

} be an n-by-n orthogonal

matrix with a2-by-2 partitioning. Then

1) O, has full column (row) rank if and only if Q,, has full row (column)
rank;

2) ||Q]+1 "2 = ”Qsz "2 4 (Q1T1 )T =0 _QIZQ;ZQZI > (QlTl )| Qle = _Q12Q§2 :

Since the MSTLS solution is closely related to the matrix V of right singular
vectors of augmented matrix, the first-order perturbation analysis of V' will play
an important role in next discussions. The next lemma gives the first-order per-
turbation analysis of V.

Lemma 2.3 ([16], Lemma 2.2) Let A, have the SVD in (4) with 0,>0,,
and |E||, be sufficiently small. Define

— (2 T -! T
R=(x®1,, ,-1,®(2%,)) [1,03 %,©1,,,]
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neu,
5=l (" eu)
(p.n+d—p) 2 1

Then the matrix V = [171 I%J of right singular vectors of ;17 =4,+E sa-

tisties
V=7, +V2P)(I+PTP)% . Vy=(r,-nP")(1+ PP )’% ,
where PR s given by
vee(P) = RSvee(E)+O(|E]})-
Moreover, if V,, has full row (column) rank, then V,, has full row (column)
rank.

3. Condition Numbers of XmstLs

Let A :[;11 ;12] =A+A4 and B=B+AB, where A4 =[A4, A4,] and
AB are the perturbations of the input data A and B, respectively.
Consider the perturbed MSTLS problem with multiple right-hand sides

rgu}l”(}/El E, F)"F,subjectto(;ll+7/E1)X1+(;12+E2)X2:l§’+F. (7)

Similarly, (7) is also treated as a perturbed WTLS problem. Let ;ly = [;1 B] VI_/y ,
and the SVD of .Zy be

A =057 [0, @ﬂ% ;H
2

where U, ¥ and ¥V are partitioned asin U, ¥ and Vin (4), respectively.
When the norm ”[AA AB]"F of the perturbations is sufficiently small, then
perturbation analysis of singular values can ensure that the perturbed MSTLS

(8)

problem with multiple right-hand sides (7) has the minimum W;z -norm solu-

tion:
Xysris = _W;/I/IZI/;Z‘ 9)

Let AX = Xyes — Xusis - Now we introduce definitions of the normwise,
mixed and componentwise condition numbers for X,,i;, s as follows.

Definition 3.1 The absolute normwise condition number for X,y s Is de-
fined by

Kstis (XMSTLS’ A ) =lim  lim ”AX”F ) (10)
7 ), Jaa |
r
the relative normwise condition number for X, s Is defined by
|ax]
Kyistes (Xusris» 4, ) = lim —, (11)
( 7) g L I T g”XMSTLS”F
the mixed condition number for X, s Is defined by
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mix b ||AX
KmsTis (XMSTLS’A )5: lm% sup ”X—max’ (12)
E20aam, |<elaw,| € || X msTLs
\

|AB]

<¢
max

<&
and the componentwise condition number for X, s Is defined by

AX

com o
KwsTus (XMSTLS7 4, ) = 113(}‘ sup ‘; (13)
AAW, |<e|4
7

\AB

Xystis max

<¢|B

Definition 3.1 only provides general descriptions of the various condition
numbers. It is usually hard to give their exact computable formulae. However, if
Xysrs 18 a differentiable function with respect to the data, the condition num-
bers defined in Definition 3.1 can be exactly expressed in derivatives. We start
from the differentiability of X qps-

Let the SVD of the matrices A, be given as in (4). To derive the exact for-
mulae of the condition numbers of X1
¢:R"™) SR by

= —WyVlez’;, we define the mapping

#(c) = vee(Xysrs )

where C=VCC<Ay). It follows from Lemma 2.3 that ¢ is continuous in a
neighborhood of ¢ Using the definitions of the condition numbers of the map-
ping ¢ at a fixed point ¢ [22] [23] [24], and following [23] [24] [25], if ¢ is

Fréchet differentiable in a neighborhood of ¢, we have

Kf/?ssTLs (XMSTLS’A ) Kf\l/l[)ssns ¢,c) = ||¢'(C)||2 ) (14)
¢,
KI:?STLS (XMSTLS’A}/) K;ZISTLS (¢ C) " ||¢C( " |:| " (15)
) . ¢'
KMSTLS (XMSTLS’ A}/ ) = KysTLs (¢,c) ||| "¢ H"c'" (16)
Kustis (XMSTLS7A}/) KMSTLS (¢ C) ‘ |¢|¢ |||C| (17)

where ¢'(c) denotes the Fréchet derivative of ¢ at point c.

