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1. Introduction

The notion of function of bounded variation, or the functions space of bounded
variation on [a,b] (BV ([a,b],R)) was first introduced by C. Jordan in 1881,
[1], when he critically re-examined a faulty proof given by Dirichlet to the fam-
ous Fourier’s conjecture on trigonometric series expansion of periodic functions,
see [2]. Jordan actually extended the Dirichlet’s criterium (on convergence of the
Fourier series of monotone functions) to the class of BV functions. The interest
generated by the classical notion of function of bounded variation has led to
some generalizations of the concept, mainly, intended to the search of bigger
classes of functions whose elements have pointwise convergent Fourier series or
to applications in geometric measure theory, calculus of variations and mathe-
matical physics. As in the classical case, these generalizations have found many
applications in the study of certain differential and integral equations (see [3]).

Consequently, the study of certain notions of generalized bounded variation
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takes an important direction in the field of mathematical analysis [4]. Two
well-known generalizations are the functions of bounded p-variation and the
functions of bounded ® -variation, due to N. Wiener and L. C. Young respec-
tively. In 1924 Wiener, [5], showed that the Fourier series of function in one va-
riable of finite p-variation converges almost everywhere. In 1937 L. C. Young,
[6], developed an integration theory with respect to functions of finite ¢ -varia-
tion and showed that the Fourier series of such functions converges everywhere.

In 1972, Waterman [7] introduced the class of bounded variation functions
ABV . In 1980, M. Shiba [8] generalizes this class and introduces the class
A BV (1< p<w). This class A BV, is the set of all functions f:[a,b] >R
of A, -bounded variation on [a,b] which definition is as follows:

Definition 1. [9] Given an interval | = [a,b] and a non-decreasing sequence of
positive numbers A={4}(i1=1,2,---) such that Y (1/%) diverges and p=1.
A function f:1—>R is said to be of A, -bounded variation on I
(feA,BV(1))if

V,, (f)=V,.(f, p,I):SL;pVA(f, fp1)<oo,

where

p \YP
VA(flf,P-')::[i“(Xi)_; (%) ] | <1>

and the supremum Is taking over all partitions &:a=X%,<¥ <---<X,=b ofthe
interval I,

In [10], the authors introduce the notion of functions of bounded second var-
iation in the sense of Shiba, following the line traced by De la Vallée Poussin
[11], in 1908, and M. Shiba [8], in 1980. Inspired by the work done in 7], a se-
quence of positive real numbers, A ={} }Zl , iIs a W -sequence If it is non-de-
creasing and ) (1)) =+o. Additionally, they use I, ([a,b]) to denote the
set of the partitions 7 = {Xi}in:0 of the interval [a,b], which includes at least
three points (7 €I, [a, b] ), and then define a function of bounded second vari-
ation in the sense of Shiba, as follows:

Definition 2. [10] Let 1< p<ow and A={} }io be a W -sequence. The
(A2, p) -th variation of fon [a,b] is defined as

p
”-2|Q1(f;xi+2,xi+1)—Q1(f;xi+1,xi )|p

VA,Z,,(f;[a,b])=VA,z,p(f):Sgp ZO: A

where Q,(f;f,a)= w and the supremun is taken over all the par-
-a

titions 7 ={x}, , €;([a,b]).
The sum in the definition 2, is called an approximate sumto V, , ( f;[a b]) .
When V, , ( f ;[a,b]) <o, fhas (A,2,p)-th bounded variation on [a,b].
Ai BV ([a, b]) is the space of such functions.
Example 1. Let f:[a,b] >R defined by f(t)=t*. We will prove that
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f e A2BV ([a,b]).
Let 1<p<ow, A={A} " a W -sequenceand
mia=ty <t <<t <t =b in I,([ab]) apartition.

Let’s consider

|Q1 |+2’ |+l) Ql( I+l’ )|p
A

2 2 2 2|P
i+2 _ti+1 _liv _ti

—

i+1 " i

i3 (ﬂo)l/p (/10)1/13 ;'th t.|
i (ﬂol)”" [t =t)+ (i -t)] = z((ﬂi)_yf)

Taking supremum

4 i

p \YP
Voo (2, ])_Sup[: ) (f ,HZ’Hl)AQl( ) J

< o0

z 0

n : P Ve _
:sup[z L P 4 J < 2((/2)1/?)
therefore f e Ai BV ([a,b]) )

In [10], some properties of Ai BV ([a,b]) were proved in order to show un-
der what conditions it is guaranteed that an overlay operator acts in that space.
However, there are other features that have not been explored and that allow us

to improve this space. For this reason we present our following results.

