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Abstract

The initial boundary value problems for a class of high order Kirchhoff type
equations with nonlinear strongly damped terms are considered. We establish
the existence and uniqueness of the global solution of the problem by using
prior estimates and Galerkin’s method under proper assumptions for the ri-
gid term. Then the compact method is used to prove the existence of a com-
pact family of global attractors in the solution semigroup generated by the
problem. Finally, the Frechet differentiability of the operator semigroup and
the decay of the volume element of linearization problem are proved, and the
Hausdorff dimension and Fractal dimension of the family of global attractors
are obtained.
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1. Introduction

The study of dynamical system is closely related to some important problems in
natural science (such as turbulence in fluid mechanics, three-body problem in
celestial mechanics, etc.), which attract a large number of natural scientists to
study for a long time. However, the content of general research is limited to the
case of finite dimension. With the development of science and technology, espe-
cially the rapid development of computer technology, it is already possible to
learn more about the evolution and final state of infinite dimensional dynamical
systems through computers. Since the 1980s, the infinite dimensional dynamical

system has been studied in detail, such as the Russian mathematician O. A. La-
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dyzhenskoya ([1] [2] [3]), French mathematician R. Temam ([4] [5]), American
mathematician G. Sell [6] and Guo Boling [7] who is an academician of the
Chinese. They have made a deep research on a kind of infinite dimensional dy-
namical system generated by a class of nonlinear development equations with
dissipative effects. Under certain conditions, it is proved that all these systems
have a global attractor. Furthermore, the upper and lower bounds of the Haus-
dorff dimension and Fractal dimension of the global attractor are estimated.
Many monographs have been published in this field, see ([8] [9] [10] [11]). Igor
et al. [8] considered the long-time behavior of solutions to a damped wave equa-
tion with a critical source term and investigated the existence and various prop-
erties of global attractors. In [9], Yang and Wang considered the longtime beha-
vior of solution for the following Kirchhoff type equation with a strong dissipa-

tion:
U, —M (||Vu||2)—Aut +h(u)+g(u)=f(x).

They proved that the related continuous semigroup S(t) possesses in the
phase space with low regularity a global attractor that is connected. Kirchhoff
type differential equations are a kind of classical problems in partial differential
equations. In 1883, German physicist G. Kirchhoff [12] established the equation

when he studied the vibration of strings.

Eh (L,
phuy ={p0+z.[0uxdx}uxx +f,0<x<L,t>0.

where U=U (X,t) is the lateral displacement under space coordinate x and time
coordinate £ E the Young modulus, p the mass density, A the cross-sectional
area, L the length, py the initial axial tension, fthe external force. It corrects the
classic D’alembert wave equation. Thus, the process of string vibration is de-
scribed more precisely. This model has been widely used in non-newtonian fluid
mechanics, astrophysics, image processing, plasma problems and elastic theory.
Early research on the Kirchhoff type equations could be found in the literature
([13]-[20]).

Wu and Tsai [21] studied the initial boundary value problem of the following
Kirchhoff-type beam equation

u, +aA’u—-M (||Du||2)Au+ g(u )= f(u),
u(x,0)=u0(x),ut (X'O) =U1(X)’

u(x,t):O,S—uzo,XEaQ,t >0.
1))

They prove that the existence and uniqueness of the global solution and the
decay estimation.

In the process of vibration and deformation of the vibration system, the cha-
racteristic that the amplitude of the vibration gradually decreases due to the in-

herent reasons of the system or the interaction with the outside world is called
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damping, and mathematically called dissipation.
Igor Chueshov [22] studied long-time dynamics of a class of quasilinear wave

equations with a strong damping term
U, —<7(||Du||2)Aut —¢(||Du||2)Au +f(u)=h(x),
u(xt)=0,xe0Q,

u(x,0)=uy(x),u, (x,0) =u, (x).

They proved the existence and uniqueness of the weak solutions and studied
their properties for a wide class of nonlinearities which covers the case of possi-
ble degeneration (or even negativity) of the stiffness coefficient and the case of a
supercritical source term. They also established the existence of a fractal expo-
nential attractor and give conditions that guarantee the existence of a finite
number of determining functionals.

