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1. Introduction

Recently, Iscan [1] presented the following concept of p-convex mappings,

which is a generalization of ordinary convexity and harmonically convexity.
Definition 1.1 [1] The mapping 7:1 = (0,00) >R is named a p-convex

mapping, where peR\{0}. Ifforall s€[0,1] and x,yel, we have

ﬂ'[[SXp+(1—S)yp]i’JSSﬂ(X)+(1—S)7Z(y). (1.1)

Many researchers have worked in the properties and inequalities for p-convex
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functions. For example, Zhang and Wang [2] introduced some properties for
p-convexity. Kunt and Iscan [3] established several Hermite-Hadamard-Fejér
inequalities involving p-convex mapping. Dragomir et al [4] gave some integral
inequalities for differentiable p-convex mappings. Mehreen and Anwar [5] pre-
sented several Hermite-Hadamard type inequalities related to exponentially
p-convex functions. For more results associated with p-convex functions see
references in [6] [7].
In [8], Katugampola introduced a class of fractional integral operator, which
generalizes Riemann-Liouville and Hadamard fractional integrals simultaneously.
Definition 1.2 [8] Let [a,b] = R be a finite interval. The left-side and right-side
Katugampola fractional integrals of order >0 of
me x(ab)(ceR1<o <) aredefined respectively by

5Pt

1-u
Pl;;z(x):rp -[X z(s)ds (1.2)

and

1-p
Pl:jz(x)zrf) Ib s’ ﬂ(s)ds, (1.3)

where a<X<b, p>0 and T'(u) iIs the Gamma function and its definition
is T ( y) = J:O e °s* s, ifthe integrals exist.
Theorem 1.1 [8] Let x>0 and p>0. Then, for X<b, we have

lim *12 7 (x) = 3,7 7(x) and panow PIA 7 (x) = H 7 (x), (1.4)

and for X>a, we have

lim pl;n(x):J;ﬂ(x) and lim pl;;z(x):Ha’ifr(x), (1.5)

p—1 p—0*

where the symbol )’ 7w and )7 denote respectively the left-sided and
right-sided Riemann-Liouville fractional integrals of the order ueR" defined

by

J:Jr(x):ﬁj:(x—s)"1n(s)ds, a<Xx (1.6)
and

u _ 1 b _ u-1

Jb,ﬁ(x)_—r(ﬂ)fx(s )" z(s)ds, x<b. (1.7)

And the symbol H!. and H'm denote respectively the lefi-sided and
right-sided Hadamard fractional integrals of order p<R" defined as

Ha’iﬂ(x)=L.[:(ln[1Dﬂlﬂ(s)%, a<x (1.8)

F(y) S

and
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Hbﬂﬂ'(X)Zﬁﬁj('n(gjjﬂ_lﬂ(S)%, x<bh. (1.9)

Theory of Katugampola fractional integral operators attract widely attention
for many authors, some new generalizations, extensions and variations of clas-
sically integral inequalities via Katugampola fractional integrals have been es-
tablished in the literature. For example, Chen and Katugampola [9] obtained
Hermite-Hadamard and Hermite-Hadamard-Fejér type inequalities in con-
nection with Katugampola fractional integrals and convex mappings. Delavar
and Dragomir [10] studied Katugampola fractional integrals Hermite-Hadamard’s
mid-point inequalities via Lipschitzian mappings and convex mappings. Toplu
et al. [11] established the Hermite-Hadamard inequality for p-convex mappings
via Katugampola fractional integrals. Kermausuor et al [12] introduced some
new Katugampola fractional integrals Hermite-Hadamard type inequalities
through strongly 7 -convex mappings. For more information related to Katu-
gampola fractional integral operators, we refer an interested reader to [13]-[17].

In [18], Hu et al established the following identity for right Katugampola
fractional integrals to derive several parameterized integral inequalities.