2. Results for Functions of A,2, p-Bounded Variation

In [10] it was shown that Ai BV ([a, b]) is a vector space and that
10,0 =IF1L +Vizp (fi[a0])

provides a norm for that space.
Next, we will prove the completeness of the space Ai BV ([a, b]) .

Theorem 1. Let A={2, }io a W -sequence, then (Ai BV ([a, b]);"'"/\,z,p) is

a Banach space.

ProofLet A={%} . a W-sequenceand {f }  aCauchy sequencein

n>1

(AfJ BV ([a, b]);”'"/\,z,p) . Then, given ¢ >0, there exists N € N such that for

m,n > N we obtain:
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I fulay <2
this is,
[, = full, +Vaz, (fo - fus[ab]) <=
Thus, for
m,n> N, ||fn—fm||w<§ (2)
and
Vyao (f,— fi[a,b]) < g 3)

On the other hand, using (2) we have, for m,n>N:
6,0~ 6 (0] <1, 1], <E vt efas]

Therefore, {f, (t)}nZl is a uniform Cauchy sequence on the interval [a,b].
Then, there exist a function fdefined on [a,b] such that f — f uniformly
in [a,b], thus

nzN:>|fn(t)—f()|s§ tefa,b]. (4)
Let’s prove that f e Ai BV ([a,b]) )
Consider a partition 7 = {t; }:(:0 ell, ([a, b]) ; that s,
a=t, <t <---<t,, <t, =b, then using (3)

[§|Q1(fn_ m? |+zv |+1) Ql( - m' |+1!t )|p]1/p

i=0 A

n

&
SVA,Z,p(f - fm)<5

fixed n>N and m—> o wehave:

p \YP
[k 2|Q1 -t |+l) Ql( ' H'l’t )| J <

N ™

i=0 A

:VAYZ,p(fn—f)sgas. (5)

On the other hand, since {f,}  isaCauchysequencein A}BV ([a, b]) , there
exist C >0 such that || f, || < C,Vn e N, this implies that
Vizp(f,)<C,¥neN,thus

[kzzpl(f;ti+z,ti+1)—Q1<f;ti+l,ti )|"T"

i 4

p \YP
IIle( n’ |+2 |+1) IIle( ns '*1 t')

A

|25

DOI: 10.4236/apm.2020.105015 248 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2020.105015

L. Pérez et al.

n—oo i—0 ﬂ/

-2 . _ . p \YP
:|im[k2|Ql(fn’ti+27ti+1) Ql(fn,ti+1,ti)| ]

<limsupV, , ,(f,)<C <.

nN—o0

Therefore,

Vi, (f)=sup <C <o,

V.4

% A

{k'2|Q1( f ;ti+2'ti+1)_Q1( fitat )|p Tp

thisis, feAZBV([a,b]).
Now

[0 =flop =0t = 1 +Vazp (£ = 1).

From (4) we get:
&
It~ 1], <%,

then, using this result and (5)

&g &

[to=tlps5+5=

g,n>N.

Therefore, the sequence {f }  converges to the function £in the norm

n>1

||~||A’2er . Thus, (Ai BV ([a, b]);”'"/\,z,p) is a Banach space. O

In the next result we show that Ai BV ([a,b]) is a Banach algebra. It should
be noted that this result is not inmediate as it happens in other spaces of func-

tions of generalized bounded variation.
Theorem 2. (AfJ BV ([a, b]);||~||/\‘2'p) is a Banach algebra.

