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Abstract

In this manuscript, we first perform a complete Lie symmetry classification
for a higher-dimensional shallow water wave equation and then construct the
corresponding reduced equations with the obtained Lie symmetries. Moreo-
ver, with the extended F-expansion method, we obtain several new nonlinear
wave solutions involving differentiable arbitrary functions, expressed by Ja-
cobi elliptic function, Weierstrass elliptic function, hyperbolic function and
trigonometric function.
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1. Introduction

It is well-known that a lot of phenomena in many fields of science can be de-
scribed by nonlinear evolution equations (NLEEs). Therefore, the investigation
of the exact solutions to NLEEs becomes more and more important in mathe-
matical physics. In order to better understand the working to the physical prob-
lem, many powerful and direct methods for finding travelling wave solutions of
NLEEs have been proposed. However, the study on nonlinear wave solution is few
and there is no unified approach. We know that Lie symmetry group [1] [2] is effi-
cient to study NLEEs. In decades, Lie symmetry group method has been applied in
different fields and several physical models were studied. In this manuscript, a
nonlinear wave solution of a higher-dimensional shallow water wave equation is

discussed by Lie symmetry analysis combined with extending F-expansion method

(3] [4].
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The following higher-dimensional shallow water wave equation is introduced
by Wazwaz [5]

Uy + Uy = 2(U Uy, +U U, )= 4(uu, +uu, ) =0, (1)

XX 7'yz y X xyz Xy

We find that Equation (1) can be reduced to the potential KdV equation when
Zz =Yy =X. The generalized shallow water wave equations studied by Ablowitz
[6] arise as reduction of this equation.

In [5], Wazwaz investigated multiple soliton solutions and multiple singular
soliton solutions of Equation (1) and pointed out that this equation is a com-
pletely integrable equation. In [7], Yiren Chen and Rui Liu obtained general
multiple soliton solutions and some nonlinear wave solutions of Equation (1) by
simplified Hirotas method [8] [9] and Dynamical system approach [10]. How-
ever, study on nonlinear wave solution is few and Lie symmetry analysis on this
equation is not given in related literatures.

Three goals are set for this work. Firstly, we aim to obtain geometric vector
fields of Equation (1). Secondly, we tend to present the symmetry reductions.
Finally, we want to get new nonlinear wave solutions of Equation (1) by investi-

gate the reduced equations using extended F-expansion method.

2. Lie Symmetries for Equation (1)

First of all, let us consider a one-parameter Lie group of infinitesimal transfor-

mation:
X — x+e£(X,y,z,t,u),
y—> y+en(xy,ztu),
72— z+er(XY,2,t,u), (2)
t>t+e(X,y,2,t,u),
U—u+e(xy,2z,tu),

with a small parameter e < 1. The vector field associated with the above group

of transformations can be written as

V= £(x, y,z,t,u)a—éern(x, y,z,t,u)%+,u(x, y,z,t,u)%

5 5 (3)
v Y lty — 1 Y |t, —_—.

+7(XY,2 u)at+¢(xyz u)au

The symmetry group of Equation (1) will be generated by the vector field of
the form (3). Applying the fourth prolongation pr(S)\/ to Equation (1), we find
that the coefficient functions &,7, 4,7 and ¢ must satisfy the symmetry con-
dition

¢xzt +¢><><><yz + 2(uyz¢xx + uXx¢yz +uxxz¢y +uy¢xxz)

+ 4(uxyz¢X U U, B +u, P ) -0

where ¢*, ¢, 6%, 67, 8%, 8%, ", ™, §*,§ are the coefficients of pr®V .

