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Abstract

We consider the problem of inducing withdrawal reflex on a test subject by
exposing the subject’s skin to an electromagnetic beam. Heat-sensitive noci-
ceptors in the skin are activated wherever the temperature is above the activa-
tion temperature. Withdrawal reflex occurs when the activated volume reaches
a threshold. Previously we studied static beams with 3 types of power density
distribution: Gaussian, super-Gaussian, and flat-top. We found that the flap-
top is the best and the Gaussian is the worst in their performance with regard
to 1) minimizing the time to withdrawal reflex, 2) minimizing the energy con-
sumption and 3) minimizing the maximum temperature increase. The less-
than-desirable performance of Gaussian beams is attributed to the uneven
distribution of power density resulting in low energy efficiency: near the beam
center the high power density does not contribute proportionally to increas-
ing the activated volume; outside the beam effective radius the low power
density fails to activate nociceptors. To overcome the drawbacks of Gaussian
beams, in this study, we revolve a Gaussian beam around a fixed point to make
the power density more uniformly distributed. We optimize the performance
over two parameters: the spot size of static beam and the radius of beam rev-
olution. We find that in comparison with a static Gaussian beam, a revolving
Gaussian beam can reduce the energy consumption, and at the same time lower
the maximum temperature.
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1. Introduction

Common applications of radiofrequency (RF) radiation such as laser surgery and
cancer hyperthermia lead to personnel exposure to electromagnetic energy [1].
Due to the shallow penetration depth of RF radiation in biological tissues, the
energy and, therefore, heat associated with the electromagnetic wave is deposited
in tissues near the surface of skin. We consider the thermal effect of RF radiation
on human skin. Thermal responses of humans to RF radiation have been an ac-
tive research topic for several decades [2].

The electromagnetic energy deposited by RF radiation increases the skin tem-
perature. Heat-sensitive nociceptors in the skin are activated wherever the tem-
perature is above the activation temperature. When the activated volume reaches
a threshold withdrawal reflex occurs. We examine 3 aspects of an electromag-
netic beam: the time to withdrawal reflex, the energy consumption and the maxi-
mum temperature at withdrawal reflex. In this study, we extend our previous anal-
ysis of static beams [3] to a Gaussian beam revolving around a fixed point. We
find that in comparison with a static Gaussian beam, a revolving Gaussian beam
has lower energy consumption and lower maximum temperature at withdrawal

reflex.

2. Mathematical Formulation for a Moving Beam

We consider the situation where a skin area of the test subject is exposed to a
moving beam [4] [5] [6]. We adopt a formulation similar to the one in our pre-
vious studies [3] [7]. Let T (z,r,t) denote the temperature of skin as a function
of 3-D spatial coordinates (z,r) and time £ Here zis the depth from the skin
surface and r is the 2-D coordinates on the skin surface. We assume 1) the
moving beam is perpendicular to the skin surface (ie, incident angle = 0); 2)
(the

baseline temperature); and iii) heat conduction is included only in the depth di-

before the exposure, the 3-D skin has a uniform initial temperature 7,

ase

rection.

At each surface location r, the temperature distribution T(z,r,t) is go-

verned by
or _, o'T
PuC, = k—+P(r,t) pexp(-uz)
t oz
oT (W
—| =0, T(Z,O) =T
aZ z=0
where

e p. isthe mass density of the skin,

e C, is the specific heat capacity of the skin,

e kis the heat conductivity of the skin,

e 4 isthe absorption coefficient of the skin for the beam frequency, and

e P(r,t) is the beam power density absorbed into the skin at location r at

time # for a moving beam whose center changes with time, P(r,) isa func-
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tion of ¢

The electromagnetic energy absorbed into the skin increases the temperature.
We adopt the same general assumption used in the ADT CHEETEH model for
linking the thermal effect to withdrawal reflex: heat-sensitive nociceptors are ac-
tivated wherever the local temperature is above the nociceptor activation tem-
perature 7, ; when a sufficient number of nociceptors are activated, withdrawal
reflex occurs and the test subject moves away from the beam [8] [9]. We consid-
er the case where heat-sensitive nociceptors are uniformly distributed in skin. In
this case, the number of nociceptors activated is directly proportional to the vo-
lume of the activated region (7 > T, ). Withdrawal reflex occurs when the acti-
vated volume is above a critical threshold v, . In general, threshold v, has some
randomness, varying with the test subject and/or the exposure location on the
body. In addition, it may vary with the internal and environmental factors that
affect human physiologically or psychologically. This randomness models the
underlying uncertainty in the occurrence of withdrawal reflex [10]. Here for sim-
plicity, we consider the case of v, = deterministic.