ProofLet A={A}" a W-sequence.Given g,heA?BV ([a, b]) , let’s prove
that ghe A%BV ([a,b]).
Consider a partition 7 ={t}' eTI,([a,b]); thatis,
a=t, <t <---<t_, <t =Db.Let’s start by studying the expression
A= Q1 (gh;ti+2 :ti+1)_Q1 (gh;ti+1’ti )

(gh)(t.2) = (g)(t.s) _ (gh)(ts)—(gh)(t)

i~y iyt
_9 (ti2)(t.2) =9 (ta)h(t,) 9 (ti2)h(ts)-9(t)h(t)
ti+2 _ti+1 ti+1 _ti

by adding the terms +g(t,,)h(t,,), £9(t)h(t,,), taking 1., =[t;t,,] with
i=0,1,--,n—2 and making Q,(f;l,,;)=Q (f:t,..t),we get

A=Q(ghit,, t.,) - Q (gt t)

_ [g (ti+2 ) -9 (ti+1 )} h (ti+2 ) +d (tm)[h (ti+2 ) -h (ti+l )}

ti+2 -1

i+l

[g(tm)_g(ti ):|h(ti+l)+ g(ti)[h(tnl)_h(ti )}

t t;

i+l N
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[g(tnz)_g(tm)] [h(t|+1)_h(ti )]

= h(t,,)- h(t
ti+2 _ti+1 ( HZ) t|+1 _t ( Hl)

[9(t.2)-9(t.) ] [h(H1 )]

+g(ti+l) i, —t Gyt
=Q1(g;|i+2) (I+2) Ql(g ||+1) (|+1)
+g(ti+1)Q1(h!|i+2)_ (.)Ql( , i+1)

now, by adding the following terms +h(t;,,)Q (9; ;1) £9(t;,,)Q, (h;l;,;) and
grouping these, we get

A:h(tnz)[Ql(g;|i+2)_Q1(9?|i+1)]+h(ti+2)Q1(9 1) = Qi (9511 D (ty)
+9(ti+1)[Q1(h;||+2)_Q1(h'|n+1)]+9(|+1)Q1( L) =9 () Qi (h; 1)
h(t2)[Q(971.2) = Qg 1) [+ 9 (6)[ Q (hi ki) - Qu(hi i) ]
+Qu(gi 1) [P(t) ~ () ]+ Q (il [g(. 9(t)]

=h(t.)[Q(9:1i2)~Q(9i i) |+ (|+1)[Q1(h o) =Qu(h 1) ]
+Q(gih)[h (.+z) h(t2) ]+ [h(t.)=h(t)]Q(g:1;s)
=h(t.2)[Q(gi12) - Qi (g 1) ]+ (.+1)[Q1(h l2) = Qi (hi )]
+Q(gi)[h(t.2)-h(t)]
Thus, using that g,h and Q,(f;--) are bounded (see [10]),
|A|p£2p|h(ti+2)[Ql(g;|i+2)_Q1(9?|i+1)]
+9(ti+1)[Q1(h;|i+2)_Q1(h;|i+1)}|p+2p|Q1(9;|i+1)[h(ti+z)_h(ti)]|p
"Qu(gihe) - Qg )|
p|Q1(h;I”Z)_Ql(h;l”l)p+2p|Q1(9;|i+1)p|h(i+z)_h(ti)|p
< 4[] 1R (3 12) = Qu (i )| +47 ol | (i) - Qu (i)
+2°1Qu (95 1) [ Qu (Mt )| i 8]
<4p"h"p|Q1 (9:12) - Qi (g3 1) p+4p||9||Z|Q1(h;|i+2)_Q1(h;|i+1)
+2PKPK S p(b-a)" |t

i+1

<4°h(t,,)

+4p|g(ti+1)

p

i+2 i

Therefore, taking K =K K,

2 Ql(gh;ti+2'ti+1)_Ql(gh;tprl,ti )|P

i=0 A
e V=0 (h1 )P

£4p||h||ii|Ql(g’ Hz)in( i)
i=0 i

. . p
+4p||g||p §|Q1(h, |i+2)_Q1(h, |i+l) LoPKP ( )p L z|tI |

= A =)

p

sarpy O 0
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p

p D"_2|Q1(h;|i+z)_Q1(h;|i+1) Pooragr(p_g)
+4%oll > 7 Fhl K bma)

now, using that (a+b)”p <a’? +b"" with a,b>0,p>1 and property of su-
premum

1p
Sup{g Q (gh;tnz’tm); Q (ghtiat )|p J
T i=0

4 i

) ] B ] p \YP
S4"h”ooSup(izépl(g’|i+2)ﬂJQl(h’|i+1) ]

n-2

p \YP
+4"g"wsgp[; Ql(g-lnz);ﬁQl(h'lm) J +2K(b—a)(

= 4[], V2.0 (0:[2.0])+ 4]0, Vi ([ b])+2K(b—a)[

N
o

jw
J”".