Recently, Guoguang Lin, Zhuoxi Li [23] studied the initial boundary value
problem for a class of high order Kirchhoff type equations with nonlinear

non-local source term and strongly damped term

u, +M ("Dmu 2)(—A)m u+AB(-A)"u +g(xu)= f(x),

u(x,t):O,%:O,i =12,---,m-1,XxedQ,t>0,
19)

u(x,0)=u,(x),u, (x,0)=u, (x),xe Q<= R".

where m>1 is a positive integer, f (X) is an external force term, ¢ (x,u) is
a nonlinear non-local source term.

They proved that the existence of the family of global attractors and estimated
their Hausdorff dimensions and Fractal dimensions.

In the present paper, we deal with the following the higher-order nonlinear

Kirchhoff type problem involving a strong damping term

Uy +M (”Dmu z)(—A)m u+A”"u+B(-A)"u, =g(x), (1)

u(X,t)zo,%:O,i:1,2,~--,2m—1,X66§2,t>0, )
1%

u(x,0)=uy (x),u, (x,0)=u, (x),xe Q= R". (3)

where m>1 is a positive integer, ) is a bounded domain with smooth ho-
mogeneous Dirichlet boundary 9Q in R"(n=>1), v represents the unit nor-
mal vector directed towards the exterior of . D represents gradient operator,

. u ou u .
which means Du=Vu= a—,a—,---,a— , g (X) is the external force.

X, OX, OX,
B (—A)m U, is a strong damping term, here S is a positive constant. M is a
non-negative function that satisfies some conditions.
2 2
When p=2, |Dmu||2 = JQ|Dmu| dx . System (1)-(3) has been investigated by

many authors, and many results concerning asymptotic behavior have been es-
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tablished. Therefore, Our contribution in this paper is to investigate the long time
behavior of system (1)-(3) when p > 2. At this point, Dmu"E = IQ|Dmu|p dx .
Before stating our results, let us introduce some notations.
D=V, H=L1*(Q), H(Q)=H"(Q)NH;(Q),
HI™(Q)=H*(Q)NH;(Q)» E =H"*xH{(Q),(k=0,1,2,---,2m) , when
k=0, E,=H{"(Q)xH, C;>0,i=12,--.

We denote the norm and scalar product in A by |||| and (-, ) , that is,
(uv) = uC)v(x)dx  (uu)=[uff

And A, stands for a family of weakly global attractors from E, to E,,
By« = E, is a bounded absorbtion set.
In order to obtain our results, we consider system (1)-(3) under some as-

sumptionson M (S) , ¢ and p. Preclsely, we state the general assumptions:
(H) M(s)e c? ([0,+oo); R) and satisfies

o0 Lo 0
_ dt

8+1SGOSM(S)SO'1,0'— q ,
o, E"Dm*ku” <0.

(Ha) 0<g:ﬂmn{$ﬁzﬁ:F_2’ 20, ob}

AT+ BB
2n < , n>2m;
(Hs) <0¢ n-2m
n+2m
< 00, n<2m.

The remainder of this article is organized as follows: In Sect. 2, we prove the
existness and uniqueness of the family of global attractors and in Sect. 3, the es-
timate of the upper bound of Hausdorff dimension and Fractal dimension for

the family of global attractors have been obtained.

2. The Existence and Uniqueness of the Family
of Global Attractors

Lemma 2.1. Assume that (H,)-(H) are satisfied and §(X) € H . Then for any
Initial data (UO,VO) € E,, there exists a smooth and global solution (u, v) of
(1)-(3) satisfies

(v, =[ou

<e™ (||v0||2 + a”D"‘uO”2 +||D2”‘u0||2)+&(1—e‘”‘1t )
o

2
+

where V=U,+¢U, o, = min{al,a—z,Zg} , & =pA —2c-¢%,
o
(92
a, = 2¢0, _E_ e’ . Thus, there exists a positive constant R, and
t, =1t,(©) >0, such that

(w v =[D"u v <R (t>t,).
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Proof. Taking the scalar product in A of Equation (1) with v=u, +eu.
We have

o

By using Holder’s inequality, Young’s inequality and Poincare’s inequality to

D"u

E)(_A)m u+A2mu+ﬁ(—A)m ullv):(g(x),v). (4)

process the items in Equation (4) one by one, we get

(1) 8 222 e 2 oy ®

where 4, is the first eigenvalue of —A in Q with homogeneous Dirichlet
boundary condition, and all of the following are this definition.

