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Abstract 
In this paper, we have established a new identity related to Katugampola frac-
tional integrals which generalize the results given by Topul et al. and Sarikaya 
and Budak. To obtain our main results, we assume that the absolute value of 
the derivative of the considered function ϕ′  is p-convex. We derive several 
parameterized generalized Hermite-Hadamard inequalities by using the ob-
tained equation. More new inequalities can be presented by taking special 
parameter values for λ , µ  and p. Also, we provide two examples to illu-
strate our results. 
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1. Introduction 

Recently, İşcan [1] presented the following concept of p-convex mappings, 
which is a generalization of ordinary convexity and harmonically convexity. 

Definition 1.1 [1] The mapping ( ): 0,Iπ ⊂ ∞ →   is named a p-convex 
mapping, where { }\ 0p∈ . If for all [ ]0,1s∈  and ,x y I∈ , we have  

( ) ( ) ( ) ( )
1

1 1 .p p psx s y s x s yπ π π
 
 + − ≤ + −  
 

           (1.1) 

Many researchers have worked in the properties and inequalities for p-convex 
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functions. For example, Zhang and Wang [2] introduced some properties for 
p-convexity. Kunt and İşcan [3] established several Hermite-Hadamard-Fejér 
inequalities involving p-convex mapping. Dragomir et al. [4] gave some integral 
inequalities for differentiable p-convex mappings. Mehreen and Anwar [5] pre-
sented several Hermite-Hadamard type inequalities related to exponentially 
p-convex functions. For more results associated with p-convex functions see 
references in [6] [7]. 

In [8], Katugampola introduced a class of fractional integral operator, which 
generalizes Riemann-Liouville and Hadamard fractional integrals simultaneously.  

Definition 1.2 [8] Let [ ],a b ⊂   be a finite interval. The left-side and right-side 
Katugampola fractional integrals of order 0µ ≥  of  

( ) ( ), ,1c a b cσπ χ σ∈ ∈ ≤ ≤ ∞  are defined respectively by  

( ) ( ) ( )
( )

1 1

1 d
pxp

a a p p

p sI x s s
x s

µ
µ

µπ π
µ+

− −

−=
Γ −

∫              (1.2) 

and

  
( ) ( ) ( )

( )
1 1

1 d ,
pbp

b x p p

p sI x s s
s x

µ
µ

µπ π
µ−

− −

−=
Γ −

∫             (1.3) 

where a x b< < , 0p >  and ( )µΓ  is the Gamma function and its definition 
is ( ) 1

0
e ds s sµµ

∞ − −Γ = ∫ , if the integrals exist.  
Theorem 1.1 [8] Let 0µ >  and 0p > . Then, for x b< , we have 

( ) ( ) ( ) ( )
1 0

lim and lim ,p p
b b b bp p

I x J x I x xµ µ µ µπ π π π− − − −+→ →
= =       (1.4) 

and for x a> , we have  

( ) ( ) ( ) ( )
1 0

lim and lim ,p p
a a a ap p

I x J x I x xµ µ µ µπ π π π+ + + ++→ →
= =       (1.5) 

where the symbol 
a

J µ π+  and 
b

J µ π−  denote respectively the left-sided and 
right-sided Riemann-Liouville fractional integrals of the order µ +∈  defined 
by  

( ) ( ) ( ) ( )11 d ,
x

a a
J x x s s s a xµµ π π

µ+

−= − <
Γ ∫            (1.6) 

and  

( ) ( ) ( ) ( )11 d , .
b

b x
J x s x s s x bµµ π π

µ−

−= − <
Γ ∫            (1.7) 

And the symbol 
a
µ
+  and 

b
µ π−  denote respectively the left-sided and 

right-sided Hadamard fractional integrals of order µ +∈  defined as  

( ) ( ) ( )
1

1 dln ,
x

a a

x sx s a x
s s

µ
µ π π

µ+

−
  = <  Γ   

∫           (1.8) 

and  
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( ) ( ) ( )
1

1 dln , .
b

b x

x sx s x b
s s

µ
µ π π

µ−

−
  = <  Γ   

∫           (1.9) 