1p
Ql(gh;ti+2lti+1)_Q1(gh;ti+l'ti )|pJ <o

>y |

So,

.4

V, ., (ghi[a,b])= sup{jz_;

A

which implies that ghe Ai BV ([a,b]) and therefore the space Ai BV ([a,b])
is an algebra.

In the next results we obtain, an integral representation of the space

A%BV ([a,b]). o
Theorem 3. If F € A BV ([a, b]) and we define

f(x)=[ F(t)dt,vxe[ab], then feA’BV([ab]) and

Voo, (fi[ab])<V,,, (F;[ab]).
Proof Let A= {ﬂ,

i}, @ W-sequence and define
f (X) = L:F (t)dt,VX e [a, b] , where F e ApBV ([a,b]).

Let’s consider 7 ={t} ' <II,([a,b]) apartitionof [a,b]. Making

A= Q1( f ;ti+2'ti+1)_Q1( f ;tm,ti)

_ f (ti+2)_ f (ti+1) f (ti+1)_ f (ti)

t

i+2 _ti+l ti+l _ti
fir2 tiva tig G
_LUF@d-[UF@d | F(t)dt—['F (t)dt
ti+2 _ti+l ti+l _ti
tiv2 tig
L F(t)dt_ ) F(t)dt

o=t [ ®

t—t
by change of variable in each integral, for example, S = ';1 we have:
i+2 7 N+l

A= -[UlF (t”l * S(t”z ~tig )>ds _I;F (ti + S(tm -t ))ds

= FTF (o (ts 1)) = F(t +5(t, ) ]ds
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now, usmg the Iensen 1nequality to the convex function h(t)=t", p>1:

h(ﬁf ) j h dt with f >0, and lineality of the integral
p\YP
fﬂ Yo ) nf I:[F(tMJrs(ti+2 ~t1)) = F (t +5(t,, 1)) ]ds
2 A i A
p 1p
< Il n2|F (tm +8(t, iy ))_ F (ti + s(tm =t ))| ds
%% A

Fixed s, with 0<s <1, let’s notice that
tl) <t|+1 St|+1 (tl+2 _ti+1)

are elements of a partition of [a,b], that is,

moa=ty Sty+s(t —ty) <<t +s(ty, —t) <<t +s(t, -t )<t =b.

i+1 n

t <t +s(t

i+1

Now,
2 (l+1+s(t|+z |+l) F( +S(ti+1 1:'))|p
~ 7
IS B

where 7':a=X, <X <--<X =b isany partition of [a,b].
Thus

A

p p
[jjf F(t+ 5t —t))—F (8 +5(t; —t) ds]

(j\/Ap ])ds) i =V, (F:[a.b]).

So, we obtain

[ Q(Fitunt) QU1 >|”Jw V.., (Fifab)

A

taking supremum over all partitions of [a,b] we have:

Vi (Fi[ab]) Vi, (Fia,b]). .

Following the ideas of Giménez, Merentes and Rivas [12], we get the next re-
sults.

Lemma 1. Let A ={4 }ZO a W -sequence, D a dense subset of [a,b] and
let F:D— R bea function such that there is a constant K >0 with

n-1

Z(; F (tM); F(t)

<K,

for any finite collection £:a<ty<t <---<t <b in D then F, (X*) exists for
all xe[a,b)\D, donde
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An analogous result holds for Fy (X*) (xe[a,b)\D), which is similarly de-
fined.

