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Open.

Abstract

In this article we apply and discuss El-Desouky technique to derive a generalization of the prob-
lem of selecting k balls from an n-line with no two adjacent balls being s-separation. We solve the
problem in which the separation of the adjacent elements is not having odd and even separation.
Also we enumerate the number of ways of selecting k objects from n-line objects with no two ad-
jacent being of separations m, m + 1, ---, pm, where p is positive integer. Moreover we discuss some
applications on these problems.

Keywords

Probability Function, s-Separation, s-Successions, n-Line, n-Circle

1. Introduction

Kaplansky [1] (see also Riordan ([2] p. 198, lemma) and Moser [3]) studied the problem of selecting k objects
from n objects arranged in a line (called n-line) or a circle (called n-circle) with no two selected objects being
consecutive. Let f(x,y) and g(x,y) denote the number of ways of such selections for n-line and n-circle
respectively. Kaplansky proved that

n-k+1 0<k<n

f(n,k)= k oo (1.1

0, otherwise,
and

nfn-k-1
— , n=2k+1

g(n,k)= ki k-1 (1.2)
0, 1<n<k
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El-Desouky [4] studied another related problem with different techniques and proved that

I(nk)= é(ki_lj(n_:(:ll_ij’ l:min(k 1{n2kD'0Sk£" (1.3)

0, otherwise,

where I(n,k) is the number of ways of selecting k balls from n balls arranged in a line with no two adjacent
balls being unit separation.

In the following we adopt some conventions: l;x” f (x) denotes the coefficient of x" in the formal power
series f(x); [x“yml f(x,y) denotes the coefficient of x"y™ in the series f(x,y); [x] is the largest in-
teger less than orequal tox, N ={0,1,---} and N, ={1,23,--}.

Also, El-Desouky [5] derived a generalization of the problem given in [4] as follows: let I, (n,k) denote the
number of ways of selecting k balls from n balls arranged in a line with no two adjacent balls from the k selected
balls being s-separation; two balls have separation s if they are separated by exactly s balls. Let d,(n,k
denote the number of ways of selecting k balls from n balls arranged in a circle with no two adjacent balls from
the k selected balls being s-separation

Let I (n,k) be as defined before. Then I (n,k) is equal to the number of k-subsets of N where the dif-
ference s+1 is notallowed, so

I, (n.k) = i;(_l)i (ki—lj[n—lgsjil)i]

(1.4)
where v = min(k—l,[ﬂD, 0<k<n,ands=0,1---,n-K.
S
Let ds(n,k) be as defined before. Then the difference s+1 is not allowed, so
n¢ —(s+1)i-1
.- gy () N
(1.5)

Whereﬂ:min(k,{ﬂD, 0<k<n,ands=0,1,---,n-k.
s

Let I (n,k,m) be the number of ways of selecting k balls from n balls arranged in a line with exactly m
adjacent balls being of separation s or (s-successions), which gives a generalization of (4.1) in EI-Desouky [4].

Thus,
£ S )

Where,u’zmin[k—l,{n_k—erD, m=0,1---,k-1 s=0,1,---,n—k.
s+1

(1.6)

For more details on such problems, see [3] [6] [7].

2. Main Results

We use El-Desouky technique to solve two problems in the linear case, with new restrictions. That is if the se-
paration of any two adjacent elements from the k selected elements being of odd separation and of even separa-
tion. Moreover, we enumerate M, (n, k:m, pm) which denotes the number of ways of selecting k objects from
n objects arrayed in a line where any two adjacent objects from the k selected objects are not being of m, m +
1, ---, pm separations, where p is positive integer.

2.1. No Two Adjacent Being Odd Separation

Let y,(nk) denote the number of ways of selecting k balls from n balls arranged in a line, where the separa-

®
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tion of any two adjacent balls from the k selected balls being of odd separation. say s, i.e. s=1,3,5,---. This
means that no two adjacent being of 2, 4, 6, --- differences, see Table 1.

So, following Decomposition (2.3.14) see [8] (p. 55), Y, (n,k) is equal to the number of k-subsets of N,
where the differences s+1, s=1,3,5,--- are not allowed, hence y, (nk)= [x”] f (x), where

f(x)=(x+x2+---)[x+x2+~--—(x2+x4+---)]k_l(1+x+---)

hence
f(x):ii(‘l)j Xk(kfijxi[kﬂ:—zjxj =ii(—l)i[k:i)(kJrj:_z)x‘*"*k.
Setting n=i+j+k j=n-i—-k wehave
g8 (P g (e

Therefore, the coefficient of x" gives

=g (1)

A calculated table for the values of y, (n,k) isgivenin Table 1, where 1<n, k<10.
Remark 1. It is easy to conclude that y, (n,k) satisfies the following recurrence relation

Yo(nk)=y,(n-Lk-1)+y,(n-2,k), n, k=2 and y,(nk)=0 for k>n (2.1)

with the convention y,(n,1)=n, n>1.

Table 1. A calculated table for the values of y, (n,k).

n "\ 1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0 0 0
3 3 2 1 0 0 0 0 0 0 0
4 4 4 2 1 0 0 0 0 0 0
5 5 6 5 2 1 0 0 0 0 0
6 6 9 8 6 2 1 0 0 0 0
7 7 12 14 10 7 2 1 0 0 0
8 8 16 20 20 12 8 2 1 0 0
9 9 20 30 30 27 14 9 2 1 0
10 10 25 40 50 42 35 16 10 2 1
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2.2. No Two Adjacent Being Even Separation

Let y,(nk) denote the number of ways of selecting k balls from n balls arranged in a line, where the separa-
tion of any two adjacent balls from the k selected balls are not being of even separation, say si.e. s=0,2,4,---
This means that no two adjacent being of 1, 3, 5,--- differences.

So, following Decomposition (2.3.14) see [8] (p. 55) then 'y, (n,k) is equal to the number of k-subsets of
N, where the differences s+1, s=0,2,4,--- are not allowed, hence Y. (n,k) [x ] f (x), where

f(x)=(x+x2+---)[x+x2+~--—(x+x3+--~)]H(1+x+~--)

X X 3 “
—m[m‘“” +“')} i

hence

J

) . k B ) k _2 - » » ) k . k __2 N
f(X):ZZ(_l)I X2k—1( j"'jw( +J. jxl :ZZ(_l)J( ;Hj( +J- JXZk‘l*'HJ.
Setting n=2k-1+i+j, j=n-2k+1-i we get

o n-2k+l i(k+i)(k+n-2k+1-i-2 o n-2k+l i(k+i)(n-k-i-1
f _ -1 n+1-i n_ 1 n+1-i n.
(=2, 2 (1) [ i ][ n—2k+1—i JX 2 2 (-3 ( i j[ k2 ]X

Therefore, the coefficient of x" gives
2kl g (k+i)(n—k-i-1
AR NCTR N e
i=0 -

Moreover in the next subsection, we use our technique to enumerate M, (n,k;m, pm) the number of ways of
selecting k objects from n objects arrayed in a line such that no two adjacent elements have the differencesm + 1,
m+ 2, .-, pm + 1 i.e. no two adjacent element being of m, m + 1, ---, pm separations, where p is positive
integer.

2.3. Explicit Formula for M (n,k;m, pm)

Let M, (n,k;m, pm) be the number of ways of selecting k objects from n objects arrayed in a line where any
two adjacent objects from the k selected objects are not being of m, m + 1, -, pm separations, where p is posi-
tive integer, hence M, (n,k;m, pm)=x" | f (x), where

f(X):(X+X2+“')|:X+X2+..,_(Xm+1+xm+2+.”+Xpm+1):|k—li

1-x
K m k-1
_X _

=x(1- x)f(k“) [1— X" (1— xp’“’m”)}

Ry ey

©

k-1
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Setting n= j(pm-m-+1)+mi+I+k itiseasy to find the coefficient of x" hence

M, (ndcm, pm) = 53 (1) -[k_—lj(;j[n—J'(pm—km+1)—mi} 23)

3. Some Applications
Let n urns be set out along a line, that is, one-dimensional.
Suppose we have m balls of which m, are of colour ¢, i=12,---,k and we assign these balls to urns so

that, see Pease [9]:
i) No urn contains more than one ball.
ii) Al m, balls of colour c; areinconsecutiveurns, i=12,.-- k.
El-Desouky proved that if the order of colours of the groups is specified, the number of arrangement is

) n—-m+Kk . k _
just Hence if the total number of balls Zmi =2k -1, the number of arrangements is
i=1

n—k+1
Io(n,k):f(n,k):( c ] as a special case of El-Desouky results [5].

n
It is of practical interest to find the asymptotic behavior of f (n,k) or the probability p(n, k) = f (n, k)/(kj

for large n and k.
Let X be a random variable having the probability function p(n,k) then

[n—k+l)
k
P(X =k)= p(n,k)=T,
Y
S0
2(k-1 _
.np(x:k):.n[(l_uj@_kj...[l_ ( >ﬂ_m{(1_1)(1_2)...(1_uj[1_uﬂ
n n n n n n
k=1 ok o 2(k-Y) _[_E_E_..._E_E}
n n n n n n n
B 3k(k—1)+k(k—1) k(k-1
2 n n '
where we used the first aproximation
In(1-x)=—x
Therefore,
_k(k1)
P(X=k)=e
Putting Y—L we have
Jn
X
P(Y =t)=P| ==t |=P(X =+/nt
(=0 =r( =t -plx- )
—nt(+/nt-1)
=e " , hence

&
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lim P (Y :t):e“z.

n—ow

Maosen [10] considered the following problem. Let t be any nonnegative integer.

If we want to select k balls from an n-line or an n-circle under the restriction that any two adjacent selected
balls are not t-separated, how many ways are there to do it? He solved these problems by means of a direct
structural analysis. For the two kinds of problems, he used F, (n,k) to denote the number of ways of selecting
k balls from n balls arranged in a line with no two adjacent selected balls being t-separation and G, (n,k) to
denote the number of ways of selecting k balls from an n-circle with no two adjacent selected being t-separation.

He proved that
OBEYE o O 62

=0 k-1

OO W i L) 63

J
Remark 2. In fact EI-Desouky [5] has proved (3.2) in 1988.
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Abstract

In this paper, we introduce the concept of a (weak) minimizer of order k for a nonsmooth vector
optimization problem over cones. Generalized classes of higher-order cone-nonsmooth (F, p)-
convex functions are introduced and sufficient optimality results are proved involving these
classes. Also, a unified dual is associated with the considered primal problem, and weak and
strong duality results are established.

Keywords

Nonsmooth Vector Optimization over Cones, (Weak) Minimizers of Order k, Nonsmooth
(F, p)-Convex Function of Order k

1. Introduction

It is well known that the notion of convexity plays a key role in optimization theory [1] [2]. In the literature,
various generalizations of convexity have been considered. One such generalization is that of a p -convex
function introduced by Vial [3]. Hanson and Mond [4] defined the notion of an F-convex function. As an ex-
tended unification of the two concepts, Preda [5] introduced the concept of a (F, p)-convex function. Antczak
gave the notion of a locally Lipschitz (F, p)-convex scalar function of order k [6] and a differentiable (F, p)-
convex vector function of order 2 [7].

L. Cromme [8] defined the concept of a strict local minimizer of order k for a scalar optimization problem.
This concept plays a fundamental role in convergence analysis of iterative numerical methods [8] and in stability

“Corresponding author.
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results [9]. The definition of a strict local minimizer of order 2 is generalized to the vectorial case by Antczak
[7].

Recently, Bhatia and Sahay [10] introduced the concept of a higher-order strict minimizer with respect to a
nonlinear function for a differentiable multiobjective optimization problem. They proved various sufficient
optimality and mixed duality results involving generalized higher-order strongly invex functions.

The main purpose of this paper is to extend the concept of a higher-order minimizer to a nonsmooth vector
optimization problem over cones. The paper is organized as follows. We begin in Section 2 by recalling some
known concepts in the literature. We then define the notion of a (weak) minimizer of order k for a nonsmooth
vector optimization problem over cones. Thereafter, we introduce various new generalized classes of cone-
nonsmooth (F, p)-convex functions of higher-order. In Section 3, we study several optimality conditions for
higher-order minimizers via the introduced classes of functions. In Section 4, we associate a unified dual to the
considered problem and establish weak and strong duality results.

2. Preliminaries and Definitions

Let S<R" be a nonempty open subset of R". Let K < R™ be a closed convex cone with nonempty inte-
riorand let intk denote the interior of K. The dual cone K* of K is defined as

K* ={y* eR" :(y,y*)zo forall ye K}.
The strict positive dual cone K* ofKis given by
K* :{y* eR" :<y, y*>>0 forall ye K \{O}}.
A function y:S — R issaid to be locally Lipschitz at a point ueS if forsome 1>0,

b (x)=w (X)| <1x-X| w¥x, x within a neighbourhood of u.

A function y s said to be locally Lipschitz on S if it is locally Lipschitz at each point of S.
Definition 2.1. [11] Let y:S — R be a locally Lipschitz function, then ° (u;v) denotes the Clarke’s ge-
neralized directional derivative of y at ueS inthe direction v and is defined as

l//o (u;v) = |imsupw .
you
t—0"

The Clarke’s generalized gradient of i at u is denoted by oy (u) and is defined as
oy (u)= {cf eR" 1y (upv) 2 (&,v) forall ve R”} .

Let f:S—R™ be a vector valued function given by f =(f,, f,---, f, )t , f,:S—>R. Then fis said to
be locally Lipschitz on S if each f; is locally Lipschitz on S. The generalized directional derivative of a locally
Lipschitz function f:S —R™ at ueS inthedirection v isgiven by

fo(u;v)z(flo(u;v), £, (u;v), -, fn?(u;v))t.
The generalized gradient of f at u is the set
of (u)=of, (u)x---xof, (u),
where of; (u) Is the generalized gradient of f, atufor i=12,---,m.
Every element A=(A,---,A,) €of (u) isa continuous linear operator from R" to R" and
Au =(A1tu A;u)t eR" forall ues.
A functional F:SxSxR" — R is sublinear with respect to the third variable if, for all (x,u)eSxS,

() F(x,u;A+A)<F(xu;A)+F(xu;A,) forall A, A eR", and
(i) F(x,u;aA)=aF(xu;A) forall aeR, .
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(i) and (ii) together imply F (x,u;0)=0. @
We consider the following nonsmooth vector optimization problem

(NVOP)  K-minimize f(x)
subjectto —g(x)eQ,

where f :(fl,---, fm)t :S—>R", ¢ =(gl,~-,gp)t :S — RP, Kand Q are closed convex cones with nonempty
interiors in R™ and R” respectively. We assume that f, foreach ie{l---,m} and g, foreach je{l---,p}
are locally Lipschitz on S.

Let S, = {x eS:—-g(x)e Q} denote the set of all feasible solutions of (NVOP).

The following solution concepts are well known in the literature of vector optimization theory.

Definition 2.2. A point X € S, is said to be

(i) a weak minimizer (weakly efficient solution) of (NVOP) if for every xe S,

f(x)— f(X)¢e—intK;
(if) a minimizer (efficient solution) of (NVOP) if for every x e S,

f(x)- f (X) e —K \{0}.

With the idea of analyzing the convergence and stability of iterative numerical methods, L. Cromme [8] in-
troduced the notion of a “strict local minimizer of order k”. As a recent advancement on this platform, Bhatia
and Sahay [10] defined the concept of a higher-order strict minimizer with respect to a nonlinear function for a
differentiable multiobjective optimization problem. We now generalize this concept and give the definition of a
higher-order (weak) minimizer with respect to a function @ for a nonsmooth vector optimization problem over
cones.

Definition 2.3. A point X € S; is said to be

(i) a weak minimizer of order k =1 for (NVOP) with respect to , if there exists a vector g eintK such
that, for every xe S,

£(x)= £ (%)= Bo(x )| &-intK ;

(i) a minimizer of order k =1 for (NVOP) with respect to @, if there exists a vector g eintK such that,
forevery xe§,

£(x)~ £ (%)~ Blo(x %) &-K\{0}.

Remark 2.1. (1) If f is a scalar valued function, K=R, and o(x,X)=x-%, the definition of a weak mi-
nimizer of order k reduces to the definition of a strict minimizer of order k (see [8] [9] [12] [13]).

@ If K=R", k=2 and a)(x,Y): X—X , the definition of a (weak) minimizer of order k becomes the
definition of a vector strict global (weak) minimizer of order 2 given by Antczak [7].

(3) If K=RT the definition of a weak minimizer of order k reduces to the definition of a strict minimizer of
order k given by Bhatia and Sahay [10].

Remark 2.2. (1) Clearly a minimizer of order k for (NVOP) with respect to @ is also a weak minimizer of
order k for (NVOP) with respect to the same @ .

(2) A direct implication of the fact that S e intK is that, a (weak) minimizer of order k for (NVOP) with re-
spectto @ isa (weak) minimizer for (NVOP).

(3) Note that if X is a (weak) minimizer of order k for (NVOP) with respect to @, then for all ¢>k, itis
also a (weak) minimizer of order ¢ for (NVOP) with respect to the same .

In the sequel, for a vector function f:s —>R" and A=(A,--, A,) €df (u), F(xU;A) denotes the vec-
tor (F(XU;A), - F(xuA,)).

We now define various classes of nonsmooth (F , p) -convex functions of higher-order over cones.

Definition 2.4. A locally Lipschitz function f:S — R™ is said to be K-nonsmooth (F,p) -convex of order
k with respect to @ at ueS on S if there exist a sublinear (with respect to the third variable) functional

O,
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F:SxSxR"—>R andavector p=(p,p,,,p,)€R" suchthat, foreach Aeof(u) andall xeS
f(x)-f (u)—F(x,u;A)—p"a)(x,u)"k eK.

If the above relation holds for every ueS then fis said to be K-nonsmooth (F,p) -convex of order k with
respectto @ onsS.

Remark 2.3. (1) If f is a scalar valued function and K =R, , the above definition reduces to the definition of
a (locally Lipschitz) (F, p)-convex function of order k with respectto @ given by Antczak [6].

(2) If f is a differentiable function, K =R™, k=2 and o(x,X)=x-X the definition of a K-nonsmooth
(F, p)-convex function of order k with respectto @ becomes the definition of a vector (F, p)-convex func-
tion of order 2 given in [7].

() If K=R™, F(xu;A)=Ag(xu) for some function :SxS — R"and k=2, K-nonsmooth (F,p)-
convexity of order k with respect to @ reduces to p—(7,6)-invexity, where @(x,X)=6(x,X), introduced
by Nahak and Mohapatra [14].

(4) If f is a differentiable function, K =R and F(xu;a)=a's(x,u), aeR", for some function
17:SxS — R", the above definition becomes the definition of a higher-order strongly invex function given by
Bhatia and Sahay [10].

Definition 2.5. A locally Lipschitz function f:S — R™ is said to be K-nonsmooth (F,p)-pseudoconvex
type | of order k with respectto @ at ueS on S if there exist a sublinear (with respect to the third variable)
functional F:SxSxR"—>R andavector peR"™ such that, foreach Aedf (u) andall xeS,

—F(x,u;A) g intK :>—[f (x)-f (u)—p||a)(x,u)||k} ¢intK .
Equivalently,
£ (%)~ (U)=pllo(xu)[ e-intk = F (x,u; A) e -intK .

If f is K-nonsmooth (F,p) -pseudoconvex type | of order k with respectto @ atevery ueS thenfis said
to be K-nonsmooth (F,p) -pseudoconvex type | of order k with respectto @ onS.

Clearly, if f is K-nonsmooth (F, p)-convex of order k with respect to @, then f is K-nonsmooth (F, p)-
pseudoconvex type | of order k with respect to the same @ , however the converse may not be true as shown by
the following example.

Example 2.1. Consider the following nonsmooth function f:S —R? S =(-2,2)c R, f(x)=(f(x), f,(x))
and K ={(x,y):x>0,y<x}

fl(x):{—ZX, x<0 fz(x):{x3—x/2, x<0

—x* =%, x>0 —X/3, x>0

Here of, (0)=[-2,-1] and afz(o)z[—%,—ﬂ.

Define F:SxSxR —>R as
F(x,u;a):a(«/;—«/a).

Let @:SxS —>R begivenby o(xu)=x*-u’* k=3 and p=(-10).
Then, at u=0.

f(x)-f

forevery xeS and Aedf (0).
Hence, f is K-nonsmooth (F,p)-pseudoconvex type | of order 3 with respectto @ atuonsS.
However, for x=1 and A=(-1,-1/2).

u)—p"a)(x,u)"k e—intk = x> 0= F(x,u;A) e -intK ,

(
)
f(x)-f(u)- F(x,u;A)—p"a)(x,u)"k g K,



S. K. Suneja et al.

so that f is not K-nonsmooth (F,p) -convex of order 3atuonS.

Definition 2.6. A locally Lipschitz function f:S — R™ is said to be K-nonsmooth (F, p) -pseudoconvex
type Il of order k with respectto @ at ueS on S if there exist a sublinear (with respect to the third variable)
functional F:SxSxR" >R andavector peR™ such that, foreach Aeof (u) andall xeS§S,

_[F (x,u; A)+p||a)(x,u)||k] g intk = —[f (x)-f (u)} g intk
Equivalently,
f(x)—f(u)e-intK = [F (x,u; A)+p||a)(X,u)||k] e —intK .
If the above relation holds for every u eSS, then f is said to be K-nonsmooth (F, p)-pseudoconvex type |1
of order k with respectto @ onS.
We now give an example to show that a K -nonsmooth (F, p) -pseudoconvex type Il function of order k with
respectto @ may fail to be a K -nonsmooth (F, p) -convex function of order k with respectto @ .

Example 2.2. Consider the following nonsmooth function f:S —»R2 S=(0,2)cR, f(x)= ( f.(x), f, (x))
and K ={(x,y):x<0,y>x}

fl(x):{_x; x=1 f(x):{z()/(iyl/z)z, iii

X%, x>1’

Here of, (1)=[-2,-1] and of, (1):[%,1]
Let F:SxSxR—>R begivenby F(xu;a)=a(e-e").
a)(x,u):xz—uz—i and p=(L-1).
16
Then,at u=1,
f(x)-f(u)e-intK = x<1= F(x,u;A)+p||a)(x,u)||k e —intK ,

forevery k=1, xeS and Aeof(1).
Therefore, f is K-nonsmooth (F,p) -pseudoconvex type Il of order k >1 with respectto @ atuonsS.
However, for x=5/4 and A=(-2,a,), a, €[1/4,1],

f(x)- f (u)-F (xu;A) - plo(xu)[ eK .

Thus, f is not K-nonsmooth (F,p) -convex of any order k with respectto @ atuonsS.