Dealing with the second term in Equation (4), we get

(w( m{Jodl}) 4

e

There are two cases to estimate the above equation

m

D"u D"u D"u D"u ’

2
+5M(

)

Case 1: when % D"u ? >0, from (H,), we get

M (o’ 4

— o e
let o =o0,,we obtain
[m(

Case 2: when i
dt

M (Jomuf o] = -G lo"ul + cou o

od

Jearuv)= S

<0 , from (H,), we get

2 2
D"u D"u| +e¢o, ||D"‘u|| .

D"u

2
D"l + e0, 0"l

v ([l o
— gl em(Jomul; ol =

2 Ta

let o =o0,,we obtain
od

[ (Jomuf} Joayuv)= S &

Intergrating the above inequality to get

2
D"u D"yl + ¢o, [omy|f™.

m p _ d m 2
(M( p)( A)" uv) >t +gao D"u (6)
Dealing with the third term in Equation (4), we get
2m 1 d 2m 2m 2
(A u v) o |D +g||D u|| . (7)

By using Young’s inequality and Poincare’s inequality to deal with the strong

damping term, we have

(5-ay"u )2 gl -Lojoruff ~Zon = 2 -2 o]
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By using Young’s inequality to deal with external force term, we get
2
1
(9(x)v)= S + | () ©)
Combining with (4)-(9), we have
(||v|| rolomul + o )+ (pa7 20 -2
g(x
+[2500 _F_ ﬁgz] ” "

From (H,), we have

+2(9||D2m

2

a =pA"—2e—£2>0,a, :2560—%—@92 >0,

let o = min{al,i, 2‘9} , we have
o

2
D™u D™u +||D2mu

d 2
< +o

we notice that

“epemuf ) (4o

2
)<,

2 2 2
Ml + a"Dmu" +||D2’“u|| > 0.
From Gronwall’s inequality, we arrive at

Iv[f + a"Dmu”z +||D2mu||2

<e (| +o o[ +[D*"u, |2)+&(1_e-aﬂ )
a
Hence,
||(uv)|| _||D2’“u|| +vf <e (||v0 Dzmuon ) “L(1-e ).
2]
Then,
I|m|| u,v || <C—
t—owo al

So, there exist a positive constant R, and t =t (Q) >0, such that

o, =[omuf + < RS (e >1).

The proof is complete.l

Lemma 2.2. Under the assumptions of (Fh)-(FL), §(X)€H . Then for any
initial data (UO,VO) e E, (k =12,---, 2m) , There exists a smooth and global solu-
tion (U, V) of (1)-(3) satisfies

"(U v ||D2m+k

2 2 2\ C -
+||Dkv|| s(”Dzm*kuO” + D vy )e o+ Z2(1-e ),
a,
. a2 m 2
where Vv=u,+e¢U, azzmln{ai,—}, a =pA —2¢-¢°,
o

2
£ . .
a, = 260, ———— P&’ . Thus, there exists a positive constant R, and
llm
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t, =t (Q)>0, such that

v =

Proof. Taking the scalar product in H of Equation (1) with
(~A) v=(-A) uy +&(-A) u.
We have

o

By using Holder’s inequality, Young’s inequality and Poincare’s inequality to

D2m+k

ul’ +||D"v||2 <SRZ(t>t,).

" z)(—A)m u+A?"u+B(-4)"u,(-A)" v) = (g (x),(-A)" v). (10)

process the items in (10) one by one, we get

(s (- v) 2 2o - 2o -2 o
From (H,), a proof method that similar to Lemma 2.1 can be obtained,
(M( D™y z)(—A)mu,(—Ak)v) ;% D™ ku|| +&0, D™ u (12)
Dealing with the third term in Equation (10), we get
(A%"u,(-8) V) = 2dt||D2m+k " el (13)

By using Young’s inequality and Poincare’s inequality to deal with the strong

damping term, we have

(8- u (o) v)2 Zfonf Lefornf. g

By using Young’s inequality to deal with the external force term, we get
2
K g e 1 K 2
(g(x),(—A) v)s;"D v|| +g"D g(x)" : (15)
Substituting (11)-(15) into (10), we receive

i bR 2)+(ﬂ21m—25—252)||Dkv||2

+[26‘O'0 —Z—;—ﬂ82]||Dm+kU ’

D2m+k

& 1o +ofoms

Dk
2<—|| iEX)" =C,.