Proof We will prove that Fj (X*) exists forall xe [a, b)\ D, the case
F (X’) is treated analogously. We will proceed by contradiction. Suppose that
this is not true, that is, suppose that exists X, [a,b)\D such that

lim F(x,+h)=lim F(s) does not exist.
S

h—0*
Xp+heD seD
Let
a=limsupF(x) and g =liminf F(x),
X—>X§ X=>%)
xeD xeD

thus > /. Then, there exists two sequences (X,) > (¥,),, in D, such
that

X0 ¥Yn > %, VneN, X =X, Y, = Yo
and

limF(x,)=a and limF(y,)=2.

n—o0

If ¢« and g are finite, consider &=

> 0; otherwise we take any

a-p
2
&> 0. Thus, there exist N e N such that

n=N=|F(x)-F(y,)>¢

this implies that
N+ F (X )—F N+l P
Co) PO 82 e oy
n=N+1 An n=N+1 /1n
N+|
=>K>eP Y = VleN
n=N+1 Y,
. . w 1
which contradicts zi:0—=+oo. O

Theorem 4. If f e Ai BV ([a, b]) then there exists a function
FeA,BV([ab]) suchthat f(x)=][ F(t)dt vxe[a,b],and

Via, (filab]) <V, (Filab])<2v,, (f;[ab]).

Proof Let A={A}_, a W-sequenceand p>1.As feAjBV ([a, b]), fis
absolutely continuos in [a,b] (see Lemma 4 in [10]), which implies that £is
strongly diferentiable a.e., with derivative strongly measurable.

Let Ebe a set of zero Lebesgue measure such that f' exists at every point of
the set D=[a,b]\E, then Dis dense in [a,b]. Given meN, choose m+1
ordered points a<X, <% <---<X, <b in D. Now consider m+2 positive
numbers: hy,h,---,h, and & such that

Xy =Ny Xy + &, % +h ,k=0,1---;m-1 are in Dwith
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Xog <X +hy <X <X +h <--<x ,+h <X ,+&E<x, —h, <X,.
Making
U 2|Q1(f’xl+l+hl+1’xl+1) Ql(f X +h|’X|)|
i=0 /7«.

+|Ql(f'Xm'Xm h) Q(f7Xm1 é':xm—l_‘_hm—l)|p
1 ’

m-1

(6)

adding and subtracting appropriate terms within the absolute value in each term
and using discrete Minkowski inequality:

(é|ak+bk|p)]/p S(§|ak|pj (Zi:|b| ) VneN,

we have
Al/p< m272|Ql f1X|+l+h|+1’ |+l) Ql(f’xl+1'X'+hi)|p
| = A
p
+|Q1 f’Xm'Xm )_Ql(f;xm_hm’xm—1+§)|p
ﬂ’m—l

= A

( |Q1 ' |+1’X|+h) Ql(f %; +h"X')|

+|Q1(f;xm_

A

m-1

1
m? ml 5) Ql( 'ml §Xm1+hml)|p\] p

NVyop (F) Vo, (F)=2V,,, (),
this implies that A<2°V/?, (f).
Taking the limits in (6), as £ —>0 and h, ->0,k=0,1,---,

above inequality, we get

p\YP
[””Z‘llf (%)~ F(% )Ij v, () -

— 2

m, and using the

If a=X, then we obtain f, (a*) instead of f'(a) in (7). Thus, the derivate
f' satisfies the conditions of Lemma 1. Now, let us define F : [a, b] —>R,as

f'(x) if xeD
F(x)=4fs(x) if xeE\{a}
fg(a*) if x=aek.
By construction, f'=F a.e.,let’s provethat FeA BV ([a, b])
Let 7:a=t, <t <---<t =b be a partition of [a,b]. We need to consider

several cases.

Casel.1f t,eD,Vi=0,1---,n thenby (7) we get
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F(t,)-
! -~ SN, (F)

glrtarer

Case 2. Suppose that there is just one ie {l,2,~~-,n} such that t; ¢ D. Let’s
choose s; e D with t_, <s, <t;. Let’s consider now,
moa=ty<t <<t , <5 <t,, <---<t =b a new partition where all points

are in D. So, by the case 1,

P ()R ) [FGs)-F e

j=0 /11' A
) B AP
N |F (ti+l); F (Si )| + nz_l ‘F (tj+1)l i (tJ )‘ < 2VA,z,p ( f )’
i j=i+l

i
i i

F(s)-F(ty) R F(t)-F(t,)
A

taking limitas s, >t ,5, €D, wehave F(s)=1f'(s)—> f’(t.’): F (). Thus,

and

o~

-1

F(t.)—F (s R F(t.)-F ()]

P P

therefore

A

p\YP

Case 3. If exists jelements in {t,,t,,---,t,} thatare notin D, we proceed as in

p\YP
[ng <, (f).

case 2, jtimes to get

Case 4. If exists j elements in {to,tl,---,tnfl} that are not in D, we proceed
completely analogously as in cases 2 and 3, to we get

[Z Ft)-F( )er

7 szvmyp(f).