We first non-dimensionalize variables and functions in (1). The depth scale is
provided by, 1/, the characteristic scale of electromagnetic energy penetrating
in the depth direction; the length scale for surface coordinates is derived from
volume threshold v, .

Length scale in the depth direction and time scale:

PuCy
k

=

Z S

1
s ,U,

Non-dimensional depth and time:

z t
Znd T HE, tndE_:t
Z5 ts

Length scale for surface coordinates and volume scale:

Temperature scale and power density scale:

AT=T_-T P =kuAT

act base *

Non-dimensional temperature as a function of (z,,%,%,4):

T(z,r,t)-T,

_ base
T;ld (an’rnd’tnd): AT

Non-dimensional power density as a function of (r,;,z,,):
P(r,t)
P

S

Py (rnd’tnd)
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In the non-dimensional formulation, model parameters have simple values

=T, Tl‘aase,nd = 0’ T 1

act,nd =

v

c,nd

At each surface location r,;, the non-dimensional temperature is governed by

or, o'T
P d — znd +Fy ("nd’tnd)eXP(_an)
Lo 0z, @)
Tul  _0, 7(z,.0)=0
0z,4 -

The solution of initial boundary value problem (2) has the analytical expres-

sion
T(zr.t)=[ P(r.s)G(z.t-s5)ds

_ (3)
G (z, t) = %erfc [2[—\/;) e+ %erfc (MJ et
t

Here, for conciseness, we have dropped the subscript “nd” and used the sim-
ple notations for all non-dimensional quantities. For example, 7'(z,r,t) in (3)
means 7, (z,4.Fq.1,q ) - Based on the non-dimensional temperature, we calcu-

late the non-dimensional activated volume

Vo (1) = Volume{(z,r)|T(z,r,t) > Tact}, T, =1

act

By definition, the (non-dimensional) reflex time ¢, is the time it takes for
the activated volume to reach threshold v, . Using v, =m, we write the equa-

tion for 7 as

T (4)

Volume{(z,r)| T(z,r )= 1}

3. Temperature Solution for a Gaussian Beam Revolving
around a Fixed Point

For a Gaussian beam, the power density distribution is axisymmetric with re-
spect to the beam center. At location r on the skin, the time dependent power

density from the moving Gaussian beam has the expression
P(r,t)=pgy (|r -r, (t)|) (5)

where
L] r

ctr

®  pgs(r) isthe power distribution function of the static Gaussian beam,

2
2P, r P r
Pag (1) =—5-exp| -2 (—J == P [—J ©)

Tt Tett Terr Tetr

(t) is the (non-dimensional) center of the moving Gaussian beam,

e 1, isthe (non-dimensional) effective mode radius of the beam [11], and

e P .= j Pas (r)2mrdr s the (non-dimensional) total power of the beam,

2
o pgg (r)= ;exp (—2r2) is the power distribution function of the standardized
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Gaussian beam with effective radius re(f?) =1 and total power Ptg?) =1.

Note that a moving Gaussian beam is completely specified by ({"m (t)} T P ) .

> Teff >~ tot

Non-dimensional 7, and P, are related to their corresponding physical quan-

ot

tities by
_ reff,phy P = Eot.phy
Tege = s Lo = P
where P, denotes the total power and P, the scale for power density. We con-

sider a Gaussian beam moving along a circle with uniform speed, as shown in
Figure 1. For convenience, we define the center of the circle as the origin, and
the initial position of the beam center as the x-axis. Let
e Rbe the (non-dimensional) radius of the circular trajectory, and
e @ be the (non-dimensional) angular velocity of the beam center.