Before deriving the explicit expression for condition numbers, we give a useful
lemma which proves that ¢ is Fréchet differentiable in a neighborhood of
c= Vec(Ay) and gives the explicit expression for ¢'(c).

Lemma 3.1 Under conditions (5), the mapping ¢ defined above is conti-
nuous and Fréchet differentiable at ¢ = vec (Ay ) . Moreover, its Fréchet deriva-

tive has the expression

¢'(c)=(H,+H,)RS (18)
in which R and S are defined as in Lemma 2.3, and
1 2\T t
H, :((szVsz) V21)®(VVyI/12FV22)7 H, :((sz) ®Wy(Vll) )H(n+(/—p,p)

with F, =1-V3V,,.
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Proof. We only prove the second statement since the first part is trivial. Ac-

cording to Lemma 2.3, it follows that there exists a proper matrix P such that
Y R A Ay (P )
Since ¥,, has full row rank by Lemma 2.3, we have
)N(MSTLS = _WyVlQI}ZTQ = _VV;/I;QI;; (17221;22 )71
=, (Vy =V P")(1+ PP (Vy Vo P
x ((sz VP )(1+PP") (V- VP ) )71 .
Using Lemma 2.2 and only retaining the first-order terms give
Rrsris = Xussris + W Voa (1=Vi ) PV (Vb))
W, (V=1 ) P+ O as )
= Xysris + WyVleVnPVle (szVzg )71
+, (51) Prs s )
which together with Lemma 2.1 and Lemma 2.3 leads to
¢(Vec(;17 ))—¢(V60(Ay ))
=vee <)~(MSTLS — Xyistis )

(BB NALIEES

() @, (17) 1y Jrec(P)+ 024 )
= (H, + Hy) R vee(ad, )+ O |4 [ ).
Consequently, the Fréchet derivative of ¢ at ¢ = [aT b" T is given by
¢'(c)=(H,+H,)RS,

which gives the desired result.

3.1. Normwise Condition Numbers

Next, we present the absolute and relative normwise condition numbers of

XMSTLS *
Theorem 3.1 Let R be defined as in Lemma 2.3, and H,,H, be defined as in

Lemma 3.1. Under conditions (5), we have

KI?/IIJ;TLS = ||(H1 +H, )R”z ) (19)

rel _
MSTLS —

|, +#1,)R], | 4],
"XMSTLS "p .

Proof. By (14), (15), Lemma 3.1 and the fact that SS™ =71

results are easily obtained.

(20)

the desired

n(m+d7n) >
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Remark 3.1 Taking y =1, our results in (19) and (20) reduce to those of the
solution to TLS problem with multiple right-hand sides in ([16], Theorem 3.3),
respectively.

;lx?ssTLs and Kﬁlsms
matrix (H, +H,)R . It should be noted that the Kronecker product enlarges the

size of the matrix when m and n are large, so it impossible to explicitly form and

Computing x reduces to computing the spectral norm of

store the high dimensions matrix. Along the similar lines as in ([26], Algorithm
1), we also adopt the iterative technique based on the power method ([27], p. 289)
to eliminate the influence of the Kronecker product. We include it as an appen-
dix.

In many applications, an upper bound would be sufficient to estimate the
normwise condition number of the MSTLS solution. We next present the upper

abs

bounds for xyes and

rel

wstLs » Which only involve the singular values o,
and o,,, of A4, .Suchbounds are particularly appealing for large-scale MSTLS
problem.