In any case, we conclude that

FeApBV([a,b]) and VAYl‘p(F;[a,b])s2Vszyp(f;[a,b]).

By the result of the Theorem 3,
Vio,(filab]) <V, (Filab])<2v,, (f;[ab]). D

In the following result we give necessary conditions for that the composition
. 2
of functions belongs to the space A{ BV ([a, b]) .
Recall that, under certain conditions, the composition of two functions fand g;

denoted by fog,isdefinedas (fog)(x)= f(g(x)).
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Theorem 5. If § € ABV ([a,b]) isa strictly increasing function and
feA2BV([g(a).g(b)]) then
fogeAZBV([ab]).
Proof Let A={4},_ bea W-sequence, 7 ={t}  Il;([a,b]) apartition
of [a,b]. Then

|Q1(f ° g;tnz’tm)_Ql(f ° Oty )|p

2
f (g(tnz))_ f (g(tm)) 3 f (g(tm))_ f (g(ti)) i
o=ty G —f
i p
f(g(tie))- T (g(tm))x 9(tiz)-9(t) f (9(t)-T(a(t ))X 9(tua)-9(t) p
_ 9(t.2)—9(t.) i, — i,y 9(t.)-9(t) iyt
2

by adding and subtracting the term:

f(9(t))-f(9(ta)) N 9(t.a)-9(t)
9(t2)-9(t) -t
we can group and get the following:
f (g (ti+2 ))_ f (g (ti+l)) ><|:g (ti+2)_ g (ti+1) _ g (ti+1)_ g (ti )}
9(t.2)-9(t.) tia—t

N g(tiﬂ)_g(ti)Xl: f (g(ti+2))_ f (g(tm)) f (g(tm))_ (g(ti))],

t —t B

ti+2 _ti+1

f
i1 g(ti+2)_g(ti+1) g(ti+l)_g(ti)
s0, using the inequality |x + y|p <2°P (|X|p +|y|p) we have that:

|Ql(f Og;ti+2'ti+1)_Q1(f Og;ti+1lti )|p
A

g (ti+2 ) -9 (ti+l) 9 (ti+1) -9 (ti )
t t; ti+1 _ti

i+2 7 lisl

< 2p|Q1<f;g(ti+z)vg(ti+1))|p X

+2p|Q1(g;ti+1!ti)|p>< 9(ti2)-9(t) 9(t.)-9(t)

g (ti+2)_ g (ti+l) g (ti+l)_ g (ti )

ti+2 _ti+1 ti+1 _ti
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where, M, =sup{Q,(f;B,a);a,Be[ab]} y
M, = Sup{Ql(g;ﬂ,a);a,ﬂ IS [a, b]} , are finite, see Lemma 3 in [10].
This implies that

p

”’2|Q1(f °g;ti+zvti+1)_Q1(f Og;ti+1’ti)|p

2 )

i=0 i

Yp
g(ti+2)_g(ti+1)_ g(ti+l)_g(t|) ’
< 2M, x 2 b, =ty -t
i=0 ﬂi

1p

thus,
V,2, ( fog;[ab])<2MV,,,(g:[ab])+2M,V,,,(f:la(a).g(b)) <=

hence

fogeAZBV ([a,b]). D

3. Conclusions

In this article, we proved important results in the space of functions of bounded
second variation in the sense of Shiba, we study the structure of the space and we
obtained that this is a Banach algebra, we also proved an integral representation
theorem and we obtained necessary conditions for that the space be closed under
composition of functions.

Finally, these results characterize the space of the second bounded variation
and are indispensable to initiate other investigations, such as the study of the
nonlinear integral equations used for example to describe physical phenomena
and dynamic models of chemical reactors, as well as to establish compactness
arguments in the study of equations system solutions applied to polymer mod-

els.
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