Consider a location on the skin surface with coordinates r =r(cosé,sin6).
(1)= (R cos(wt),R sin(a)t)) . As described in

(5), the power density at location r is determined by the distance to the beam

At time t, the beam center is r

ctr

center,
P(r,t) = Pags (d(t))

(t)| :\/r2 +R* =2rRcos(wt —6) (7)

d(t)E|r—r

ctr

The distance d(¢) is periodic and even in variable ¢ =(wr—6). As a result,

power density pg, (d (t)) has a Fourier cosine expansion in ¢
a
Pes (d(t)):7°+2ak cos(kgp), p=(wt-0) (8)
k=1
With the Fourier expansion, we write temperature solution (3) as

T(z,r,t):%J;G(z,t—s)ds+;akJ';cos(k(a)s—ﬁ))G(z,t—s)ds )

I

~
-
\\__>—’

Figure 1. Schematic diagram of a Gaussian beam moving along a circle.
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Applying integration by parts to 1/, , we get
1 .
I, = o G(z,t-s)dsin(k(ws—-0))

=L(sin(k(wt—@))G(z,OHsin(k@)G(z,t)

ko
r . aG(Z,l‘—S)
+f0 sm(k(a)s - 9))Tdsj

It follows that |Ik|£ O(l/(ka))) Fourier coefficients in (8) have the expres-

sion

a, :% Omcos(k(b)pGB (\/r2 +R? —2chos¢)d¢ (10)

Since pgp (\/ 7 +R*—2rR cos¢) is infinitely differentiable, coefficient @, de-
cays very rapidly with £; satistying «, = 0(1/ KM ) forany M >1. Combining
a, =o(l/kM) and |1,|<0(1/(ke)), we obtain |Zk:1ak1k| =0(1/w) and we

write solution (9) as

T(z,r,t):prcv<r|)J.;G(z,s)ds+O(ij (11)

where p,_, ( r|) is the power density at location r averaged over one revolu-

tion of the revolving Gaussian beam. p,_ () has the expression

1 2n

prcv(r):% 0

b T R Y 2 (12)
2n

sl [

Vegr 21 oty Tt Tefr Tetr

Notice that in (12), p,,(r) is proportional to a function of (7/r, ), with

D (\/r2 +R? —2rRCOS¢)d¢

(R/ry ) as a parameter, and is independent of . In Figure 2 and Figure 3, we
compare the power density pg;(r) of a static Gaussian beam and the average

power density p,. () of the corresponding revolving Gaussian beam.

(a) (b)

Figure 2. (a) Power distribution of the Gaussian beam at its initial position and (b) Av-

erage power distribution of the revolving Gaussian beam.
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—_
n

Power density
(o]

Radial coordiate, r

P

tof

Figure 3. Comparison of p.,(r) and p_ (r). The total beam power is P, =4, the

beam radiusis r,; =0.425 and the radius of revolutionis R=0.5.

It is evident in Figure 3 that moving a Gaussian beam along a properly se-
lected circle is an effective way of spreading out the beam energy to heat a large re-
gion more uniformly and at the same time to avoid overheating the center. Note that
in Figure 3, the horizontal axis is the radial coordinate; power densities pg; ()

and p,, (r) areconserved in the sense J 2mrpgy (r)dr = ‘|.27trprev (r)dr.

4. Performance and Optimization of Fast Revolving Gaussian

Beams
We consider the case of a fast revolving Gaussian beam (Z.e, @>1). Neglecting

the O(1/w) term in (11), the temperature solution becomes

) H (z1), H(zt)=[ G(z5)ds (13)

T(z,r,t)= prev(

With solution (13), we rewrite the equation for ¢ givenin (4) as

) H (2t )21} = (14)

Volume {(z, r)| Deew (
r|) is affected

Here, although not explicitly indicated in the notation, prev(
by the radius of beam revolution (R) and the radius of static beam spot (7. ).

Below we optimize the performance of a fast revolving Gaussian beam over pa-

rameters (R,7 ).

We fix the total power P,
sity. For a static Gaussian beam, distribution function (6) dictates that the peak

of the beam instead of fixing the peak power den-
power density is inversely proportional to the squares of beam radius:

Pes(0)oc P /12 . For a revolving Gaussian beam, the total power is further
spread out, resulting in a more uniform power density (see Figure 3). We first
look at the time to withdrawal reflex vs beam radius for a static Gaussian (R =0 ),
shown in the left panel of Figure 4. The corresponding maximum temperature

increase is plotted in the right panel of Figure 4. When the beam radius is small,
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(a) (b)

Figure 4. Results of a static beam with a fixed total beam power. (a) Reflex time vs beam radius and (b) Maximum

temperature vs beam radius.

the power is too much concentrated in a small area. Since the penetration depth
of electromagnetic energy into the skin is limited, heat propagation in the depth
direction is carried by conduction, which takes time. As a result, a small beam
radius needs a long time to reach the activated volume threshold and leads to
large surface temperature increase. When the beam radius is large, the power is
spread out too thin over a large area. With a low power density, it takes long
time to reach the activation temperature. At any fixed value of P, there is an
optimal beam radius (7, , marked by dash-dotted lines in Figure 4) for mini-
mizing the reflex time. For a static Gaussian beam, minimizing the reflex time
produces a fairly large temperature increase: max7,, >5.0 (see the right panel
of Figure 4). Here we are studying the system in the non-dimensional formula-
tion and thus all quantities are dimensionless.