Theory of Katugampola fractional integral operators attract widely attention 
for many authors, some new generalizations, extensions and variations of clas-
sically integral inequalities via Katugampola fractional integrals have been es-
tablished in the literature. For example, Chen and Katugampola [9] obtained 
Hermite-Hadamard and Hermite-Hadamard-Fejér type inequalities in con-
nection with Katugampola fractional integrals and convex mappings. Delavar 
and Dragomir [10] studied Katugampola fractional integrals Hermite-Hadamard’s 
mid-point inequalities via Lipschitzian mappings and convex mappings. Toplu 
et al. [11] established the Hermite-Hadamard inequality for p-convex mappings 
via Katugampola fractional integrals. Kermausuor et al. [12] introduced some 
new Katugampola fractional integrals Hermite-Hadamard type inequalities 
through strongly η -convex mappings. For more information related to Katu-
gampola fractional integral operators, we refer an interested reader to [13]-[17]. 

In [18], Hu et al. established the following identity for right Katugampola 
fractional integrals to derive several parameterized integral inequalities.  

Theorem 1.2 Let , 0p µ >  and [ ] ( ): , 0,a bπ ⊆ ∞ →   be a differentiable 
mapping on ( ),a b  such that [ ]( )1 ,L a bπ ′∈ , where 0 a b< < . Then for all 

,m n∈ , the following identity holds:  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( )( )

1

1

0

1
1

2

1 1 d ,

p p p
p

p p b

p p
p p p pp

pa bm a n m n b I a
b a

b a z s sb s a sb s a s
p

α
µα

π π π π

π

−

 
Γ + + + − + − −   −  

 
− ′= + − + −∫

  (1.10) 

where  

( )

1, 0, ,
2

=
1, ,1 .
2

s m s
z s

s n s

µ

µ

  − ∈    


  − ∈    

                   (1.11) 

These studies motivated us to establish some trapezium-type inequalities in-
volving Katugampola fractional integrals for the mappings whose first derivative 
absolute values are p-convex. We emphasize that our main results generalize the 
ones obtained by Sarikaya and Budak [19]. Also, we present two examples to 
support our results.  

2. New Lemma 

Before stating the results, we define some notations as follows:  

( )( )
1

: 1 ,p p pm a bλ λ= + −                       (2.1) 

( )( )
1

: 1p p pn b aλ λ= + −                        (2.2) 
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and  

( )
( ) ( )

( )( )
( )

( ) ( )
( ) ( )

1

11

, , , ,

1
: .

1 2 1 2
p p

p p n mp p

p a b

p n m p
I m I n

b a b a

π

µ
µ µ

µµ

µ λ

π π µ
π π

λ λ
+ −

+

++

Φ

+  Γ +   = − + + − − − −

  (2.3) 

Lemma 2.1 Assume that , 0pµ >  and ( ): , 0,p pa bπ   ⊆ ∞ →    be a dif-
ferentiable mapping on ( ),p pa b  with 0 a b< <  satisfying  

( )1 ,p pL a bπ  ′∈   . Then the following identity exists:  

( )

( ) ( )( ) ( )
1 111

0

, , , ,

1 1 1 d ,p p p pp p

p a b

s s sm s n sm s n s

π

µ µ

µ λ

π
−

Φ

    ′= − − + − + −     
∫

    (2.4) 

where ( ] 10,1 \
2

λ ∈ .  

Proof. It suffices to note that:  

( ) ( )( ) ( )

( ) ( )( ) ( )

( )( ) ( )

1 111

0

1 111

0

1 111

0

1 2

1 1 1 d

1 1 1 d

1 1 d

: .

p p p pp p

p p p pp p

p p p pp p

s s sm s n sm s n s

s sm s n sm s n s

s sm s n sm s n s

µ µ

µ

µ

ξ π

π

π

ξ ξ

−

−

−

    ′= − − + − + −     
  

 ′= − + − + −      
  

 ′+ − + − + −      
= +

∫

∫

∫

   (2.5) 

Integrating by parts, we obtain  

( )( ) ( ) ( )

( )( ) ( ) ( )

( ) ( )

( )
( )( )

( )( ) ( ) ( )

1
1

1 0

11

0

1
1 1

0

1
1 1

0

1 d 1
1 2

1 1
1 2

1 1 d

1 2

1 1 d
1 2

p p p
p p

p p p
p p

p p p

p p

p p p
p p

p s sm s n
b a

p s sm s n
b a

s sm s n s

p n
b a

p s sm s n s
b a

µ

µ

µ

µ

ξ π
λ

π
λ

µ π

π

λ

µ π
λ

−

−

   
 = − + −     − −     

    = − + −  − −  
 

 + − + −      

= −
− −

 
 + − + −  − −  

∫

∫

∫ .