D2m+ku

+25|

From (H,), we have

2

a, =pA"—2e—£2>0,a, =2£0'0—%—,852 >0,

Taking «, =min {al,&, 28} , we get
o

D2m+k

Lo + oo

2 2
+||p*m**u

2
Dm+ku|| + ||D2m+ku

K 2
+a, ||D v" +0

2
|=c.
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From Gronwall’s inequality, we arrive at
2 2 2
o +ofom*u] o]

2 2 2 C
<eg ("DkvO" +a||D'“*"uo|| +||D2m*ku0|| )+—2(1—e‘“zt).
a,

So,
uv) =D u 2 oMy
"( )”Ek

B 2 2 2 C _
<e ("DkvO" oDy, + [, )+—2(1—e ),
a,

Then

fim|(uv)f <.
t—>o Ex 0_/2

So, there exists a positive constant R, and t, =t (Q)>0, such that

ok, <[ +forf <Rie,).

The proof is complete.H

Theorem 2.1. Assume that (H,)-(Hs) hold and under the condition of Lemma
2.1, Lemma 2.2, g(X)eH, (Uyu,)eE,, so problems (1)~(3) exist a unique
smooth solution (u,v) and (u,v)eL”(0,+;E, ).

Proof. By using the method of Galerkin and Lemma 2.1-Lemma 2.2, we can
obtain the existence of solution.

The First step: Construction of approximate solution

We assume that (—A)zmk w; = ﬂ,jzmka)j , k=1,2,---,2m, where A; s the
eigenvalue of —A in Q with homogeneous Dirichlet boundary condition, w;
is the eigenfuntion corresponding to eigenvalue A;. According to the eigenva-
is the standard orthogonal basis of A. We assume that

lue theory, @, ®,, -, ®,

the appoximate solutions of problems (1)-(3) are as follows:
|
u=u(t)=>0(t)a,
i1

where g, (t) is determined by the nonlinear ordinary differential equations as

follows:
(uItt +M (”DmuI "E)(—A)m Uy + A%+ B(-A)" Uy, o ) =(g(x),0;). 1< j<m. (16)

The general conclusions about the system of nonlinear ordinary differential
equations ensure that the solution of problems (1)-(3) exist on the interval
0.1

The Second step: the Prior Estimates

In order to prove the existence of the weak solution in the E, (k=0,1,---,2m),
the two ends of Equation (16) are simultaneously multiplied by A (g, (t)+£g; (1)),

and sum over ;. Taking

v, (t) =uy, (t)+eu, (t).
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When k =0, the priori estimate of the solution in E, is obtained

v <RZ.(t>t,). (17)

Jtw v, =lof

When k=1,2,---,2m, the priori estimate of the solution in E, is obtained

(Y )"; :"Dzm”‘u”2 +||D"v||2 <SRZ(t>1,). (18)

It can be seen that the priori estimate of Lemma 2.1 and Lemma 2.2 by Equa-
tion (17) and Equation (18) are respectively valid. Equation (17) shows that
(u.v) is bounded in L*([0,+%);E,), Equation (18) shows that (U,V,) is
bounded in L” ([0, +0); E, )

The Third step: Limit process

In E, (k=0,1-+,2m), subcolumns u,
{u,}, so that (u# ,Vﬂ) — (u,v) is the weak *convergence in L” ([0,+00); E, )

According to the Rellich - Kohdrachov compact embedding theorem, we ar-

} are selected from the sequence

rive at E, — E;, so (uﬂ,vﬂ)—>(u,v) in E, is strong convergence almost
everywhere.

In Equation (16), we make |=x and take limit. For fixed jand x> j, we

have
( m+M(| D", )( A)"u, +(A )Zmu#+/5’(—A)mum,wJ)
=(9(x),0;) 1< j<m.
Due © (U (-4) @) = (0,0 (4) 0, )50 (tas(-4) @) > (v, 25
in D'[0,+x).
Due to
(M {007 ) - 0, (-a) )= (M("D o )00, ﬂza)j 0
(M {0 )-ay 4( (0", "“;ku,zjm?wj] s the

weak * convergence in L” [0,+oo).

2m+k 2m+k

Similarly, (Azmuu,(—A)k a)j)—>[(—A) 2 u,A, 2 a)jJ is the weak * conver-

]

gencein L”[0,+).

(A w0 (-0 o))

i (ﬁ (4)% v, (4) % o ]—[ﬂS(—A)m;k 0,.(-A)2 o, )
(A w0 () o)) | |
> (ﬂ(—A)mIk v(-A)7 o, j_(ﬁg(_A)m;k (oA w;) is the weak

convergence in L”[0,+).