To demonstrate the effect of revolving the beam, we select 3 values of 7

around the optimal beam radius (7, , ) and examining the reflex time vs the ra-

pt
dius of beam revolution in the left panel of Figure 5. The corresponding maxi-

mum temperature increase is plotted in the right panel of Figure 5. Results of
the static beam with 7, are shown as dash horizontal lines in Figure 5. For

re > 7, » the beam power is already spread out too thin in the static beam. Any

opt ?
further spreading by revolving the beam leads to a larger reflex time (solid red

line in Figure 5). For 7, <7, , moving the beam along a small circle increases

the heating area and reduces the reflex time. When the radius of revolution is
large, the beam power is spread out too thin and it takes long time to reach the

activation temperature. It follows that for r. <r  , there is an optimal radius

opt ?
of revolution ( R, , marked by dotted lines in Figure 5) for minimizing the ref-

lex time. The minimum reflex time achieved by revolving a beam with 7, <7,

may be lower than what can be achieved with a static beam with 7, (compar-

ing solid blue and dashed lines in Figure 5). Notice that by revolving a beam

with 7, <7

ot 3 both a smaller reflex time and a smaller maximum temperature
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can be achieved simultaneously. For a beam of 7 =0.5, minimizing the reflex
time by revolving the beam yields a temperature increase of maxT7,; =2.35,
much lower than that for the static beam with the optimal radius (dashed hori-
zontal line in Figure 5).

Next, we minimize the reflex time over the 2D parameter space (r,,R) at
each given value of P, . The left panel of Figure 6 shows the optimal (r,,R)
vs P, . The ratio of optimal r,; to optimal Ris plotted in the right panel. The
optimal 7, and Rincrease with the total power. For a larger total beam power,
the reflex time is smaller and the heat conduction in the depth direction has less
time to take its effect. As a result, the heating in the depth direction is less effec-
tive and the power needs to be spread out to heat a larger area in order to reach
the activated volume threshold in the shortest time. We point out that the ratio

of optimal r; to optimal R stays roughly unchanged (=0.85) over a wide range

8 L
36 >
f =
=
3
. 3.3 g 6
1.) -
- o
Iy 2
£ ©
= 3 )
x L4
Q@ €
°© e
T o7 £
>
£ 2t
x
©
2.4 >
. L : L . 0 L L : . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Radius of revolution, R Radius of revolution, R

(a) (b)

Figure 5. Results of a revolving beam with a fixed total beam power. (a) Reflex time vs radius of revolution and

(b) Maximum temperature vs radius of revolution.
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(a) (b)
Figure 6. Optimization of a revolving beam over the 2D parameter space (r,;,R). (a) Optimal (r;,R) vs B,

and (b) (Optimal r,; )/(optimal R) vs P,

tot *
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of P

- When we need to increase the spreading of beam power, to make the

resulting power density as uniform as possible, it is best to increase beam radius
.y and radius of beam revolution R proportionally. Recall that in the expres-
sion of power distribution for a revolving beam given in (12), p,, () is pro-
portional to a function of (r/r,) with (R/r,) asa parameter. When the ra-
tio (r,/R) is fixed, power distribution p_ () for various combinations of
(rq,R) is congruent to each other via horizontal/vertical linear scaling. Figure
6 tells us that the ratio (r,, /R)~ 0.85 gives the optimal shape of power distri-
bution. The blue solid line in Figure 3 shows this optimal shape.

In Figure 7, we compare the performance of revolving Gaussian beam with
those of static Gaussian, static super-Gaussian, and static flat-top beams. All
beams are optimized with respect to r,; (and R, for the revolving beam only).
In the left panel, the total energy consumption of revolving Gaussian is lower
than that of static Gaussian but higher than those of static super-Gaussian and
static flat-top. In the right panel, the maximum temperature of revolving Gaus-
sian is lower than that of static Gaussian but higher than those of static su-
per-Gaussian and static flat-top. Figure 7 demonstrates that by moving a Gaus-
sian beam along a circle, we can lower both the energy consumption and the

maximum temperature. The improvement is fairly uniform over a wide range of

total beam power, from P, =%

- to B, =64 (non-dimensional).