     (2.6) 

Using the change of variable  
( )( ) ( ) ( )( )1 1 1p p p p px s a b s b aλ λ λ λ= + − + − + −  for [ ]0,1s∈ , then the  

Equality (2.6) can be written as  

( )
( )( ) ( ) ( ) ( )

( )

( )
( )( )

( )
( ) ( )

( )

2 1

1 1 11

1

11

d
1 2 1 2

1
,

1 2 1 2

pm

p p np p p p

p
p p np p

p n p x x x
b a b a m x

p n p
I m

b a b a

µ µµ

µ
µ

µµ

π µξ π
λ λ

π µ
π

λ λ
+

−

+ −+

+

++

= − +
− − − − −

Γ +
= − +

− − − −

∫
 (2.7) 
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and similarly, we have  

( )( ) ( )

( )( ) ( )

( )

( )
( )( ) ( ) ( ) ( )

( )

( )
( )( )

1
1

2 0

11

0

1
1 1
0

2 1

1 11

d 1
1 2

1
1 2

1 d

d
1 2 1 2

1 2

p p p
p p

p p p
p p

p p p

pm

p p np p p p

p p

p s sm s n
b a

p s sm s n
b a

s sm s n s

p m p x x x
b a b a x n

p m
b a

µ

µ

µ

µ µµ

ξ π
λ

π
λ

µ π

π µ π
λ λ

π

λ

−

−

+ −+

   
 = − + −     − −    

    = − + −  − −  
 

 + + −      

= − +
− − − − −

= − +
− −

∫

∫

∫

( )
( ) ( )

( )
1

11

1
.

1 2
p

mp p

p
I n

b a

µ
µ

µµ

µ
π

λ
−

+

++

Γ +

− −

 (2.8) 

Adding the Equality (2.7) and Equality (2.8) together, we get  

( ) ( )
( )( )

( )
( ) ( )

( ) ( )

1 2

1

11

1
.

1 2 1 2
p p

p p n mp p

p n m p
I m I n

b a b a

µ
µ µ

µµ

ξ ξ ξ

π π µ
π π

λ λ
+ −

+

++

= +

+  Γ +   = − + + − − − −

 (2.9) 

This completes the proof.  
Remark 2.1 Choosing 1p =  in Lemma 2.1, we have Lemma 2.1 presented by 

Sarikaya and Budak in [19].  
Remark 2.2 Taking 0λ =  in Lemma 2.1, we have  

( ) ( ) ( )
( )

( ) ( )

( ) ( )( ) ( )

1

1

1 111

0

1

1 1 1 d .

p p
p p a bp p

p p p pp p

p a b p
I b I a

b a b a

s s sb s a sb s a s

µ
µ µ

µ

µ µ

π π µ
π π

π

+ −

+

+

−

+  Γ +   − + + − −

    ′= − − + − + −     
∫

   (2.10) 

Similarly, putting 1λ =  in Lemma 2.1, we obtain  

( ) ( ) ( )
( )

( ) ( )

( ) ( )( ) ( )

1

1

1 111

0

1

1 1 1 d ,

p p
p p a bp p

p p p pp p

p a b p
I b I a

b a b a

s s sa s b sa s b s

µ
µ µ

µ

µ µ

π π µ
π π

π

− +

+

+

−

+  Γ +   + + − −

    ′= − − + − + −     
∫

   (2.11) 

which is proved by Toplu et al. in [11].  

3. Main Results 

We now present some katugampola fractional integrals inequalities with mul-
tiple parameters related to p-convex mappings. 