Theorem 1.2 Let p,u>0 and z:[a,b]c(0,0) >R be a differentiable
mapping on (a,b) such that n'e Ll([a,b]), where 0<a<b. Then for all
m,n e R, the following identity holds:

af +bP “T'(a+1)

}’1’ (o)

o pl;ﬂﬁ(a)

b* —a’ j:z(s)(sbp +(1—s)ap)7r’('\)/m)ds'

p

mz(a)+(n-m)z {

(1.10)

where
2(s)= (1.11)

These studies motivated us to establish some trapezium-type inequalities in-
volving Katugampola fractional integrals for the mappings whose first derivative
absolute values are p-convex. We emphasize that our main results generalize the
ones obtained by Sarikaya and Budak [19]. Also, we present two examples to

support our results.

2. New Lemma

Before stating the results, we define some notations as follows:
1
m:=(/1ap+(1—/1)bp)9, (2.1)

n:=(4b" +(1—/1)ap)% (2.2)
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and

@ (4, p.Aab)
_ p[ﬂ(n)+ﬂ(m)]+ C(1+u)p" opa (s o1 o(m] 23
(1-24)(b -a") (1_2/1)y+1(bp_ap)y+1[ 1 (m)+ P12 7 (n) |

Lemma 2.1 Assume that 1,p>0 and ﬂ:[ap,bp]g(o,oo)aR be a dif-
ferentiable mapping on (ap,bp) with 0<a<b satisfying
el ([ap ,bP J) Then the following identity exists:

@, (1, p,A,ab)
1 1

:I:[(l—S)” _sﬂJ(smp +(1—s)np)p1ﬂ,([smp +(1—5)np]pjds, (2.4)

where 1€ (0,1]\%.

Proof Tt suffices to note that:

& :I:[(l—s)” _sﬂ](smp +(l—s)np);17z’[[smp +(1—s)np:|fll)ds
= {[01(1—5)” (smP Jr(l—s)np)%’1 ﬁ'[[smp +(1—s)nP];st} 25)
+I:—I;s“(smp +(1—s)np)%’1 ﬁ'[[smp +(1—5)np]'1’st}

=&+

Integrating by parts, we obtain

&= m{ﬁl—s)*‘d(n([w+<1—s>n”]im
ﬁ[ (1- s)“ﬂ[[smu(l—s)n“]i]:

+yj:(l—s)”'1n([smp +(1—s)n')};)ds:| (2.6)
pz(n)

(1-24)(b"-aP)

T (E e

T (1-22)(b" -aP

Using the change of variable
XP =s(2a” +(1-4)b? )+ (1-5)(b? +(1-1)a") for s<[0,1], then the
Equality (2.6) can be written as
2 m p-1
P 4 () - e L L
(1—2&)(bp—ap) (1_24)/‘+ (bp_ap) (mp_xp)
p+l
_ pz(n) . C(1+u)p oz (m),
(1_21)(bp_ap) (1—21)#+1(bp—ap)”+ n
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and similarly, we have

& =- m_ﬁsﬂd(ﬁ{[smp+(1_s)np];l)D
p

- m sz [[sm +(1- s)anpJ

+/II:5/41 (sm + 1 S) ] jds} (2.8)

1

0

- pz(m) N up’ mo Xt (3 dx
(l—Zﬂ)(bp—ap) (1_21)/’*1(bp_ap)/l+1 -[n (Xp_np)l—y ( )d
- TG )

(1-24)(b" -a") (1_2,1)/”1(,0;) ~a?)

Adding the Equality (2.7) and Equality (2.8) together, we get
§=&+&
n m T(1 u+l
__Plrmes(m],  r@ru)e (P12 (m)+ P12 z(n)].

(1-22)(b*~a") (1-22)"" (b*-a")""

(2.9)

This completes the proof.

Remark 2.1 Choosing p=1 inLemma?2.1, we have Lemma 2.1 presented by
Sarikaya and Budak in [19].

Remark 2.2 T: aking A=0 inLemma?2.l, we have

plr(a)+z(b)] T@+rm)pr,, »
- b? _aP (b" “ );4+1|: |a+”(b)+ Ibf”(aﬂ

1 1
:j:[(l—s)” —s”}(sbp +(1—s)ap)Pl7z’[[sbp +(1—s)ap]9]ds.
Similarly, putting A =1 in Lemma?2.1, we obtain

plr(a)+7(b)] T(+m)pr, ., Y
o +(bp_’;p)w[ 1% 7(b)+ "1/ 7 (a)]

= [[a-s) =" (s +(1—s)bp):)1ﬂ'[[8ap +(1—S)b”]ins,

which is proved by Toplu et al. in [11].