So,
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U, — U, is the weak convergence in E,, u, —u, is the weak conver-
gencein E, .

Forall jand w4 — +oo, we get

o

The existence of the weak solution to problems (1)-(3) can be obtained.

D™y,

)a) u+au =AY o )= (9(x). ) A< G m.

The proof is complete.®

Theorem 2.2. Under the conditions of the Theorem 2.1, problems (1)-(3) ex-
ist a unique smooth solution.

Proof. Assume u”,v" are two solutions of problem (1)-(3), let W =u"-V’,
then W, (X,0)=w,(x)=0, W (x,0)=w (x)=0.

We obtain
W, + B(-A)" W, + AW + M ( D"u" |p )(—A)m u’
N ’ (19)
e .
—M( D"v p)(—A) v =0.
By multiplying (19) by $=W, +&W , we get
(Wt*t +B(=A)" W +A*"W + M ( D"u" p)(—A)m u
p (20)
m. *||P m_* _
—M( D"v p)(—A) v ,3)_0.
. 1d 2¢ +&° EA ™ 2
(w5.9)2 2 <o -2 off - =2 o[ @
m 2
(50" w.8)> 22 of - L JoruiF @)
2 2
(47w, 9) = 2L [ow [ + 27w 23)
2dt

*

D™u

)ay e -m

p

(M

e
| )(—A)m w +[M ’(”D"‘u*

*

:[M (|D’" p)( D"u p)j‘ (-A)" v*me*,SJ
p p P ot
2
> iomy P +e0, [D"W | & D"‘W*”2 —1”3"2
2 dt 2 2

(24)

where ¢ isbetween D™u” and D"v'.
Substituting (21)-(24) into (20), we receive

1ol + oorwf + Jormwr])

2

<(2e+2 +1- a7 )9 + (247" + pe® +CF — 260, ) [D"W [ —2¢|D?"w

2 9-m 2 2
Taking a, =max{25+52 +1—,Bﬂim,—25,8 AT+ P +Cy 250'0}‘
o
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From Gronwall’s inequality, we deduce that

[l = e e
< (||9(0)||2 +o|pmw (o) +||D2““w"(o)||z)eaat -0
Hence,
|8 =[p"w|[ = p*"w [ =0.
Thus, we get
W =0U =V

The proof is complete.H

Theorem 2.3. Let E be a Banach space, and {S(t)}(t=0) are a family of
semigroup operators on E. S (t) :E—>E, S (t + S) =S (t)S (S)(Vt, s> 0) ,
S (0) = |, here I is a unit operator, set S (t) satisfies the following conditions:

(1) S (t) is uniformly bounded, namely VR >0, ||u||E <R, there exists a
constant C(R), such that

"S (t)u"E < C(R)’<t € [0,+oo));

(2) There exists a bounded absorbing set B, c E, namely VB c E, there ex-

ists a constant t, so that

S(t)Bc By, (t>t));

(3) When t>0, S (t) is a completely continuous operator.

Therefore, the semigroup operator S(t) exists a compact global attractor
A.

The Banach space £ in theorem 2.3 is changed to Hilbert space E,, and the
existence theorem of the following family of global attractors is obtained.

Theorem 2.4. Under the assume of Lemma 2.1, Lemma 2.2, Theorem 2.1 and

Theorem 2.2, problems (1)-(3) exist a family of global attractors

A =W(Bok)= QW’
where
BOk _ {(u,v) . Ek Z"(U,V)"; _ ||D2m+ku||2 +||Dkv||2 < RZ}, (25)

B, is the bounded absorbing setin E, and satisfies
S(t)A =A,t>0;
!medlst(S(t)Bk,Ak)zo, VB, c E, and

limdist (S (t) B, A ) = sup inf [|S (t)x-y]_ -

xeBy YeA

where S (t) is the solution semigroup that generated by problem (1)-(3).
Proof Under the conditions of Theorem 2.1 and Theorem 2.2, there exists the
solution semigroup S(t), S(t):E, > E,.
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(1) From Lemma 2.1 and Lemma 2.2, VB, < E, is a bounded set that con-
tained in the ball {"(u,v)”E <R, } , We can arrive at
k

IS 0o ), =g+ <l +lly <R

where t>0,(U,,V, ) € By, , this shows that «{S (t)} (t=0) is uniformly bounded
in E,.
(2) Furthermore, for any (u0 A ) € E,, when t2>max {to ,tl} , we have

15w, =l goe +MEy <R

So, By, isthe bounded absorbing set of S(t).
(3) Because E, <+ E,, which means that the bounded set in E, is the com-

pact setin Eg, so the semigroup operators {S (t)} exist a compact global at-

t>0
tractors A, .