Theorem 3.1 Let ( ): , 0,p pa b Rπ   ⊂ ∞ →   be a differentiable mapping on 
( ),p pa b  with 0 a b< <  such that ( )1 ,p pL a bπ  ′∈   . If qπ ′  is p-convex on 

,p pa b    for 0p > , 1q ≥ , then the following inequality for katugampola frac-
tional integrals holds:  

https://doi.org/10.4236/oalib.1106793


H. Wang 
 

 

DOI: 10.4236/oalib.1106793 6 Open Access Library Journal 
 

( )
( ) ( )

1

1 2 1, , , , 1 ,
1 22

q q q
p m n

p a bπ µ

π π
µ λ η

µ
−

 ′ ′+    Φ ≤ −  +      
     (3.1) 

where 0µ > , ( ] 10,1 \
2

λ ∈  and  

, 1 ,
, 0 1.

a p
b p

η
≤ < ∞

=  < <
                       (3.2) 

Proof. Case 1: 1p ≥ . By means of Lemma 2.1, one has  

( )

( ) ( )( ) ( )
1 111

0

, , , ,

1 1 1 d .p p p pp p

p a b

s s sm s n sm s n s

π

µ µ

µ λ

π
−

Φ

 
 ′≤ − − + − + −  
 

∫
   (3.3) 

For all 0 1s≤ ≤ , applying the fact that  

( )( ) ( ) ( )( )( ) ( )
1 11 1 11 1 1 ,p p p p p pp ps a b s b a a aλ λ λ λ
− − −+ − + − + − ≤ =    (3.4) 

we obtain  

( ) ( ) ( )
1

11
0

, , , , 1 1 d .p p p pp a b a s s sm s n sµ µ
π µ λ π−

  
 ′Φ ≤ − − + −      

∫   (3.5) 

Using the Hölder inequality for inequality (3.5), we deduce  

( )

( ) ( ) ( )

( ) ( )

( ) ( )

1
1 111 11

0 0

111 11 2 10
2

1

1
1

0

, , , ,

1 d 1 1 d

1 d 1 d

1 1 d .

q q
qp p p p

q
p

q q
p p p

p a b

a s s s s s sm s n s

a s s s s s s

s s sm s n s

π

µ µµ µ

µ µµ µ

µ µ

µ λ

π

π

−
−

−
−

Φ

      ′≤ − − − − + −        

    = − − + − −     

    ′⋅ − − + −     

∫ ∫

∫ ∫

∫

  

(3.6) 

Since qπ ′  is p-convex, we get  

( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1 11
11
0

1 1 11
1

1

1

, , , ,

2 11 1 1 d
1 2

2 1 1 11 1
1 12 2

2 11 .
1 22

q q q qp

q q q q qp

q q q
p

p a b

a s s s m s n s

a m n

m n
a

π

µ µ
µ

µ µ

µ

µ λ

π π
µ

π π
µ µ

π π
µ

−
−

−
−

−

Φ

     ′ ′≤ − − − + −       +   

        ′ ′= − − +         + +      

 ′ ′+    = −  +      

∫

  

(3.7) 
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Case 2: 0 1p< < . For all 0 1s≤ ≤ , we deduce that  

( )( ) ( ) ( )( )( ) ( )
1 11 1 11 1 1 .p p p p p pp ps a b s b a b bλ λ λ λ
− − −+ − + − + − ≤ =   (3.8) 

Using above process with relation inequality (3.8), we obtain  

( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1 11
11
0

1 1 11
1

1

1

, , , ,

2 11 1 1 d
1 2

2 1 1 11 1
1 12 2

2 11 .
1 22

q q q qp

q q q q qp

q q q
p

p a b

b s s s m s n s

b m n

m n
b

π

µ µ
µ

µ µ

µ

µ λ

π π
µ

π π
µ µ

π π
µ

−
−

−
−

−

Φ

     ′ ′≤ − − − + −       +   

        ′ ′= − − +         + +      

 ′ ′+    = − ⋅  +      

∫

  

(3.9) 

Thus, the proof is completed. 
Corollary 3.1 In Theorem 3.1, if we take 1q = , then we have  