(2.10)

(2.11)

3. Main Results

We now present some katugampola fractional integrals inequalities with mul-
tiple parameters related to p-convex mappings.
Theorem 3.1 Let 7: [ap,bp] c(0,0) >R be a differentiable mapping on
Eap,bpﬁ with 0<a<b such that n'e Ll([ap,bp}). If |7T'|q is p-convex on
a”,b’

tional integrals holds.

for p>0, q=1, then the following inequality for katugampola frac-
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2

1
o (upiab)<nr|—2_(1-L
@, (1, p.4,a,b)| <7 LH[ o -

H[In'(m)l”lﬂ'(n)l“

where >0, 26(0,1]\% and

a, 1l<p<om,
b, 0<p<l.

Proof. Case 1: p >1.By means of Lemma 2.1, one has

[, (1,p.2.2.D)

< '[:‘(1— s)’ —s”

(smP+(1-s)nP

Forall 0<s<1, applying the fact that
1 1

(s(2a” +(1-2)b)+(1-5)(Ab" +(1-2)a”) )P <(a’)r

we obtain

|, (1. p,4,a,b) <a” D:‘(l— s)" —s”

Using the Holder inequality for inequality (3.5), we deduce
|, (1, p,2,3,b)|

1

1 -
gal‘p[jo‘(l—s)”—s” ds} 9

[m(l— s) —s*

- ap_l[jo;[(l_ s)’ —S”stﬂé[s# _(1_5);,stjl';

i .

ﬁ’([smp +(1—s)np]9]
Since |7r’

[©, (u.p.2,a.b)

- —1-
sai| 212
| u+1 2"

Q|-

(1-s)" —s*

a .
| is p-convex, we get

ﬁ’[[smp +(1—s)np}1:j

ﬂ’{[smp +(1-s)n" |

r

w2 2 o
IR G o,

p

!

(3.1)

(3.2)

1 (3.3)
P]ds.

a? (3.4)

dsJ. (3.5)

1

@ g
ds}

(3.6)

(3.7)
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Case2: 0< p<1.Forall 0<s<1, we deduce that
1 1
(s(2aP +(1-2)b)+(2-5)(b® +(1-4)a"))® <(bP) " =b (38)
Using above process with relation inequality (3.8), we obtain

o, (1p.2.20)
- 1t
<brt| 2 (1—ij qu
- L u+1 27 )| 0

[ 2 NI 1\]s ‘ “Ta
-1 [ ’
=bp _m(l—z—”j_ [m(l—z—#j} |:|7Z' (m)| +|7Z' (n)| :|q
2

Lj'_{|”'(m)|q+|”'(”)lq] |

1

[s|7z’(m)|q +(1—s)|7z'(n)|q}ds}q

(1-s)" —s*

Q-

= bp71

2
(3.9)

Thus, the proof is completed.
Corollary 3.1 In Theorem 3.1, if we take (=1, then we have

|d>” (u, p,/l,a,b)| <ptP {i(l—iﬂﬂzr’(mﬂ+|7z'(n)|], (3.10)

u+1

where 1 1is define by (3.2).
Corollary 3.2 In Theorem 3.1, if we choose p =1, then we obtain Theorem

2.3 in[19].
Corollary 3.3 In Theorem 3.1, if we put A =0, then we get

plz(a)+x(b)] T(1+u)p"'r, . .
- +(bp_zp)w[ 147 (b)+ °1 7 (a)]

ol

where 1 Is defined by (3.2).

Now, we prepare to introduce the second theorem as follows.

Theorem 3.2 Let p,u>0 and 7: [a” : pr < (0,0) >R be a differentiable
mapping on (ap,bp) with 0<a<b such that n'e Ll([a, b]) /3 |7r'|q is

(3.11)

p-convex on [a",b')} for q>1 and give constant r >1 such that 1+1=1,
rq

then the following inequality holds:

AR GO RO

where 1 is defined by (3.2) and 2 €(0,1] \%.