In Figure 6 and Figure 7, the revolving Gaussian beam has been optimized
over parameter space (r,,R) to achieve the minimum reflex time (and equi-
valently, the minimum energy consumption). Given the Gaussian form of beam
power distribution, it is not possible to further reduce the reflex time/energy
consumption. However, it is possible to reduce the maximum temperature at the

price of a slightly larger energy consumption. As demonstrated in Figure 4 and

- 6 [ 1
geMti_____.-- -
e e e A = R S -
g Tt ---
3 ESI 1
o10r i ..5_
® 2
S o ]
kel o
--7 ©
2 - - 53 ]
S gl TTTeme—meeeo=e= T e g _
8 _’_,—"—_ © | T Tmemm e e =mm T T
B e - £ 2 —= e 1
o 7t " > "
5 = = Gaussian £ = = Gaussian
= - - Super-Gaussian S1F - — Super-Gaussian 1
S 5l —-=- Flap-top = —-=- Flap-top
= — Revolving Gaussian — Revolving Gaussian
1/2 1 2 4 8 16 32 64 1/2 1 2 4 8 16 32 64

Total power, P,

()

Total power, P,

(b)

Figure 7. Comparison of a revolving Gaussian beam with 3 static beams: Gaussian, super-Gaussian and flat-top.

(a) P, vs total energy consumption at optimal (r,,R) and (b) P, vs maximum temperature at optimal

(rcfst) .
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Figure 8. Performance of the revolving Gaussian beam with (7.

sumption vs P,

tot

Total power, P ot

and (b) Maximum temperature vs P,

Total power, P tot
(a) (b)

R) = Bxoptimal(r,,R) . (a) Total energy con-

eff >

tot *

Figure 5, the maximum temperature is reduced when the beam power is spread
out more by increasing the beam radius ( 7,;; ) and/or increasing the radius of beam
revolution (R). We increase 7., and R proportionally. In Figure 8, we compare the
performance of revolving Gaussian beams with (r,,R)= fxoptimal(r,R) for
several values of f>1. As [ isincreased from 1, the maximum temperature
is reduced at the price of increased energy consumption. At £ =1.3, the re-
volving Gaussian beam has a maximum temperature of max7,; 2.0, similar
to that of the optimal static flat-top beam which has the lowest maximum tem-
perature among static beams. In particular, the maximum temperature caused
by the revolving Gaussian beam with £ =1.3 is much smaller than

max 7,; > 5.0 of the optimal static Gaussian beam. At the same time, the energy
consumption of the revolving Gaussian beam with f=1.3 is still noticeably
lower than that of the optimal static Gaussian beam (comparing dash-dotted

curve in Figure 8 and dashed blue curve in Figure 7).

5. Concluding Remarks

We studied the problem of causing a heat-induced withdrawal reflex on a test
subject by exposing the subject’s skin to a Gaussian electromagnetic beam. Heat-
sensitive nociceptors in the skin are activated wherever the temperature is above
the activation temperature. Withdrawal reflex occurs when the activated volume
reaches a threshold. The Gaussian beam has a highly uneven distribution of
power density, resulting in low energy efficiency: near the beam center the high
power density does not contribute proportionally to increasing the activated vo-
lume; outside the beam effective radius the power density is not high enough to
activate nociceptors and is wasted. In addition, the high power density near beam
center produces a large local temperature increase that does not contribute to

increasing the activated volume but poses a serious burn injury risk for the test
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subject. To overcome the drawbacks of static Gaussian beams, we explored the
idea of making the power density more uniform by moving a Gaussian beam
along a circle. Given the total beam power, the two adjustable parameters of a
revolving Gaussian beam are the radius of static beam and the radius of beam
revolution. We optimized over these two parameters to minimize the time to
withdrawal reflex (ie. to minimize the energy consumption and maximize the
energy efficiency). We found that in comparison with a static Gaussian beam, a
revolving Gaussian beam can lower the reflex time and the energy consumption

and at the same time reduce the maximum temperature at withdrawal reflex.
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