( ) ( ) ( )1 1 1, , , , 1 ,
1 2

pp a b m nπ µµ λ η π π
µ

−     ′ ′Φ ≤ − +    +   
    (3.10) 

where η  is define by (3.2).  
Corollary 3.2 In Theorem 3.1, if we choose 1p = , then we obtain Theorem 

2.3 in [19].  
Corollary 3.3 In Theorem 3.1, if we put 0λ = , then we get  

( ) ( ) ( )
( )

( ) ( )

( ) ( )

1

1

1

1

1

2 11 ,
1 22

p p
p p a bp p

q q q
p

p a b p
I b I a

b a b a

a b

µ
µ µ

µ

µ

π π µ
π π

π π
η

µ

+ −

+

+

−

+  Γ +   − + + − −

 ′ ′+    ≤ −  +      

    (3.11) 

where η  is defined by (3.2).  
Now, we prepare to introduce the second theorem as follows. 
Theorem 3.2 Let , 0p µ >  and ( ): , 0,p pa bπ   ⊂ ∞ →    be a differentiable 

mapping on ( ),p pa b  with 0 a b< <  such that [ ]( )1 ,L a bπ ′∈ . If qπ ′  is  

p-convex on ,p pa b    for 1q >  and give constant 1r >  such that 1 1 1
r q
+ = ,  

then the following inequality holds:  

( )
( ) ( )

1
1

1 2 1, , , , 1 .
1 22

q q q
r

p
r

m n
p a b

rπ µ

π π
µ λ η

µ
−

 ′ ′+    Φ ≤ −  +      
   (3.12) 

where η  is defined by (3.2) and ( ] 10,1 \
2

λ ∈ .  

Proof. Case 1: 1p ≥ . Continuing from inequality (3.5), and using Hölder in-

https://doi.org/10.4236/oalib.1106793


H. Wang 
 

 

DOI: 10.4236/oalib.1106793 8 Open Access Library Journal 
 

equality, we obtain  

( )

( ) ( )

( ) ( )

( ) ( )

( )

1
11
0

1
1

1
1 11
0 0

1
1 11 2 10

2

1
1

0

, , , ,

1 1 d

1 d 1 d

1 d 1 d

1

p p p p

q q
r rp p p p

rr r
p

p p p

p a b

a s s sm s n s

a s s s sm s n s

a s s s s s s

sm s n

π

µ µ

µ µ

µ µµ µ

µ λ

π

π

π

−

−

−

Φ

  
 ′≤ − − + −      

      ′≤ − − + −         

    = − − + − −     

 
 ′⋅ + −  
 

∫

∫ ∫

∫ ∫

∫

1

d .
q q

s
 
 
 
 

    (3.13) 

Since qπ ′  is p-convex, we get  

( )

( ) ( ) ( )

( ) ( )

1
1

0

1

0

1 d

1 d

.
2

q

p p p

q q

q q

sm s n s

s m s n s

m n

π

π π

π π

 
 ′ + −  
 

 ′ ′≤ + −  

′ ′+
=

∫

∫                 (3.14) 

By calculation, we have  

( ) ( )
1 1

1 1
2 10

2

2 11 d 1 d 1 .
1 2

rr r r

rs s s s s s
r

µ µµ µ
µµ

       − − + − − = −        +    
∫ ∫  (3.15) 

Using inequality (3.14) and (3.15) in inequality (3.13), we deduce  

( )
( ) ( )

1
1

1 2 1, , , , 1 .
1 22

q q q
r

p
r

m n
p a b a

rπ µ

π π
µ λ

µ
−

 ′ ′+    Φ ≤ −  +      
  (3.16) 

Case 2: 0 1p< < . By utilizing the above process with relation inequality (3.8), 
we obtain  

( )

( ) ( )

( ) ( )

1
1

1
1 11
0 0

1
1

1

, , , ,

1 d 1 d

2 11 .
1 22

q q
r rp p p p

q q q
r

p
r

p a b

b s s s sm s n s

m n
b

r

π

µ µ

µ

µ λ

π

π π
µ

−

−

Φ

      ′≤ − − + −         

 ′ ′+    ≤ −  +      

∫ ∫    (3.17) 

Thus, the proof is completed. 
Corollary 3.4 In Theorem 3.2, if we take 1p = , then we have Theorem 2.6 in 