A =w(By ) =US(t)By.

20t>7

The proof is complete.l

3. The Estimate of the Upper Bound of Hausdorff Dimension
and Fractal Dimension for the family of Global Attractors

First, the Equation (1) is linearized to prove the Frechet differentiability of the
solution semigroup, and further prove the decay of the volume element of the
linearization problems. Finally, the Hausdorff dimension and Fractal dimension
of the family of global attractors are estimated.

We linearize problems (1)-(3), and let 6 =@, + ¢@ , then the first-order vari-
ational equation of problems (1)-(3) as follows:
e

a—ge+gzw+M'(||Dmu z) D"@(-A)"u

+M (| D" E)(—A)m @+A"@ + B(-A)" 0 Pe(-A)" @ =0, 0
7 (x,0)=&.0(x0)=¢,, (27)

o (xb),, =(-A) @(xt)| =0, (28)

o(x1), =(-2)" o(x1),, =0, (29)

where &=(§,&,)eE,, (u,v)=5(t)(up,V,) is the solution of the problems
(1)-(3) obtained by (uo,vo) eA.
Given (Uy,Vy)€ A, then S(t)(uy,Vy)€ A, it can be proved that there is a

unique solution for linearized initial boundary value problems (26)-(29).
u(t)= (w(t),e(t)) el” ((0,+oo); E, )

Lemma 3.1. If the Frechet derivative mapped S(t):E, - E, on 1, =(Uy, V)
is a linear operator F:(&,&,)— (@ (t),0(t)), take any t>0,R>0, the map-
ping S(t):E, > E, has the differentiability of Frechet in E, , where
(zv (1), H(t)) is the solution of problems (26)-(29).
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Proof.  Assume 1, =(Uy,V, )T ek, , 77_0: (ug +&Vo T 6 )T €E, and
||770||Ek <R, “770 . <R, let n=S(t)7,=(u,v), 7=S(t)n,=(U,V), Since
semigroups S(t)(t > 0) on any bounded set of E, have Lipchitz properties,
that is

[s@)m s <e (&8 -

Taking (y/,qﬁ):(ﬁ—n—U):(U—u—w,\?—v—ﬁ) ,then ¢g=y, +ey.

Therefore,
¢+ +A"y + B(-A)"p=-h+ep+eB(-A)" v, (30)
w(0)=¢(0)=0.
Setting | =|D"u Z T = ||D"‘U||Z , we have

=M (T)(=A)"T=M (1)(=A)"u=M'(1)I'D"e (-A)"u=M (1)(-A)" .

Taking the scalar product of both sides of Equation (30) with (—A)k ¢ inH,

we get
1 d i d l d m+
P Ll R o7 I 1o e i |
2mik |2 mek L2
+8|D 1//| +p|D ¢||
= (—h +S¢+gﬂ(_A)m l//a(_A)k ¢)
Here

(D" (@-u)) (-A)" T+ M (1)(-A)"y

+ M/ ()1 (=A)" (T-u) D™ (T—u)+ M’ (1)I'D"y (-A)" u,(~A)" ¢J

< Cqlr-ul,

D¢+, o]

D™y +C, 0]

D2m+kl//||,

where ¢ isbetweenin D"™u and D"U.

From the above, we have

D2m+k!//

)

0| 2oty

oo + oo+
<(eB+26+Cy—2BA4")

+(eB+Coo " +Cyy —2¢))|

2

D2m+kl//||

Taking
a, =max{eB+2c+Cy — 24", ~22,68+Cio/y " +C,y - 22},
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We have
{0 + o] o < ([0 + o2 [o5u o)

By using Gronwall’s inequality, we obtain

e+ [o*w [ +fo™ v |

<Coe [ -ulf, dr=cue(4.8)];
When
T 2
‘(51’52) _)0’
Ex
_ 2
pO-n0-vO
T2 SClGe ! (51'9&2) £ —0.
(&.&)], k

The proof is complete.l

Theorem 3.1. Let A, be the family of global attractors that we obtain in sec-
tion2. In that case, A, have finite Hausdorff dimension and Fractal dimension,
that is d,, (A()<§n,dF (Ak)<gn .