Definition 2.7. A locally Lipschitz function f:S — R™ is said to be K-nonsmooth (F, p)-quasiconvex
type | of order k with respectto @ at ueS on S if there exist a sublinear (with respect to the third variable)
functional F:SxSxR" — R andavector peR™ suchthat, foreach Aeof (u) andall xeS,

[f (x)-f (u)] g intk = —[F(x,u;A)er"a)(x,u)"k} eK.
If the above relation holds at every u e S, then f is said to be K-nonsmooth (F, p)-quasiconvex type I of
order k with respectto @ onS.
Definition 2.8. A locally Lipschitz function f:S —R™ is said to be K-nonsmooth (F, p)-quasiconvex

type Il of order k with respectto @ at ueS on S if there exist a sublinear (with respect to the third variable)
functional F:SxSxR" >R andavector peR™ such that, foreach Aeof (u) andall xeS§S,

[f (x)—f (u)—p"a)(x,u)"k} gintk = -F(x,u;A)e K.

If f is K-nonsmooth (F,p)-quasiconvex type Il of order k with respectto @ atevery ueS, then fis said

O,
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to be K-nonsmooth (F, p)—quasiconvex type Il of order k with respectto @ onS.

Remark 2.4. When f is a differentiable function, K =RT and F(x,u;a)=a'n(x,u), aeR" for some
function 7:SxS — R", Definition 2.4 - 2.7 take the form of the corresponding definitions given by Bhatia and
Sahay [10].

3. Optimality

In this section, we obtain various nonsmooth Fritz John type and Karush-Kuhn-Tucker (KKT) type necessary
and sufficient optimality conditions for a feasible solution to be a (weak) minimizer of order k for (NVOP).

On the lines of Craven [15] we define Slater-type cone constraint qualification as follows:

Definition 3.1. The problem (NVOP) is said to satisfy Slater-type cone constraint qualification at X if, for
all Bedg(X), there exists avector £eR" suchthat BE e—intQ .

Remark 3.1. The foIIowmg inclusion relation is Worth noticing.

For /lz(ﬂl,---,lm) eR™ and u= (ﬂu ,,up) eRP?

o(2f +¢g)(7):a(§m; , +Zp:,ujg]J(Y)

Thus,
o(2'f +p'g)(X) < (of (X)' 2+0g(X) 1) @

Since a weak minimizer of order k>1 for (NVOP) is a weak minimizer for (NVOP), the following non-
smooth Fritz John type necessary optimality conditions can be easily obtained from Craven [15].

Theorem 3.1. If a vector X e S, is a weak minimizer of order k with respect to @ for (NVOP) with
S =R", then there exist Lagrange multipliers 1 € K* and zeQ* not both zero, such that

0eo(2'f +i'g)(X)

mg(x)=0

The necessary nonsmooth KKT type optimality conditions for (NVVOP) can be given in the following form.

Theorem 3.2. If a vector X €S, is a weak minimizer of order k with respect to @ for (NVOP) with
S=R" and if Slater-type cone constraint qualification holds at X, then there exist Lagrange multipliers
2 eK"\{0} and zeQ",such that

0eo(2'f+1'g)(X) 3)

7'g(%)=0. )

Proof. Assume that X e S; is a weak minimizer of order k with respect to @ for (NVOP), then by Theo-
rem 3.1 there exist 4 € K* and z<Q", not both zero, such that (3) and (4) hold.

If possible, suppose A =0.Then, z=0 and (3) reduces to

Oea(y g)( )< og(X )
So there exists B eag(X) such that
B'Z=0. ©)

()
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Now, since Slater-type cone constraint qualification holds at X, we have for all B e dg (Y) , there exists a
vector £eR" suchthat BEe—intQ. Since zeQ’ \{O} ,we get z'B&<0. Inparticular, z'B&<0.On the
contrary (5) implies £'B'z = 0. This contradiction justifies 1 =0.

Now, we give sufficient optimality conditions for a feasible solution to be a higher-order (weak) minimizer
for (NVOP).

Theorem 3.3. Let X be a feasible solution for (NVOP) and suppose there exist vectors A e K*, 1 >0
and zZeQ*, z=0 such that

0e(af (%) Z+og(x) 7) (6)

1'g(x)=0. @

Further, assume that f is K-nonsmooth (F,p)-convex of order k with respectto @ at X on S, and g is
Q-nonsmooth (F,o’)-convex of order k with respect to the same @ at X on S;. If peintk and ceQ,
then X is a weak minimizer of order k with respectto @ for (NVOP).

Proof. Assume on the contrary that X is not a weak minimizer of order k with respectto @ for (NVOP).
Then, forany S eintK , there exists a vector Xe'S, such that,

£ (%)~ f (%)~ Bllo(%%)[ e-intK .
As peintK , the above relation holds in particular for g = p, so that we have
£(R)- (%)= plo(%%) -intk . ®)
As (6) holds, there exist Aeof (X) and Beag(X) such that
A2 +B'z=0. 9)

Since f is K-nonsmooth (F,p) -convex of order k with respectto @ at X on S, we have
£(%)- f(X)-F(%X:A)-plo(xX)| K. (10)
Adding (8) and (10), we get
—F()‘(,Y; ﬂ) cintk
As A e K \{0}, we obtain
A'F(%,%A)<0. (11)

Also, since g is Q-nonsmooth (F,a) convex of order k with respectto @ at X on S, and zeQ", we

have
7| 9(%)-9(%)~F (1 %:B)-ofo(x %) |20.
However, XeS,, ZeQ" and (7) together give
ﬁ‘[F(R,Y;E)+a||w(>‘<,7)||k]go_ 12)

Adding (11) and (12), we get

which implies that

)
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Using sublinearity of F under the assumption 4 >0 and >0, we obtain
F(%%2'A+E'B)+ Ao |o(%%)| <0,
which on using (9) and (1), gives
oot <o.

This is impossible as zeQ*and o <Q, so that z'c >0, and norm is a non-negative function. Hence X
is a weak minimizer of order k with respectto @ for (NVOP).

Theorem 3.4. Suppose there exists a feasible solution X for (NVOP) and vectors 1 eK*, 1 >0 and
eQ*, >0 such that (6) and (7) hold. Moreover, assume that f is K-nonsmooth (F,p) -pseudoconvex type
| of order k with respectto @ at X on S, and g is Q -nonsmooth (F,a)—quasiconvex type | of order k
with respect to the same @ at X on S;.If peintKk and oeQ,then X isaweak minimizer of order k
with respectto @ for (NVOP).

Proof: Let if possible, X be not a weak minimizer of order k with respect to w for (NVOP). Then, for any
B eintK , there exists X e S, such that,

£ ()~ (%)~ Blo(%X)| e-intK .
Since p eintK taking, in particular, B = p inthe above relation, we obtain
£ ()~ f (%)~ plo(%%)| e-intK . (13)

As (6) holds, there exist Aedf (X) and Bedg(X) such that (9) holds.
Since f is K-nonsmooth (F, p)-pseudoconvex type I of order k with respect to o at

X on §,, (13) implies
F(%%A)e—intK .
As A e K \{0}, we have
A'F (%% A)<0. (14)
Now, XeS, means —g(X)eQ,sothat z'g(X)<0.Thisalong with (7) gives
i {g(%)-g(x)}<0. (15)

If 20, then (15) implies g(X)-g(X)¢intQ.
Since g is Q-nonsmooth (F,a) -quasiconvex type | of order k with respectto @ at

- F(%%:B)+olo(x.7) |eQ,

X on S, therefore

5o that
7| F(%.%:B)+ofo(x 7 | <0, (16)

If =0, then also (16) holds.

Now, proceeding as in Theorem 3.3, we get a contradiction. Hence, X is a weak minimizer of order k with
respectto @ for (NVOP). .

Theorem 3.5. Assume that all the conditions of Theorem 3.3 (Theorem 3.4) hold with 2 € K*, 2 >0. Then
X is a minimizer of order k with respectto @ for (NVOP).

Proof: Let if possible, X be not a minimizer of order k with respect to @ for (NVOP), then for any
P eintK thereexists Xe'S, such that

[ 1(0)= 1 (%)= Blo(x T | K \{o}. (17)
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Proceeding on similar lines as in proof of Theorem 3.3 (Theorem3.4) and using (17) we have
~F (%% A) e K\{0} .
As 1eK® , weget
A'F(%,%;A)<0.

This leads to a contradiction as in Theorem 3.3 (Theorem 3.4). Hence, X is a minimizer of order k with re-
spectto @ for (NVOP).

4. Unified Duality

On the lines of Cambini and Carosi [16], we associate with our primal problem (NVOP), the following unified
dual problem (NVUD).

(NVUD) K-maximize f (y)+%(1—5)u‘g (y)
subject to Oea(ﬂtf +/fg)(y), (18)
su'g(y)=0, (19)

where yeS, leintk, 1eK"\{0}, xeQ" and 5e{0,1} isaO0-1parameter.

Note that Wolfe dual and Mond-Weir dual can be obtained from (NVUD) on taking 6 =0 and &=1 re-
spectively.

Definition 4.1. Given the problem (NVOP) and given a vector | eintK, we define the following Lagrange
function:

L(% 4 )= f (x)+%

Theorem 4.1. (Weak Duality) Let x be feasible for (NVOP) and (y,/l,y) be feasible for (NVUD). If f is
K-nonsmooth (F, p)-convex of order k with respectto @ atyon S, and g is Q-nonsmooth (F,o)-convex
of order k with respect to the same @ atyon S;, with >0, x>0 and

,utg(x), vxeS, 1eK", ueQ’.

AMp+uc=0, (20)
then,

f(y)+%(l—5),u‘g(y)— £ (x) g intk .

Proof: Assume on the contrary that

f (y)+%(1—§)y‘g(y)— f(x) eintk . (21)
Since (y,4,u) is feasible for (NVUD), therefore by (2), there exist A< of (y) and Bedg(y) such that
A'A+B'u=0. (22)
Since f is K-nonsmooth (F,p) -convex of order k with respectto @ atyon S;, we have
f(x)=f(y)-F(xy:A)-plo(x y)||k eK. (23)
Adding (21) and (23), we obtain

A (1-8)g(y)~F (x y:A) = pl(x y)| cink.

)
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As 2eK"\{0}, we get

(1-8)'g(y)-A'F(x y;A)=A'p|e(x, y)||k >0. (24)

Also, since g is Q-nonsmooth (F,a)-convex of order k with respectto @ atyon S, and xeQ*, we
have

,u'[g(x)—g(y)—F(x, y;B)-c|e(x, y)||k:|20. (25)

Adding (24) and (25), we get
19 (x)-u'g(y)> AF(xy: A)+ 4 F(xy; §)+(/1tp+,uta)"a)(x, y)||k

or,

£ (0)-31'9(y)> D AF (X y: )+ Z#F(x v:B,)+(2p+ o) |o(x )"

i=1 j=1

Using sublinearity of F under the assumption that 2 >0 and x>0, together with (22), (1) and (20), we
obtain

su'g(y)<u'g(x).

As xeS;, —g(x)eQ and xeQ,sothat u'g(x)<0 andwehave du'g(y)<0.

This contradicts the feasibility of (y, 4, ), hence the result.

Theorem 4.2. (Weak Duality) Let x be feasible for (NVOP) and (y,/l,y) be feasible for (NVUD) with
A>0 and u>0. Suppose the following conditions hold:

() If 6=0, peK, L(,4,u) is K-nonsmooth (F,p)-pseudoconvex type Il of order k with respect to @
atyon §,, and

(i) If 5=1, A'p+u'c>0,fis K-nonsmooth (F,p)-pseudoconvex type Il of order k with respectto @ at
yon S, and g is Q-nonsmooth (F,a)—quasiconvex type | of order k with respectto @ atyon S.

Then, we have

f(y)+|—|(1 5) g (y)~ f (x) intk .

Proof: Case (i): Let & =0 and on the contrary assume that,

| .
f(y)+ T ‘g(y)-f(x)eintk . (26)
Since x is feasible for (NVOP) and e Q" therefore —x'g(x)>0. Further, | eintK so that

|
T ‘g(x)eK 27)

Adding (26) and (27), we get

Hf(y) Fag(y )} {f(x) e a g )HeintK.
That is,
~[L(%2,1)=L(y, A )| eintK .

As L(.,/l,y; is K-nonsmooth (F,p)—pseudoconvex type Il of order k with respect to @, we have for all

C=(C,-,Cy,) €dL(y, 2, 1)

m
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F(xY:C)+plo(x y)||k e—intK .
Since, A€ K"\{0}, we get
AF (X, y;C)+}L‘p||a)(x, y)||k <0,
or

y AF (% y;C; )+/1‘p||a)(x, y)||k <0,
=1

so that
F(xy:2'C)+ A pllo(x y)| <0. (28)

Now, since (y,4,u) is feasible for (NVUD),

Therefore, there exists Ce 6L(y,/1,/¢) suchthat A'C=0. Substituting in (28) and then using (1), we get

Atp"a)(x, y)"k <0,

which is a contradiction, as 1 e K" \{0}, p €K andnorm is a non-negative function.
Case (ii): Let & =1, then we have to prove that

f(y)-f(x)eintK .
Let if possible,

f(y)-f(x)eintk .
Since f is K-nonsmooth (F, p)-pseudoconvex type 11 of order k with respectto @ atyon S;, we have

—{F(x,y;ﬁ)+p”a)(x, y)||k} cintK .
As 2eK"\{0}, we get
AF(%y:A)+ 2 pl|o(x, y)||k <0. (29)

Since x is feasible for (NVOP) and (y, 4, ) is feasible for (NVUD), we have

#1g(x)-g(y)}<0. (30)

If x=0,(30)implies g(x)—g(y)eintQ.

()
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As g is Q-nonsmooth (F,o—)—quasiconvex type | of order k with respectto @ atyon S;, we get
{F(x.3:8)+ofolxy)f | <0

Since u€Q", we have
H'F(xy;B)+ ,u‘o-"a)(x, y)||k <0. (31)

If x=0,then also (31) holds. _ _

Since (y,4,u) is feasible for (NVUD), by Remark 3.1, there exist Aedf (y) and Bedg(y) such that
(22) holds.

Adding (29) and (31), we get

AF (X y;A)+ 4 F (% y:B)+(2 o+ t'o)|o(x, y)||k <0,

or

i/ﬁF(x,y;R%iij(x, V.8, )+(2p+ o )o(x y) <O0.

i=1

Using sublinearity of F with the factthat 2 >0 and x>0 and then using (22) and (1), we obtain
k
(/Itp+,ut0')||a)(x, y)|| <0.

This contradicts the assumption that A'p+ u'c >0, hence the result.

Theorem 4.3. (Strong Duality) Let X be a weak minimizer of order k with respectto @ for (NVOP) with
S =R", at which Slater-type cone constraint qualification holds. Then there exist 1 K* \{0}, Ze€Q” such
that (Y,/l,ﬁ) is feasible for (NVUD). Further, if the conditions of Weak Duality Theorem 4.1 (Theorem 4.2)
hold for all feasible x for (NVOP) and all feasible (y,i,y) for (NVUD), then X is a weak maximizer of or-
der k with respectto @ for (NVUD).

_Proof: As X is a weak minimizer of order k with respect to @ for (NVOP), by Theorem 3.2 there exist
2 eK"\{0}, Q" such that

0ed(2'f+1'g)(X), (32)
12'g(x)=0. (33)
Since & €{0,1}, Equations (32) and (33) can be written as
0ed(2'f+1'g)(X),
su'g(x)=0.

Thus, (X,2,7) is a feasible solution for (NVUD). Further, if (K Z,ﬁ) is not a weak maximizer of order k
with respectto @ for (NVUD), then for any p eintK , there exists a feasible solution (y,4, ) of (NVUD)
such that

{f (y)+|—(1—5)utg(y)}—{f (7)+'_(1_§)ﬁtg(7)}_ﬁ||w(y,x)||k cintk

A

or,

f(y)+%(l—§)y‘g(y)— £ (%)= Blo(y X <intk.
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Since, BeintK, /5’||a)(y7)||k intK , so that we have

f (y)+%(1—5)ytg(y)— f (%) eintk,

which contradicts Theorem 4.1 (Theorem 4.2). Hence (K /T,ﬁ) is a weak maximizer of order k with respect to
w for (NVUD).

5. Conclusion

In this paper, we introduced the concept of a higher-order (weak) minimizer for a nonsmooth vector optimiza-
tion problem over cones. Furthermore, to study the new solution concept, we defined new generalized classes of
cone-nonsmooth (F, p)-convex functions and established several sufficient optimality and duality results using
these classes. The results obtained in this paper will be helpful in studying the stability and convergence analysis
of iterative procedures for various optimization problems.
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Abstract

Through a variable transformation, the Whitham-Broer-Kaup system is transformed into a para-
meter Levi system. Based on the Lax pair of the parameter Levi system, the N-fold Darboux trans-
formation with multi-parameters is constructed. Then some new explicit solutions for the Whi-
tham-Broer-Kaup system are obtained via the given Darboux transformation.

Keywords

Whitham-Broer-Kaup Equation, Levi Parameter System, Lax Pair, Darboux Transformation,
Soliton Solutions

1. Introduction

Studying of the nonlinear models in shallow water wave is very important, such as Korteweg-de Vries (KdV)
equation [1] [2], Kadomtsev-Petviashvili (KP) equation [3] [4], Boussinesq equation [5] [6], etc. There are many
methods to study these nonlinear models, such as the inverse scattering transformation [7], the Backlund trans-
formation (BT) [8], the Hirota bilinear method [9], the Darboux transformation (DT) [10], and so on. Among
those various approaches, the DT is a useful method to get explicit solutions.

In this paper, we investigate the Whitham-Broer-Kaup (WBK) system [11]-[13] for the dispersive long water
in the shallow water

@

u, +uu, +v, + gu,, =0,
Vo +(uv) +au,, — By, =0,

where u=u(xt) is the field of the horizontal velocity, and v =v(x,t) is the height that deviates from equi-
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librium position of the liquid. The constants « and S represent different diffusion powers. If «=0 and
P =0, the WBK system (1) reduces to the classical long-wave system that describes the shallow water wave
with diffusion [14]. If =1 and S =0, the WBK system (1) becomes the modified Boussinesq-Burgers equ-
ation [7].

Many solutions have been obtained for the WBK system (1), such as the analytical solution, the soliton-like
solution, the soliton solutions, the periodic solution, the rational solution, and so on [15]-[19].

In this paper, through a proper transformation

u :c[ln(rX -q,+9° —rz)]X —2cr,

)
2 2 .2 ZﬂC—CZ 2 .2 2
V=-C (rx -q,+9°—r )—T[In(rx -q,+q°—r )lx +(2,Bc—c )rx,
the WBK system (1) is transformed into the parameter Levi system
c
qt _C(qr)x _Erxx = 0'
®)

I, —%qxx —3crr, +cqq, =0.

Based on the obtained Lax pair, we construct the N-fold DT of the parameter Levi system (3) and then get the
N-fold DT of the WBK system (1). Resorting to the obtained DT, we get new multi-soliton solutions of the
WBK system.

The paper is organized as follows. In Section 2, we construct the N-fold DT of the Levi system and the WBK
system. In Section 3, DT will be applied to generate explicit solutions of the WBK system (1).

2. Darboux Transformation

In this section, we first construct the N-fold DT of the parameter Levi system, and then get explicit solutions of

the WBK system.
We consider the following spectral problem corresponding to the Levi system (3)
A+Qq 24(r—q
0.=Up. o=(p.) U=( 1 _g_q)j 4)

and its auxiliary problem

(01 :V¢71 V = c ’ (5)
—cA+cr cﬂz—c(r—q)ﬂ—zrx—crq

—cA? +c(r—q)ﬂ+%rX +erq —2c(r—q)A° +c(2r2 -2rq+q, —r, )/1

where A is a spectral parameter and ¢’ =4(a+ #%). The compatibility condition ¢, = ¢, yields a zero
curvature equation U, =V, +UV —-VU =0 which leads to the Levi system (3) by a direct computation.
Now we introduce a transformation of (4) and (5)

p=To, (6)
where T is defined by
T,+TU =UT, T,+TV =VT. (7
Then the Lax pair (4) and (5) are transformed into
9, =Up, (®)
?=Vo, 9)

O,
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where U, V have the same form as U, V , except replacing q, I, q.,, r, with g, r, g, T, re-
spectively.
In order to make the Lax pair (4) and (5) invariant under the transformation (6), it is necessary to find a matrix

T.
Let the matrix T in (6) be in the form of
T=T(2)=af A*) B() (10)
C(4) D(4)
with
N-1 N-1 N-1 N-1
A(2)=Y AL +2Y, B(4)=2Y BA", C(4)=D.CA", D(4)= DA,
k=0 k=0 k=0 k=0

where a, A, B,, C,, D, (0<k <N -1) arefunctionsof x and t.

Let o(4)= (¢1(1j ). 2, gﬂbj ))T w(4)= (z//l(ﬂj )w (4 ))T be two basic solutions of the spectral problem
(4) and use them to define a linear algebraic system

Y (A +BA4 )2 ==4],

k=0 (11)

with
5 - ¢2</1j)—rjl//2(lj)
| =
(pl(/Ij)—rj(//l(/lj)

where the constants 4, T; (Ak AN =0,k # j) are suitably chosen such that the determinant of the coeffi-
cients of (11) are nonzero. If we take

, 1< j<2N-1, (12)

1
By,=r-gq, CN—1:E7 (13)

then A, B, C,, D, (0<k<N-1) areuniquely determined by (11).
From (10), we have

detT (2;) = o [A(’lj )D(4)-B(4)c(4 )J (14)
We note that (11) can be written as a linear algebraic system
A(’ij):_@B(ij)' C(’ij):_@'D(li) (15)
and
detT (4;)=0,

which implies that 4, (1< j<2N-1) are 2N -1 rootsof detT(1)=0, thatis
2N-1

detT (1) =7 (2A-4). (16)

j=1

where y isindependent of A .From the above facts, we can prove the following propositions.
Proposition 1. Let « satisfy the following first-order differential equation

—_t
4D, ,-2r+2q

©,

q

r
d,Ina = _E_T(A‘“ ~Dy,-2Cy ,) [r-a,+2A (r-q)-2B,,-r*+q’]. (17)
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Then the matrix U determined by Equation (7) is the same formas U :
g[A*T 2A4(F-7) ’
1 -A-7q
where the transformations from the old potentials q, r to @, ¥ aregivenby

r_

T=5 +H(Aa-D v~ ) g B 2R (ra) 2By (18)
- 1
= (A Bua20a)gpo [0 28 (- 0) =28 ']
Proof: Let T =T"/detT and
f,(2) f,(4
(7. +TU)T [11( ) i )J, (19)
21(1) fZZ(A)

where T denotes the adjoint matrix of T. It is easy to see that f,(1) and f,(4) are 2N th-order
polynomials in A, while 27f, (1), f,(4) are (2N — 1)th-order polynomials in A . From (4) and (12), we
get

8y =1-2(2; +0)8; -2, (r )3} (20)

By using (16) and (20), we can prove that 4, (1< j <2N -1) are the roots of f,;(2)(k,j=12). From (15),
we have

detT|f; (1), k,j=12.
Hence, together with (19), we have
(T, +TU)T" =(detT)P(2), (21)
that is
T,+TU = P(/I)T (22)
with
, (i):[psm i el
A P+l

where pfq!)(k, j=1,2,1=0,1) are independent of 1. By comparing the coefficients of A"*, A" and A"
in (22), we find

pl(i) :_pglz) =1, p21 =1, (23)
- =  [r-q+2 2B, ,—r*+q’ 24
P2 = p gL T 2R (1-0) 2By’ (24)
Py =o,Inac+r - pf, (25)
P =0, Ina+4C,_, +2D,_, —2A, , +0. (26)
Substituting (17) into (24)-(26) yields
py =2(r-q), pf'=a, pY=-q @7)

®
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From (7) and (22), we find that U = P(1). The proof is completed. O
Remark. When N =1, assumingthat A, =B, =C , =D =0, the DT can be rewritten as

_ r q 1 2 2
=———+(A-Dy) | —q, +2A (r—q)- :
=557 (AD) 4D0—2r+2q[rx 9, +2A (r-a)-r’+q*| o9
—_ g 1 2 2
r:E_E+(A°"D°)+m[r*_q””‘)(r—q)"r +o' ]

Let the basic solution ¢(4;), w(4;) of (4) satisfy (5) as well. Through a similar way as Proposition 1, we
can prove that V has the same form as V under the transformation (6) and (18). We get the following propo-
sition.