[19].  
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Next, we will use the well-known Young’s inequality  

1 1, , 0, 1, 1
r qX YXY X Y r q

r q r q
≤ + ∀ ≥ ⋅ > + =             (3.18) 

in Theorem 3.2 to get the following two corollaries. 
Corollary 3.5 Under all assumptions of Theorem 3.2, we deduce  

( )
( ) ( )1

2 11
1 2, , , , ,

2

q q
r

p m nrp a b
r q

µ

π

π πµµ λ η −

  −  ′ ′++   Φ ≤ +
 
  

  (3.19) 

where η  is defined by (3.2).  
Corollary 3.6 Under the conditions of Theorem 3.2, if we take 0λ = , then 

we have  

( ) ( ) ( )
( )

( ) ( )

( ) ( )

1

1

1

1

2 11
1 2 ,

2

p p
p p a bp p

q q
r

p

p a b p
I b I a

b a b a

a br
r q

µ
µ µ

µ

µ

π π µ
π π

π πµη

+ −

+

+

−

+  Γ +   − + + − −

  −  ′ ′++   ≤ +
 
  

    (3.20) 

where η  is defined by (3.2).  
We will apply the following special functions in the next theorem. 
1) The beta function,  

( ) ( )1 11
0

, 1 d , , 0.yxx y s s s x yβ −−= − >∫              (3.21) 

2) The hypergeometric function,  

( ) ( ) ( ) ( )1 11
2 1 0

1, ; ; 1 1 d , 0, 1.
,

c b abF a b c z s s zs s c b z
b c bβ

− − −−= − − > > <
− ∫  (3.22) 

Theorem 3.3 Let , 0p µ >  and ( ): , 0,p pa bπ   ⊂ ∞ →    be a differentiable 
mapping on ( ),p pa b  with 0 a b< <  such that [ ]( )1 ,L a bπ ′∈ . If qπ ′  is  

p-convex on ,p pa b    for 1q >  and give constant 1r >  such that 1 1 1
r q
+ = ,  

then the following inequality exists:  

( )
( )

( )

( )
( )

1
1

2 1

1
1

2 1 2 1

, , , ,

2 11 ,1: 3;
1 22

2 ,1: 2; ,1: 3; .
2

p q p pr q

r p

p q p p p p qq

p p

p a b

m q m nF q m
r p m

m q m n q m nF q F q n
p pm m

π

µ

µ λ

π
µ

π

−

−

Φ

    −  ′≤ − ⋅ −    +      

    − − ′+ ⋅ − − −     
       

  

(3.23) 

Proof. Applying Lemma 2.1, Hölder inequality and the p-convexity of qπ ′ , 
one has  
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( )

( ) ( )( ) ( )

( ) ( )( ) ( )

( )( ) ( ) ( )

1 111

0

1
1

1 111 1

0 0

1
1 11

0

, , , ,

1 1 1 d

1 d 1 1 d

2 11 1 1
1 2

p p p pp p

q q
r qr p p p pp p

r q qp p p
r

p a b

s s sm s n sm s n s

s s s sm s n sm s n s

sm s n s m s
r

π

µ µ

µ µ

µ

µ λ

π

π

π
µ

−

 
− 

 

 
− 

 

Φ

 
 ′≤ − − + − + −  
 

      ′≤ − − + − + −         

   ′ ′≤ − + − + −  +   

∫

∫ ∫

∫ ( )

( ) ( )( )

( ) ( ) ( )( )

1

1
1 11

0

1
1 11

0

d

2 11 1 d
1 2

1 1 d .

qq

r qq p p p
r

qqq p p p

n s

m s sm s n s
r

n s sm s n s

µ

π

π
µ

π

 
− 

 

 
− 

 

       

    ′= − + −  +    

′+ − + − 


∫

∫

  

(3.24) 

By calculation, we obtain  

( )( )
( )11 11

2 10
1 d ,1;3;

2

p q p pqp p p
p

m q m ns sm s n s F q
p m

  −
− 

 
 −

+ − = ⋅ − 
 

∫    (3.25) 

and  

( ) ( )( )
( )

1 11

0

1

2 1 2 1

1 1 d

2 ,1;2; ,1;3; .
2

qp p p

p q p p p p

p p

s sm s n s

m q m n q m nF q F q
p pm m

 
− 

 

−

− + −

    − −
= ⋅ − − −    

     

∫
 (3.26) 

Utilizing inequality (3.25) and (3.26) in inequality (3.24), we can obtain de-
sired inequality (3.23). The proof is completed. 

