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Abstract 
The article discusses the characteristics of the fractality of heart rate variabili-
ty represented by a time series. An algorithm for calculating the Hurst expo-
nent is presented, which allows one to evaluate the degree of chaotization of 
the signal in question. The capabilities of various multifractal analysis pro-
grams are shown, which require the use of different mathematical models. 
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1. Introduction 

Features of the cardiovascular system based on the study of heart rhythm allow 
you to obtain characteristics using mathematical processing, which are very sig-
nificant for diagnostic and prognostic purposes. A significant limitation for the 
application of classical processing methods is the requirement of stationarity of 
the analyzed processes. Therefore, it becomes necessary to apply specialized ap-
proaches to the analysis of the cardiovascular system to adequately describe the 
processes occurring in this system, taking into account such significant factors as 
the essentially non-linear nature of the relationship between different indicators 
and between readings of one biological signal, significant variability of states, etc. 
Among these approaches, methods of nonlinear dynamics, the theory of dy-
namic chaos, fractal analysis, analysis of interval statistics, the theory of statistic-
al solutions and some others can be distinguished [1]. 

Typically, in assessing the variability and degree of complexity of a heart rhythm, 
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parametric statistics and spectral analysis are used. At the same time, it was 
found that the main share in the power spectrum of heart rate variability falls on 
chaotic components of a fractal nature. Therefore, the characteristics of fractality 
of the heart rhythm are increasingly being studied. Applying the methods of 
nonlinear dynamics to the analysis of ECG recording duration, you can get a 
more complete picture of complex changes in the regulation of the heart [2]. 

To assess the randomness of the heart rhythm, one can use such characteris-
tics of fractal sets as the Hausdorff fractal dimension, correlation and informa-
tional dimension, Hurst exponent, generalized dimension and dimension of 
phase space [3] [4]. An approach is possible in which a number of times of shifts 
of the time series of the heart rhythm are considered as a homogeneous fractal 
(monofractal); however, one must consider the set described by this series as an 
inhomogeneous fractal process (multifractal). The term “heterogeneous” is un-
derstood as an uneven distribution of the points of a set over a fractal. The rea-
son for the heterogeneity is the different probabilities of filling geometrically iden-
tical fractal elements, or in the general case, the mismatch of the probabilities of 
filling the geometrical size of the corresponding regions. 

2. Calculation Method 

One of the main fractal methods is R/S analysis, which is a combination of sta-
tistical techniques and methods of analyzing time series (digital signals) that al-
low you to determine some of their important characteristics, such as the presence 
of non-periodic cycles, “temporary memory”, etc. One of the fundamental R/S 
analysis in the theory of fractals and deterministic chaos is the Hurst normalized 
swing method. The main parameter that can be found by the method of norma-
lized magnitude is the Hurst exponent. Determining the value of this parameter 
allows one to judge the degree of randomization of the system as a whole, and 
the presence of the fractal nature of the signal under study in particular. 

To calculate the Hurst exponent, the average voltage value NU  for N time 
samples is found: 
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During the experiment, the average values are found for each time lag and 
these values are summarized in a table. 

Next, the expression X(n, N) is calculated, which represents the accumulated 
deviation of U(n) from its average value NU , which is determined by a sum of 
the form 
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wherein the average value NU  is defined by Formula (1). 
According to the method of normalized Hurst range, the range of deviations 

is determined through the minimum and maximum values of the accumulated 
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deviation X(n, N): 

( ) ( ) ( ), ,R N X n N X n N= −                      (3) 

The standard deviation S(n) can be calculated using the square root of the va-
riance formula: 
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For most time series, the observed normalized R/S range is described by the 
empirical relation and using expressions (1) and (2) has the form: 

( )HR S Nα=                          (5) 

where H-Hurst exponent is an arbitrary constant. It should be noted that the 
span is called normalized, since it must be divided by the square root of the va-
riance. 

According to the theory of fractals, if the obtained value of the Hurst expo-
nent is H < 0.5, then the series under study has a “short-term” memory, i.e. is 
anti-persistent. Consequently, recent events in the system that generated it have 
a much greater influence on the further behavior of the system itself than ear-
lier events. If H > 0.5, then the time series is persistent and has a fractal struc-
ture. At H = 0.5, the signal is stochastic noise and does not contain useful in-
formation. 

3. Experimental Study 

When processing the obtained data, the Hurst exponent is found by calculating 
the slope of the straight line approximating the dependence of the normalized 
range R/S as a function of the delay N in the double logarithmic scale along both 
axes of the coordinate system. The approximating line is obtained using the least 
squares method. A feature of the calculation is that the logarithms on both axes 
are selected on the basis of 10, the value α is chosen equal to unity. 

For one of the experiments, the dependence of the R/S ratio on the delay N is 
shown together with a straight line approximating it and is shown in Figure 1. 

In Figure 1 the curves are identified with letters “a” and “b”. “a” represents a 
Hurst exponent function for the examined signal and “b” indicates an approx-
imating curve. 

The slope coefficient of the approximating straight line for the studied signal 
(i.e. the Hurst exponent) is H > 0.5, which indicates its fractal nature. Thus, it 
can be argued that the process that generated this signal has a long-term memo-
ry, i.e. is persistent. 

Figure 2 shows the change in the Hurst exponent depending on the interval 
number n. The information provided includes dimensionless quantities. The en-
tire cardio cycle is divided into intervals between R signals and the amount of 
those intervals is indicated with “n” sign. The relationship of R/S is a dimensionless  
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Figure 1. Change in the Hurst indicator on the time lag. 

 

 
Figure 2. Change in the Hurst exponent depending on the interval number n. 

 
quantity as well. 

From Figure 2 we can conclude that the signal under study is fractal in na-
ture. Therefore, it can be argued that the process that generated this signal has a 
long-term memory, i.e. is persistent. 

For the data obtained in the experiment, programs for multifractal analysis 
are used [5]. 

The multifractal analysis program running under the Linux operating system 
is designed to obtain the scaling exponent and the spectrum of fractal dimen-
sions. The Fractan program outputs several parameters, but the main for multi-
fractal analysis is the Hurst parameter (H), which characterizes the degree of in-
dentation of the studied graph. Using the Multifrac program, you can get both 
the fractal dimension and the Hurst exponent. The application allows you to 
calculate the indicators of the signal under study, and visualize the data and dis-
play information in the appropriate fields. The Multifrac program allows you to 
calculate and display data without using mathematical models. The Multifral 
program allows you to determine a larger number of parameters compared to 
the Fractan program and multifractal analysis under Linux. This makes it possi-
ble to more accurately describe the characteristics of the processed signal. 

4. Conclusions 

• For a specific experimental implementation of heart rate variability, a multi-
fractal signal analysis was carried out to determine the process randomness 
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system.  
• The dependences of the Hurst index on the time lag and depending on the 

interval number are given.  
• The possibility of using three standard programs proposed by other re-

searchers/scientists is presented.  
• We proposed our own method for calculating chaotic signal parameters. 
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