Furthermore, we have

(4)
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¢* =D, (¢—§ux —nu, — u, —TUI)+§UXX +nU, + pl,, +7U,,
¢’ =D, (¢—Eu, —nu, — uu, — U )+ EU + U, + Uy, + Uy,
¢ =D,D, (- Eu, —7u, — pall, —7U, )+ EUyyy + 77U + il +TU,
¢” =D,D, (¢—§ux —nu, — pu, — U, )+§uXXy +7Uyy, + MU, +TU,
¢* =D,D, (¢—§uX —nu, — u, _Tut)+§uxxz + 17Uy, + U, +TU,

¢ =D,D, (#—Eu, —nu, — g, —7U, )+ EU,y, + U, + LU, +TU,

¢ =D,D,D, (¢~ EU, —nu, =, = 7U, )+ EUyy, + Uy, + L, +TU,
¢ = D,DD? (q)—\»juX —nu, — U, —7U, )+«§uXXXZ Uy + MUy + Tl
¢ =D,D,D, (¢—§uX —nu, — U, —7U, )+§uszt + 11Uy + MU + TU

XXXYZ 3
¢ - Dz Dny (¢_§ux —T]Uy _:uuz _Tut)+§uxxxxyz +77uxxxyyz +ﬂux><xyzz
+7U

©)

XXXyzt !

where D} =D,D,D,,D?=D,D,, D,, D,,D, and D, are the total derivatives
with respectto X,Y,Z and trespectlvely.

Substituting (5) into (4), combined with Equation (1), we can find the deter-
mining equations for the symmetry group of Equation (1), then standard sym-

metry group calculations lead to the following forms of the coefficient functions:

e EORCACACIS ELAOM RLACH
u=F.(2), 7 =F (), (6)
Cl _l " ! _X [
b= [ ()+E]u LRy 2R O) - LR ()R (21)
where Fl(t),F2 (t),Fg(Z,t),F4(Z) and K (t) are arbitrary functions on their

variables, ¢, isan arbitrary constants.

Thus, according to the Lie symmetry analysis method, the geometric vector

fields of Equation (1) can be obtained as follows

X)L Y el 9 _(Yemy+ Y |2
V(R SRS+ SRS+ R (05 [4Fl<t>+8 ACJE
0 0 0
Vz(Fz):Fz(z’t)a'\@(':a):':s()___F() ( ) F4(Z)§, (7)
__1 Oy X2, ,0.,,°
Vs (Fs) = F(t) 2 (t)au Ve 25X+y6y+u8u'
the symmetry of Equation (3) can be written as
V =V, (R)+V, (FR)+V, (F)+V, (Fy)+Vs (F)+Vs. (8)

3. Symmetry Reductions

In terms of the infinitesimals (5), the similarity variables can be obtained by

solving the corresponding characteristic equations
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O _dy_dz_dt_du

9)
S n owu ot ¢
or the invariant surface conditions
cD=§iu(x,y,z,t)+niu(x,y,z,t)+y£u(x,y,z,t)
OX oy oz (10)

0
—u(xvy,zt)—a.
+T§t ( y ) 1)

While solving the above invariant surface conditions, one has to distinguish
between cases in which some of the functions F,(t),F,(z,t),F;(t),F,(z),F(t)
and ¢, are identical to zero and cases where they are not. This leads to different
relations between the similarity variables (X,Y,Z,U) and the original va-
riables (X, Y, 7,8, u) . As a result, we obtain the following cases:

Case 1. Let ¢, =1 F (t)=F,(zt)=F(t)=F,(z)=FK(t)=0, then

X u
d=——u,+yu, ——. 11
5 U+ YU, =2 (11)

Solving the differential equation ® =0 one can get

u(Y,zt
u :Q,Y = x%y. (12)
X

Substituting (12) into Equation (1), we can reduce it to

U, +(8UU,,, -8U,U,, +9U, U, +2U,,, )Y

+(-24U,,,U, —24U,,U,, +24U,,, )Y? +8U,,,Y° =0. =
Case 2. Let ¢, =F (t)=1F,(z)=F(t)=0, then
®=w—5@ﬂ+5®w+§%M- (14)
Solving the differential equation ® =0 one can get
u=U(xY.2)+[F, (z,t)dt—%& (t).Y = y—[F,(t)dt. (15)
Substituting (15) into Equation (1), we can reduce it to
U e —2(U, Uy, +UU,, ) -4(U, U, +U U, ) =0. (16)
Case3.Let ¢, =0,F (t)=F,(zt)=F(t)=LF(t)=0, then
®=u +u, +F,(z)u, -1. (17)
Solving the differential equation ® =0 one can get
u=U (x,Y,z)+j F41(z)dZ’Y = y—jﬁdz, zZ=t-| F4l(z)dz' (18)
Substituting (18) into Equation (1), we can reduce it to
Uz =Uszz Uz +2U,, (U, +U,; )+ 20, (U, +U,) (19)

+4U, (U, +U,, )+4U,, (U, +U,)=0.

