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Abstract

We use tick-by-tick data to study the dynamics of different components of
implicit trading costs, including market impact cost, proportional cost, and
fixed cost, over a decade. We model the proportional cost and the fixed cost
as compensation for an affine structure of trading costs faced by the market
maker. We find that the market impact cost remains stable over time, whe-
reas the fixed cost and the proportional cost decrease significantly over time.
We also find that the fixed cost is generally not equal to zero. Surprisingly, it
goes negative lately.
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1. Introduction

Over the last decade, trading cost analysis has been one of the biggest areas of
investment for both the buy side and sell side of the equity industry, because
trading cost can make the implementation of their trading strategies expensive.
Implicit trading cost, which reflects the cost of trading due to its impacts upon
prices, is one crucial part of trading cost and accounts for a substantial part of
the total trading cost. Since implicit trading cost is a function of price impact of
a trade, studying this type of cost requires the examination of the relationship
between price changes and order flows.

There has been an extensive empirical literature documenting the effects of
order flows on the stock price changes. For example, [1] [2] [3] find that asset
prices respond positively to order flows and are related to proportional costs
multiplied by the signs of order flows (positive for purchases and negative for

sales)'. More generally speaking, there is a large literature on the relationships

'"The seminar Kyle model in [4] predicts a positive relationship between price changes and order
flows, which is called as market impact cost. See also [5].

DOI: 10.4236/jmf.2020.104041 Nov. 27, 2020

705 Journal of Mathematical Finance


https://www.scirp.org/journal/jmf
https://doi.org/10.4236/jmf.2020.104041
https://www.scirp.org/
https://doi.org/10.4236/jmf.2020.104041
http://creativecommons.org/licenses/by/4.0/

M. Guo

between trades and price changes, such as [2] [4] [6] [7] [8] [9] [10], among
others. However, these studies use small data sets that typically cover only a
couple of years of tick-by-tick trades. Therefore, each of them gives a snapshot of
implicit trading costs in a short and specific period. We, however, extend the pre-
vious studies by using a much larger data set (about 13-year data)’. We are able to
study how different components of implicit trading costs change over time.

More importantly, we examine the relationship between price changes and
changes in the signs of order flows and the relationship between price changes
and changes in the inverses of order flows simultaneously. None of the above
papers study the relationship between price changes and changes in the inverses
of order flows. We model these two relationships as a result of compensating the
market maker who incurs an affine structure of trading costs when processing
order flows. The costs comprise two components: one is fixed cost, which is
constant, and the other is proportional cost, which is proportional to the trade
size. Because the market maker is competitive, she earns zero expected profits.
As a result, she passes these costs onto the investor in equilibrium.

We use tick-by-tick data of stocks listed on NASDAQ to test the above rela-
tionships and study the dynamics of different components of implicit trading
costs’. We first estimate the market impact cost, fixed cost, and proportional cost
for each stock and each quarter. We then perform cross-sectional tests for each
quarter. To take account of the fact that the distributions of the estimated costs are
not normally distributed, we perform Wilcoxon signed rank test, a non-parametric
test, of the hypotheses that the median values of the cross-sectional estimates of
the different components of implicit trading costs are equal to zeros. Empirical
results reject the above hypotheses and we find that these components are sig-
nificantly different from zeros. Furthermore, we find that the market impact cost,
which may be due to asymmetric information, remains stable over time. The
median value of market impact cost is around 0.84 dollars per million shares.
However, the fixed cost and the proportional cost, which are due to institutional
and technical factors, decrease significantly over time because of institutional
innovation and technological advance. The median values are 5.0 dollars and
0.136 dollars at the beginning of 1993. Their values decrease to —0.102 dollars
and 0.0102 dollars by the end of 2005. Surprisingly, the fixed cost can even be
negative. Since institutional investors tend to submit big orders and retail inves-
tors tend to submit small orders, the market impact cost is more important for

institutional investors, whereas the trading costs due to the affine structure of

*Market makers are responsible for creating and maintaining a market for securities listed on
NASDAQ. The tick-by-tick data are the most detailed display of a market’s trading information. The
Tick-by-tick shows every trade that occurs and provides a variety of information about each trade
(e.g. the exact time, the direction, the number of contracts that were traded, etc.). The Tick-by-tick
chart allows to view direction of a market’s price movement in detail.