Proof Assume R, : {u, ut} - {u, u, + gu} is a isomorphic mapping,
Y=R¢g= (u,V)T , @ :(u,ut )T , V=U +eu . According to Lemma 3.1,
S(t):E, — E, has the differentiability of Frechet. In order to estimate the
Hausdorff dimension and Fractal dimension of the problems (1)-(3), the varia-

tional equation of Equation (26) under initial conditions is considered in this

paper.

P+A,P=0,

R=FK (\P)
where

P=(@,0),0 =, +cw,A=-A
£ -l
A, = m ,
g2+ M'(1)I'A"UA? +(M (1)-gB) A" + A" BA" ¢l
m |IP

where | =|Azu

p
For fixed (uo,vo)e E,, we assume y,,7,,-,7, is n elements in E,, and
make U, (t),U,(t),---,U,(t) is n solutions to the linear Equation (26), which
initial value is U, (0)=7,,U, (0)=7,,---,U,(0)=7,.
By using the consistent Gronwall’s inequality, we have

||u t)AU, (t)A-- AU, ||

= ||71A72A"'A7n "Ek exp(jotrﬁ \P(T))Qn (T)d‘[)’
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where A is the cross product, tr represents the trace of the operator Q, (T)
represents the orthogonal projection from E, to Span{ (1)U }

For a given time 7, weset ,(7)= (fj (7)., (z’))T ,j=12,
{a)j (r)}jzl ,.. is the standard orthogonal basis of the space

span{U, (t),U, (t),---,U, (1)} .

Define the scalar productin E, as follows
((f,n),(f,ﬁ))Ek =(D2m+k§, D2m+k§_)+(Dkn’Dkﬁ).

From the above, we have

trF (¥ (7)Q, (7)) =

where

(no)

=sfors [ eefon [ - ploma | o (00
—M’(”Dmu” )( D™y p) (D (-a)" uD"¢;. D,
~(m(Jorul} )-e8)(om 5, o4,

—ofo e welotn [ -

om+kn,-|r+ﬁnoka|r

+§||ka|r+ﬁ

Dm+k77j || + ﬁﬂfm ||D2m+k§J ||

S P o Y
= 2212m ﬂﬂfm 2 '71'
<-Co(forms [+ [0 )

2 2 2
where Clg:min{g— & _Cs 36, ¢ }

There exists a positive constant r, such that
(F(¥(0)o, (7)., (<)),
=—(A,0,0;)< _%("Dzmk@' [ +[o*n, "2)+ r[oa

Due to {a)j (r)} is the standard orthogonal basis of the space

span{U, (t),U, (), U, (1)}

o[+ ot [ -1

DOI: 10.4236/ijmnta.2020.94005 77 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2020.94005

G. G. Lin, Y. L. Yang

Almost to all # we arrive at

n v 2 n .
2[otn | <24
j=1 j=1

eigenvalue

j=1

where S:% and Se[O,l] » Ay s the
A <A << A,
So,
nCZO l s-1
trFt(\P(T))Qn(T)S—T-FrZ/’iJ- .
Setting
q,(t)= sup sup
WoeBok By [7]<t
A, =limsupg, (t).
Therefore,

nC LN
q, < —Tu+ rz/ij L
j=1

Thus, the Lyapunov exponent of By, is uniformly bounded.

nC D
K K+t K S—Tﬂ+r22f L
=1

From what has been discussed above, we get

a, <

Thus,

4. Conclusion

nC n ., _nC
(o). <=5+ 8 <P

_nC21 1- 2r Z”:/ljs,l <_
2 nCy 1=

3nC,,
10

of

(i (50 w.)a (e

AZm

and

In this paper, a class of high order Kirchhoff type equation has been investigated.

In recent years, much work concerning the low order Kirchhoff type equation
has been published. However, to the best of my knowledge, there were few

long-time behaviors for the high order Kirchhoff type equation with strong

damping. We have proved the existence and uniqueness of the global solution of
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the problem by using prior estimates and the Galerkin’s method under proper
assumptions for the rigid term. Furthermore, we have been obtained the Haus-

dorff dimension and Fractal dimension of the family of global attractors.
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