Proposition 2. Suppose « satisfy the following equation

1

oina :c[(F—cT)(ANl—ZCNz)JrE(cTX ) A(r-a)eror T BNZ] (29)

Then the matrix V defined by (9) has the same form as V , that is

~e2 +e(F=q) A+ 2T +erq —26(F =) 4% (2" -2+, ~T,)4
V=
—CA+CT ciz—c(F—d)/l—%FX—cm

where @ and T are given by (18).

The proof of Proposition 2 is similar with Proposition 1, but it is much more tedious and then we omit the
proof for brevity. For the similar proof we can also refer to [20] [21].

According to Proposition 1 and 2, the Lax pair (4) and (5) is transformed into the Lax pair (8) and (9), then
the transformation (6) and (18): (¢;q,r) — (#:;T.,T) is called the DT of the Lax pair (4) and (5). The Lax pair
leads to the parameter Levi system (3) and then the transformation (6) and (18): (¢;q,r)—(@;d,F) is also
called DT of the parameter Levi system (3). On the other hand, together with the transformation (2), the para-
meter Levi system (3) is transformed into the WBK system (1), then we get the solutions of the WBK system
1).

Theorem 1. If (q,r) is a solution of the parameter Levi system (3), (q,F) with

_ r—q 1
q:T+(A“*1_D”*1_ZCN*2)_m[rx—qx+2ANfl(f—q)—2'3Nfz—r2+q2]’ (30)
_ =
r=""94(A,-Dy,-2C,,)

5 [rx—qx+2ANfl(r—q)—ZBN_2—r2+q2].

+—

4D, —2r+2q
is another solution of the parameter Levi system (3), where A, ,, B, ,, Cy_,, Dy aredetermined by (11)
and (13).

From the transformation (2), we find that

Theorem 2. If (u,v) is a solution of the WBK system (1), (T,V) with

0= c[ln(fx —q, +T° —FZ)J — 2cF,
2pc—c?
2

(31)

<l

=—c*(F, -, +3° - F*)- [In(TX —q, +0° —FZ)L +(2pc-c?)r,

is another solution of the WBK system (1), where (q_,T) is determined by (30). Then the transformation
(@;a,r) > (2;79,T) isalso called the DT of the WBK system (1).

3. New Solutions

In this section, we take a trivial solution (q,r)=(0,1) as the “seed” solution, to obtain multi-soliton solutions
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of the WBK system (1).
Substituting (g,r)=(0,1) into the Lax pair (4) and (5), the two basic solutions are

cosh¢, sinhg;
go(/1j>= 1 k]- . , l//(/ij)z 1. k]- (32)
—=cosh¢. +——sinh¢&, —=sinh&, + ——cosh¢;
2 J 24, J 2 J 24, d
with & =k [x—c(2 -1)t], k =27 +22; (1<j<2N-1).
According to (12), we get
k. [ tanh&. —r.
9, :—1+—J L , 1< j<2N-1. (33)
2 22;| 1-rtanh¢;
For simplicity, we discuss the following two cases,i.e. N=1 and N=2.
As N=1,let A=24,solving the linear algebraic system (11) and (13), we have
1
=--64, D,=——, 34
Ah=-h-oh, Di=-p (34)
according to (28), we get
1+2(1- - 244658 1+2(1- 2(1- z
25,(1+3,) 25,(1+43,)
Substituting (35) into (31), we obtain the solution of the WBK system (1) as
U[1]=c[Inw[1]] —2cr[1],
_ _ 2pc—c? _ (36)
v[1] = —c*(w[1])- Inw[1 2pc—c?)r[1
[1] =~ (w[t]) - === [nw[1]],, (20~ P[],
2(1+4,)0, +(1+24) 67
with w[t]— - 2 A)AF(L24)5
(1+4,)

By choosing proper parameters (suchas r, =5, 4 =7, c¢=1, B=1/15), we find that U[l] is a bell-type-
solitonand V[1] is a M-type-soliton.
As N=2,let 1=4, (j =1,2,3), together with (11) and (13), we have

A A A

A1=—A1, B =_BOI C.= CO, D =—2 (37)
A, A A, LA,
with
oAk A4 L 64 A -84 1 -k -84 A
A =1 6,4, 4 AAl::l- 0,4, _1"22_52/122' ABo:]- _122_52}‘22 A,
1 53/13 ’13 1 5313 _/13‘2_53’13‘2 1 _/132_53/13‘2 /13
_1 _1
. 18 A oA O oA
A=l 8, SA. Mg =l & —A Aq=|-3h 5 O
03 O/,
? ? 1 53 _%/13 _%ﬂe 53 53/13

With the help of (30), we get

®
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(b)
Figure 1. Plots of the three-soliton solution (39).
A 1 2A -2B,-1
q =q[2]=E+A1—D1—2CO—T_°2,
1 2A l23 1 (38)
T27[2]==+A-D,-2C, + —2 2~
2] 2 TATBG 4D, -2
Then we get another solution of the WBK system (1) by using of (31)
u[2]=c[Inw[2]] —2cF[2],
(39)

v[2]- —czv_\/[z]—(ﬂc—%][an[Z]]xx +(2p0-c*)7[2],

with w[2]=F[2] -a[2], +q[2] -F[2] .

When we take 4 =-5, 4,=-4, 4,=3, c=1, =120, =3, r,=1/2, r,=2, U[2] is a three-
bell-type-soliton solution with two overtaking solitons and one head-on soliton (see Figure 1(a)) and \7[2] isa
three-M-type-soliton solution with two overtaking solitons and one head-on soliton (see Figure 1(b)). We note
that by the obtained DT, we can get (2N —1) soliton solutions which are different from those in [19] which are
2N -soliton solutions.
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Abstract

Based on Nehari manifold, Schwarz symmetric methods and critical point theory, we prove the ex-
istence of positive radial ground states for a class of Schrodinger-Poisson systems in R®, which

doesn’t require any symmetry assumptions on all potentials. In particular, the positive potential is
interesting in physical applications.
Keywords

Ground States, Schrodinger-Poisson Systems

1. Introduction

In this paper, we consider the following nonlinear Schrodinger-Poisson systems

{—Au +V (x)u—2p(x)@u+Q(x)u" *u=0, xeR? 1.1)

—AD = p(Xx)u?, xeR?,

where >0, 2<p<4; V(x), p(x) and Q(x) are positive potentials defined in R®.

In recent years, such systems have been paid great attention by many authors concerning existence, non-
existence, multiplicity and qualitative behavior. The systems are to describe the interaction of nonlinear Schro-
dinger field with an electromagnetic field. When 1=-1, V(x)=p(x)=1, Q(x)=-1, the existence of non-
trivial solution for the problem (1.1) was proved as pe(4,6) in [1], and non-existence result for pe(0,2]
or pe(6,+) was proved in [2]. When A<0, V(x)=p(x)=1, Q(x)=-1, using critical point theory,
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Ruiz [3] obtained some multiplicity results for pe(2,3), and existence results for p e[3,6). Later, Ambro-
setti and Ruiz [4], and Ambrosetti [5] generalized some existence results of Ruiz [3], and obtained the existence
of infinitely solutions for the problem (1.1).

In particular, Sanchel and Soler [6] considered the following Schrodinger-Poisson-Slater systems

2
~Au+au+®u-uiu=0, xeR’ (1.2)
—AD =U?, xeR?,

where @ <R . The problem (1.2) was introduced as the model of the Hartree-Foch theory for a one-compo-
nent plasma. The solution is obtained by using the minimization argument and @ as a Lagrange multiplier.
However, it is not known if the solution for the problem (1.2) is radial. Mugani [7] considered the following ge-
neralized Schrodinger-Poisson systems

(1.3)

—Au+ou—A0u+W, (x,u)=0, xeR®
—AD = U, xeR?,

where weR, 2>0 and W(x,s)=W (|x|s) , and proved the existence of radially symmetric solitary waves
for the problem (1.3).

In this paper, without requiring any symmetry assumptions on V (x), p(x) and Q(x), we obtain the ex-
istence of positive radial ground state solution for the problem (1.1). In particular, the positive potential Q(x)
implies that we are dealing with systems of particles having positive mass. It is interesting in physical applica-
tions.

The paper is organized as following. In Section 2, we collect some results and state our main result. In Section
3, we prove some lemmas and consider the problem (1.1) at infinity. Section 4 is devoted to our main theorem.

2. Preliminaries and Main Results

1

Let L°(R®), 1<s<+oo denotes a Lebesgue space, the norm in L°(R®) is |ul, =[j|u|sde S , D"*(R?)
]R3

is the completion of Cg (R?) with respect to the norm
)
2
Julle =| [ IVufax
R3
H*(R®) be the usual Sobolev space with the usual norm
1
.
ul = (ol )|
RS
Assume that the potential V (x) satisfies
H1) V(x)eCHR%R), inf .V (x)=1, V(x)<V, =lim, ,V(x)<w.

xeR3 X0

Let Hy (R®) be the Hilbert subspace of ueH"(R®) such that

)
(|Vu|2 +V (x)|u|2)de (2.1)

bl =

Rr3

Then H; (R*)c H'(R®)c LS(]R?, 2<s<6 with the corresponding embeddings being continuous (see
[8]). Furthermore, assume the potential p(x) satisfies

H2) p(x)>0, lim, .. p(x)=p.>0, py(x)=p(x)-p, € LZ(R3).
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It is easy to reduce the problem (1.1) to a single equation with a non-local term. Indeed, for every v e D*? (R3) ,
we have

= J'(p(x)—pw)uzvdx+J'pmu2vdx

R® RS

< [|p ()= p.|u? Mdx+ [ p,u?|vidx
RS R?

<[] (Ipo<x>|u2)@dx]@{ [ (V)dej@ Al (uZ)@dx]@(J <v>6dx}@ @2

Rr3

Jp(X)uZVdX

Rr3

TR
< ok [0 1) |
RS RS
since py (X)=p(X)-p, €’ (R*), ueH!(R®) and (2.1), by the Lax-Milgram theorem, there exists a
unique ®[u] such that
jV(D[u]Vvdx= jp(x)uzvdx, YV e D“(R3) (2.3)
]R3

Rr3

It follows that ®[u] satisfies the Poisson equation
—AD[u] = p(x)u?
and there holds

Y= e

p(X)u*(y
R® |X y|
Because p(Xx)>0,wehave ®[u]>0 when u=0,and ||cI>[u]||D1‘2 =M |jull,., M is positive constant.
Substituting CD[u] in to the problem (1.1), we are lead to the equation with a non-local term
—Au+V(x)u—/Ip(x)cD[u]u+Q(x)|u|p72u=O. (2.4)

In the following, we collect some properties of the functional <D[u] , Which are useful to study our problem.
Lemma2.1. [9] Forany ueH*(R®), we have
1) ®[u]:H!(R*)— D**(R?) is continuous, and maps bounded sets into bounded sets;

2)if u, >u weaklyin H'(R°), then ®[u,]—>®[u] weaklyin D**(R?);

3) (D[tu(x)] = tZGD[u(x)] forall teR.
Now, we state our main theorem in this paper.
Theorem 2.2. Assume that 1 >0, 2< p<4, the potential V(x) satisfies condition H1), the potential

p(x) satisfies condition H3) and p(x) > p,, the potential Q(x) satisfies
6

H3) Q(x)>0, lim, . Q(x)=Q, >0, Q(x)=Q(x)-Q, e L (R’)
and Q(x)<Q,, Q(x)—Q, <0 on positive measure. Then there exists a positive radial ground state solution

for the problem (1.1).
Remark 2.3. If 1<0, V(x), p(x) and Q(x) are positive potentials defined in R®, and 2<p<6,
(u,@)e Hy (R®)xD**(R®) be asolution for the problem (1.1). Then (u,®)=(0,0), Indeed, we have

0= J.3(|Vu|2 +V(x)uz)dx—/i_[p(x)d)[u]uzdx+ J;Q(x)|u|pdx

> L(|Vu|2 +V (x)uz)dx.
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Since V(x)>0, thisimplies u=0.By Lemma 2.1, we have ®=0.

3. Some Lemmas and the Problem (1.1) at Infinity

Now, we consider the functional 1, : H; (R®) - R given by

Ii(u):%J'(|Vu|2 +V (x)u )dx——j 2dX+—J.Q )|u|"dx
R3
1,2 4
_Euu”H& —Zﬂg;p(x)GD[u]ude-i-Bﬂg;Q(x)|u| dx.

Since p(x) satisfies condition H2), by (2.2), the Holder inequality and Sobolev inequality, we have

[o90fulocsS| 515, .53 [ Moo @2
R} (sj
where S =inf "u”Dl'z and S =inf M Since the potential Q(x) satisfies condition Q
ueDl'z(]R3)\{0} |u|6 ueH\i,(R?’)\{o} |u|6 ) !
2< p<4,wehave
[Q()|uf’dx<|[(Q JulPdx+ [ Q, |u|°dx
RS R
SH ||u| dx+_[Q |u|”dx
R RS
6;!)] p
6
S(I|Qo(x)|[s—dexJ (I(u)edx} +Q .[|u| dx
RS RS
By Sobolev inequality, we obtain that
I Q(X)|u’dx <M ||u|||’f|6 (3.3)
R3

Combining (3.2) and (3.3), we obtain that the functional I, is a well defined C' functional, and if
ueH; (R?) is critical point of it, then the pair u,®[u]) isaweak solution of the problem (1.1).
Now, we define the Nehari manifold ([10]) of the functional I,

N, ={ueHj (R?)\{0}: H, (u) =0},
where
H (0) =1 ()[u]=[ulfy ~2 [ p()@[u]u’aer [ Q(x)jul"dx
Hence, we have

1, 2 1 1 p
o), =l + (35 J QM
(22l 4 22 (oo lule 3.4

Rr3

(3-3] T2 [ oo fulrax

O,
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Lemma 3.1. 1) For any A>0, ueH, R3)\{0}, there exists a unique t(u)>0 such that t(u)ueN,.

Moreover, we have |, (t(u)u)=max,, I, (tu).
2) 1,(u) isbounded from belowon N, by a positive solution.

Proof. 1) Taking any ueH, (R3)\{O} and ||u||H§ =1, we obtain that there exists a unique t(u)>0 such
that t(u)ueN,. Indeed, we define the function g(t)=1,(tu). We note that g'(t)=(1;(tu),v)=0 if only

if tueN,.Since g'(t)=0 isequivalentto

t2||u||i|6 —2t* [ p(x)@[u]udx+t? Q(x)|u)"dx =0.
R® R®
By p(x), Q(x)>0 and (D[u]>0,we have
b= j Ju?dx >0, C=IQ(X)|U|de>0.

Rr3

By 1>0, 2<p<4,theequation 1-Abt*+ct’? =0 hasaunique t(u)>0 and the corresponding point

t(u)ueN, and I, (t(u)u)=max,, I, (tu).
2) Let ueN,, by (3.4)and 2< p<4,wehave

0= 33 o (23] pt00 1o
(32, >0

By the definition of Nehari manifold N, of the functional I, , we obtain that
u isacritical pointof 1, ifandonlyif u isa critical pointof |, constrainedon N,.
Now, we set

m, =inf{l, (u):ueN,|

By 2) of Lemma 3.1, we have m, > 0.

(3.5)

Since lim,  V(x)=V,, lim, _ p(x)=p,, lim,  Q(x)=Q,, we consider the problem (1.1) at infin-

ity
~AUHV, U—2p, DU+Q, |u"u=0, xeR?
-AD = p,u°, xe R

Similar to (2.2), we obtain that there exists a unique Cf>[u] such that

0 _ 2 1,2 (13
LVCD[U]Vvdx_Rmeu vdx, vveD (R )

It follows that ®[u] satisfies the Poisson equation
~Ad[u]= p,u?
Hence substituting ®[u] into the first equation of (3.6) we have to study the equivalent problem
~AU+V, U~ 2p, ®[u]u+Q, [ufu=0

The weak solution of the problem (3.8) is the critical point of the functional

17 (u :—j(|Vu| +V,u )dX——jpw 2dx+—jQ Ju| dx

L IR DS DAY

©,

(3.6)

3.7)

(3.8)
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where H; (R®)=H*(R®) isendowed with the norm

, 2
lull. :( [ (|vU| +un2)de
Voo e
Define the Nehari manifold of the functional |7
N7 ={ueHj (R*)\{0}:H; (u)=0},
where

Hy ()= 15" (o] =Julfy 2] o, ®[uludre [ Q. Juf'as
© 3 RS

R

and
my =inf {17 (u):ueN;}>0

The Nehari manifold N} has properties similar to those of N,.
Lemma 3.2. The problem (3.8) has a positive radial ground state solution @, € N; such that

©

Ijlo(a)oo) = ml

For the proof of Lemma 3.2, we make use of Schwarz symmetric method. We begin by recalling some basic
properties.

Let f el®(R*) such that f >0, then there is a unique nonnegative function f* e L° (R3), called the
Schwarz symmetric of f , such that it depends only on |x| , whose level sets

{XERai f(x)>t}={XeR3 . f*(x)>t}.
We consider the following Poisson equation
-Ag=1f and —-Av=f"
From Theorem 1 of [11], we have

I |Vv|sdx > j |V¢|de, V0<s<2.
R® R®

Hence, let ¢=®[u], f=p,u° and v=d[u"], f’ :,om(u”‘)2 , We have
[ p,®[u]uPdx < .[pmti)[u*](u*)zdx. (3.9)
RS R3
The Proof of Lemma 3.2. Let u, € Ny be such that 17 (u,)—>m;. Let t >0 such that t, |u |e N}
then we have
| (|Vun|2 +V, (u, )z)dx—ﬁf p.®[u,](u, ) dx+ [ Q, |u,[*dx =0,
R® R® R®

and

(t,) j (IVu,[* +V. (4, )7 )ax=2(t,)" [ p.®[u, (v, )'dx+(t,)° j Q. |u,|"dx=0.

Rr3

Hence, we obtain that

((6)=(t)') j (Ivu, [+ V. () Jax+((8)" = (8)°) j Q, |u,|"dx=0. (3.10)

O,
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Since t, >0 and 2< p<4,(3.10) implies that t, =1. Therefore, we can assume that u, >0.
On the other hand, let (u,)" be the Schwartz symmetric function associated to u, , then we have

p _ «|P 2 «12
I[é[3|un| dx_ﬂy(un) ‘ dx, and D!g|Vun| dxzﬂyv(un) ‘ dx (3.11)

Let (t,) >0 besuchthat (t,) (u,) eN;,and u, e N7, by (3.9) and (3.11), we have

0:[0”)*}2]]!3( *2+Vw[( )J]dx /1[ :|jpw [ ][ )dev{ }
S[(tn)*fﬂi(lwnlzww )= 2 (t, ] jpw dx+[(tn)]pHJ3Qw|un| dx
_ {[(tn Tty ]“} | (Ve +V. (1, ) o {[(tn )*]" -y T} [o ;"

This implies that (t,)" <1. Therefore, we have 17 ([un]*)g 17 (u,), and we can suppose that u, is radial

v(u,)

‘P

in HY (g *). since Hy, (Rs) is compactly embedded into L"(R®) for 2< p <4, we obtain that m? is
achieved at some @, eN which is positive and radial. Therefore, Lemma 3.2 is proved.

4. The Proof of Main Theorem

In this section, we prove Theorem 2.2. Firstly, we consider a compactness result and obtain the behavior of the
(PS) sequence of the functional I, .

Lemma4.1. Let u, bea (PS)qsequence of the functional I, constrainedon N,, thatis

u,eN,, 1,(u)—>d and 1(u,)

" -0, as n—o>w (4.2)
A

Then there exists a solution u of the problem (2.4), a number keNu{O}, k functions u',u?,---u* of
HY (R3) and k sequences of points y), 0< j<k suchthat

1) |y, Ya =Y
2) un—zk:uj(~—y,{)—>ﬁ;
=
3) Ii(un)ali(U)Jer:If(ui);
=1

4) u' are non-trivial weak solution of the problem (3.8).
Proof. The proof is similar to that of Lemma 4.1 in [9].

By Lemma 4.1, taking into account that 17 (u’)>m, for all j and de(0,m,), we obtain that k=0

and u, > 0T in HJ (R‘*) (strongly), i.e. u, is relatively compact forall d e (O, ml). Hence we only need to
prove that the energy of a solution of the problem (2.4) cannot overcome the energy of a ground state solution of
the problem (3.8).

The proof of Theorem 2.2. By Lemma 4.1, we only prove that m, <m7 . Indeed, let @, € N7 such that
17 (w,)=m} ,andlet t>0 suchthat tw, € N,.Since V(x)<V,, p(x)=p, and Q(x)<Q,,we have

— +o0,

—> 400, if i# ], N—>ow;

mlslﬁ(ta)m)zg (|Va) |+V ) x——_[ wdx+—jQ x)|, | dx
EJ'(W@ |2 +V a)z)dx——j Pl ]wzdx+—IQ | |de
2 R3 ” o 4 ]R3pm ” ” pJR3 ” ” .