Theorem 3.2 Using the notation above, we have the upper bounds for the
absolute and relative normwise condition numbers of X,q; ¢ as follows:

s < (1 sl )||w|| i ”1 g 21)
Oy =0ps

Kmstis S KmstLs»

and

Kll;/(;]STLS s (1 + "XMSTLS " ) "XMSTLS " = KvsTLs > (22)

0' + 0 o

|, ¥ ;
O-p+1
where o, and o,,, aresingularvaluesof A,.

Proof. According to Lemma 2.1 and Theorem 3.1, we use the CS decomposition
([28], Theorem 2.6.3) and the property of 2-norm to follow a path similar to the
proofin ([16], Theorem 3.6), the corresponding results can be proved.

Remark 3.2 Taking y =1, our result (21) reduces to that of the TLS problem

with multiple right-hand sides in ([16], Theorem 3.6).
T

Note that V,, e R""” and V,, = v 22” when d =1, and we can get the
22

following corollary about the normwise condition numbers and their upper
bounds for the MSTLS problem with single right-hand side by Theorems 3.1 and
3.2.

Corollary 3.1 Consider the MSTLS problem with single-hand side, if
o,>0,, and V,, #0, we have

1

abs _
K MSTLS —

: (Vn®(Vnzz+szz)+(%K1+xV21)®V22)RH2

(23)
<1 ], e -
p+

MSTLS 4

and
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(v @7 1rs 570 ) (W17, 4 020 )@ 0 )R] 4],
Vel Il

+ +
(ool L
pt+

Kmstis =
(24)

—ml
MSTLS >

where x Is the minimum Wy2 -norm solution of the MSTLS problem with single
right-hand side.

Remark 3.3 Taking y =1, our results in (23) reduce to those of the TLS
problem with single right-hand side in ([16], Corollaries 3.4 and 3.8).

3.2. Mixed and Componentwise Condition Numbers

When the data are badly scaled and sparse, normwise condition numbers allow large
relative perturbations on small entries and may give overestimated bounds. Instead
of measuring perturbations by norms, a componentwise condition number is more
suitable because it measures perturbation errors for each component of the input
data [24]. Therefore, the mixed, componentwise condition numbers for the MSTLS
problem are worth studying. In the following theorem, we present the mixed and
componentwise condition numbers of the MSTLS problem.

Theorem 3.3 Using the notation above, we have the mixed and componentwise
condition numbers of the MSTLS solution as follows.

Jrevtvee([jam| 120

mix

K = =, (25)
MSTLS " X, sris N
and
o _[lvlvee([Jm ] 1af]) o6
MSTLS — H vec (XMSTLS) s
where

K=(H+H,)(3 ®1

n+d—p

-1, @(2522))'1 :

N =Ko (SIUT)+

rre(zur)).

Proof. The proof can easily be obtained by (16), (17) and Lemma 3.1, so we
omit it here.

Remark 3.4 Taking y =1, our results in Theorem 3.3 reduce to those of the
TLS problem with multiple right-hand sides in ([16], Theorem 3.11).

The expressions of the condition numbers in Theorem 3.3 involve permutation
n+d7p,p) (Or H(p,nerfp)
products, so it is not easy to use these expressions to calculate the condition num-

matrix 1"[( ) and extensive computation of Kronecker
ber directly, which is impractical for large-scale problem. Similarly, we also give
upper bounds for the mixed and componentwise condition numbers of the

MSTLS problem, respectively.
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Theorem 3.4 Using the notation above, we have the upper bounds for the

mixed and componentwise condition numbers of the MSTLS solution as follows:

AN

() |K" ]+ |

mix

max =K —mlx (27)

MSTLS — MSTLS »
||XMSTLS max
i A . -
T T |yt T T
w, (0) | & | R ()|
com . —com
KMSTLS S X _ KMSTLS’ (28)
MSTLS

max

where K € RU™“™P*? pas the i-th column

b =(0700,-315,) (jS103|[| 4w, [B]]W

+|V2T|[|AWy| |B|] |Ulzl|)e,..