Case 4. Let ¢, =F (t)=F,(zt)=F,(zt)=0F(t)=1, then
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®:uX+F3(t)uy+§F3’(t). (20)

Solving the differential equation ® =0 one can get

2
u:U(z,t,Y)—%FS'(t),Y:y—sz(t). (21)
Substituting (21) into Equation (1), we can reduce it to

1

_F3 (t)3 UYYYYZ _6F3 (t)2 (UYUYYZ +UYZUYY )_ F3 (t)Uth _E F3’(t)UYz =0. (22)

Case 5. Let ¢, =F (t)=F;(t)=0,F(t)=1, then
®=F,(z)u,—F,(zt). (23)
Solving the differential equation ® =0 one can get

u=U(x, y,t)+IMdz. (24)

F.(2)
Substituting (24) into Equation (1), we find that U (X, y,t) is an arbitrary
function. That is, the solution of Equation (1) can be expressed as (24).
Case 6. Let ¢, =F (t)=0,F,(z,t)=F,(t)=1F,(z)=F(t)=0, then
®=u, -1 (25)

Solving the differential equation ® =0 one can get

u=U(x,zt)+y. (26)
Substituting (26) into Equation (1), we can reduce it to
u,,-2U,, =0, (27)
whose solution is
U(x,z,t)=r(t,z2)+r(t,x)+r,(z,2t+x), (28)

where I (t, Z), r, (t, X) and T, (Z, 2t+ X) are arbitrary functions. So, Equation
(1) owns the following solution

u(xy,z,t)=y+n(t,z)+n(tx)+r(z,2t+x), (29)

4. The New Nonlinear Wave Solutions

Obviously, it is easier for us to seek the explicit solutions to the reduction equa-
tions than to solve Equation (1). For example, we will consider the exact solu-
tions of Equation (16) and Equation (19) by using the extended F-expansion
method in this section.

4.1. Solutions of Equation (16)

Using a traveling wave variable of Equation (16) as

U(x,Y,t)=f(&),&=kx+bY +cz (30)

where Y = y—fF3 (t)dt , k,b and c are constants, Equation (16) can be re-
duced to the following ODE

DOI: 10.4236/jamp.2020.89139
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kf® —6(f") ~6ff"=0, (31)
,_df o, d*f ,
where f =£,f =¥,-~.If1et f'(£)=¢(&), then (31) becomes
kg ~6(¢')" 64" =0, (32)

Balancing #¥ and ¢ in (32), we obtain n+4= 2(n+1) which gives
n = 2. Suppose that Equation (32) owns the solutions in the form

B(E)= A+ AF (£)+ AF? () 4ty 22

= (5) +Wl (33)

where F (5 ) satisfies the following equation
(F'(&))" =h +h,F(£)+hF*(£), (34)

where hy,h, and h, are constant.
Substituting (33) and (34) into Equation (32) and then setting all the coeffi-
cients of F* (k = —6,---,6) of the resulting system to zero, we can obtain the

following results.

A():%khZYAizovAz:OlBlzo'BZZZKhO’ (35)
A)Iékhz,Aizo,Az:2kh4aB]_:0!BZZO’ (36)
A():%khZIA,:OIAZ:2kh4’81:0’82:2kh0’ (37)

where hy,h, and h, are arbitrary constants, kis a nonzero constant.
Substituting (35)-(37) into (33), we obtain respectively the following solutions
of Equation (32)

2 2kh,
$(&)=—kh, +—5, (38)
(¢) 3 F(2)
#(&)= %khz +2kh,F (£)7, (39)
_2 2kh, 2
#(&) = 3kh2+—F2(§)+2kh4F(§) , (40)

where & = kx+bY +cz:kx+b<y—jF3(t)dt)+ct.