(4.2)
<

Since @, € N7 and tw, € N,, we have
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t* J. (|Va)cc|Z +Vwa)i)dx+t4 I Q, |a)w|pdx =t I pwcf)[a)w]a)idx
R3 R R®
<t I p(x)(l)[a)w]a)idx

Rr3

=t* [ (|Va)i|+v (X)a)i)dx+tp | Q(x)|e, | dx
R? R®

<t? f (|Va)w|2 +Vw0)i)dx+tp I Q, |a)wu|pdx.
R® R®

Therefore, we have
4 12 2 2 4 ip p
(t -t )RL(IV%I V08 o (t -t )Di[ng|wwu| dx <0

By 2<p<4,wehave t<1.If t=1,wehave @, N7 and @, € N,.Hence, by @, € N7, we have

j (|V%|Z +wai)dx+ _[ Q, |a)w|pdx = ij P, @[, |oldx (4.3)
R® R® R®

andby @, € N,, we have
[([Ve.f +Vv(x)e? )dx+ [ Q1) dx=2[ p(x)®[w,]oldx. (4.4)
R? R® R?
Combining (4.3) and (4.4), we have
J' (V, -V (X))a)f)dx+ I (Q, —Q(X))|a)w|pdx—/1j- pwcb[a)w]a)fcdx+/1f p(X)0[w, |w2dx=0
R? R3 R® R?
Since V(x)<V,, p(x)=p,, Q(x)<Q,,and Q(x)-Q, <0 on a positive measure, we have
] (Q.=Q())]e|"ax
RS

which is not identically zero, and is contradiction. Hence, we have t<1. By (4.2), we have

1 A ~ 1
m, <EH£3(|V%|2 +V°°w§’)dx_z]é[p”q)[w”]widx+gungw|w°°|pdx
=17 (w,)=m;].

Then there exists a positive radial ground state solution for the problem (1.1).
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Abstract

We consider the real three-dimensional Euclidean Jordan algebra associated to a strongly regular
graph. Then, the Krein parameters of a strongly regular graph are generalized and some genera-
lized Krein admissibility conditions are deduced. Furthermore, we establish some relations be-
tween the classical Krein parameters and the generalized Krein parameters.

Keywords

Algebraic Combinatorics, Association Schemes, Strongly Regular Graphs, Graphs and Linear
Algebra

1. Introduction

In this paper we explore the close and interesting relationship of a three-dimensional Euclidean Jordan algebra
V to the adjacency matrix of a strongly regular graph X . According to [1], the Jordan algebras were formally
introduced in 1934 by Pascual Jordan, John von Neumann and Eugene Wigner in [2]. There, the authors at-
tempted to deduce some of the Hermitian matrix properties and they came across a structure lately called a Jor-
dan algebra. Euclidean Jordan algebras were born by adding an inner product with a certain property to a Jordan
algebra. It is remarkable that Euclidean Jordan algebras turned out to have such a wide range of applications.
For instance, we may cite the application of this theory to statistics [3], interior point methods [4] [5] and com-
binatorics [6]. More detailed literature on Euclidean Jordan algebras can be found in Koecher’s lecture notes [7]
and in the monograph by Faraut and Koranyi [8].

Along this paper, we consider only simple graphs, i.e., graphs without loops and parallel edges, herein called
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graphs. Considering a graph X, we denote its vertex set by V (X) and its edge set by E (X )—an edge whose
endpoints are the vertices x and y is denoted by xy. In such case, the vertices x and y are adjacent or neighbors.
The number of vertices of X, |V (X )|, is called the order of X.

A graph in which all pairs of vertices are adjacent (non-adjacent) is called a complete (null) graph. The num-
ber of neighbors of a vertex vin V (X) is called the degree of v. If all vertices of a graph X have degree k, for
some natural number k, then X is k-regular.

We associate to X an n by n matrix A= aij]f, where each a; =1, if vyv; € E(X), otherwise a; =0,
called the adjacency matrix of X. The eigenvalues of A are simply called the eigenvalues of X.

A non-null and not complete graph X is (n,k,a,c) -strongly regular; if it is k-regular, each pair of adjacent
vertices has a common neighbors and each pair of non-adjacent vertices has ¢ common neighbors. The parame-
ters of a (n, k,a, c) -strongly regular graph are not independent and are related by the equality

k(k-a-1)=(n-k-1)c. (€))

It is also well known (see, for instance, [9]) that the eigenvalues of a (n, K, a,c) -strongly regular graph X are
k, & and 7,where @ and r aregiven by

€:(a—c+\/(a—c)2+4(k—c))/2, )

r:(a—c—\/(a—c)z+4(k—c))/2. ©))

Therefore, the usually called restricted eigenvalues ¢ and z are such that the former is positive and the
latter is negative. Their multiplicities can be obtained as follows (see, for instance, [10]):

C1f o (0+7)(n-1)+2k

M_Z[n ! -t j’ @

" :i(n—l+(9+r)(n_l)+2k]. -
2 -7

Taking into account the above eigenvalues and their multiplicities, the following additional conditions are widely
used as feasible conditions for parameters sets (n,k,a,c) of strongly regular graphs; that is, if (n,k,a,c) isa
parameter set of a strongly regular graph, then the equality (1) and each one of the following inequalities holds:
e The nontrivial Krein conditions obtained in [11]:

(0+1)(k+6+207) < (k+6)(r +1), (6)

(r+1)(k+r+2¢9‘r)S(k+r)(¢9+l)2. @)
e The Seidel’s absolute bounds gre (see [12]):

ngﬂl(ﬂlTJrg) and nsw. (8)

With these conditions, many of the parameter sets are discarded as possible parameters sets of strongly regu-
lar graphs. To decide whether a set of parameters is the parameter set of a strongly regular graph is one of the
main problems on the study of strongly regular graphs. It is worth noticing that these Krein conditions and the
Seidel’s absolute bounds are special cases of general inequalities obtained for association schemes.

An association scheme with d classes is a finite set S together with d +1 relations R. defined on S satis-
fying the following conditions.

1) The set of relations {R,,R,,---,Ry} is a partition of the Cartesian product of SxS .

2) Roz{(x,x):XeS}.
3)If (x,y)eR , thenalso (y,x)eR, vx,yeS andfor i=0,---,d.
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4) For each (x,y)eR,, the number piﬁ of elements zeS such that (x,z)eR; and (z,y)eR; de-
pends only from i, j and k.

The numbers pi‘} are called the intersection numbers of the association scheme. Some authors call this type
of association schemes symmetric association schemes. The relations R, of the association scheme can be re-

1, if (xy)eR
0, otherwise.

say that A is the adjacency matrix of the graph G,, with V(G,)=S and E(G,)=R;. The Bose-Mesner
algebra of the association scheme (introduced in [13]) is defined, using these matrices, by the following condi-
tions, which are equivalent to the conditions 1) - 4) of the association scheme:

D) YA =3,

2) Ay=1,,

3) A=A, Vie{0--,d},

4) AA =Y piA. Vi jef{0--,d},
where J, is the matrix of order n whose entries are equal to one and 1, is the identity matrix of order n.
From 1) we may conclude that the matrices A are linearly independent, and from 2) - 4) it follows that they
generate a commutative (d +1) -dimensional algebra A of symmetric matrices with constant diagonal. The
matrices A commute and then, they can be diagonalized simultaneously, i.e., there exists a matrix B such that
VAe A, B'AB isa diagonal matrix. Thus, the algebra A is semisimple and has a unique complete system of
1, ifi=j,
0, otherwise.

This paper is organized as follows. In Section 2, a short introduction on Euclidean Jordan algebras with the
fundamental concepts is presented. In order to obtain new feasible conditions for the existence of a strongly reg-
ular graph, in Section 3, we define the generalized Krein parameters of a strongly regular graph. In Section 4, we
establish some relations between the Krein parameters and the generalized Krein parameters, and present some
properties of the generalized Krein parameters. Finally, since the generalized Krein parameters are nonnegative
we establish new admissibility conditions, for the parameters of a strongly regular graph that give different in-
formation from that given by the Krein conditions 6) - 7).

presented by their adjacency matrices A of order n =|S| defined by (A )xy :{ We may

ij

orthogonal idempotents E,,--, E, . Therefore, Z?:OEi =1, and EE; =¢;E;, where o ={

2. Euclidean Jordan Algebras and Strongly Regular Graphs

In this section the main concepts of Euclidean Jordan Algebras that can be seen for instance in [8], are shortly
surveyed.

Let V be a real vector space with finite dimension and a bilinear mapping (u,v) Huov from VxV to
V, that satisfies (ueu)ou=u o(u ou), YueV. Then, V is called a real power associative algebra. If V
contains an element, e, such that foralluin V', ecu=uoce=u, then e is called the unit element of V. Con-
sidering a bilinear mapping (u,v)+>uov, if for all u and v in V we have (Jl)]uw=Vou and (J,)
Uc>(u2 ov) =u”o(uov), with u?=uou, then V is called a Jordan algebra. If V' is a Jordan algebra with
unit element, then V is power associative (cf. [8]). Given a Jordan algebra V with unit element e, if there
is an inner product (-,-) that verifies the equality (uov,w)=(v,uow), for any u, v, win V, then v is
called an Euclidean Jordan algebra. An element ¢ in an Euclidean Jordan algebra V', with unit element e, is
an idempotent if c*=c. Two idempotents ¢ and d are orthogonal if cod=0. We call the set
{c,.¢,.+.¢,} a complete system of orthogonal idempotents if (i) ¢ =c;, Vie{l,--k}; (i) ¢oc, =0,
Viz j and (iii) ¢ +c,+--+¢, =e.

Let V be an Euclidean Jordan algebra with unit element e. Then, for every u in V', there are unique distinct
real numbers 4, 4,,--, 4, and an unique complete system of orthogonal idempotents {c,,c,,---,c} such that

U=4G + 4,0+ + AL, )

with ¢, eR[u], j=1---,k (see [8], Theorem Ill 1.1). These A,’s are the eigenvalues of u and (9) is called
the first spectral decomposition of u.

The rank of an element uin V' is the least natural number k, such that the set {e,u,---,u*! is linear depen-
dent (where u* =uou“*"), and we write rank(u)=k . This concept is expanded by defining the rank of the
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algebra V' as the natural number rank (V)= max{rank(u) ue V} . The elements of V' with rank equal to the
rank of V are the regular elements of V. This set of regular elements is open and dense in V. If u is a regular
element of V), with r:rank(u), then the set {e,u,uz,m,ur is linearly dependent and the set {e,u,u2,~--,u”1
is linearly independent. Thus we may conclude that there exist unique real numbers a, (u),---,ar (u) , such that
u"—a, (u)u"+--+(-1)"a (u)e=0, where 0 is the null vector of V. Therefore, with the necessary adjust-
ments, we obtain the following polynomial in A: p(u,A)=A"-a (u)A""+--+(-1)"a (u). This polynomial
is called the characteristic polynomial of u, where each coefficient a is a homogeneous polynomial of degree
i in the coordinates of u in a fixed basis of V. Although we defined the characteristic polynomial for a
regular element of V', we can extend this definition to all the elements in V', because each polynomial a, is
homogeneous and, as above referred, the set of regular elements of 1 isdense in V. The roots of the charac-
teristic polynomial of u, A4,4,,---,4, are called the eigenvalues of u. Furthermore, the coefficients a, (u)
and a, (u) in the characteristic polynomial of u, are called the trace and the determinant of u, respectively.

From now on, we consider the Euclidean Jordan algebra of real symmetric matrices of order n, V', such
that VA, BeV, AoB :(AB+ BA)/Z, where AB is the usual product of matrices. Furthermore, the inner
product of V' is defined as (A, B) = tr(AB) , where tr is the classical trace of matrices, that is the sum of its
eigenvalues.

Let X bea (n, k,a,c) -strongly regular graph such that 0<c<k<n-1,and let A be the adjacency ma-
trix of X . Then A has three distinct eigenvalues, namely the degree of regularity k, and the restricted ei-
genvalues @ and 7, given in (2) and (3). Now we consider the Euclidean Jordan subalgebra of Vv, V',
spanned by the identity matrix of order n, I, and the powers of A.Since A has three distinct eigenvalues,
then V' is athree dimensional Euclidean Jordan algebra with rank(V')=3 and B= {In VA, AZ} is a basis of

V'
Let S ={E0,E1,E2} be the unique complete system of orthogonal idempotents of V' associated to A.
Then
P—(0+7)A+orl, J,
E, = =1,
( O)(k=7)  n
E 2—(k+7)A+krl, (10)
L (9 7)(0-k)
—(k+0)A+kol,
E, = ,
(r—0)(z-k)

where J, is the matrix whose entries are all equal to 1. Since V' is an Euclidean Jordan algebra that is
closed for the Hadamard product of matrices, denoted by e and S is a basis of V', then there exist real
numbers g, and 0y, , 1<a, F<3, a=},such that

2
E E _anz p? Ea.Eﬂzzoqa’r)ﬂllEp' (11)
p=

The real numbers, defined in (11), (whose notation will be clarified later) g?, and qaml, 1<a B <3,
a = 3, are called the “classical” Krein parameters of the graph X (cf. [10]). Since @, >0 and g2, >0, the
“classical” Krein admissibility conditions 67 —26°r —6° —k@+kz* +2kz >0, and
0’1 —2607* —t* —kr +k@* +2k@ >0 (presented in [9], Theorem 21.3) can be deduced.

3. A Generalization of the Krein Parameters

Herein the generalized Krein parameters of a (n, K, a,c) -strongly regular graph are defined and then, necessary
conditions for the existence of a (n, k,a,c) -strongly regular graph are deduced. These conditions are generali-
zations of the Krein conditions (see Theorem 21.3 in [9]). Throughout this paper we use a slight different notation
from classical books like [9] [14], because, in this way, the connections between the “classical’’ and the genera-
lized parameters are better understood. Now we generalize the Krein parameters in order to obtain new genera-
lized admissibility conditions on the parameters of strongly regular graphs. Firstly, considering S = {EO, E,. E2}
defined like in (10) in the Basis B, and rewriting the idempotents under the new basis {In,A,Jn -A- In} of
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V' we obtain

[fn+7-k  n+z-k T—
= | A J. —A-1), 12
Y (s e s Ly e ) 12
on+k-6 -n+k-6 k-6
= | J. —A-1_).
> " n=7) " hie=r) Mo AT

Consider the natural number p and denote by M, (R) the set of square matrices of order n with real en-
tries. Then for Be M, (R), we denote by B and B®" the Hadamard power of order p of B and the
Kronecker power of order p of B, respectively, with B*=B and B® =B.

Now, we introduce the following compact notation for the Hadamard and the Kronecker powers of the ele-
ments of S. Let X, y, z, «, B and y be natural numbers such that 1<ea, B, y <3, x>2 and a<p.
Then we define

E/=(E,)" and EJ=(E,)”,
Ex=(E,)"+(E,)" and E%=(E,)”®(E,)",

Again, since the Euclidean Jordan algebra V' is closed under the Hadamard product and S is a basis of

V', then there exist real numbers ¢, Q5. Qep, @ O),qp, » SUCh that
2 2
E(;X = gq:zx Ei' E;:ZZ = ;q:xﬁyz Ei (13)

We call the parameters qLX_ and 0, defined in (13) the generalized Krein parameters of the strongly re-
gular graph X . Notice that g, and q;ﬂn are precisely the Krein parameters of X already presented. With
this notation, the Greek letters are used as idempotent indices and the Latin letters are used as exponents of Ha-
damard (Kronecker) powers.

4. Relations between the Krein Parameters and the Generalized Krein Parameters

In this section we prove that the generalized Krein parameters can be expressed in function of the Krein para-
meters. Before that, it is worth to mention that the previously introduced generalizations are straightforward ex-
tended to the Krein parameters of symmetric association schemes with d (d >3) classes, see [9]. Notice that
the algebra spanned by the matrices of a symmetric association scheme with d classes is an Euclidean Jordan

Algebra with rank d +1 and with the Jordan product AoB :# where AB is the usual product of

matrices. Furthermore, the inner product of V' is defined as (A,B)=tr(AB) where tr(.) is the classical
trace of matrices, that is, the sum of its eigenvalues. Let us consider the matrices P and Q of the Bose-Mesner
algebra of an association scheme with d classes as defined in [14]. However, for convenience, we denote this

. L . 1.
matrix Q such as defined in [14] by Q". Therefore, we can say that Q :HQ , See [14]. Hence, we can say

that the matrices P and Q satisfy,
2
QiQu = lz;,quan (14)
ﬂ.
|Qij| < (15)
n

(16)
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Zn QIJQIk —_ (J k) (17)

The matrices P and Q are usually called the eigenmatrix and the dual eigenmatrix of the association
scheme, respectively.

Theorem 1. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k<n-1 whose adjacency
matrix is A and has the eigenvalues k, & and r and whose eigenmatrix and dual eigenmatrix matrix are
respectively P and Q If j, k and | are natural numbers such that 0< j, k, 1 <2, then

qzkn = ;QijQik Pi- (18)

Proof. Consider that {EO, E, Ez} is the of idempotents defined in (12) and the following notation A, =1,
A=Aand A =J —A-I_.

For j, k, 1€{01,2} since E; =3’ QA and E, ZZ QuA , it follows that E-E, =" Q,Q.A.
Therefore EEE =Y OQUQIkAE andsince A =Y" P,E implies AE =PRE, we obtain

Ej'Ek E = Z;,QijQik RE. (19)

Finally, from (19) the result follows.

Theorem 2. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k<n-1 whose adjacency
matrix is A and has the eigenvalues k, & and r and whose eigenmatrix and dual eigenmatrix matrix are
respectively P and Q. Let j, m and s be natural numberssuchthat 0< j, s<2. Then

2 m
i ZZ(Qij) R (20)
i=0
Proof. Taking into account that Q;" = Ziz:oqi,—m E, and by the equalities (21) and (22)
2
Ej = ZQijAl (21)
i=0
2
A= ijiEj’ (22)

we conclude that E"=>"" (Q )mA Therefore g5, E, =E"E, =>"" (Q )mAES and since by (22)

AE, =P,E, weobtain q},E =" O(QU) .E,. Hence g, =>" O(QU) »
As an application of the Theorem 2 we may conclude that considering a strongly regular graph G the gene-

ralized Krein parameters q'jm can be expressed in function of the classical Krein parameters as follows:
O = ZZ Z q |1,11 “Oms ,uqlm Ljil (23)
h=0l=0  Ip =0

The expression (23) is obtained using (14) and (20). Summarizing, we have the following corollary.
Corollary 1. Let G bea (n, k,a,c) -strongly regular graph such that 0<c <k <n-1. Then for all natural
numbers j, m and s suchthat 0< j, s<2

2+m ZZ Zq qllfjn"'Q:,r:,lj11Q|Smj11- (24)

I, =01,=0

Theorem 3. Let G be a (n,k,a,c) -strongly regular graph such that O<c<k<n-1. Then for all
natural numbers i, j, m, n and s suchthat 0<i, j, s<2,

qun = i(Qli )m (Qlj )n Psl' (25)
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Proof. We have E;™-E"=Y"" gl E. Sincefrom(21) E"E] =3 (Q:) A+, ,(Q:)" A then
E"-E" =Y, GimE - Hence we obtain

2

E"-E]'E, ZE(Q“) (Qu) o Es-

Therefore, the equality (25) follows. O

Recurring to (14) and (25), we may conclude the Corollary 2.

Corollary 2. Let G bea (n,k,a,c)-strongly regular graph such that 0 <c <k <n-1. Then for all natural
numbers i, i,, m, n and s suchthat 0<i, i,, <2,

qiiiznm Z |Z|z | Z q |1|111 2|111q| 1|211q| 11" qll:r,tgzizllqli,w,zizll'
h=0 0ln1=0 n+m-2=0
Theorem 4. Let G bea (n, k,a,c) -strongly regular graph such that 0<c<k<n-1. Then ¥vneN and
Vi, €{0,1,2),

2

zQ"h ’ Qnm st = = 0. (26)

r=0

Proof. We prove by induction on n. For n=1 the inequality (26) holds, since the classical Krein parameters
Gy @re nonnegative and z Qi Qui, Py = 05,1,- Now assummg that the inequality (26) holds for n=k >1,
we prove that (26) also holds for n=k+1. Consider the sum z Qi Qi , Py Then from (14), we obtain

iy T rigp srt

erll r|k+2 sr qull|211erer3 erkﬂ sr

2
qullzllerlQna' Fiks2 sr
1=0 r=0

Since for n=k the mequahty (26) is verified and the summands zr 0QuQui, *Qy, Py are nonnegative,
we may conclude that >?. Qi Qi P, 0. O

Recurring to the Theorem 4 we are conducted to the Corollaries 3 and 4.

Corollary 3. Let G be a (n,k,a,c)-strongly regular graph such that 0<c<k <n-1. Then for all natural
numbers i, m, s and s suchthat 0<i, s<2 the generalized Krein parameters q:, are nonnegative.

Corollary 4. Let G bea (n,k,a,c)-strongly regular graph such that 0 <c <k <n-1. Then for all natural
numbers i, j, m, n and ssuchthat 0<i, j, s<2 the generalized Krein parameters qi'jmn are nonnegative.

Theorem 5. Let G be a strongly regular graph and let i, s and m be natural numbers such that 0<i, s<2.
Then ¢, <1.

Proof. Recurring to the inequalities (14)-(17) we have:

Theorem 6. Let G be a (n,k,a,c) -strongly regular graph such that 0 <c<k<n-1.Let i, j, m,n ands
be natural numbers such that 0<i, j, s<2 and m+n=>3. Then the generalized Krein parameter ¢,
satisfy g, <1.

Proof. Similar to the Proof done in Theorem 5. O

Let G be a (n k,a, c) -strongly regular graph such that 0<c<k <n-1. Since the generalized Krein para-
meters ., and ¢, are nonnegative then we can establish new adm|SS|b|I|ty conditions distinct from the
Krein conditions (6) and (7). For instance, the generalized Krein condition g, >0 allows us to establish a new
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theorem on strongly regular graphs after some algebraic manipulation of its expressions. Analyzing the genera-
lized Krein parameter g, of a strongly regular graph with one in its spectra we deduce the following theorem
.

Theorem 7. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k <n-1 whose adjacency
matrix is A and has the eigenvalues k, =1 and z If k>9 then

n<=+—k. (27)
Proof. Since qg, >0 then we have
on+k-0) k—g) keg )
n+k— -n+k-— -
+ K+ n-k-1)>0. 28
(n(a—r)] [n(e—a] [n(e—ﬂj( : )

From the inequality (28) and after some simplifications we conclude that

n* (6° —k)+n(-36° +3k* +30°k —3k0) +(20° — 2k° + 66k* — 667k ) > 0.
Therefore if =1 then
n® (1-k)+n(-3+3k” +3k —3k) +(2-2k* + 6k* — 6k ) > 0

Finally we have

n* (1-k)+n(-3+3Kk*)+2(1-k*+3k* —3k) > 0 (29)
Dividing both members of (29) by 1-k we are supposing that k >1 we obtain

n’ =3n(1+k)+2(k* -2k +1) <0. (30)
Now from the inequality (30) we conclude that if G isa (n, p,a,c) -strongly regular graph with one in his
53

spectra* then k>9 implies that n£§+2—0k.