Proof. According to Theorem 3.3 and Lemma 2.1, we have
|KN|vee([|4m,| |8]])

< |K|(|VlT| ®[ziu;|+m |V2T|®|21U1T|))>< vee([|4m,| |5[])

(n+d-p.p) (

=|H, + H,|(2 ®1 I

n+d—-p

i)
xvec(|2;UzT|[|AWy| (|l + | |[|am, | 18] Uz|)vec([|AW| )

() @, () 1 {2 e @ (008 )

-1
< vec( ),

which together with (25), (26) leads to (27) and (28), respectively.
Remark 3.5 Taking y =1, our results in Theorem 3.4 reduce to those of the
TLS problem with multiple right-hand sides in ([16], Theorem 3.12).

O-p+1

vee(R)

W (Vl{ K|+ v Fy | K

Vo (VoaVah )

sz

4. Numerical Experiments

In this section, we present three numerical experiments to illustrate that the
tightness of the upper bound estimates on the absolute normwise, mixed and
componentwise condition numbers of the MSTLS solution and the operability of
Algorithm 1, respectively. All of the following numerical experiments are per-
formed via MATLAB R2014b in a laptop with AMD A10-7300 Radeon R6, 10
Compute Cores 4C + 6G by using double precision. Each figure in the following

tables is the average of 500 experiments.
Example 4.1 Let
— 0
W, = r ,
N | S

and A, be given by its SVD decomposition
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I -1 1

A, =[4 B]W,=Udiag(3,2,11)

N | —

1
1
1 -1 1 1
1 -1 -1 -1
where A,B € R" and U is an arbitrary 4-by-4 orthogonal matrix. This exam-
ple is inspired by ([16], Example 3.7).

We partition the unitary matrix V:

We know o, >0, and rank(V,,)=2=d . Hence the approximate linear
system (2) has the MSTLS solutions and the normwise condition number of its
minimum W,?-norm solution X\, satisfies Table 1, which means that the

—abs

upper bound K5, s can be reached and therefore is optimal.
Example 4.2 Let

AW, =Udiag(10,7,7,3,2,1,0, (4,),0.0005,0.0001,0.00005) " & R***
with UeR™ and VeR'™’ being arbitrary orthogonal matrices and

7/]4 0 50x4
W, = 0 1| We choose B,eR such that B,=AWY +Y, and
6

4, = |:A0Wy Bo]-i- [E F], where Y,, Y,, E and F have entries from the stan-
dard normal distribution such that o, >o,,, and rank(V,,)=4 with p=4.

This example is a modification from [14] and Zheng et al ([16], Example 5.2)
used the similar example to compare the mixed and componentwise condition
numbers with their corresponding upper bounds of the TLS problem with mul-
tiple right-hand sides. Next, we will show the exact condition numbers of
Xysts and its upper bounds when
y=1le+15,le+10,le+5,le—5,1e—10,1e—15, respectively.

We compute the mixed condition number xj;, s, the componentwise con-

com

dition number s Of Xysms and their corresponding upper bounds
Kuers and iywr s with o, (4,)=0.001, 0.01, 0.1 and 1, and report the re-
sults in Table 2, Table 3.

As shown in Table 2 and Table 3, we can see that the upper bounds are at most
two orders of magnitude larger than the corresponding exact condition number.
That is, the upper bounds in Theorem 3.4 can estimate their corresponding condi-
tion numbers well.

Example 4.3 Let A, be given as in Example 4.1. Take y=1le+5, and
o, (4,)=0.0005+(1e—-9), 0.0005+(le—7), 0.0005+(le—4), respectively.

The quantity o, —0,,, measures the distance of our problem to nongenericity,

and we have in exact arithmetic o, -0 ,,,. Then by varying o ,,,, we can generate

p+l

different MSTLS problems, and by considering values of o, (4, ), it is possible
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to study the behavior of the MSTLS condition number in the context of
close-to-nongeneric problems. Firstly, we compare in Table 4 the exact condi-
tion number &5, o given in Theorem 3.1, the upper bound iy, ¢ given in
Theorem 3.2. We also report the condition number computed by Algorithm 1,
denoted by «,, and the corresponding number of power iterations (the algo-
rithm terminates when the difference between two successive values is lower

than 1072).