*Market makers are responsible for creating and maintaining a market for securities listed on
NASDAQ. The tick-by-tick data are the most detailed display of a market’s trading information. The
Tick-by-tick shows every trade that occurs and provides a variety of information about each trade
(e.g. the exact time, the direction, the number of contracts that were traded, etc.). The Tick-by-tick
chart allows to view direction of a market’s price movement in detail.
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costs faced by the market maker is more important for retail investors. We are
perhaps the first to document this affine structure of trading costs in the litera-
ture.

The rest of this paper is organized as follows. Section 2 develops a simply
model of market impact cost, fixed cost, and proportional cost. Section 3
presents the empirical estimation of the pricing function. Section 4 concludes

the paper.

2. Model

In this section, we extend the Kyle model by including both fixed and propor-
tional costs. In Subsection 2.1, we consider the standard one-shot Kyle equili-
brium in which the market maker quotes a linear price schedule that contains
only market impact cost. We can solve the full equilibrium in this case. Since in-
stitutional constraints such as discreteness and order process costs can also lead
to the existence of fixed and proportional costs, we next study a case in which
the market maker trades with an affine structure of costs in Subsection 2.2. We
assume that there is no information asymmetry. We can derive the full equili-
brium in this case as well. In equilibrium the price contains both proportional
and fixed costs, which compensate the trading costs incurred by the market
makers. In Section 2.3, we study the general case, in which the informed trader
optimizes against an exogenous price schedule with market impact cost, propor-
tional cost, and fixed cost. Due to the non-trading region of the informed inves-
tor, we are unable to derive the full equilibrium and thus assume an exogenous

price schedule.

2.1. One-Shot Kyle Model

We consider a standard Kyle model. There are three types of traders: a
risk-neutral strategic trader, a competitive and risk-neutral market maker who
sets stock prices competitively, and noise traders. There is one risk-free bond
and one risky stock available for trading. Without loss of generality, we assume
that the interest rate for the bond is zero and that the price of the bond is al-
ways 1. At the end of period one, the game ends and all participants receive
payments according to their stock holdings. The terminal payoff of the stock is
v~ N (VO,O'VZ), where Vv, is a positive constant. The informed trader knows v
and his demand is x. Noise traders submit a net order flow x~ N (0,0f),
which is independent of v. The market maker observes the total demand
y = Xx+U. Shen then sets a price P and the market clears. We assume that their
initial endowments are zeros.

Since this is a standard model, we omit the proof and summarize the results in
the following proposition.

Proposition 1. The price is given by

P=v,+A4y, (1)

where v, is the unconditional expected value of the stock’s terminal payoff,
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representing the market makers’ prior, and A= 20-" , and the demand of the

Oy

informed trader is given by
X=X, + pv, (2)

o
where f=— and X,=/V,.

oy

[4] also considers the dynamic trading in a continuous-time interval [0,1]
and shows that P, =v, + Ay, still holds, where Y, represents the accumulated
order flow at time & Therefore, AP, =R —P_ = AAy, where Ay, is the order
flow at time f and A is the difference algorithm. The price function implies

that price changes are positively related to order flows.

2.2. Fixed and Proportional Costs

In reality, institutional factors introduce other types of implicit trading costs
other than market impact cost. We assume that the market maker incurs an af-
fine structure of trading costs when processing orders from investors. The cost

function is given by ¢, +¢, |Ay , where Ay is the market order she clears. We
term C, as the fixed cost and ¢, as the proportional cost. To derive a
close-form solution, we assume that there is no information asymmetry in the
economy and thus no market impact cost. Because the market maker is competi-
tive, she earns zero expected profit. Therefore, she will pass the trading costs on
the investors. As a result, the competitive risk-neutral market maker always sets
the price equal to v, adjusted for liquidity premia to compensate for the affine
structure of trading costs she incurs.

Since the market maker is competitive, the expected profit of the market
maker is zero. Therefore, 0=E [( p—V)Ay—c, —c, |Ay|] . Rearrangement yields
the price in equilibrium. We summarize the results in the following proposition.