Corollary 3.7 Under the conditions of Theorem 3.3, if we take 0λ = , then 
we obtain  

( ) ( ) ( )
( )

( ) ( )

( )

( )
( )

1

1

1
(1 )

2 1

1
1

2 1 2 1

1

2 11 ,1: 3;
1 22

2 ,1: 2; ,1: 3;
2

p p
p p a bp p

p q p pr q

r p

p q p p p p qq

p p

p a b p
I b I a

b a b a

b q b aF q b
r p b

b q b n q b aF q F q a
p pa b

µ
µ µ

µ

µ

π π µ
π π

π
µ

π

+ −

+

+

−

−

+  Γ +   − + + − −

    −  ′≤ − ⋅ −    +      

    − − ′+ ⋅ − − −     
       

.

  

(3.27) 

4. Examples 

In this part, we obtain two examples to illustrate our main results.  

Example 4.1 Let ( ) 21
2

x xπ = , ( )0,x∈ ∞ , then ( )x xπ ′ =  is p-convex for  
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1p < . Choosing 0λ = , 1.5µ = , 0.5p = , 1q = , 4a =  and 9b = , then all 
the assumptions in Theorem 3.1 are satisfied. We have  

( )
( ) ( )

( )( )
( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( )

1

11

2.5 0.5 1.5 0.5 1.5
4 9

1

1

1 0.5
1.5

, , , ,

1
1 2 1 2

0.5 4 9 2.5 0.5 9 4 8.9344

2 11
1 22

2 19 1
1.5 1 2

p p
p p n mp p

q q q
p

p a b

p n m p
I m I n

b a b a

I I

m n
b

π

µ
µ µ

µµ

µ

µ λ

π π µ
π π

λ λ

π π π π

π π
µ

+ −

+ −

+

++

−

−

Φ

+  Γ +   = − + + − − − −

 = − + + Γ + ≈    

 ′ ′+    ≤ −  +      

= −
+

( ) ( )4 9
10.0846.

2
π π′ ′+   ≈  

  

 (4.1) 

This proves that the described result in Theorem 3.1 is correct.  

Example 4.2 Let ( ) 11
1

px x
p

π −=
−

, ( )0,x∈ ∞ , then ( ) px xπ −′ =  is  

p-convex for 1p > . Taking 0λ = , 1.5µ = , 2p = , 1q = , 1a =  and 3b = , 
then all the assumptions in Theorem 3.1 are satisfied. We have  

( )
( ) ( )

( )( )
( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( )

1

11

2.5
2 1.5 2 1.5

2.5 1 3

1

1

1 2
1.5

, , , ,

1
1 2 1 2

2 1 3 2.5 2
3 1 0.0672

8 8

2 11
1 22

2 11 1
1.5 1 2

p p
p p n mp p

q q q
p

p a b

p n m p
I m I n

b a b a

I I

m n
a

π

µ
µ µ

µµ

µ

µ λ

π π µ
π π

λ λ

π π
π π

π π
µ

+ −

+ −

+

++

−

−

Φ

+  Γ +   = − + + − − − −

+  Γ   = − + + ≈ 

 ′ ′+    ≤ −  +      

 = −+  

( ) ( )1 3
0.17146

2
π π′ ′+ 

≈ 
 

 (4.2) 

This proves that the described result in Theorem 3.1 is correct.  

5. Conclusion 

In this paper, we assume that the absolute value of the derivative of the consi-
dered function π ′  is p-convex to obtain some inequalities for Katugampola 
fractional integrals. More new results can be derived by taking special parameter 
values for λ , µ  and p. We emphasize that certain results proved in this ar-
ticle generalize the ones obtained by Sarikaya and Budak [19] and Topul et al. 
[11]. 
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