Proof. Case 1: p>1. Continuing from inequality (3.5), and using Holder in-
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equality, we obtain

[, (1,p.2.2.D)

<a® .[01

_ 1
<a’? J'Ol‘(l—s)” —st|' ds}r [j':

(1-s)"—s*

——

:

ﬁ'([smp +(1—s)npﬁ]

1

L

4 q
ds} (3.13)

1

—alP J‘OE[(l— s)" —s* Jr ds + E[s“ ~(1-s)" T dsjr

.[ﬁ 1 quf.

ﬂ'([smp +(1—s)anPJ
¢

Since |7r' is p-convex, we get

fe s +a-sy T

<[ sl (m)" +@=s)|= ()] Jas (3.14)
)+ (f

B 2

q

ds

By calculation, we have

(J'O;[(l—s)” —s‘l] ds+g[s” —(1—3)”}r dsji :Lﬂil(l— ;r Hi (3.15)

Using inequality (3.14) and (3.15) in inequality (3.13), we deduce

1
- 2 1 \]r ﬂ’(m)q+7r'(n)q a
@, (1. p.Aab)<a p[m(l_ﬁﬂ { | 2| | . (3.16)

Case 2: 0< p<1. By utilizing the above process with relation inequality (3.8),

we obtain

[, (1.p.2.2.D)

<btP [.[:‘(1— s)" —s*

ﬁ'{[smp +(1—s)n"}11]

rdsﬂﬁ

sbl-p[ﬁ(l_z_}”ﬁP”Tm)l“;l”’(n)lq] |

Thus, the proof is completed.

a a
ds} (3.17)

Q-

Corollary 3.4 In Theorem 3.2, if we take p =1, then we have Theorem 2.6 in
[19].
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Next, we will use the well-known Young’s inequality

r q
X +Y—,VX,Y >0,r-q >1,1+1=1 (3.18)
r q rq

XY <

in Theorem 3.2 to get the following two corollaries.

Corollary 3.5 Under all assumptions of Theorem 3.2, we deduce

) eof oy

2 (1_ 1
ur
rprl\ 27 ), . (3.19)

-
|, (1, p,Aa,b)<n'? - 2

where 77 is defined by (3.2).
Corollary 3.6 Under the conditions of Theorem 3.2, if we take A =0, then

we have

_plr(@)+n(0)] T+ 0™ (7122 (b)+ "1 7 (a)]

b —aP (bp_ap)‘”l
2 (1_ 1 j . . (3.20)
r "(a "(b
< ru+l 24 +|”( )| +|77( )| ’
r 2q
where 1 1Is defined by (3.2).
We will apply the following special functions in the next theorem.
1) The beta function,
ﬂ(x,y):‘[;sx‘l(l—s)y’1 ds, x,y>0. (3.21)

2) The hypergeometric function,

R (abicz)= Y(1- s)HH (1-zs)"ds, c>b>0,|z|<1. (3.22)

1 1y
DL

Theorem 3.3 Let p,u>0 and 7: [a" , pr c(0,0) >R be a differentiable
mapping on (ap,bp) with 0<a<b such that n'e Ll([a,b]). If |7z"|CI is

11
p-convex on [ap,b"J for q>1 and give constant v >1 such that —+—=1,
r

then the following inequality exists:
|©, (1 p. 2a,b)|

1
v [ mEPa P_nP
<2 (1_LJ UL S - s PO
ru+l 24 2 p mP

(-p)a P p p p q
m q.,.,,m-n q.,.,,m-n L
— {2.2F1{q-5,1.2,—mp j—zFl[q—E,l.S, — ﬂ|7z(n)| } .