Proposition 2. When the market maker incurs an affine structure of trading

costs and there is no information asymmetry, the price is given by

P=v, +Aiy+czsign(Ay). (3)

Since the market maker has to be compensated for the trading costs she incurs
when she trades, there exists one component in the price function proportional
to the sign of the order flow and there exists one component in the price func-
tion proportional to the inverse of the order flow. Therefore, price changes are
proportional to changes in the signs of order flows and changes in the inverses of

order flows.

2.3. General Cost Function

In this subsection, we consider the general implicit cost functions, including
fixed cost, proportional cost, and market impact cost. The existence of these
trading costs leads to a non-trading region of the informed investor. Therefore,

the total order flow is not normally distributed, though the signal the informed
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investor observes and the noise trading are both normally distributed. As a result,
a linear pricing scheme is not optimal for the market maker, which prevents a
calculation of the full equilibrium. Since it is important to consider the effects of
fixed and proportional costs, we assume that the market maker set a price rule
given by

P:v0+/1y+c1Aiy+czsign(Ay), (4)

where A= 2GV and Y =Ay. Note that following Kyle (1985), we use yinstead

Oy

of Ay for A%

Simple calculation yields that

. B(V=Vy)—c,sign(v-vy) if [v=v,| >V
o if [v—v,| <V
GU

where f=— and V satisfies (V— p)X=0. Note that because of the exis-

oy

tence of the proportional cost and the fixed cost faced by the market maker, the
informed trader trades less aggressively compared with the case in Section 2.1.

3. Empirical Estimation

Empirically, [1] [2] [3] have discovered that asset prices respond positively to
order flows and are related to the sign of trade size. These studies, however, do
not test the nonlinear component in the price function associated with the fixed
cost in the affine structure of trading costs faced by the market maker. In addi-
tion, we explore a larger data set and focus on the dynamics of different compo-
nents of implicit trading costs over a decade.

We apply [2] method to estimate the market impact cost, fixed cost, and pro-
portional cost. We assume that v, follows a unit root process. Following the

explanation in previous section, the price change process is then given by

1
AR, = Ay, +¢, (‘//t _‘//u)"'cl{__

+€, (5)
Ay, AytlJ

where AP, is the price change at transaction f Ay, is the order flow,
€=Vo, —Vors» and w, =sign(Ay, ), that is, if the trade size Ay, is positive,
v, =1, otherwise, y, =-1.

We estimate the market impact cost A and coefficients ¢, and c, in the
affine structure of trading costs with Equation (5) for each stock and each quar-
ter using tick-by-tick trade data. Given that we have such a massive data set, we
apply Ordinary Least Square (OLS) to estimate these cost components. To take
into account potential misspecifications, we include an intercept term in the re-
gression specification. Following the convention of [9], for each transaction the

quote preceding the transaction by at least 5 seconds is associated with the trade.
*When studying the determinants of trade size, Brennan and Subrahmanyam (1998) also assume an
exogenous price schedule.
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We classify trades as buyer-or-seller initiated trades as follows. If a transaction
occurs above (below) the matched quote mid-points, it is regarded as a purchase
(sell). Following [1], if a transaction occurs exactly at the midpoint of the bid
and ask, it is signed using the previous transaction price according to the tick
test [Ze. buys (sells) if the sign of the last nonzero price change is positive (nega-
tive)].

We then perform cross-sectional tests. To take account of the fact that the dis-
tributions of the estimated costs are not normally distributed, we perform Wil-
coxon signed rank test, a non-parametric test, of the hypotheses that the median
values of cross-sectional estimates of different components of implicit trading

costs are equal to zeros. More specifically, we test the following hypotheses®:

median A =0, median ¢, =0, median c, =0. (6)

3.1. Data and Descriptive Statistics

We consider a sample of stocks traded on the NASDAQ®. We use tick-by-tick
trades contained in the Trades and Automated Quotes (TAQ) database to esti-
mate the cost parameters A, C,and C, for each stock. We follow [11] to de-
termine the sign of a trade. The time period is from January 1, 1993 through
December 31, 2005. We use the University of Chicago’s Center for Research in
Security Prices (CRSP) daily database to determine the relevant stocks for the es-
timation of the above three types of costs. We estimate our model within each
quarter. Following [12], we clean the data and exclude stocks for the following
reasons: 1) ADRs and REITSs; 2) Closing price below 2 dollars on at least one day;
3) Not traded each day; and 4) Stock split. Thus, this sample consists of all
common stocks that had ticker names on both CRSP and TAQ and were traded
for a three-month period.