The solutions of Equation (34) are given in Table 1. Combining (38)-(40)
with Table 1, many exact solutions of Equation (1) can be obtained. For sim-
plicity, we just give out the first case in Table 1; the other cases can be discussed
similarly.

When hy=1h, = —(m2 +1), h, = m?, the solution of Equation (33) is

F (5) =3n (§, m) or F (5) =cd (f, m) . Substituting them into Equation (38)-(40),
we can obtain the following Jacobi Elliptic function solutions of Equation (32).

From (38), one has
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Table 1. Solutions of F(¢&) in F?=h +h,F*+hF*.

case h, h, h, F(¢)
1 1 —(m?+1) m? sn(¢),cd(&)
2 1-m? m’ -1 -m? cn(¢)
3 m? -1 2-m? -1 dn (5)
4 m? ~(m® +1) 1 ns(£),de()
5 —m? 2m’ -1 1-m? nc($)
6 -1 2-m? m? -1 nd(¢)
7 1 2-m? 1-m? sc(¢)
8 1 2m’ -1 -m?(1-m?) sd(¢)
9 1-m? 2-m 1 cs(¢)
10 -m’(1-m?) 2m? -1 1 sd(¢)
11 % 1_§m % ns(&)es(£)
12 o s = ne(§)£s¢(¢)
13 mT m 272 % ns(£)+ds(&)
14 72 m22—2 mjz sn(&)£ien(¢)
f'(g;):¢(§):_§k(m2+1)+2knsz(§,m), (41)
f’(§)=¢(§)=—§k(m2+l)+2kd02(§,m). (42)

Therefore, solutions of Equation (1) can be expressed as

u(xy,21)=1(§)+[F, (2t)dt-2F (1)

—%k(mz+1)§—2kEIIipticE(sn(§,m),m) (43)

ds(&,m)cs(&,m

- )[R (2 t)de-
2k (2 [F,(z.t)dt R ()

u(xy,z,t)= f(§)+jF2(z,t)dt—§F3(t)
=—§k(m2 +1)& - 2kEllipticE (sn (&£,m), m) (44)

dc(&,m)sc(&,m) X
+2kW+IFZ (z,t)dt—z R, (t).

when m—1, ns(& m)— coth(&), solution (41) becomes
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f'(&)=¢(¢)= _%-‘r 2k coth? (¢).
Thus, one has
u(xy.z)= 1()+]F (0= R (1)

1+coth(§)}
1-coth (&)

=—%§—k(2coth(§)—ln
X
R (2-2r 1)
when m—0, ns(&,m)—>csc(&), solution (41) becomes
f'(§)=¢(§)=—%+2kcscz(§)_
Thus, one has
u(xy.2.0= 1(€)+ [F (20 R (D)
4k
e ko) [0 2R
when m—0, dc(&m)—>sec(&), solution (42) becomes
f'(§)=¢(§)=—%+2ksec2(§).
Thus, one has
a(xy.2:0)= £()+ [F (2.8t 3R, (1)
4k
:_?5—2ktan(§)+.[Fz(z,t)dt—%g (1)

when m—1, dc(&,m)— 1, solution (42) becomes

r(6)-0(6)- -5

Thus, one has

u(xy,z,t)= f(§)+IFz(z,t)dt—§F3 (t)=—%§+_fF2(z,t)dt—§F3 (1).

From (39), we have
F(£)=9(£) = - 2k(m* +2) 2kn’sn? (&,m),
f'(g):¢(5)=—§k(mz +1)+ 2km’cd? (£,m).
Therefore, solutions of Equation (1) can be expressed as
u(x,y,z,t)= f(g)+jF2(z,t)dt_§F3(t)
2 2 e
=—§k(m —2)5—2kEII|ptlcE(sn(§,m),m)

+[F, (z,t)dt—%ﬁ (t).

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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u(xy,2)= 1 (§)+[F, (2t)dt = Fy (1)
= —gk(m2 —2)5—2k EllipticE (sn(&,m), m)

sd(&,m)cd(&,m
nd(&,m)

+2km?

when m—1, sn(& m)— tanh(&), solution (53) becomes
(€)= (&) =-S5+ 2ktanh’ (£),
Thus, one has
u(x,y,z,t)= f(g)+jF2(z,t)dt_§F3 (t)

1+tanh(§)J

4k
=—?é—"[2‘a”h(§)_'”mh(é>

+[F, (z,t)dt—%Fs ().