Table 1. Comparison of condition number xipy,, and its upper bound &im, s with

different » .

7 0.5 1 1.5
K 1.1718 1.4422 1.8617
Ko 1.1736 1.4422 2.8394

Table 2. Comparison of condition number #ju, s and its upper bound iy with

different y .

o,(4,) 0.001 0.01 0.1 1
y=le+15 6.7129e+17  7.6102e+18  1.9920e+17  3.1622¢+18
y=1le+10 42371e+14  8.9770e+12  3.9206e+13 1.0434e+13

y=le+5s 1.5691e+08  2.1368e+08  1.7712e+08  8.8681e+08
s y=le-5 5.2829¢+03 1.5826e+04  1.3489e+03  5.8180e+03
y=1e-10 9.2655e+04  1.2145e+04  1.3753e+03  3.5899e+03

y=le—15 1.2206e+04  8.0902e+03  7.2886e+03  4.2309¢+03

y=le+15 4.1110e+19  6.6307e+19  4.4879e+19  1.2715e+20

y=1e+10 3.7871e+15  4.0999e+14  3.1015e+14  2.6480e+15

i y=le+5 42784e+10  8.8389e+09  3.2535e+09  1.6245e+09
Fusris y=1le-5 1.1334e+05  3.6742e+05  2.4497e+05  4.9073e+05
y=1e—10 1.2192e+06  2.1819e+05  4.9021e+05  7.2344e+05

y=le-15 8.4475e+04  6.7574e+05  6.0260e+05  3.7168e+05

om

Table 3. Comparison of condition number &y, and its upper bound &ygy ¢ with

different p .

o,(4,) 0.001 0.01 0.1 1
y=le+15 1.4087e+18  1.4928e+19  4.0529¢+17  6.8811e+18
y=le+10 1.0018e+15  2.1440e+13  7.9413e+13  2.6345¢+13

y=le+5 3.5060e+08  6.5257e+08  4.1271e+08  1.7704e+08
e y=le-5 1.3046e+04  2.9954e+04  3.5703e+03 1.0531e+04
y=1e-10 1.9387e+04  1.7551e+04  2.4648e+03  9.4511e+03

y=le—-15 1.4245¢+04  1.4636e+04  2.6126e+04  1.1497e+04

y=le+15 4.0154e+20  9.9512e+21  2.9894e+19  1.1469e+20

y=le+10 2.9632¢+15  1.3232e+15  1.2025e+15  9.5760e+15

o y=le+5 2.4263e+10  5.0428e+10  2.2189e+10  2.0530e+10
s y=1le-5 3.4501e+05  1.1939e+06  7.7596e+05  3.2096e+06

y=1e-10 2.3797e+06 3.0595e+05 1.0039e+05 2.7426e+05
y=1le-15 1.1552e+05 3.9220e+06 1.7344e+06 1.0533e+06

DOI: 10.4236/apm.2021.112008

132 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.112008

Q. Wanget al.

Table 4. MSTLS conditioning for several values of o,(4,).

o, (4,) Kiaris Kisns K, #iter
0.0005 + (1e - 9) 2.9662e+04 7.7366e+05 2.9645e+04 4
0.0005 + (1le — 7) 1.3200e+04 5.9384e+05 1.3182e+04 5
0.0005 + (le — 4) 2.3485e+04 8.6505e+06 2.3424e+04 4

From Table 4, we observe that the upper bounds of the condition numbers
are sharp although there may be a factor O (102) between the exact absolute
abs —abs

normwise condition number x5, and its upper bound iy Ssometimes.