Following [12] [13], quotes from the exchange other than the exchange of
listing are excluded, and the price and quote data must occur between 9:30 AM
and 4:00 PM. We omit the overnight price changes from the analysis to avoid
mixing the price change series with those at the opening. We exclude the price
when there is no opening quote. Thus, the first trade after the opening time is
ignored. We also exclude the trades with negative prices. In addition, only
quotes that satisty the following conditions are retained: the bid-ask spread is
positive and below five dollars, the bid-ask spread divided by the midpoint of the
quoted bid and ask is less than 10% if the midpoint is greater than or equal to 50
dollars, and the quoted spread is less than 25% for midpoints less than 50 dollars.

These conditions guarantee the use of reasonable quotes.

*Wilcoxon signed rank test is defined as follows. Assume that X is an observation, where
i=1,2,3,---. The hypothesis is that the median of X equals g, . Wilcoxon rank test statistics is
given by S= z r—(n+1)n, / 4, where 1" is the rank of ‘Xi - ,uo‘ after discarding values of X
equal to f,, N, is the number of values not equal to 4, and the sum is calculated for values of

X, — 4, greater than 0. Average ranks are used for tied values.

SWe have also considered stocks traded on the NYSE and obtained similar results.
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The number of stocks in our sample increased from the first quarter of 1993
and stabilized after 1997. We pool the estimates of market impact cost A, pro-
portional cost c,, and fixed cost c, for each quarter together’. We have
121,505 observations in total. Descriptive statistics are provided in Table 1. The
mean value of A is about 8 dollars per million shares, that is, it takes a buy or-
der of 1 million shares to push up the price by 8 dollars. The mean values of ¢,
and c, are 1.67 dollars and 8 cents, respectively. Therefore, the price moves up
1.67 dollars divided by trade size plus 8 cents for a buy trade. It is compelling to
note the kurtosises of the components of implicit trading costs have large mag-
nitudes and the differences between the means and the medians are huge. For
example, the median value of A4 is 0.84 dollars per millions shares, which is
only one-tenth of the corresponding mean value of A. These facts imply that
these components are not normally distributed. We formally test the hypo-
theses that the costs are normally distributed by Kolmogorov-Smirno tests.
The second last column of Table 1 shows that normality hypotheses are re-
jected at 1% significance level. The magnitudes of the variances and the kurto-
sises may imply that there are some extreme values in the estimated costs,
which may be potential outliers®. After examining the descriptive statistics, we
next perform cross-sectional tests for each quarter to study the dynamics of the
different components of implicit trading costs over time. To take account of the
non-normality distribution of the costs and the potential outliers, we use Wil-
coxon signed rank test in the following analysis. The last column shows the re-
sults of pooling estimation. The signed rank tests show that the median esti-
mates of A, C, and ¢, are all different from zero at 1% significance levels.
We further examine the dynamics of 4, c;,and C, over time in the next sec-

tion.

3.2. Results

Tables 2-4 present the median values of market impact cost A, proportional
cost ¢, and fixed cost c, for each quarter. They represent the results from
1993 through 1997, from 1998 through 2001, and from 2002 through 2005, re-
spectively.

We first examine market impact cost. Panel A of Figure 1 plots the median
A against time ¢ Overall, the market impact cost A is significantly larger than
5E-7 at 1% significance level, which is consistent with previous studies. The av-
erage median s for these three periods are 6.34E-7, 9.67E-7, and 1.02E-6 dol-
lars, respectively’. It shows that the market impact cost remains stable over time,
although it increases in the period from 2001 to 2003 and then decreases in the
following period. The stability of market impact cost over time is consistent with

’Given the massive tick-by-tick data set, we are unable to estimate these costs for each stock for our
whole sample.