From (40), we have

f'(&)=9(¢)= —%k(m2 +1)+ 2km?sn? (£,m) + 2kns® (&,m),

f'(&)=¢(¢)= —%k(mz +1) + 2kmPcd? (£,m)+ 2kdc? (£,m).

Therefore, solutions of Equation (1) can be expressed as
u(xy.21)=1(£)+ [, (2t)dt -2 R (1)
= —%k (m? —5)¢& - 4kEllipticE (sn (7, m),m)

ds(&,m)es(&,m

2k ns(&,m)

u(xyz,t)=f (§)+JF2(Z,t)dt—§F3 (1)

_ _ék (m? ~5) & - 4kEllipticE (sn (,m), m)

Yy dc(&,m)sc(&,m) + ok sd(&,m)cd(&,m)

)+IF2(z,t)dt—§F3(t).

)+j|:2(z,t)dt—§|:3(t).

nd(&,m) nd(&,m)
X
+jF2(z,t)dt—ZF3(t).
when m—1, sn(& m)— tanh(&), solution (59) becomes
[1(6)=$(£) =+ 2k tanh? (£)+ Zkcoth? (£),

Thus, one has

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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u(x,y,zt)=f (g)+jp2(z,t)dt_§a (t)

:_i;g_zk(tanh(g)moth( )) (64)
. n(1+tanh £))(1+coth () (@ X
! (1-tanh(£&))(1-cot(¢)) '[F t)et- 4F3(t)'

Remark 1. Let F(&) in (33) satisfies the following equation
(F'(£)) =hy +hF (&) +hF? (&), (65)

where hy,h, and h, are constant. In this situation, we have the following re-
sult.

AO:O,AI:%khS,AZ:O,Bl:O,BZ:O. (66)

Substituting Equation (66) into (33), we obtain the following solution of Equ-
ation (32):

¢(§):1kh3F(g). (67)

where &=kx+bY +cz=k+b(y-[Fy(t) dt)+ct
The solution of Equation (65) is the Weierstrass elliptic doubly periodic type

solution:
F (&) = WeierstrassP {@5 9, 93], h, > 0. (68)
where g, :—A;‘—hl , 0O, =—4hﬂ and h, >0. Substituting Equation (68) into
3 3

(67), the solution of Equation (32) is

Jr

f’(5)=¢(§)=%kh3WeierstrassP[T§,gz,gg} (69)

Therefore, exact solutions of Equation (1) can be expressed

u(x,y,z,t)= f(g)+jF2(z,t)dt_§F3 (1)
(70)

= —k\/EWeierstrassZeta[@é, g, 93] +j F,(z,t)dt —% R (t).

4.2. Solutions of Equation (19)

Using a traveling wave variable of Equation (19) as

U(x,Y,Z):f(f),f:kx+bY+cZ. (71)

_t.[

uation (19) can be reduced to the followmg ODE

dZ and k,b and care constants, Eq-

bk2f®) +cf”—6bkff”—6bk f"? =0, (72)

DOI: 10.4236/jamp.2020.89139
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2
where f' =%, fr =%,-~ flet f'(&)=¢(&), then (72) becomes
bk?4"“) +cg” — 6bkgg” —6bkg' =0, (73)

Balancing ¢(4) and ¢ in (73), we obtain n+4= 2(n +1) which gives
n = 2. Suppose that Equation (73) owns the solutions in the form

P8I~ A+ AR(E) AR (&)

(74)

where F (&) satisfies the following equation
(F/(f))z:ho+h2F2(‘§)+h4F4(§): (75)

where hy,h, and h, are constant.
Substituting (74) and (75) into Equation (73) and then setting all the coeffi-
cients of F* (k=-6,---,6) of the resulting system to zero, we can obtain the

following results.