. abs
Kk, is always equal or very close to  aj;¢y s -

5. Conclusion

In this paper, we are concerned with the matrix-scaled total least squares
(MSTLS) problem with multiple right-hand sides. To our best knowledge, the
condition numbers of the MSTLS problem have so far not been considered sys-
tematically. Based on this view, we focus on the normwise, mixed and compo-
nentwise condition numbers of the MSTLS problem under some mild conditions,
respectively. Then the tight and computable upper bound estimates are provided.
Numerical examples are given to illustrate the tightness of these bounds. In ad-
dition, large-scale problems are more interesting, we can make efforts on com-
putational issues associated with these problems, possibly with additional struc-
tures (like sparseness) for the defining matrices. This will be a good research di-

rection in the future.
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Appendix A

Denote H =(H,+H,)R . This algorithm involves, however, the computation
of the products of H by a vector feR""™"“2") and H' by a vector
g € R™ . We describe now how to perform the two operations.

Let f=[f1 f] eRUT) with  fieRMY,f R
F, =reshape( f;,m—p,p) and F, =reshape(f,,n+d—p,p). It follows from
Lemma 2.2 that

:
W;/ (VIT) = WyVll _W;/V]ZVZTZVZI = W;/Vll + XyistisVars

which together with Lemma 2.1 and the fact that
WV F, W;/VIZ ([_VZTZVZZ):W}/VIZ + Xystishan gives

V22

- F,
Hf =(H, +H2)(212 ®1,.,,—1, ®(2§22)) l[zp ®3! %,® Id”J{::ngl ﬂ
2

=(H +H,) (2 ®1,,, ,~1,®(1% ))1 vee(S1F + F3, )

(29)
S (EARALTAASE (CIRTAGHN Wy
= oo (W1 + KooV TV (V) '+ (W, 4 XV TV,
where T e R" 7?7 with the /-th column
,=Te, = (01,0, ~21%,) (I +E3,)e,
=(020,,0, 215, ) (S1F, (i) 4 0, F, (1i)).
Similarly, let g eR™ and G =reshape(g,n,d). Then we have
H'g=R" (((Vang) v, )@(WV F,)
T
H((72) @, (7)) vecl()
(1, ®%, | -
s o dz (e1,,,-1,8(zL,)) (30)
L n+d-p |

T -1
Xvec((WyVlz +XMSTLSV22) G(szVzg) Vo +V5G (WyVn +XMSTLSV2]))

[ 1,83, 'Vec(z) _ |:Vec(222)}

I,®1 vee(Z2,)) |

n+d-p |

where Z e R """ \ith the -th column
=10 In+d » -2, 3 VVyVl2+XMSTLSI/22 ' VoV : Vo
-, T ( ) G T
+ VLG (W1, + XygsmusVar ))&
Oidypg-p ~ 404 X 212 T AyvstisV 2 ' 2V K 257
=(67 0y =20%,) (W Vo + Xsishan ) G(VaaVa) Vi (520)
VG (W4, (50) + XysrsPa (7))

Using (29) and (30), we can now write in Algorithm 1 the iteration of the
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power method ([27], p. 289) to compute the absolute and relative normwise

and «™©

s43 abs
condition numbers «; MSTLS

TS of Xysms- In this algorithm we as-

sume Xy s and the SVDof 4, are available.

Algorithm 1 Normwise condition numbers of the MSTLS problem
Select initial vector f = [ fT I 17 € RF™420) with f; € RF™P, f, € RAHD),

Ay = reshape(fi,m — p, p) and By = reshape(f>,n +d — p, p).

forp=1,2,...

-1
G, = (WyVio+ XustisVa) Ty 1 V3 (Vo Vo)

+(W, Vi1 + XwmstLs V21)T;_1 ng, by(29)

where T,_; € R"4=PP with the i-th column
-1
(tp1)i = (0 neap = Z1%a)  (ETA,1 G, ) + 0By ().
A, =227, B, =2Z,3,. by (30)

where Z, € R®"PP with the i-th column

-1 -1
@i = (07 hwap —Z1%s) ((Wyvlz + XustisVa) Gp(Vaa Vi) Var o)
+V5,G! (WyVn G, 0 + XustisVar G, i)))~

v=IlA, B,llr
Ap < JAp
B, < 1B,

end

Ksts = Vi

Krel — \/;”AY"F
MSTLS ™ |IXmstisllz *
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