8Since we use tick-by-tick data, which is usually very messy, it is not surprising that we have some
outliers.

For example, A=1.02E—6 means that a trade of 1 million shares moves the price by 1.02 dollars.
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the notion that the source of market impact cost is due to information asymme-

try, which may be stable over time.

Table 1. Descriptive statistics of estimated costs, 1993-2005.

Standard . Normality .
N Mean Skewness  Kurtosis Median
error test
A 121,505 0.79 2220 314.65 103668.82 0.49% 0.84%
C, 121,505 1.67 75.90 121.93 42900.14 0.44* 0.396945*
c, 121,505 0.08 0.83 94.96 41634.46 0.45% 0.061983*

We pool the estimates of the implicit trading costs for each stock and each quarter from 1993 through 2005
together. We test the normalities of the A, ¢, and ¢, by Kolmogorov-Smirno test. We perform Wil-

coxon signed rank test of the hypotheses that the median estimates are different from zeros. * indicates sig-
nificance at the 1% level.

Table 2. Estimates of implicit trading costs, 1993-1997.

Quarter A C, c,
93/01 0.578** 5.000* 0.136*
93/02 0.619* 5.107* 0.133*
93/03 0.618* 5.257* 0.130*
93/04 0.645* 5.065* 0.129*
94/01 0.612* 5.100* 0.130*
94/02 0.658* 4.884* 0.123*
94/03 0.684* 4.488* 0.116*
94/04 0.623* 3.946* 0.109*
95/01 0.665* 3.786* 0.107*
95/02 0.616* 3.465* 0.106*
95/03 0.649* 3.399% 0.111*
95/04 0.558* 3.401* 0.110*
96/01 0.562* 3.270* 0.113*
96/02 0.588* 2.900* 0.114*
96/03 0.696* 3.020* 0.109*
96/04 0.613* 2.740* 0.104*
97/01 0.595* 2.806* 0.100*
97/02 0.702* 2.551* 0.093*
97/03 0.699* 1.937* 0.086*
97/04 0.701* 1.632* 0.080*

AP, =AY, + A, (V, -V, ) + B, /AY, - B, /Ay, , +¢€, @)

where AP, is the price change at transaction 4 Ay, is the order flow, ¢=V,, —V,,,,and W, =sign(ay,) .

Thus, if the signed trade size Ay, is positive, v, =1, otherwise, v, =—1. Here, we assume that ¢ is
identically and independently distributed. We perform Wilcoxon signed rank test of the hypotheses that the
median estimates are different from zeros. * indicates significance at the 1% level.
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Table 3. Estimates of implicit trading costs.

Quarter A c c,
98/01 0.697* 1.307* 0.071*
98/02 0.703* 1.040* 0.067*
98/03 0.682* 0.793* 0.073*
98/04 0.602* 0.494* 0.073*
99/01 0.689* 0.352% 0.070*
99/02 0.818* 0.244* 0.067*
99/03 0.939* 0.064* 0.062*
99/04 0.980* 0.079* 0.067*
00/01 1.00* 0.123* 0.081*
00/02 1.16* 0.019* 0.074*
00/03 1.23* -0.215* 0.060*
00/04 1.00* —-0.200* 0.063*
01/01 1.24* —-0.366* 0.052*
01/02 1.31* —-0.426* 0.033*
01/03 1.15* -0.196* 0.038*
01/04 1.31* —-0.142* 0.034*

AP, = 2Ay, + A, (V, — V., ) + By, /Ay, — B, /Ay, +e, (8)

where AR is the price change at transaction £ Ay, is the order flow, e=v, -V, ,,and y, = sign(Ayl) .

Thus, if the signed trade size Ay, is positive, V, =1, otherwise, Vv, =—1. Here, we assume that ¢ is
identically and independently distributed. We perform Wilcoxon signed rank test of the hypotheses that the
median estimates are different from zeros. * indicates significance at the 1% level.

Table 4. Estimates of implicit trading costs, 2002-2005.