(3.23)

q

Proof. Applying Lemma 2.1, Holder inequality and the p-convexity of |7r'

>

one has
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|d)ﬂ(y, p,/l,a,b)|

< m(l—s)” —s"

1

(smp+(1—s)np)P
sy <o

_ 1
2 (1_i '

| ru+l 247
1

- :ry2+1(1_ = ﬂ {Iﬂ’(m)l“ 's(sm + (1-syn*) s os

effo - s

=1k

1

{Ll (sm? +(1_s)np)[;—1]q

IA

(1-s)"—s*

1
q q
ds]

1
q

n'([sm" +(1—s)np]:’J

IA

J’:(smp +(1-s)nP )(%_1}1 [s|7r’(m)|q +(1- s)|7z’(n)|q }ds:l

+|7r’(n)|q Jj(l—s)(sm” +(1—s)n”)[%fl]q ds}q.

(3.24)

By calculation, we obtain

1

(1-p)
Es(sm" +(1—s)np)[571]q ds =ﬂ' 2F1(q —%,1:3; mpm—pn”j (3.25)

and
j;(l—s)(smp +(1-s)n® )[%71}] ds

(2-p)g p p p p (3.26)
m mP —n mP —n
= {Z-ZFl(q—ﬂ,l;Z; 5 ]—zFl(q—ﬂ,l;& ; H
2 p m p m

Utilizing inequality (3.25) and (3.26) in inequality (3.24), we can obtain de-
sired inequality (3.23). The proof is completed.
Corollary 3.7 Under the conditions of Theorem 3.3, if we take A =0, then

we obtain
p[;z(a)+7z(b)} 1+ u) p“*t o1 4 o1
_ ot + (bp_ap)’ﬁl [ Ia+7r(b)+ Ib,ﬁ(a)]

1
2 1 r | p@-Pa b? —a” ,
<) (1—7j —,F q—ﬂ,lzs;—p 7' (b)[
u+1 2 2 p b
1
b ? q,.,b°-n’ q .0 -a"] el
= [2.2Fl[q—3,1.2, 2R q—;,l.S, = Iz (a)"t

4. Examples

In this part, we obtain two examples to illustrate our main results.

Example 4.1 Let 7Z'(X) :%XZ , xe(0,), then |7r'(X)| =X is p-convex for
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p<1l. Choosing A=0, u=15, p=05, q=1, a=4 and b=9, then all
the assumptions in Theorem 3.1 are satisfied. We have
|, (1, p,2,8,b)
n m (1 u+l
__Plr(msex(m)]  r@rp)e (P15 7(m)+ "1 7z(n)]

(1-24)(b" -a") (1_2/1)/,+1(bp _ap)ﬂu

- ‘—0.5[7[(4)4—7[(9)] +T(25)05°° **11°7(9) + °-5|;;5;z(4)]‘ ~8.9344 (4.1)

o[ 2ot ﬂ[lﬁ'(m)lqzlﬂ’(n)lqr
_gi-0s) 2 (l_lef’j[M] ~10.0846.

[N

15+1 2
This proves that the described result in Theorem 3.1 Is correct.
Example 4.2 Let 7(X) =1LXH’ , xe€(0,0), then |7z'(x)| =x"P is
-p

p-convex for p>1. Taking =0, u=15, p=2, q=1, a=1 and b=3,

then all the assumptions in Theorem 3.1 are satistied. We have
[, (.. 2,ab)
pu+l
:_p[ﬂ(n)"'ﬂ(m)}_i_ F(1+,U)p +l[p|ﬂ+ﬂ(m)+ p|;¢77[(n)}
(1_2/1)(bp_ap) (1—21)#+l(bp—ap)# n m

B e =]

~0.0672 (4.2)

Sal_p{i(l_iﬂ |7/ (m)|" +| (n)] ‘

L+l 2# 2
=1(1-2)L(1_ij M ~0.17146
15+1 218 2

This proves that the described result in Theorem 3.1 is correct.

5. Conclusion

In this paper, we assume that the absolute value of the derivative of the consi-
dered function 7' is p-convex to obtain some inequalities for Katugampola
fractional integrals. More new results can be derived by taking special parameter
values for A, u and p. We emphasize that certain results proved in this ar-
ticle generalize the ones obtained by Sarikaya and Budak [19] and Topul et al
[11].
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