2
%=%7A&=O,Az=0a31=0752=2khm (76)
2
%:%,A:o,%zzkmﬁlzo,@:O, (77)
2
Ab=%1A1=01A2=2kh4lB]_=0’BZ=2kh0’ (78)

where hy,h, and h, are arbitrary constants, k,b and ¢ are nonzero con-
stants.

Substituting (76)-(78) into (74), we obtain respectively the following solutions
of Equation (73)

_ 4bk’h,+c  2kh,

) 79

#&)=6nc "Eer (79)
#(¢)= —4bk6£f<+c +2kh,F (&), (80)
(&)= 4b"6:)‘|i c, FZZ"(*‘;) +2kh,F (&), 81)

where &= kx+by—(b+c)j$dz +ct.
4

Substituting F (&) in Table 1, we can got ¢(£) . Then by solving

f'(§)=¢(§) and using u:f(§)+J'

dz, we can obtain solutions of

1
F.(2)
Equation (1). The procedure is similar. We omit it for simplicity.
5. Figures of Some Exact Solutions

The obtained solutions include some arbitrary functions. Taking some special

functions we can get different solutions and graphics. In order to better under-
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stand the solutions, some typical figures of the solutions are given as follows:
In Figure 1, &= kx+b(y—'[(F3 (t),t))+cz =kx+b(y—t)+cz, which is a

travelling wave transformation and the figure is a classic periodic wave.

In Figure 2, &= kx+b(y—j(F3 (t),t))+cz = kx+b(y—t—%}+cz , which is
not a travelling wave transformation and the figure is a unknown one.

In Figure 3, ¢= kx+b(y—JA(F3 (t),t))+cz = kx+b(y—t—%—%}+cz ,
which is not a travelling wave transformation and the figure is unknown.
159

(a (b)
10 1

Figure 1. Figure of solution (50) with F,(z,t)=1F,(t)=1k=1b=1,c=1. (a) 3D figure; (b) 2D figure.
(b) 2000 1

@

-1000 -

Figure 2. Figure of solution (50) with F,(z,t)=1F,(t)=1+t,k=1b=1,c=1. (a) 3D figure; (b) 2D figure.
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In Figure 4, §=kx+b(y—.[(F3(t),t))+CZ=kx+b(y—t)+CZ, which is a

travelling wave transformation and the figure is a plane.

. t? -
In Figure 5, §=kx+b(y—j(F3(t),t))+cz =kx+b[y—t—EJ+cz, which is

not a travelling wave transformation and the figure is a solitary wave.

3

3

. ot .
In Figure 6, &£ = kx+b(y—J‘(F3 (t),t))+cz = kx+b(y—t—5——J+cz , which

®
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500 1
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-1500-

Figure 3. Figure of solution (50) with F,(z,t)=1F,(t)=1+t+t* k =1Lb=1c=1. (a) 3D figure; (b) 2D figure.
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Figure 4. Figure of solution (51) with F,(z,t)=1,F,(t)=1k =1b=1,c=1.(a) 3D figure; (b) 2D figure.
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4000
3000+
2000
1000+
- 1'00 -'50 0 5'0 160
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Figure 5. Figure of solution (51) with F,(z,t)=1+t,F,(t)=Lk =1b=1,c=1. (a) 3D figure; (b) 2D figure.
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Figure 6. Figure of solution (50) with F,(z,t)=1F,(t)=1+t,k=1b=1,c=1. (a) 3D figure; (b) 2D figure.

is not a travelling wave transformation and the figure is a kink wave.

6. Conclusions

In this manuscript, a higher-dimensional shallow water wave Equation (1) is
studied by Lie symmetry analysis method and extended F-expansion method
and some new exact solutions are obtained. It is interesting that these solutions
contain some arbitrary functions F;(t) and F,(z). Taking these functions as

special ones, we can get nonlinear wave solutions and wave solutions of Equa-

DOI: 10.4236/jamp.2020.89139

1858 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.89139

L. M. Dong et al.

tion (1). The method is effective to high-dimensional differential equations, and
can also be applied to other nonlinear evolution ones. Our main work list as fol-
lows:

o All of the geometric vector fields of the equation are obtained.

e The symmetry reductions are presented.

e Some new linear and nonlinear wave solutions are obtained.

e Some typical figures are given.
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