Quarter A c c,
02/01 1.22* —-0.152* 0.029*
02/02 1.31* —-0.123* 0.028*
02/03 1.31* —-0.096* 0.028*
02/04 1.11* —-0.141* 0.020*
03/01 1.07* —-0.073* 0.014*
03/02 1.01% —-0.087* 0.015*
03/03 1.01% -0.072* 0.015*
03/04 0.94* —-0.098* 0.015*
04/01 0.90* -0.125% 0.014*
04/02 1.08* -0.137* 0.013*
04/03 1.07* —-0.139* 0.012*
04/04 0.91* —-0.137* 0.014*
05/01 0.92% —-0.084* 0.013*
05/02 0.84* —-0.097* 0.012*
05/03 0.85% —-0.097* 0.013*
05/04 0.77* —-0.103% 0.012*

AP, =AY, + A, (V, =V, )+ B, /Ay, - B, /Ay, +¢€, (9)

where AP, is the price change at transaction 4 Ay, is the order flow, ¢=V,, —V,,,,and W, =sign(ay,) .

Thus, if the signed trade size Ay, is positive, v, =1, otherwise, v, =—1. Here, we assume that ¢ is
identically and independently distributed. We perform Wilcoxon signed rank test of the hypotheses that the
median estimates are different from zeros. * indicates significance at the 1% level.
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We next examine the affine structure of trading costs. The average median
fixed costs in these three periods are 3.69 dollars, 0.19 dollars, and —0.11 dollars,
respectively. The average median proportional costs for these periods are 11
cents, 6 cents, and 2 cents, respectively'’. Overall, this affine structure of implicit
trading costs, including both the fixed cost and the proportional cost, drop dra-
matically over time. Panel B and panel C of Figure 1 plot the median estimates
of ¢, and c, against time £ respectively. It is clear that the median estimate of
¢, decreases from around 5 dollars per trade at the beginning of 1993 to —0.11
dollars per trade by the end of 2005 and the median estimate of C, decreases
from 14 cents per share per trade to 2 cents per share per trade. Note the fixed
component in the affine structure of trading costs can be negative. It means that
the market maker pays the investor who trades with a lum-sum money. However,
since the proportional cost is always positive, the market still gets compensation
for providing liquidity service. Since the affine structure of trading costs are
more closely related to the institutional factors, such as price discreteness and
the order processing cost faced by the market maker, institutional innovation
and technological advance may explain this declining time trend. It is interesting
to compare the effects of the three components of implicit trading costs on in-
vestors. We assume that 4 =1.02E—6 dollars, ¢, =—0.11 dollars, and ¢, =2
cents. If an investor submits a big order of 100,000 shares, the market impact
cost and the cost due to the affine structure of costs faced by the market marker
are 10,200 dollars and 1999.89 dollars, respectively. However, If an investor

submits a small order of 1000 shares, the market impact cost and the cost due

Components of transaction costs
T

Cost (dollar)
Ve

2 I I
Q192 Q1-94 Q196 0198 Q100 Q102 Q104 Q106
Time (quarter)

Figure 1. Median trading costs plot against time: 1993-2005.

“For example, ¢, =0.19 and ¢,=0.06 mean that the market maker will be compensated with

0.19 dollars plus 2 cents multiplied by the trade size per trade.
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to the affine structure of costs faced by the market marker are 1.02 dollars and
19.89 dollars, respectively. Since institutional investors tend to submit big orders
and retail investors tend to submit small orders, the market impact cost is more
important for institutional investors, whereas the trading costs due to the affine
structure of costs faced by the market maker is more important for retail inves-
tors.

In summary, our empirical study shows a nonlinear stock price function. The
market impact cost, which may be due to asymmetric information, remains sta-
ble over time, but the fixed cost and the proportional cost components, which
are due to institutional factors, decrease significantly over time because of tech-

nology and institutional innovations.

4. Conclusion

We use tick-by-tick trade data to examine the dynamics of different components
of implicit trading costs over a decade, including market impact cost, fixed cost,
and proportional cost. We model the fixed cost and the proportional cost as an
affine structure of trading costs faced by the market maker. We find that the
market impact cost remains stable over time, but the fixed cost and the propor-
tional cost decrease significantly over time, which may be explained by technol-
ogy and institutional innovations. We find that the fixed cost is generally not

equal to zero. Surprisingly, it goes negative lately.
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