We now present in Table 1 some examples of parameter sets (n, k,a, c) that do not verify the inequality (27)
of Theorem 7. We consider the parameter sets P, =(28,9,0,4), P, =(64,21,0,10), P, =(1225,456,39,247),
P, =(1296,481.0,40.0,260) and P, =(1024,385,36,210) . For each example we present the respective eigen-

values @, r and the value of q,, defined by qkn:2—§k+g—n.

5. Some Conclusions

In this paper, we have generalized the Krein parameters of a strongly regular graph and obtained some relations

Table 1. Numerical results when k >9.

Py P2 Ps P4 Ps
0 1 1 1 1 1
T -5 -11 —209 —221 =175
o ~2.65 ~6.85 ~15.1 -19.85 -25
. 3(k+1)—k*+34k +1
'We must note that the equation X*—3x(1+k)+2(1-2k+k’)=0 as the roots x = (k+1) 5 TS and the root

< C3(k+1)+ vk +34k +1

. Since k>8 implies that k*+34k +1<5k* and finally this implies that x, <

w therefore
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between the classical Krein parameters and the generalized Krein parameters (see Corollaries 1 and 2). We also
establish that these generalize Krein parameters are always positive and less than one (see Corollaries 3 and 4,
and Theorems 5 and 6). Let i, j, m, n and s be natural numbers such that 0<i, j, s<2. The generalized
Krein admissibility conditions g;,, >0 with m+n>3 and g, >0 with m>3 allow us to establish new
admissibility conditions; they permit us to establish new inequalities on the parameters of a strongly regular
graph. For instance the generalized Krein parameter condition @3, >0 after some algebraic manipulation al-
lows us to establish the inequality (27) in Theorem 7. Finally, we conclude that we can extend the definition of
generalized Krein parameters to a symmetric association scheme with d classes.

Acknowledgements

1) Luis Almeida Vieira was supported by the European Regional Development Fund through the program
COMPETE and by the Portuguese Government through the FCT—Fundacao para a Ciéncia e a Tecnologia un-
der the project PEst—C/MAT/U10144/2013.

2) Vasco Moco Mano was partially supported by Portuguese Funds trough CIDMA—Center for Research and
development in Mathematics and Applications, Department of Mathematics, University of Aveiro, 3810-193,
Aveiro, Portugal and the Portuguese Foundation for Science and Technology (FCT-Fundacdo para a Ciéncia e
Tecnologia), within Project PEst-OE/MAT/U14106/2014.

3) The authors would like to thank the anonymous referee for his/her careful revision and relevant comments
that improved our paper.

References
[1] McCrimmon, K. (1978) Jordan Algebras and Their Applications. Bulletin of the American Mathematical Society, 84,
612-627. http://dx.doi.org/10.1090/S0002-9904-1978-14503-0

[2] Jordan, P., Neuman, J.V. and Wigner, E. (1934) On an Algebraic Generalization of the Quantum Mechanical Formal-
ism. Annals of Mathematics, 35, 29-64. http://dx.doi.org/10.2307/1968117

[3] Massan, H. and Neher, E. (1998) Estimation and Testing for Lattice Conditional Independence Models on Euclidean
Jordan Algebras. Annals of Statistics, 26, 1051-1082. http://dx.doi.org/10.1214/a0s/1024691088

[4] Faybusovich, L. (1997) Euclidean Jordan Algebras and Interior-Point Algorithms. Positivity, 1, 331-357.
http://dx.doi.org/10.1023/A:1009701824047

[5] Faybusovich, L. (2007) Linear Systems in Jordan Algebras and Primal-Dual Interior-Point Algorithms. Journal of
Computational and Applied Mathematics, 86, 149-175. http://dx.doi.org/10.1016/S0377-0427(97)00153-2

[6] Cardoso, D.M. and Vieira, L.A. (2004) Euclidean Jordan Algebras with Strongly Regular Graphs. Journal of Mathe-
matical Sciences, 120, 881-894. http://dx.doi.org/10.1023/B:JOTH.0000013553.99598.cb

[7] Koecher, M. (1999) The Minnesota Notes on Jordan Algebras and Their Applications. Krieg, A. and Walcher, S., Eds.,
Springer, Berlin.

[8] Faraut, J. and Koranyi, A. (1994) Analysis on Symmetric Cones. Oxford Science Publications, Oxford.

[9]1 Godsil, C. and Royle, G. (2001) Algebraic Graph Theory. Springer, Berlin.
http://dx.doi.org/10.1007/978-1-4613-0163-9

[10] van Lint, J.H. and Wilson, R.M. (2004) A Course in Combinatorics. Cambridge University Press, Cambridge.
[11] ScottJr., L.L. (1973) A Condition on Higman’s Parameters. Notices of the American Mathematical Society, 20, A-97.

[12] Delsarte, Ph., Goethals, J.M. and Seidel, J.J. (1975) Bounds for Systems of Lines and Jacobi Polynomials. Philips Re-
search Reports, 30, 91-105.

[13] Bose, R.C. and Mesner, D.M. (1952) On Linear Associative Algebras Corresponding to Association Schemes of Par-
tially Balanced Designs. The Annals of Mathematical Statistics, 47, 151-184.

[14] Brower, A.E. and Haemers, W.H. (1995) Association Schemes. In: Grahm, R., Grotsel, M. and Lovész. L., Eds.,
Handbook of Combinatorics, Elsevier, Amsterdam, 745-771.



http://dx.doi.org/10.1090/S0002-9904-1978-14503-0
http://dx.doi.org/10.2307/1968117
http://dx.doi.org/10.1214/aos/1024691088
http://dx.doi.org/10.1023/A:1009701824047
http://dx.doi.org/10.1016/S0377-0427(97)00153-2
http://dx.doi.org/10.1023/B:JOTH.0000013553.99598.cb
http://dx.doi.org/10.1007/978-1-4613-0163-9

Applied Mathematics, 2015, 6, 46-56 9% scientific
Published Online January 2015 in SciRes. http://www.scirp.org/journal/am ”:Q‘ 53?%3?329
http://dx.doi.org/10.4236/am.2015.61006 ¢

Associative Space-Time Sedenions and
Their Application in Relativistic Quantum
Mechanics and Field Theory

Victor L. Mironov?2, Sergey V. Mironov?

!Institute for Physics of Microstructures RAS, Nizhny Novgorod, Russia
’Lobachevsky State University of Nizhny Novgorod, Nizhny Novgorod, Russia
Email: mironov@ipmras.ru

Received 24 October 2014; revised 20 November 2014; accepted 15 December 2014

Copyright © 2015 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

We present an alternative sixteen-component hypercomplex scalar-vector values named “space-
time sedenions”, generating associative noncommutative space-time Clifford algebra. The gener-
alization of relativistic quantum mechanics and field theory equations based on sedenionic wave
function and space-time operators is discussed.
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1. Introduction

The multicomponent hypercomplex numbers such as quaternions and octonions are widely used for the refor-
mulation of quantum mechanics and field theory equations. The first generalization of quantum mechanics and
electrodynamics was made on the basis of four-component quaternions, which were interpreted as scalar-vector
structures [1]-[5]. The next step was taken on the basis of eight-component octonions, which were interpreted as
the sum of scalar, pseudoscalar, polar vector and axial vector [6]-[11]. Scalars and axial vectors are not trans-
formed under spatial inversion, while pseudoscalars and polar vectors change their sign under spatial inversion.
Therefore, this interpretation takes only the symmetry with respect to the spatial inversion into account. How-
ever, a consistent relativistic approach requires taking full time and space symmetries into consideration that
leads to the sixteen-component space-time algebras.

The well-known sixteen-component hypercomplex numbers, sedenions, are obtained from octonions by the
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Cayley-Dickson extension procedure [12] [13]. In this case the sedenion is defined as
$=0,+0s, @

where O; is an octonion and the parameter of duplication e is similar to imaginary unit e? =—1. The algebra of
sedenions has the specific rules of multiplication. The product of two sedenions

5,=0,+0,e,
S,=0,+0,e,
is defined as
5,S, =(0y; +0,,8) (0, +0,¢) =(0,,0,, - 0,,0,, ) +(0,,0,; + 0,0, )e, (2)

where (3ij is conjugated octonion. The sedenionic multiplication (2) allows one to introduce a well-defined
norm of sedenion. However, such procedure of constructing the higher hypercomplex numbers leads to the fact
that the sedenions as well as octonions generate normed but nonassociative algebra [14]-[16]. It complicates the
use of the Cayley-Dickson sedenions in the physical applications.

Recently we have developed an alternative approach to constructing the multicomponent values based on our
scalar-vector conception realized in associative eight-component octons [17]-[19] and sixteen-component sede-
ons [20]-[24]. In particular, we have demonstrated the method, which allows one to reformulate the equations of
relativistic quantum mechanics and field theory on the basis of sedeonic space-time operators and scalar-vector
wave functions. In this paper we present an alternative version of the sixteen-component associative space-time
hypercomplex algebra and demonstrate some of its application to the generalization of relativistic quantum me-
chanics and field theory equations.

2. Sedenionic Space-Time Algebra
It is known, the quaternion is a four-component object
0 =Qedy + 043, +0,8, +0ya3, ©))

where components g, (Greek indexes v =0,1,2,3) are numbers (complex in general), a, =1 is scalar units
and values a,, (Latin indexes m = 1, 2, 3) are quaternionic units, which are interpreted as unit vectors. The rules
of multiplication and commutation for a,, are presented in Table 1. We introduce also the space-time basis e, €,
e, Which is responsible for the space-time inversions. The indexes t and r indicate the transformations (t for
time inversion and r for spatial inversion), which change the corresponding values. The value e, =1 is a scalar
unit. For convenience we introduce numerical designations e, =e, (time scalar unit); e, =e, (space scalar
unit) and e, =e, (space-time scalar unit). The rules of multiplication and commutation for this basis we
choose similar to the rules for quaternionic units (see Table 2).

Table 1. Multiplication rules for unit vectors a,.

a ay as
a -1 az —a
a, —a, -1 ai
az a —a -1

Table 2. Multiplication rules for space-time units.

e 5 €3
e -1 €3 —€2
€ —€ -1 €1
€3 e —€; -1
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Note that the unit vectors ay, a,, as and the space-time units ey, e,, €3 generate the anticommutative algebras:
a,a, =—a,a,, @
e, =—€.e,,
for n=m, but ey, &5, 3 commute with ay, a, as:
€8, =8, ®)
for any n and m. Besides, we assume the associativity of e;, e,, e, a;, ay, a3 multiplication.
Then we can introduce the sixteen-component space-time sedenion V in the following form:
V =gy (Viga + Vi, +Vipa, +Vigas )+ (Vidy +V58, +Vi,a, +Vy5a,)

(6)
+€, (Vyoo +Vpdy +V58, +V,8, ) + 85 (Vagdy + Va3, +V50a, +Vy5a;).
The sedenionic components V,, are numbers (complex in general). Introducing designation of scalar and vec-
tor values in accordance with the following relations

V =eVdy,

V =, (g2, +Vopa, +Vieds ),

Ve =V, =eVea,,

\7t E\71 =€ (Vllal +Vpa, +Via, )’ )

V. =V, =e,V,.a,,

V, =V, =€, (Vya, +V,a, +V,a;),

Vie =V5 =3V,

\7tr E\73 =€; (V31a1 +Vs8, +V333'3)-
we can represent the sedenion in the following scalar-vector form:

V =V +V +V, +V, +V, +V, +V, +V,, . (8)

Thus, the sedenionic algebra encloses four groups of values, which are differed with respect to spatial and time

inversion.
1) Absolute scalars (V) and absolute vectors (V) are not transformed under spatial and time inversion.

2) Time scalars (V,) and time vectors (\7t) are changed (in sign) under time inversion and are not trans-
formed under spatial inversion.

3) Space scalars (V,) and space vectors (\7,) are changed under spatial inversion and are not transformed
under time inversion.

4) Space-time scalars (V,.) and space-time vectors (\7“) are changed under spatial and time inversion.
Further we will use the symbol 1 instead units ay and e, for simplicity. Introducing the designations of scalar-
vector values

\70 = Voo +Voidy +Vool, +Visds,

V, =V +Via, +Vppa, +Visa,, )

V, =Vyo +V58; +V508, +V,as,

V, =V, +V,8; +V,,a, +V,.a,.
we can write the sedenion (6) in the following compact form:

V=V +eV, +eV, +eV,. (10)
On the other hand, introducing designations of space-time sedenion-scalars

Vo = (Voo +€;Vig +8;V50 +85Vy ) '

V, = (Vo +6,Vy; +e,V,, +e,Vs, ), an
2= (Voo +€Vi, +8,Vp + e3V32)’
3= (Vos + e1V13 + e2\/23 + esvas )
we can write the sedenion (6) as
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V =V, +Va, +V,a, +Vaa,, (12)
or introducing the sedenion-vector
V =V +V, +V. +V, =Vja, +V,a, +V,a, (13)
we can rewrite the sedenion in following compact form:
V=V, +V. (14)

Further we will indicate sedenion-scalars and sedenion-vectors with the bold capital letters. ; 5
Let us consider the sedenionic multiplication in detail. The sedenionic product of two sedenions A and B
can be represented in the following form

AB=(A,+A)(B,+B)=AB,+ AB+AB, +(A-B)+[ AxB]. (15)

Here we denoted the sedenionic scalar multiplication of two sedenion-vectors (internal product) by symbol “-”
and round brackets

(A-B)=-AB, - AB,-AB,, (16)
and sedenionic vector multiplication (external product) by symbol “x” and square brackets,
[AX EJ =(AB;—AB,)a, +(AB, - AB;)a,+(AB, - AB,)a,. a7

In (16) and (17) the multiplication of sedenionic components is performed in accordance with (11) and Table 2.
Thus the sedenionic product

F=AB=F,+F, (18)
has the following components:
F = AB,-AB -AB,-AB;,
F, = AB,+AB, +(AB,-AB,),

(19)
F,=AB,+AB, +(ASB1 - AiBs),
F, = AB,+ AB, +(AiBz —AzB1)-
Note that in the sedenionic algebra the square of vector is defined as
A =(A-A)=-A-A-A, (20)
and the square of modulus of vector is
A = —(AA)= K+ AT A7 @
3. Spatial Rotation and Space-Time Inversion
The rotation of sedenion V onthe angle @ around the absolute unit vector fi is realized by sedenion
U =cos(6/2)+isin(6/2), (22)
and by conjugated sedenion U :
U =cos(6/2)-isin(6/2), (23)
with
Uu*=U0"0 =1. (24)
The transformed sedenion V' is defined as sedenionic product
V'=UVU, (25)

Thus, the transformed sedenion V' can be written as
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V' =[cos(6/2)-fisin(6/2)](V, +V )[ cos(6/2) + fisin(6/2) ]

R . N (26)
=V, +V cos - (ii-V ) (1-cos@) [ fixV [sin.
It is clearly seen that rotation does not transform the sedenion-scalar part, but the sedenionic vector V is ro-
tated on the angle ¢ around ni. . . R
The operations of time inversion (Rt) space inversion (Rr) and space-time inversion (Rtr) are con-
nected with transformations in ey, e,, €3 basis and can be presented as

RV =—eVe, =V, —eV, +e,V, —e.V,,
ﬁrv = _91\761 :\70 +e1\71 _92\72 _93\73v (27)
RV =—eVe, =V, —eV, —e,V, +e.V,

4. Sedenionic Lorentz Transformations

The relativistic event four-vector can be represented in the follow sedenionic form:
S=ect+e,r. (28)
The square of this valueis the Lorentzinvariant
SS =2+ x*+y2+72. (29)
The Lorentz transformation of event four-vector is realized by sedenions
L=ch$+e,msh$,
L' =ch9—e,msh g,
where th29=v/c, v is velocity of motion along the absolute unit vector m . Note that
CL=LC=1. (31)
The transformed event four-vector S’ is written as
S'=LC'SL=(chg-e,shgm)(e,ct+e,F)(chI+e,shIm)
=e,ctch29+e, (M-F)sh29+e,r —e,ctmsh29+e, (M-F)m(1-ch29).

(30)

(32)

Separating the values with e; and e, we get the well known formulas for time and coordinates transformation
[25]:

_t-xv/c?

_\/1—v2/c2 '

where x is the coordinate along the m vector. )
Let us also consider the Lorentz transformation of the full sedenion V . The transformed sedenion V' can
be written as sedenionic product

’

t!

X (33)

L XN,
NRIr ’ ,

V'=CVL. (34)
V' =(chg-e,shgm)(V,+V)(ch9+e,sh)
=V, ch’9+e,Vee.sh’3—(e,V, —Vee, )mchIsh9+Vch’ g (35)
—e,MVimie, sh’9—(e, MV —Vifie, )chdsh .
Rewriting the expression (35) with scalar (16) and vector (17) products we get
V' =V ch*9+e, Ve, sh*d—(e,V, —V,e, )mMchdsh 9 +Vch* 9 —e, Ve, sh*9 - 2e, M-V e, msh’3 )
—(etr (m-V)-(V- rﬁ)etr)ch&sh&—(etr [MxV ][V x mJetr)chyshS.

Thus, the transformed sedenion has the following components:
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V=V,

Vt:’ :Vtr'

V/=V, ch29-e, (m-V,)sh2s,
V/=V,ch29-e, (mM-V, )sh2,

e
V'=V ch29—(m-V)m(1-ch29)—e, [ M=V, |sh29, 37)

o =V, ch29—(m -V, )m(1-ch29)—e, [MxV ]sh2,
'=V, +(m-V, )m(1-ch29)—e,V,msh 29,
{ =V, +(m-V, )m(1-ch29)-e,V,msh 2.

5. Subalgebras of Space-Time Complex Numbers, Quaternions and Octonions
The sedenionic basis introduced above enables constructing different types of low-dimensional hypercomplex
numbers. For example, one can introduce space-time complex numbers
Z,=17,+¢e.1,,
Z,=27,+€.7, (38)
Z,=17,+6,7,,
where z; and z, real numbers. These values are transformed under space and time conjugation and Lorentz

transformations. Moreover, we can consider the space-time quaternions, which differ in their properties with re-
spect to the operations of the spatial and time inversion and Lorentz transformations:

0 = 0oy +€, (0ya, +0,a, +0423) , (39)
G, = Gody +€, (0,3, + 9,3, + 0,35 ), (40)
A, = Qedy +€, (03, + 0,3, +053;) , (41)
Oy =GB + € (A + 03, + 033, ) - (42)

The absolute quaternion (39) is the sum of the absolute scalar and absolute vector. It remains constant under
the transformations of space and time inversion (27). Time quaternion @, space quaternion g, and space-time
quaternion @, are transformed under inversions in accordance with the commutation rules for the basis ele-
ments ey, ey, ey For example, performing the operation of time inversion (see (27)) with the quaternion @, we
obtain the conjugated quaternion

étqt =-e,08, =0y —€, (qlal +0,a, + qsas) . (43)

In addition, the sedenionic basis allows one to construct various types of space-time eight-component oc-
tonions:

Gt = GOO + GOlal + GOZaZ + G03a3 + etGlo + et (Gllal + GlZaZ + GlSaS) 1 (44)
ér = GOO + GOlal + GOZaZ + G03a3 + erGZO + er (GZJ.al + G22a2 + GZ3a3) ’ (45)
Gtr = GOO + GOlal + GOZaZ + G03a3 + etrGSO + etr (GSlal + G32a2 + GS3a3) ' (46)

6. Generalized Sedenionic Equations of Relativistic Quantum Mechanics

The wave function of free quantum particle should satisfy an equation, which is obtained from the Einstein rela-
tion for energy and momentum

E®—c’*p? =mjc’, (47)

O,
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by means of changing classical energy E and momentum p on corresponding quantum-mechanical operators:
- .. 0 T
=ih— and p=-inv. 48
p P (48)

Here c is the speed of light, m, is the particle rest mass, 7 is the Planck constant. In sedenion algebra the Ein-
stein relation (47) can be written as

(eE +e,cp+ie,myc’)(e.E +e,cp+ie,m,c’)=0. (49)

Let us consider the wave function in the form of space-time sedenion
W (t,F) =W, (t,F)+W (t,7). (50)
Then the generalized sedenionic wave equation for free particle can be written in the following symmetric form:
(et%% e, V+e, %)[e %% e V+e, %)V\"/ =0. (51)

Note that for electrically charged particle in an external electromagnetic field we have the following sedenionic
wave equation:

e1£+e E(p e V+e, —A+e M€ et£g+e Egp e, V+e, —A+e —°CV\7=0. (52)
‘cot 'he " he o c ot hc " he n

This equation describes the particles with spin 1/2 in an external electromagnetic field [18] [21].
There is a special class of particles described by the first-order wave equation [26]. For these particles the
sedenionic Dirac-like wave equation has the following form:

(etii—eﬁﬂatr %)W =0. (53)
cot h

In fact, this equation describes the special quantum field with zero field strengths [19]. Analogously the electri-
cally charged particle interacting with external electromagnetic field is described by the following sedenionic
first-order wave equation:

e, 19 ¢ E(o e V+e, eA+etr% W =0. (54)
‘cot  'he " he h

This equation also describes particles with spin 1/2 in an external electromagnetic field [19].

7. Generalized Sedenionic Equations for Massive Field

The generalized sedenionic wave equation
etig eV+e, € e lg—eﬁ+e"% W =0, (55)
cot h c ot h

enables another interpretation. It can be considered as the equation for the force massive field [27]. In this case
the parameter my is the mass of quantum of field and W is field potential. Considering the phenomenological

source of field J we can propose the following nonhomogeneous wave equation for the field potential:

(et lﬁ—eﬁ+etr %j[etlg—e V+e %jvv =J. (56)
cot /) 0 h

Seemingly this equation describes the baryon (strong) field [23] [24] and J is baryon current. On the other
hand, corresponding nonhomogeneous first-order equation

(e 16 . V+e, mOCjW:f, (57)
cot h

describes the lepton (weak) field, where T is a lepton current [23] [24].

®
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8. Generalized Sedenionic Equations for Massless Field

In the special case, when the mass of quantum mq is equal to zero, the Equation (56) coincides with the equation
for electromagnetic field. Indeed, choosing the potential as

W=egp+eA, (58)
and the source of field as
J-—ednp—e, 47, , (59)
we obtain the following wave equation:
10 = 10 - - 47 -
(elza—ervj(et Ea—ervj(etqwerA) =—ednp-e,~—]. (60)
After the action of the first operator in the left-hand side of Equation (60) we obtain
10 - o lop 1A o o o re .z
(etga—ervj(etgzwerA) == e EE+etrV¢)+(V-A)+|:VX Al. (61)
In sedenionic algebra the electric and magnetic fields are defined as
E-_1A_g,
c ot (62)
A =[VxA].
Besides we can define the scalar field
1op (= =
f=—Z"Z+(V-A). 63
— (VA (63)

Assuming electric charge conservation the scalar field f can be chosen equal to zero, that coincides with Lorentz
gauge condition [22]. In Lorentz gauge we can rewrite the expression (61) as

10 = - = -
(et Ea—ervj (et¢)+erA) =—e,E+H. (64)
Then the wave Equation (60) can be represented in the following form:
1 a — —4 =3 47[ -
(etza—ervj(—etrEJrH)z—et4np—erTJ . (65)
Performing sedenionic multiplication in the left-hand side of Equation (65) we get
10E - = - = 10H . I 4 -
GFEE+GI(V~E)+et [VXEJ-FetEE—er (V H)—er [VX H]:—et4np—erTj . (66)
Separating space-time values we obtain the system of equations in the following form:
e (V-E)=—emp, (time scalar part)
e, [? x E] —e, 1%, e, n J, (space vector part)
c ot c (67)
e[ VxE|=—¢, Eﬁ (time vector part)
c ot
e, (VH ) =0. (space scalar part)

The system (67) coincides with the Maxwell equations.
Among the solutions of the homogeneous sedeonic wave equation of electromagnetic field (60) there is a spe-
cial class that satisfies the sedeonic first-order equation of the following form [22]:

10 =\~
e,——-eVIW =0. 68
(tcat rjv ( )

O,
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This equation describes the free neutrino field. On the other hand, let us consider the nonhomogeneous equation
of neutrino field

[et%%—eﬁjwv =1, (69)
where 1, is phenomenological source. We choose the scalar source in the form
I, =4no,, (70)
where o, is the density of neutrino charge. Choosing the potential W, in the form (58):
W, =ie,p, +e, A, (71)
we obtain following nonhomogeneous equation for the neutrino field:
(et %%—eﬁj (et¢v +e,R) =4no, . (72)
It follows that in this case only scalar field strength f, (see (63)) is nonzero:
f, =4no,. (73)

The density of neutrino charge for point source is equal

o,=0,6(r), (74)
where @, is point neutrino charge. Then the interaction energy of two point neutrino charges can be represented
as follows:

1
Wvle = g_[ fv1 fv2dV . (75)
Substituting (73) and (74), we obtain
Wvlv2 = 2‘n:qvlqv25(|fé) ’ (76)

where R is the vector of distance between first and second charges.

9. Discussion

The algebra of sedenions proposed in this article is the anticommutative associative space-time Clifford algebra.
The sedenionic basis elements a,, are responsible for the spatial rotation, while the elements e, are responsible
for the space-time inversions. Mathematically, these two bases are equivalent, and the different physical proper-
ties attributed to them are an important physical essence of our sedenionic hypothesis.

In contrast to the previously discussed sedeonic algebra [20]-[23], which uses the multiplication rules of basic
elements a’ and e, proposed by A. Macfarlane [28], the multiplication rules for sedenionic basis elements a,
and e, coincide with the rules for quaternion units introduced by W. R. Hamilton [29]. There is a close connec-
tion between these two basses. The transition from the sedeonic basis to sedenionic basis is performed by fol-
lowing replacement:

There is one disadvantage of sedenions connected with the fact that the square of the vector is a negative value.
However, on the other side the sedenionic rules of cross-multiplying do not contain the imaginary unit and this
leads to the some simplifications in the calculations. But of course, the physical results do not depend on the
choice of algebra, so these two algebras are equivalent.

10. Conclusion

Thus, in this paper we presented the sixteen-component hypercomplex values sedenions, generating associative
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noncommutative space-time algebra. We considered the generalization of the relativistic quantum mechanics
and theory of massive and massless fields based on hypercomplex scalar-vector wave functions and sedenionic
space-time operators.
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Abstract

In the present paper we derived, with direct method, the exact expressions for the sampling proba-
bility density function of the Gini concentration ratio for samples from a uniform population of
size n = 6, 7, 8, 9 and 10. Moreover, we found some regularities of such distributions valid for any
sample size.

Keywords

Gini Concentration Ratio, Uniform Distribution, Order Statistics, Probability Density Function

1. Introduction

In 1914 Corrado Gini [1] introduced the concentration ratio R for the measure of inequality among values of a
frequency distribution. The Gini index is widely used in fields as diverse as sociology, health science, engineer-
ing, and in particular, economics to measure the inequality of income distribution.

Various aspects of the Gini index have been taken into account. One of the most interesting topics regards the
estimation of the concentration ratio (Hoeffding, 1948 [2]; Glasser, 1962 [3]; Cucconi, 1965 [4]; Dall’ Aglio,
1965 [5]). More recently, Deltas (2003) [6] discussed the sources of bias of the Gini coefficient for small sam-
ples. This has implications for the comparison of inequality among subsamples, some of which may be small,
and the use of the Gini index in measuring firm size inequality in markets with a small number of firms. Barret
and Donald (2009) [7] considered statistical inference for consistent estimators of generalized Gini indices. The
empirical indices are shown to be asymptotically normally distributed using functional limit theory. Moreover,
asymptotic variance expressions are obtained using influence functions. Davidson (2009) [8] derived an ap-
proximation for the estimator of the Gini index by which it is expressed as a sum of IID random variables. This
approximation allows developing a reliable standard error that is simple to compute. Fakoor, Ghalibaf and
Azarnoosh (2011) [9] considered nonparametric estimators of the Gini index based on a sample from length-bi-
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ased distributions. They showed that these estimators are strongly consistent for the Gini index. Also, they ob-
tained an asymptotic normality for the corresponding Gini index.

Girone (1968) [10] focused on the study of the sampling distribution of the Gini index and in 1971 [11] de-
rived the exact expression for samples drawn from an exponential population. In 1971 Girone [12] obtained,
with direct method, the sampling distribution function of the Gini ratio for samples of size n < 5 drawn from a
uniform population.

In the present note (Section 2), we calculate the joint probability density function (p.d.f.) of the random sam-
ple of size n and, then, the joint p.d.f. of the n order statistics. Hence, we transform one of the order statistics in
their average and the remaining » — 1 order statistics are divided by the same average. We calculate the joint
p-d.f. of the new n variables and integrating with respect to the average we obtain the joint p.d.f. of the other n —
1 variables. One of these variables is transformed in the concentration ratio. We calculate the joint p.d.f. of the
concentration ratio and of the other n — 2 variables and at last we integrate this p.d.f. with respect to the n — 2 va-
riables obtaining the marginal p.d.f. of the concentration ratio. The main difficulty of this procedure consists in
the identification of the region of integration of the n — 2 variables, for two reasons: firstly the need to decom-
pose this region into subregions which allow identifying directly the limits of integration and secondly the
growing number of such subregions that makes the derivation heavy.

In Sections 3-7, using the software Mathematica, we derive the exact distributions of the concentration ratio
for samples from a uniform distribution of size n = 6, 7, 8, 9 and 10. Moreover (Section 8), we find some regu-
larities of such distributions valid for any sample size.

2. The Procedure to Derive the Distribution of the Concentration Ratio
Let random variables X, .X,,---,X, from a uniform population have p.d.f.

()=

I, O<x<l,

()

0, elsewhere.

The joint p.d.f. of the variables is
I, O<x <1, fori=12,--,n,

h(xl,xz,--uxn):{ ()

0, elsewhere.

The joint p.d.f. of the order statistics X, X ,),---, X, 1s

h(x(l),x(z), ",x(,,)> . {Z!, 0 < xy) <Xy <<, <1, )
, elsewhere.
By transforming the variables
S= Xy + X+ + X,
X :
D(l,) =—=, fori=12,---,n—1,
whose Jacobian is
J=8"",
we obtain the joint p.d.f. of the variables Sand D), D,),--,D,,_, that can be written as
& (5. dipyrreesdy ) = (n=1)1s", )

for 0 <sd ) <sd, <---<sd )<S(1_d(1)_d(2)_"'_d( ))<1'

n-1 n-1

We integrate expression [4] with respect to the variable S and obtain the joint p.d.f. of the variables

Diyyss Dy that can be written as

Dy
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(n—l)!
S (Ao ) = ’ )

for 0<d(1) <d(2) <~--<d(n71) <1—d(|)—d(2)—-.-—d(

n-1)*

By transforming the variable D(n_]) in the variable R i.e. the concentration ratio

from which we get

the Jacobian of the transformation is

and the joint p.d.f. of the variable R and D(l),D(z),m,D(n_z) is
2" (n - 1)!
h(d(])’d(z)a'"7d(n_2)3R): > (6)

i=l1

for

n—=1)(1-R) 3 n—=1)(1-R) 3
°<d<l)<d<z><"'<d<nz><%_zl("‘i)%<l‘( )2( )+Zl(”—i—1)d<z->. ™)

By integrating expression [6] with respect to the variables D(l)’D(Z)’“.’D(n—Z) over the regions determined
by inequalities [ 7], we get the marginal p.d.f. of the concentration ratio R.

3. The Distribution of the Concentration Ratio forn=6

The procedure indicated in Section 2 is used to obtain the following p.d.f. (Figure 1) of the concentration ratio
R for random samples of size n = 6:

g(R): 27 . 1728 4 19683 . 55296 4 3375 : ,forO<R<%,
so[ Lir] 25 2+Rj 25(3+R 2s(4yr| 20+R)
5 5 5 5
g(R):— 1252+ 7853 . 449523 4 677147 - 55296 z,forl<R<z,
144R 1 2 3 4 5 5
75| =+R| 400/ =+R| 225/ 2+R| 25| =+R
5 5 5 5
g(R): 32 2_111312+ 33773 . 449523 - 19683 z,forg R<§,
1 240R 1 2 3 5 5
75| -——+R 75| =+ R 400 =+ R 25| =+R
5 5 5 5
g(R)z— 27 N 437 11131 N 7853 _ 1728 for§<R<%,

5 2 1 2_240R2 1 2 ) 272
400 _§+R 75 —g+R 75 g+R 25 g+R
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Figure 1. Probability density function of the concentration ratio R for random
samples of size n = 6 from a uniform population.

1 2 2 12 2 4
g(R): > ! >+ 3 = 52+ ! 5, for —< R<1.
3 2 1 144R 1
450 —=+R 400 ——+R 75| ——+R 50| —+R
5 5 5 5
Characteristic values of the distribution are:
mean E(R) _ 34 116916510g2 N 243;0g3 _ 12501og5 035222,
second moment E(Rz):16— 69056log2  24219log3 N 181251log5 ~0.13716,
25 50 12
third moment E(R3) __ 1368 N 678688log?2 . 1560061og3 B 126251og5 —~0.05785,
25 125 125
fourth moment E(R“ ) _ 89237 25434496log2 7691436log3 N 152901o0g5 — 0.02606,
625 3125 3125 3

standard deviation o (R)=0.11444,
index of skewness , (R)=0.20793,
index of kurtosis y, (R) =-0.16767.

The distribution of the concentration ratio R for samples of size n = 6 from a uniform population shows a
slight positive skewness and platykurtosis.

4. The Distribution of the Concentration Ratio forn=7

The procedure indicated in Section 2 is used to obtain the following p.d.f. (Figure 2) of the concentration ratio R
for random samples of size n = 7:

+ - +

1 2 2 2 3 2 4 2
518400 —+ R 1620 —+R 640 +Rj 405(+RJ
6 6 6 6

367653125 N 1058841 ’ forO<R<%,

2 2
20736(2+R) 100(1+ R)

117649 117649 1058841 3764768
g(R)=-
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0 I 1 L 1 L 1 L 1 L 1 1 1 I 1 1 1 L L ]
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. Probability density function of the concentration ratio R for random samples
of size n = 7 from a uniform population.

9 14356253 2450309 2099205
g(R) = 2 7T 2 2
20R (1 (2 3 j
103680 —+ R 810 =+R 128 =+R
6 6 6
49230947 367653125 1 2
= >, for—<R<—,
4 5 6 6
1620 g+R 20736 g+R

3125 +7853 46303907 N 7450309

R)=—- -
g( ) 1 2 9OR2 1 2 2 2
10368 ——+R 25920( —+R 810| =+R
6 6 6
2099205 3764768 2 3
- >+ -, for—<R<—,
3 4 6 6
128 =+R 405 —+R
6 6
32 1064201 33773 46303907
g(R): 2 >t 2 2
2 1 90R 1
405 -=+R 51840 ——+R 25920 —+R
6 6 6
2450309 1058841 3 4
= = for=<R<—,
2 3 6
810| =+R 640| =+ R
6 6
9 463 1064201 7853
g(R):— P 2~ >t 2
3 2 1 90R
1280 —=+R 324 -=+R 51840 ——+R
6 6 6
14356253 117649 4 5
- -+ -, for—<R<—,
1 2 6 6
103680(6+R) 1620(6+R]
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1 9 32 3125
g(R): 4 2 3 >+ ) 2 1 2
8100 ——+R 1280 —=+R 405 -=+R 10368 ——+R
6 6 6 6
2 == 117649 > f0r§<R<1.
1 6
518400(6+RJ

Characteristic values of the distribution are:

mean E(R) _ _Z+ 350721log2  21797log3 N 359375log5 N 8235431log7 —0.34951,
2 15 160 288 1440
second moment E(RQ) :7_63+ 38061281log2 N 451251log3 B 3593751og5 B 15647317 1log7 ~0.13291,
36 405 80 72 6480

third moment

E(R3) _ 18179 2771144log2  4266351log3 N 18546875log 5 N 5764801log7 = 0.05417,
216 135 320 1728 960

fourth moment

E(R4) _ 165193 N 406015881og 2 N 7638867 log3 N 263234375logS  895191241log7 _0.02342,

648 1215 320 15552 77760
standard deviation o (R)=0.10367,
index of skewness , (R) =0.18545,
index of kurtosis 7, (R) =—0.14535.
The distribution of the concentration ratio R for samples of size n = 7 from a uniform population shows slight

positive skewness and platykurtosis, both lower than those obtained for samples of size n = 6.
5. The Distribution of the Concentration Ratio forn =8

The procedure indicated in Section 2 is used to obtain the following p.d.f. (Figure 3) of the concentration ratio R
for random samples of size n = 8:

8192 2097152 663552 536870912
g(R)= +

1 2 2 2 3 2 4 2
99225£7+Rj 33075[7+RJ 245(7+R) 19845(7+RJ

128000000 169869312 137682944 1
> >+ > forO<R<7,
1323(5+RJ 1225(6+RJ 2025(1+R)
7 7
16807 9613463 2548367503 386863168
(R) == 7T 2 >t 2
86400R 1 2 3
66150 —+R 423360 =+ R 6615 =+R
7 7 7
173031518287 19007619787 169869312 1 2
- ~+ > = >, for—<R<—,
846720 —+ R 66150 =+ R 1225 =+ R
7 7 7
81 14356253 31094051 18601017487
g(R) = 2 7t 2 2
] 120960R ] 2
490 ——+R 6615 —+R 423360 =+ R
7 7 7
1969741961 173031518287 128000000 2 3
+ > = -+ = for—<R<—,
3 4 5 7 7
13230 5+R 846720 5+R 1323 5+R
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0 L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ]
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3. Probability density function of the concentration ratio R for random samples
of size n = 8 from a uniform population.

15625 274531 46303907 268282153
g(R) == >t 2 ot 2
2 1 30240R 1
254016 ——+R 6615 ——+R 19845 —+R
7 7 7
18601017487 386863168 536870912 3 4
— ~+ > 5, for—<R<—,
2 3 4 7 7
423360 —+R 6615 =+R 19845 —+R
7 7 7
64 2472719 1254307 46303907
g(R) = 2 >t 2 2
3 2 1 30240R
6615 ——+R 423360 ——+R 6615 ——+R
7 7 7
31094051 2548367503 663552 4 5
+ =— =+ >, for—<R<—,
1 2 3 7 7
6615 —+R 423360 —+R 245 =+ R
7 7 7
81 15949 2472719 274531
g(R)=- + =— + -

4 Y 3 2 Y 1
156800 —;+R 66150 —;+R 423360 —;+R 6615 -7+R

14356253 9613463 2097152 5 6
- >+ > >, for—<R<_,
120960R 1 2 7
66150 —+R 33075| =+R
7 7
1 81 64 15625
g(R) = 5 2 4 >t 3 2~ ) 2
198450(—+R) 156800(—+RJ 6615(—+R) 254016(—+R]
7 7 7 7
81 16807 8192

for§<R<1.

+ 2 >t 20
1 86400R 1
490 —§+R 99225 5+R

Characteristic values of the distribution are:
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L 3475456l0g2  2775303l0g3 _ 2421875log5 3411821107

mean E(R)=-4 =0.34747,
315 560 1008 720
second moment E(R2> _ @_ 31845761og?2 B 87764311og3 N 41406251og5 N 7882483 1log7 —0.12985,
7 63 392 392 360

third moment

E(R3 ) _ 6016 N 6584053761og?2 N 149275215910g3 B 129921875log5 B 13596863 1og 7 —0.05160,
49 5145 27440 5488 240

fourth moment

E(R4) _ 145475 _ 3729880384 1og 2 3 2307400911log3 N 533984375log5 N 9851303 1og7 ~0.02162,
343 15435 24010 14406 0

standard deviation o (R)=0.09544,

index of skewness , (R)=0.16867,

index of kurtosis y, (R)=—-0.12824.

The distribution of the concentration ratio R for samples of size n=8 from a uniform population shows
slight positive skewness and platykurtosis, both lower than those obtained for samples of size n=6 and 7.

6. The Distribution of the Concentration Ratio forn=9

The procedure indicated in Section 2 is used to obtain the following p.d.f. (Figure 4) of the concentration ratio R
for random samples of size n = 9:

531441 531441 10460353203 2125764
g(R) == ) 7t ) 2~ 3 >t 4 2
20070400(8+RJ 11200[8+R) 2867200(8+Rj 35(8+Rj
41518828125 10460353203 437664515463 544195584 1
- >+ p > - . 2+12251 Rz’ for0<R<§,
114688(§+RJ 11200(8+R) 409600(8+Rj ( * )

1024 9819117949 15242823 1441266427931 857395628
T14175R° " "

2 3 2 4 2
9289728(8+RJ 945 (8+Rj
6604248318741 2358496602787 437664515463 1 2

- —+ > = >, for—<R<—,

5 6 7 8 8

2867200 § +R 907200 § +R 409600 § +R

g(R)

2
77414400[513 + RJ 1600[; + RJ

823543 +9613463 715845826021 N 1262942489

1\ 75600R®
11059200~ +R

g(R)z— ) 2 ) 2
77414400(8+R) 8640(8+Rj

2582172507227 156844988749 6604248318741 10460353203 2 3
- + = + , for—<R<=,

3 Y 4 5 Y 6 Y
3096576 SR 75600 SR 2867200 SR 11200 SR
81 183689449 31094051 193012968877

g(R)— 1 2 3 2 + 7560R2
2240(_8+RJ 3096576£_8+RJ

2
3096576(; + R)

2971536239 2582172507227 857395628 41518828125 3 4
+ - + - for =<

E

2 2 3 2 4 2 5 2 8 8
8640 §+R 3096576 §+R 945 §+R 114688 §+R
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 4. Probability density function of the concentration ratio R for random samples
of size n =9 from a uniform population.

78125 783437 2575720699 268282153

R)=- + — +
g(R) P SV IV 226808
9280728~ +R| 60480\ ~<+R| 3096576 -+ R

193012968877 1262942489 1441266427931 2125764 4 5
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Characteristic values of the distribution are:

mean E(R) _ 9 18425272log2  1948617log3 N 1953125log 5 N 1095312191og7 034589,
2 315 1120 576 5760

second moment
_ 1083 N 311768741og?2 N 2090487691og3 B 150390625log5 B 11010769911og 7
32 105 35840 9216 11520

third moment
B 43983 B 691615791og 2 N 394860663 1og 3 N 9472656251og 5 N 316545222911log 7
256 84 57344 24576 122880

fourth moment
E(R4 ) 2732815 N 586136491og2 B 36660941253 1og3 B 36018359375log5 3 7391224306131og 7

4096 35 458752 589824 1474560
standard deviation o (R)=0.08889,
index of skewness 7, (R) = 0.15559,
index of kurtosis y, (R)=—0.11467.

The distribution of the concentration ratio R for samples of size n = 9 from a uniform population shows slight
positive skewness and platykurtosis, both lower than those obtained for samples of size n =6, 7 and 8.

E(Rz) =0.12754,

E(R3 ) = =0.04969,

=0.02032,

7. The Distribution of the Concentration Ratio for n = 10

The procedure indicated in Section 2 is used to obtain the following p.d.f. (Figure 5) of the concentration ratio R
for random samples of size n = 10:
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10287648| —+ R 321489 —+R 56| —+R 45927 —+R 734832 —+R

9 9 9 9 9
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for0<R<l,
9

59049 6102360983 29486161727807 91871139 282890791328125
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Figure 5. Probability density function of the concentration ratio R for random
samples of size n = 10 from a uniform population.
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Characteristic values of the distribution are:
686419424 1og2 3 8868357910g3 N 605468751log 5 40353607 log7

mean E(R)=-5+
2835 1120 6048 810

=0.34462,

second moment
E(Rz) __ 4977475650505 N 5506009449897293log2  3870789417061723log3
1666598976 57868020 115736040
N 23520914453125log5  155338805614063log 7
5143824 8266860

=0.12574,

third moment
E(R3 ) _ 56500 3026650669121og?2 B 16093753111log3

+
243 76545 1120
N 99482421875log5 1338529144191log7

489888 174960
fourth moment

=0.04823,
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g (R“ ) _ 6581554 10398297681152l0og2 N 1892901777log3 10382748828125log5
6561 1240029 560 19840464
1189583980753 1og 7

787320
standard deviation o (R)=0.08352,
index of skewness 7, (R) = 0.14505,
index of kurtosis y, (R)=—-0.10366.
The distribution of the concentration ratio R for samples of size n = 10 from a uniform population shows
slight positive skewness and platykurtosis, both lower than those obtained for samples of size n=6,7,8 and 9.

=0.01933,

8. Some Regularities of the Distributions

The analysis of the p.d.f. for n=2,3,---,10 shows some regularities:
e The p.d.f. of the concentration ratio R, for 0 < R <1/n and for samples of size n, can be expressed by

LTy
U= (Z:iuejz |

e Furthermore, the p.d.f. of the concentration ratio R, for (n—l) / n<R<1 and for samples of size n, can be
expressed by

g(R)=

i A n—2
g<R>:'le(_l) ( 12_). ["ZJ;
- [(n—l)!}z(i+Rj

n—

e The density of the concentration ratio R, for 0 < R <1/n and for samples of size n, is given by

1 n=2
Jre(R)ar-—

[(n-1)T ;

e The density of the concentration ratio R, for (n —1) / n<R<1 and for samples of size n, is given by

_ dR ;2;
,, [(-1)]

o The jth term of the density of the concentration ratio R, denoted as a, ;, verifies the following symmetry

The coefficients of the g, terms of the p.d.f. of the concentration ratio R for samples of size n—1 multip-
lied by (n—1)/n become the coefficients of the a,,,,,, terms of the same p.d.f. for sample of size 7.

These results are valid for every sample size and may allow reducing the heavy calculation to determine the
p.d.f. of the concentration ratio R.

9. Concluding Remarks

In the present paper we obtain the distributions of the Gini concentration ratio R for samples of size
n=26,7,8,9and 10 drawn from a uniform population. We use the same method used by Girone [12] to derive
the same distributions for samples of size n <5. We obtain the p.d.f. of the concentration ratio R calculating a
multiple integral in n—1 dimensions for each region from (k—-1)/(n-1) to k/(n-1) for k=12,---,n-1.
The limits of integration are defined by solving the inequalities of the order statistics divided by the sample
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mean and expressed in terms of the concentration ratio R for the values assumed in each of such regions. The
calculation of the limits of integration is particularly heavy and requires a very long processing time.

The obtained results show that the p.d.f. of the concentration ratio R is given by hyperbolic splines with de-
gree 2 and with nodes in k/ (n - 1) for k=1,2,---,n—1. Such distributions are unimodal with mean tending to

/3,

which is the value of the concentration ratio R for the population, and have decreasing standard deviation.

Moreover, the distributions show a slight positive skewness and platykurtosis that tend to decrease as » increas-

€s.

Beyond the possibility to obtain similar results for samples of larger size, open problems are the derivation of
the exact expression for the mean and the other features of the distribution of the concentration ratio R for ran-
dom samples of size n drawn from a uniform population.
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Abstract

Asymptotic stability of linear systems is closely related to Hurwitz stability of the system matrices.
For uncertain linear systems we consider stability problem through common quadratic Lyapunov
functions (CQLF) and problem of stabilization by linear feedback.

Keywords

Common Quadratic Lyapunov Functions, Uncertain System, Gradient Method, Bendixson Theorem

1. Introduction

Let linear uncertain system
x=Ax, Aeconv{4, 4, A} (1)

be given where x=x(t)eR", 4 (i =12,---,N ) are nxn real matrices. Consider the following matrix in-
equalities

ATP+P4,<0 (i=12,--,N) @)

where P >0 and the symbol “>" stands for positive definiteness. The matrix P is called a common solution to
(2).

If the system (2) has a common P >0 solution, then this system is uniformly asymptotically stable [1].

The problem of existence of common positive definite solution P of (2) has been studied in a lot of works (see
[1]-[7] and references therein). Numerical solution for common P via nondifferentiable convex optimization has
been discussed in [8].
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In the first part of the paper we treat the problem (2) as a nonconvex optimization problem (minimization of a
convex function under nonconvex constraints) and apply a modified gradient method. The comparison with [8]
shows that our approach gives better result in some cases.

In the second part we consider the stabilization problem, i.e. the following question: for the affine family

{A(q):q eR}

where R R’ is a box, is there a stable member? We consider a sufficient condition which follows from the
Bendixson theorem [9].

2. Gradient Method

According to [2], let S be the set (subspace) of (n-N )><(n N ) dimensional symmetric block-diagonal ma-
trices of the form R@®R®---@ R where R is symmetric.
Let Z,Z,,+,Z, beabasisof S, r=n(n+1)/2,

0,=(-2)®(4'2,+2,4)® @ (42 +Z,4,)
1o

Then {Al,Az,"-,AN} has CQLF < there exists x, € R" such that ¢(x*)<0. In this case the matrix
P(x*) is a common solution to (2) where

xl x2 'xn
X X X
2 1 2n-1
P(x) — : n+ 11
xn x2n—l e xr

The function ¢(x) is positive homogenous (¢(ax) =a¢(x) forall a > O) . Therefore the vector x can be
restricted to the condition ||x|| =1. The advantage of the restriction ||x|| =1 shows the following proposition.

Proposition 1. Let S = {x eR :x= 1} be the unit sphere, let the function f:R" — R be positive homo-

geneous (f(lx) =Af(x) forall 2> 0) and be differentiable at a € S. Assume that f(a)> 0. Then (g,a) <0
where g=-V f (x)| , V denotes the gradient and (,) denotes the scalar product.

X=a

Proof: Since f is positive homogeneous, it increases in the direction of the vector a: for 1 >1,
f(ia)zﬂf(a)>f(a).

Therefore the directional derivative of f'at @ in the direction of a is positive D, f (a) >0.
On the other hand

D, f(a)=(Vf.a)
and
(Vf,a)>0 or (-Vf,a)<0 or (g,a)<O0. o

Proposition 1 shows that under its assumption the minus gradient vector at the point a is directed into the unit
ball (Figure 1).
Consider the following optimization problem

¢(x) — minimize

subject tox =1.

O,
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Figure 1. The direction (g) of the minus gradient.

Since the matrix ) x,0, is symmetric, the function #(x) (3) can be written as

¢(x)=maxu" (Zr:xiQiju.

o
The gradient vector of ¢(x ) at a point a is:
V¢(.X;)|)c:a =(uTQlu’uTQ2u’“.’uTQru) (4)

where u is the unit eigenvector of z;l a,0. corresponding to the simple maximum eigenvalue [2].
Well-known gradient algorithm in combination with Proposition 1 gives the following.
Algorithm 1.
Step 1. Take an initial point x° = S . Compute ¢(x°) JIf ¢(x° ) >0, find ¢ such that the line

(t)=x"=1-Vg(x) _,
intersects the unit sphere S (Figure 2).

Step 2. Take x'=x"—1, -V¢(x)| _o where ¢, satisfies the condition ||l (z.)

X

=1.1f ¢(x1)<o, x' s re-

quired point. Otherwise find 7 such that the line /(¢)=x' —t-V¢(x)|x:Y1 intersects the unit sphere and repeat
the procedure. “
Example 1. Consider the switched system

)'ce{Al,Az}x
where
-4 -1 3 -8 -3 1
A4=|-3 2 2|, 4=9 2 0
3 0 -3 6 3 -6
are Hurwitz stable matrices. Let
1 00 01 0 0 0 1
Z,=(0 0 0|, Z,=|1 0 0|, Z;,=|0 0 O,
0 00 00 0 1 00
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=

Figure 2. Searching on the unit sphere.
000 0 00 000
Z,=|0 1 0}, Z;,={0 0 1| and Z;=|0 0O O]
0 0 O 010 0 0 1
For i=1,2,---,6

0 =(-2)®(A4'Z,+2.4)®(4Z,+2,4,).

Take the initial point x° =(1/1/3,0,0,1/¥3.,0.1/3/3) . then

/N30 0
P(x")=| 0 13 0
o o0 13

is positive definite. Eigenvalues of the matrix
EG:xOQ —l-Q +0-0,+0-0 +L-Q +0-0, +l-Q
“ i =i \/g 1 2 3 \/g 4 5 \/g 6

are —12.507, —5.364, 4.015, —0.224, —0.577, —8.566, —1.601.
Maximum eigenvalue 4.015 is simple and the corresponding unit eigenvector is

v=(0,0,0,0,0,0,-0.317,-0.911,-0.261)" .

Gradient of the function ¢ at x” is
V(x) , =(3.189,6.162,0.671,-8.537,-8.049,~1.607)" .

x=x0

should be on the six dimensional unit sphere. Therefore ¢ =0.0425 and

The vector x' =x"—1-Vg(x)
x' = (0.7129, 0.2620,0.0285,0.2143,-0.3422, 0.5090)T .

After 9 steps, we get ¢(x9) <0 where
*° =(0.7950,0.2183,-0.0623,0.2185,-0.1254,0.5028)" ,
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0.7950 02183 —0.0623
P(x9)= 02183 0.2185 —0.1254 |.
~0.0623 —0.1254 0.5028

P(xg) is a common positive definite solution for AITP(x9 ) + P(x9 )A1 <0 and AZTP(x9 ) + P(x9 )A2 <0.

The same problem solved by the algorithm from [8] gives answer only after 70 steps. We have solved a num-
ber of examples using the above gradient algorithm and by the algorithm from [8]. These examples show that
this algorithm is faster than the algorithm from [8] in some cases.

As the comparison with the algorithm from [8] is concerned, the algorithm from [8] at each step uses the gra-
dient only one maximum eigenvalue function, i.e. at 1 step it uses the gradient of P — 4_ (AITP+ PA4),at2
step the gradientof P — A (AZT P+ P4, ) and so on. This procedure delays the convergence. In our algorithm
we use the function P — max, (4, (Ai P+ P4, )) and the corresponding gradient direction decreases the
greates maximum eigenvalue.

On the other hand an obviously advantage of the method from [8] is the choose of the step size, which is giv-
en by an exact formula, whereas our step size is determined by the intersection of the corresponding rays with
the unit sphere.

3. Sufficient Condition for a Stable Member

In this section we consider a sufficient condition for a stable member which is obtained by using Bendixson’s
theorem.

If a matrix is symmetric then it is stable if and only if it is negative definite. Therefore if a family consists of
symmetric matrices then searching for stable element is equivalent to the searching for negative definite one.

On the other hand every real nxn matrix 4 can be decomposed

A=B+C,
1
B=E(A+AT),

C:%(A+AT).

where B is symmetric and C is skew-symmetric. Bendixson’s theorem gives important inequalities for the ei-
genvalues of 4, B and C.

ﬂ/ﬂ

Theorem 1. (9], p. 40) If A is an nxn matrix, B=%(A+AT) and A, 4,4, (|A]2|4]2 >

My =, =---2 u  are the eigenvalues of 4, B then
u,<Re(A)<p  (i=1,2,,n).

Bendixson’s theorem leads to the following.

Proposition 2. Let the family {A(q) iqe R} be given and B (q) is the symmetric part of A(q) . Then

1) If there exists ¢, € R such that B (q*) is Hurwitz stable then A(q*) is also Hurwitz stable,

2) If there exists ¢, € R such that B (q*) is positive stable (all eigenvalues lie in the open right half plane)
then A(q*) is also positive stable.

Proposition 2 gives a sufficient condition for the existence of a stable element.

In the case of affine family

A(‘]):AO+CI1A1+CI2A2+"'+%A1

where ¢ = (ql,qz,---,ql )T €R, R isabox or R=R’', the searching procedure for stable element in B(q)
can be effectively solved by powerful tools of Linear Matrix Inequalities (Matlab’s LMI Toolbox).

In the non-affine case of the family A(q) the gradient algorithm for a stable element in B(q) is applica-
ble.

Example 2. Consider affine family

@
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6-39,—q,—q; 2+q, —4q, -2-59,—q, — 4,
A(q): 5+q,+39,—-q, 8-2q,—2q,+2q, 3+¢g,-3q,
5+5¢1-q,+2q;  —44,-5¢, +q; 29, -4,

g, €[-10,10] (i=1,2,3). Then

6-3¢,~q,~¢;  (7+2¢,+3¢,-5¢,)/2  (3-29,+¢,)/2
B(q)=|(7+2¢,+39,-5¢;)/2  8-2q,-2q,+2q;  (3-3q,-5q,-24;)/2 |.
(3_2% +4q; )/2 (3—3611 -5q, — 24, )/2 -249,—q,
LMI method applied to the matrix inequality problem B (q) <0 gives the value within a few seconds

q. =(9.4591,-3.5180,~0.0354)"

and B(q. ), and consequently A(q,) is stable.
LMI method applied to the inequality B(¢)>0 gives also

G =(~2.6549,1.3609,0.9393)"

so the family A(q) contains positive stable matrix 4(g).

We have investigated Example 2 by the algorithm from [10] and positive answer is obtained after about 100
seconds.

Example 3. Consider non-affine family

99 +9, =2 —q95+4,—q¢; =9 —34¢,q; +3q, +3g; - 10
A(q)=|-17-q,+4q, -q,—4 q,—4
q,+5 q, +11 q,—6

g, €[-10,10] (i=1,2,3). Here

-3 —-1)+3g,-5
99, +q, -2 —q12q3 -13 4 ~°% (q32 ) KE!
995 q,+q,+7
B(g)= -=1L 13 —q —4 )
4 -39,(qs-1)+3q,-5 ¢, +q,+7
) B g, -6

Consider the function

G(q)= A (B(q)) =maxv' B(q)v.

=1

We are looking for ¢ satisfying G(q) < 0. If for some ¢ the maximal eigenvalue A__ (B(q)) is simple
then G (q) is differentiable at ¢ and its gradient can be easily calculated (by the analogy with (4)).
For this example, gradient method gives solution after 7 steps:

¢° =(0,0,0)", -, ¢’ =(5.270,-6.252,0.959)"

(see Table 1). The step size ¢ is chosen from the decreasing condition of the function G(q): ¢t must be chosen
such that

G(qk+1): G(qk _tVG|qk )< G(qk).

This example has been solved by the algorithm from [10] as well. Positive answer has been obtained only after
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Table 1. Gradient algorithm for example 3.

k q" A multiplicity V@,

0 (0,0,0) 11.079 1 (—0.452,0.208,-0.508)
1 (0.411,-0.189,0.462) 10.632 1 (—0.332,0.655,-0.355)
2 (0.714,-0.785,0.786) 9.910 1 (—0.482,0.930,-0.383)
3 (1.153,-1.632,1.135) 8.634 1 (-0.719,1.173,-0.184)
4 (1.808,-2.700,1.303) 6.712 1 (-1.061,1.303,0.291)

5 (2.774,-3.886,1.038) 3.840 1 (~1.391,1.360,0.060)

6 (4.040,-5.123,0.983) 0.444 1 (~1.352,1.240,0.267)

7 (5.270,-6.252,0.959) —2.404

55 steps. We start with ¢° = (0, 0,0) and the algorithm from [10] gives another stabilizing point
q” :(3.2721,—2.3853,2.3818)T.

The cigenvalues of 4(g™) are 4, =-27.8402, 4,,=-0.004+0.2326.

4. Conclusion

In the first part of the paper, we consider the stability problem of a matrix polytope through common quadratic
Lyapunov functions. We suggest a modified gradient algorithm. In the second part by using Bendixson’s theo-
rem a sufficient condition for a stable member is given.
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Abstract

This work deals with the boundary layer flow and heat transfer of an electrically conducting visc-
ous fluid over a stretching sheet. Lie-group method is applied for determining the symmetry re-
ductions for the governing equations by reducing the number of independent variables in the giv-
en system of partial differential equations by one, leading to a system of non-linear ordinary dif-
ferential equation. The resulting system is then solved numerically using shooting method coupled
with Runge-Kutta scheme. Effects of various values of physical parameters on the horizontal and
vertical velocities, temperature profiles, wall heat transfer and the wall shear stress (skin friction),
have been studied and the results are plotted. Furthermore, a comparison between the present
results with existing numerical and homotopy methods has been reported and we found that they
are in a good agreement.

Keywords

MHD Flow, Viscous Flow, Stretching Sheet, Lie-Group, Similarity Solution

1. Introduction

The boundary layer flow and heat transfer of an incompressible viscous fluid over a stretching sheet appear in
several manufacturing processes of industry such as the aerodynamic extrusion of plastic sheets, the extrusion of
polymers, hot rolling, the cooling of metallic plates, glass-fiber production, etc., [1].

Sakiadis [2] presented the pioneering work in this field. He investigated the flow induced by a semi-infinite
horizontally moving wall in an ambient fluid.

Crane [3] studied the flow over a linearly stretching sheet in an ambient fluid and gave a similarity solution in
closed analytical form for the steady two-dimensional problem. He presented a closed form exponential solution
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for the planar viscous flow of linear stretching case.

Gupta and Gupta [4] investigated the effect of mass transfer on the Crane flow. They analyzed the viscous
flow and heat transfer by an isothermal stretching sheet with suction/injection.

Chiam [5] studied the boundary layer flow due to a plate stretching with a power-low velocity distribution in
presence of a magnetic field. To yield similarity equations, a special form of the magnetic field is chosen. He
presented linearized solutions for the case of large magnetic parameters and derived an expression for the skin
friction coefficient using Crocco’s transformation and compared it numerically using Runge-Kutta shooting al-
gorithm with Newton iteration.

Vajravelu [6] studied flow and heat transfer in a viscous fluid over a non-linear stretching sheet. In his study,
the heat transfer is analyzed when the sheet is maintained at a constant temperature and the viscous dissipation is
neglected. He used a fourth-order Runge-Kutta integration scheme to solve the resulting nonlinear differential
equations.

Cortell [7] presented a numerical analysis for the flow and heat transfer in a viscous fluid over a nonlinear
stretching sheet by employing a novel numerical procedure. In his work, he studied two cases for the nonlinear
stretching sheet, with constant surface temperature and with prescribed surface temperature. The resulting non-
linear ordinary differential equations after converting the governing partial differential equations by a similarity
transformation are solved using Runge-Kutta scheme.

Abbas and Hayat [8] studied the radiation effects on the magnetohydrodynamic (MHD) flow of an incom-
pressible viscous fluid in a porous space. In their study, they extended the analysis of Cortell [7] by considering
a MHD flow, analyzed the flow in a porous medium, included the radiation effects and provided analytic solu-
tion namely homotopy analysis method (HAM) instead of numerical technique applied in [7]. Hayat et al. [9]
investigated the magnetohydrodynamic (MHD) boundary layer flow by employing the modified Adomian de-
composition method and the Padé approximation and developed the series solution of the governing non-linear
problem.

Ghotbi [10] considered the problem of the boundary layer flow of an incompressible viscous fluid over a non-
linear stretching sheet. In order to obtain analytical solution of the governing nonlinear differential equations,
HAM is applied.

Mehmood et al. [11] reported the corrections to HAM results presented in [10]. A comparison between their
HAM solution and the exact solution obtained by Pavlov [12] was made and it was in a good agreement.

Javed et al. [13] investigated the boundary layer flow and heat transfer analysis of electrically conducting
viscous fluid over a nonlinearly shrinking sheet. They used a similarity transformation to reduce the governing
partial differential equations to a set of nonlinear ordinary differential equations. The resulting system of equa-
tions is then solved numerically using an implicit finite difference scheme known as Keller-box method.

Fathizadeh et al. [14] employed the modification of the homotopy perturbation method to solve the MHD
boundary-layer equations. In their work, the viscous fluid is electrically conducting in the presence of a uniform
applied magnetic field and the induced magnetic field is neglected for small magnetic Reynolds number. They
obtained the similarity solutions of ordinary differential equation resulting from the momentum equation. Some
numerical comparisons among the new modified homotopy perturbation method, the standard homotopy per-
turbation, the exact solution and the shooting method are obtained.

In this paper, we shall investigate the solution of the MHD boundary layer flow for an incompressible viscous
fluid over a sheet stretching according to a power-law velocity. Lie-group theory is applied to the equations of
motion for determining symmetry reductions of partial differential equations [15]-[30]. The resulting system of
nonlinear differential equations is then solved numerically using shooting method coupled with Runge-Kutta
scheme. Our results are compared with the work of [5]-[14].

2. Mathematical Formulation of the Problem

We consider the MHD flow over a flat plate coinciding with the plane y =0, of an incompressible viscous
fluid with heat transfer. The wall is stretched horizontally by applying on both sides two equal and opposite
forces along the X -axis to keep the origin fixed. The fluid is electrically conducting under the influence of an
applied magnetic field B(X) inthe y -direction normally to the stretching sheet, Figure 1.

The induced magnetic field is neglected. Under these assumptions, the continuity, momentum and energy eq-

uations become
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u=cx",v=0, T=T
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Figure 1. Physical model and coordinate system.
The continuity equation : a—u+ﬂ =0, (2.1)
ox oy
— — 2— BZ X
The momentum equation:Ua—u+Va—u=v6—g—G ( )U, (2.2)
X oy P
. orT _oT o°T
The energy equation: p¢_ | U—+V— |=a—, 2.3
gy eq p p[ = j 5 (2:3)

where U and V, are the velocity components in the X and y directions, respectively, v is the kinematic
viscosity, p is the fluid density, o is the electrical conductivity of the fluid, C; is the specific heat of the
fluid at constant pressure, « is the thermal conductivity of the fluid, and T is the temperature.

The magnetic field is defined by

B(X)=BX ? , (2.4)

where B, and n are constants.
The boundary conditions are
(i) U=cx", V=0, T=T, at y=0, 25)
(i) T—>0, T>T, as y >, '

where ¢ is a constant, T, is the uniform temperature of the stretching sheet and T_ is the temperature at
large distance from the wall, where T, >T_ .
The variables in Equations (2.1)-(2.5) are dimensionless according to

X n+l)c o n+1 T —
oS (L. L2 M (LR P e P (2.6)
U, 2v U, 2cv T,-T,
where U, is the characteristic velocity.
Substitution from Equation (2.6) into Equations (2.1)-(2.3) gives
6_u+g:0, 2.7)
ox oy
2
TRV (n—HJa—g— Kx"u, (2.8)
ox oy 2 Joy
2
uﬂ+v£:(—n+lj L g (2.9
OX oy 2 )Proy
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2

By . C, . . S
where, K =22 jsa constant, Pr:h is the Prandtl number, and ux=vp is the dynamic viscosity.
pC a

n-1
Without losing of generality, let, [%) =1.
The boundary conditions Equation (2.5) will be

(i) u=x", v=0, T=1aty=0,

! (2.10)
(i) u>0, T—>0 as y >
From the continuity Equation (2.7) there exist stream function ‘P(x, y) such that,
oV ov
u(x,y)=—, v(xy)=——, (2.11)
OX
which satisfies Equation (2.7) identically.
Substituting from Equation (2.11) into Equations (2.8)-(2.9), yields
n+1 et
Yy, -vY, = (Tj\ym —KX"MY (2.12)
n+1)1
YT, -Y,T, = (—2 jﬁTW , (2.13)
where subscripts denote partial derivatives.
The boundary conditions Equation (2.8) will be
i) ¥, =x", ¥,=0, T=1aty=0,
(i) ¥, y (2.14)

(i) ¥, >0, T—>0as y—>c

3. Solution of the Problem

Firstly, we derive the similarity solutions using Lie-group method under which Equations (2.12)-(2.13) and the
boundary conditions Equation (2.14) are invariant, and then we use these symmetries to determine the similarity
variables.

Consider the one-parameter (&) Lie group of infinitesimal transformations in (x,y;'¥,T) given by
X' =x+eX (xy;¥.T)+0(e%),
Yy =y+eY (X y; P, T)+0(&?),
( ) ( ) (3.1)
W =Waen(xy; ¥,T)+0(s),
T =T+e&l (X, y;‘I’,T)+O(82),

where “ & ” is the group parameter.

A system of partial differential Equations (2.12)-(2.13) is said to admit a symmetry generated by the vector
field

0 0
Fr=X—+Y—+ — 3.2
OX oy a‘I’ { 32

if it is left invariant by the transformation (x y‘P,T)—>(x*,y*;‘I’*,T* .
The solutions ¥ =¥ (x,y) and T = T( ,Y), are invariant under the symmetry Equation (3.2) if

¢ =T(¥-¥(xy))=0, when ¥=¥(xy), (3.3)
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and
@, =I(T-T(x,y))=0, when T=T(x,y). (3.4)
Assume,
A=W W —[”T”j\ywy SR (35)
A, =W T, —WT, —(nT”j% " (3.6)

A vector T" given by Equation (3.2), is said to be a Lie point symmetry vector field for Equations (2.12)-

(2.13) if
) =0, j=12 (3.7)
Aj=
where,
r‘[s]EX£+Yi+ni+é’i+nxi+nyi+é’xi+é’yi
x oy oY CerT av, oy, - aT, = aT, 8
ey S on L 0
oy, = o¥, - T, oY,

is the third prolongation of T".
To calculate the prolongation of the given transformation, we need to differentiate Equation (3.1) with respect
to each of the variables, x and Yy . To do this, we introduce the following total derivatives

D, =0,+¥,04 +T,0; + ¥ ;04 +T,01 +‘{’xy6\{,y 4+

3.9
Dy = 8y +‘{’y6q, +Ty6T +‘I’Wé\Py +Tyyc’5Ty +‘ny6q,x +eee,
Equation (3.7) gives the following linear partial differential equation
(N=1)KXX"2W ="+ [ W, + KX [+ " W =0, —(”T”jnm =0, (3.10)
T, 4T W O, —(—”;1J%§W 0. (3.11)

The components n*, nY, ¢*, £, ¥, n”, ¥, ¥ can be determined from the following expres-
sions

n° =Dgn—¥ D X -¥,DgY,
¢® =Dy -T,DyX ~T,DyY,

® , (3.12)
n~ =Dgn _\PJXDS¢_\PJyDS§’
§JS = Dsgj —TyDg X _TJyDSY'
where S and J arestandfor x and .
Invariance of the boundary conditions Equation (2.14i), yields
¢=0. (3.13)

Substitution from Equations (3.12)-(3.13) into Equation (3.11) will lead to a large expression, then, equating

to zero the coefficients of T,,, ¥, T,, T,T,, ¥ TT , ¥,¥ T and T, gives
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X, =Xy =X; =Y, =Y, =7, =0, (3.14)

Substitution from Equation (3.14) into Equation (3.11) will remove many terms. Then, equating to zero the
coefficients of Ty and ‘P,T,, leads to the following system of determining equations:

yl
n+1)1
nx—(—z j_PrYW:O' (3.15)

X, ~Y, 1, =0. (3.16)

Again, substitution from Equations (3.12)-(3.16) into quuation (3.210) will remove many terms. Then, equat-
ing to zero the coefficientsof T,, ¥, ¥, , ¥, , (‘Py) , ‘I’X(‘Py) and ¥, gives

77T :Yyy :Ux :ny :77‘["{' :O' (317)
and

2
X —| ——|xY, =0. 3.18
(), @18)
Solving the system of Equations (3.14)-(3.18) in view of the invariance of the boundary conditions Equation
(2.14), yields

1+n

1_njcl‘1’+c3, ¢=0. (3.19)

X =1 Y =Cy+C,, 772(
The system of nonlinear Equations (2.12)-(2.13) has the three-parameter Lie group of point symmetries gen-
erated by
=20, 0 g0 9 g 1= (3.20)
oy 1-n o¥ oy oY
The one-parameter group generated by I', consists of scaling, whereas I', and I', consists of translation.
The commutator table of the symmetries is given in Table 1, where the entry in the i-th row and j-th column is
definedas [, |=0,0 - T;.
The finite transformations corresponding to the symmetries I, I', and I'; are respectively

1+n

2
X =eln'x, y=etly, Weelny, T'=T
r,:x" =X, Y =y+se, V=V, T =T¢, (3.21)
X =X, y' =y, Y'=W+g, T'=T

where ¢, ¢, and &, are the group parameters.

We look for solutions that invariant under the linear combination of the operators given by Equation (3.20).
By determine the one-dimensional optimal system of subalgebras of the given partial differential equation, all of
these solutions can be obtained. Olver’s approach given in [17] starts out by computing the commutators of the

Table 1. Table of commutators of the basis operators.

Fl rz FS
1+n
rl 0 _rz _ﬁ 3
r, r, 0 0
1+n
r, N 0 0
1-n
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symmetry Lie algebra Equation (3.20) and then obtaining the adjoint representations. The adjoint action on Lie
algebras is defined by the adjoint operator given by

A yoar) (r J. ) =e e, (3.22)

where, a isasmall parameter.
In terms of Lie brackets using Campbell-Baker-Hausdorff theorem [31], this operator can be rewritten as
2
!

Aoy (1) =Ty =TT Je 2T [T ] (3.23)

In our problem, Q= (Fl,l"z,l"3> is the Lie algebra associated with the symmetry group. The calculations of
the adjoint action are summarized in Table 2.
To construct the one-dimensional optimal system of €, consider a general element of Q given by

G=al,+a,l,+al,, (3.24)

for some constants a,, a, and a,, and probe whether G can be transformed to a new element G' under
the general adjoint action, where G’ takes a simpler formthan G, [32].
Let,

G'=Ad,, . (G)=al; +a;T, +aT;. (3.25)

We make appropriate choice of a such that the &/ ’s can be made 0 or 1. We end up with simpler forms of
G that will constitute the one-dimensional optimal system.
By substitution T", =I", in Equation (3.25) and dropping the primes, we get

G'=al,+(a,—aa)l,+a,;. (3.26)

Now, Equation (3.26) prompts the consideration of the cases a =0 and a =0.
Case (1): a, =0
By choosing (a = az/ai) and scaling the resulting operator by a,, Equation (3.26) will be

G'=T,+a,,. (3.27)

We can further consider the subcases a, =0 and a, =0. Therefore, an optimal system of one-dimensional
subalgebra for this case is given by {I',,T; +6T',}, where, 5eR.

Case (2): a,=0

Using repeatedly the adjoint operation to simplify G, an optimal system of one-dimensional subalgebra for
this case is given by {T',,T', +/1,}, where, yeR.

In summary, the optimal system of one-dimensional subalgebras of the symmetry Lie algebra is

©={I, T, T+, T, +1,}. (3.28)

Table 3 shows the solution of the invariant surface conditions associated with the optimal system.
(i) Solutions invariant under T, :
The characteristic

Table 2. Table of adjoint representations.

Ad iy T, T,
10
I, I, eT, el [
r, I —al, T, T,
1+n
1—‘3 Fl - 71 al"a rz rz
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Table 3. Solutions of the invariant surface conditions associated with the optimal system.

Generator Characteristic @ =(®,,,®,) Solutions of the invariant surface conditions
1+n 2x 2x LS =
I o, = Y- VY, ‘DT=—ETX—VTy Y=x2F(1), T=6(1), A=¥x
T, ®,=-¥,, O =-T ¥Y=¥(x), T=T(x)
1+n 2x 2X o 1-n =
T, +4T, O, = Fro-— W, —y¥,, O =-—T, VT, ¥ =x F(l)—mé,T:H(i), A=yx
r,+, O, =y-¥,, & =-T Y=yy+g(x), T=T(x)
O=(D,,P;), (3.29)
has the components
1+n 2% 2X
D, :_1_n\y__1_n\{fx_yqu, @, :——1_nTx—yTy. (3.30)
Therefore, the general solutions of the invariant surface conditions Equations (3.3)-(3.4) are
n+l
Y=x2 F(ﬁ), T:Q(/l), (3.31)
n-1
where A =yx 2 isthe similarity variable.
Substitution from Equation (3.31) into Equations (2.12)-(2.13), yields
¢°F _d?’F _(dF) ., dF
2 E -Bl—| -M—=0, 3.32
da® da? ﬁ(dzj da (3:32)
2
90 9 0, (333)
di da
2n 2K . . .
where, S =n and M =n is the magnetic parameter, where VM s the Hartmann number.
+ +
The boundary conditions Equation (2.14) will be
(i) d—le, F=0 60=1at 1=0,
ddﬂF (3.34)
(i) ——>0, 6 >0 a 1>
dA
(ii) Solutions invariant under T, :
The characteristic Equation (3.29) has the components
o, =-%, O =-T,. (3.35)
Therefore, the general solutions of the invariant surface conditions Equations (3.3)-(3.4) are
Y=¥(x), T=T(x). (3.36)

Practically, Equation (3.36) is a solution of Equations (2.12)-(2.13), even though it is not a particularly inter-
esting one which contradicts the boundary conditions Equation (2.14). So, no solutions are invariant under the
group generated by T, .

(iii) Solutions invariant under T, + I, :

The characteristic Equation (3.29) has the components
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1+n 2X 2X
O, =—"—F+5-——F —y¥ , O =——"T —yT. 3.37
v 1-n 1-n X y y T 1-n y y ( )

Therefore, the general solutions of the invariant surface conditions Equations (3.3)-(3.4) are

n+l

wox?F (1)—11—:5, T=60(4), (3.38)

n-1
where A =yx 2 isthe similarity variable, which gives the same solutions invariant under T',.
(iv) Solutions invariant under T, +yI';:
The characteristic Equation (3.29) has the components

O, =y-¥,, @ =-T,. (3.39)
Therefore, the general solutions of the invariant surface conditions Equations (3.3)-(3.4) are
Y=yy+g(x), T=T(x). (3.40)

This contradicts the boundary conditions Equation (2.14). So, no solutions are invariant under the group gen-
erated by T, +/1,.

4. Results and Discussion

The system of non-linear differential Equations (3.32)-(3.33) with the boundary conditions Equation (3.34) is
solved numerically using the shooting method, coupled with Runge-Kutta scheme. From Equations (2.11) and

(3.31), we get
Uzin dE Xlz_nﬂ{FJ{n_ljig_ﬂ' @)

X" di’ a3 2 n+1

The effects of the parameter S which is a function of the power-index n, the Hartmann number NIV
and the Prandtl number Pr on the horizontal and vertical velocities, and temperature profiles are illustrated in
Figures 2-8. Moreover, the numerical values of the skin friction f”(O) (wall shear stress) and rate of heat
transfer —6'(0) are tabulated in Tables 4-11, for different values of parameters of interest.

4.1. The Horizontal Velocity

Figure 2 illustrates the effect of B on the profile of the horizontal velocity U . It is noted that, the horizontal
velocity decreases as g increases both for M =0 (hydrodynamic fluid) and M =1 (hydromagnetic fluid)
but this decreasing is smaller with M =1 compared with the case M =0, that is because the magnetic force
acts as a resistance to the flow, [13]. Also, the boundary layer thickness decreases by increasing g and the
flow makes the stretching surface rougher.

Figure 3 describes the effect of M on the behavior of the horizontal velocity U . As seen, by increasing the
magnetic field, the horizontal velocity and the thickness of the boundary layer decrease. From Figure 3(a) we
can conclude that, for g =-1.5 with small values of M less than 0.4 near the surface, the behavior of the ho-
rizontal velocity is differ from the well-known cases, that is because the horizontal velocity increases to a max-
imum values before it starts to decrease.

4.2. The Vertical Velocity

Figure 4 shows the behaviour of the vertical velocity V for g =1.5, over a range of the magnetic parameter
M . As seen, the absolute value of the vertical velocity increases with the decrease of M .

Figure 5 illustrates the behaviour of the vertical velocity V. for M =1 over a range of the parameter 4.
As seen, the absolute value of the vertical velocity increases with the increase of 4.



H. S. Hassan

M=1.0, Pr=10.7

10.0 6.0 8.0 10.0

@ (b)
Figure 2. Horizontal velocity profiles over a range of g with Pr=0.7 for: (@) M =0;(b) M =1.
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Figure 3. Horizontal velocity profiles over arange of M with Pr=0.7 for: (a) f#=-15; () g=15.

4.3. The Temperature

Figure 6 illustrates the variation of the temperature profiles € for g =1.5with Prandtl number Pr=0.7,
over arange of M . We notice that, the temperature profiles increases as M increases.

Figure 7 describes the distribution of the temperature 8 for M =0 with Pr=1.0, over a range of the
nonlinear stretching parameter n. As seen, with an increase in n, the temperature increases.

Figure 8 shows the variation of the temperature profiles € for g=1.5 with M =0.0, over a range of the
Prandtl number Pr. As seen, the temperature decreases as the Prandtl number increases which consistent with
the fact that the thermal boundary layer thickness decreases as the Prandtl number Pr increases.

4.4. Wall Shear Stress

The dimensionless wall shear stress F"(O) (skin friction) is computed for different values of the Hartmann
number /M and the parameter 4. Table 4 shows the numerical values of the skin friction F"(0) for dif-
ferent values of the nonlinear stretching parameter n with M =0.0. As seen, the absolute value of the dimen-
sionless wall shear stress |F"(O)| increases with increasing n, that is because by increasing the values of n
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Figure 4. Vertical velocity profiles over a range of M with
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Figure 5. Vertical velocity profiles over a range of g with
M =1 and Pr=0.7.

the layer thickness decreases with an increase in the skin friction at the wall which may cause to lose the
smoothness of the stretching wall. So, by increasing the value of n, the flow makes the stretching surface
rougher. An excellent agreement between our work and other works is absorbed.

Tables 5-8 show the numerical values of F"(0) over a range of M with at g=1, 155 -1 and
B =-15, respectively. As M increases, the absolute value of the dimensionless wall shear stress F”(O)|
increases and the thickness of the boundary layer decreases. From Table 8, we noticed that, for small values of
M less than 0.4, |F”(Ogj decreases as M increases which is consistent with Figure 3(a). Again, an excel-
lent agreement is achieved between our work and other works. No convergent value for F”(O) is obtained by
Hayat et al. [9] when g=-15 at M =0.0, see Table 8.
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Table 4. Comparison between the values of F"(O) for different n with M =0.0.

n Vajravelu [6] Cortell [7] Abbas & Hayat [8] Javed et al. [13] Present work
0.00 -1.0000 -0.627547 —0.627547 -0.627554 —0.6275556
0.20 -0.766758 —0.766837 -0.766837 —0.7668370
0.50 -0.889477 —0.889544 -0.889543 —0.8895435
0.75 -0.953786 —0.953956 —0.953956 —0.9539564
1.00 -1.000000 —1.000000 -1.000000 —1.0000000
1.50 —1.061587 -1.061601 -1.061601 —-1.0616011
3.00 —1.148588 —1.148593 —1.148593 —1.1485931
5.00 —1.1945 —1.1944906
7.00 —1.216847 —1.216851 —1.216850 —1.2168503
10.00 —1.2348 —1.234875 —1.234874 —1.234875 —1.2348750
20.00 —1.257418 —1.257423 —1.257423 —1.2574230

100.00 —1.276768 —1.276773 —1.276773 —1.2767731

Table 5. Comparison between the values of F"(0) for different M at f=1.0.

M Pavlov [12] Ghotbi [10] Mehmood et al. [11] Hayat et al. [9] Fathizadeh et al. [14] Present work
0 —1.00000 —1.00000 —1.00000 —1.0000000
1 -1.41421 -1.41421 -1.41421 -1.41421 -1.41421 —1.4142136
2 —1.73205 —1.73205 —1.7320508
3 —2.00000 —2.00000 —2.0000000
4 —2.23607 —2.23607 —2.2360680
5 —2.44948 —2.44948 —2.44948 —2.44948 —2.44948 —2.4494897
10 —3.31662 —3.31662 —3.31606 —3.31662 —3.31662 —3.3166248
15 —4.00000 —4.00100 —4.0000000
50 —7.14142 —7.14142 —7.14142 —7.1414284
100 —10.04987 —10.04987 —10.0499 —10.0498756
500 —22.38302 —22.38302 —22.383 —22.3830293
1000 —31.63858 —31.63858 —31.6386 —31.6385840

Table 6. Comparison between the values of F"(0) for different M at f=15.

M Chiam [5] Ghotbi [10] Hayat et al. [9] Fathizadeh et al. [14] Present work
0 —1.14860 —1.1547 —1.1547 —1.1486025
1 —1.52527 —1.5252 —1.5252 —1.5252 —1.5252751
5 —2.51615 —2.5161 —2.5161 —2.5161 —2.5161550
10 -3.36631 -3.3663 —-3.3663 -3.3663 —3.3663151
50 —7.16471 —7.1647 —7.1647 —7.1647100
100 -10.0664 -10.0776 -10.0776 -10.0664392
500 —-22.3904 —22.3904 —22.3904733
1000 -31.6438 —31.6438 —31.6438511
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Table 7. Comparison between the values of F"(O) for different M at f=5.

M Chiam [5] Hayat et al. [9] Fathizadeh et al. [14] Present work
0 -1.90253 -1.9098 -1.9098 -1.9025302
1 —2.15290 —2.1528 —2.1528 —2.1529005
5 —2.94144 —2.9414 —2.9414 —2.9414400
10 —3.69566 —3.6956 —3.6956 —3.6956600
50 —7.32561 ~7.3256 —7.3256 —7.3256104
100 -10.1816 -10.1816 -10.1816 -10.1816304
500 —22.4425 —22.4425 —22.4425144
1000 —31.6806 -31.6806 —31.6806970
Table 8. Comparison between the values of F”"(0) for different M at f=-1.0 and g=-15.
p=-10 p=-15
M
Chiam [5] Hayat et al. [9] Present work Chiam [5] Hayat et al. [9] Present work
0 0 0 -0.0000010 0.72725 0.7272522
0.1 —0.13215 —0.1321503 0.45107 0.4510704
0.2 -0.24783 -0.2478346 0.23038 0.2303800
0.3 -0.35006 -0.3500590 0.05203 0.0520301
0.4 —0.44140 —0.4414001 —0.09506 —0.0950601
0.5 —0.52395 —0.5239522 —0.21922 —0.2192231
1 -0.85111 -0.8511 —0.8511102 -0.65298 -0.6532 -0.6529817
5 -2.16287 -2.1628 -2.1628674 —2.08524 —2.0852 —2.0852400
10 -3.11003 -3.1100 -3.1100280 -3.05623 -3.0562 -3.0562320
50 —7.0475 —7.0475366 —7.0238 —7.0238680
100 —9.98335 —9.9833 —9.9833469 —9.96665 —9.9666 —9.9666500
500 —22.3532 —22.3532277 —22.3457 —22.3457703
1000 —-31.6175 —31.6175069 -31.6122 -31.6122354

Table 9. Comparison between the values of (—0’(0)) for different values of Pr and n with M =0.0.

Pr=1.0 Pr=5.0
n Cortell Abbas & Hayat  Javed et al. Present work Cortell Abbas & Hayat ~ Javed et al. Present work
[71 (8] [13] [ (8l [13]

0.2 0.610262 0.610217 0.610202 0.6102172 1.607175 1.607925 1.607788 1.6077882
0.5 0595277 0.595201 0.595201 0.5952010 1.586744 1.586833 1.586783 1.5867823
1.5 0.574537 0.574729 0.574730 0.5747321 1.557463 1.557672 1.557696 1.5576960
3 0.564472 0.564661 0.564662 0.5646656 1.542337 1.542145 1.543182 1.5431820
10  0.554960 0.554878 0.554879 0.5548930 1.528573 1.528857 1.528930 1.5289301
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Table 10. Comparison between the values of (—9’(0)) at M =0.0 for different valuesof Pr and n.

Pr=0.71 Pr=7.0
! Vajravelu [6] Present work Vajravelu [6] Present work
1.00 0.4590 0.4590330 1.8953 1.8953002
5.00 0.4394 0.4394328 1.8610 1.8610243
10.00 0.4357 0.4357003 1.8541 1.8541054

Table 11. Numerical values of (-¢'(0)) for different M at g=-1.0 and Pr=0.7.

M -0'(0)

0.0 0.5644206
0.1 0.5454137
0.2 0.5280396
0.3 0.5124372
0.4 0.4983892
0.5 0.4856431
1.0 0.4416029
5.0 0.4039894

4.5. Wall Shear Stress

Table 9 illustrates the numerical values of the surface heat flux (—9’(0)) for different values of the Prandtl
number Pr and nonlinear stretching parameter n with M =0.0. The thickness of thermal boundary layer
becomes thinner when Pr increases and this causes an increase in the gradient of the temperature, so, the sur-
face heat flux (—6”(0)) increases as Pr increases. As seen, the results of the present work are in very good
agreement with other works, Table 9.

Also, from Table 9, it is noticed that, for fixed value of Pr, the surface heat flux —9’(0) decreases as
nonlinear stretching parameter n increases. Also, the value of (—6'(0)) is positive which is consistent with
the fact that the heat flows from the sheet surface to the fluid as longas T, >T, .

Another comparison between the present work with the work of Vajravelu [6] is made, see Table 10.

Table 11 illustrates the numerical values of the surface heat flux (—6’(0)) for different values of the M
with p=-1.0 and Pr=0.7. As seen, the surface heat flux (—9’(0)) decreases as M increases.

5. Conclusion

We have used Lie-group method to obtain the similarity reductions of the MHD boundary-layer equations. By
determining the transformation group under which the given system of partial differential equations and its
boundary conditions are invariant, we obtained the invariants and the symmetries of these equations. In turn, we
used these invariants and symmetries to determine the similarity variables that reduced the number of indepen-
dent variables. The resulting system of ordinary differential equations was solved numerically using shooting
method coupled with Runge-Kutta scheme and the results were plotted. The numerical values of the wall shear
stress (skin friction) and surface heat flux were compared with those obtained by other works and they were
found in a good agreement.

Acknowledgements

The author would like to express his appreciations for the potential reviewers for their valuable comments that



H. S. Hassan

improved the paper and enhanced the results.

References

(1]
[2]
(3]
[4]
[5]
(6]
(7]
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]
[18]
[19]

[20]

[21]

[22]

Pop, S.R., Grosan, T. and Pop, I. (2004) Radiation Effects on the Flow near the Stagnation Point of a Stretching Sheet.
Technische Mechanik, 25, 100-106.

Sakiadis, B.C. (1961) Boundary Layer Behaviour on Continuous Solid Surfaces, Il. The Boundary Layer on a Conti-
nuous Flat Surface. AIChE Journal, 7, 221-225. http://dx.doi.org/10.1002/aic.690070211

Crane, L.J. (1970) Flow past a Stretching Plate. Journal of Applied Mathematics and Physics (ZAMP), 21, 645-647.
http://dx.doi.org/10.1007/BF01587695

Gupta, P.S. and Gupta, A.S. (1977) Heat and Mass Transfer on a Stretching Sheet with Suction or Blowing. Canadian
Journal of Chemical Engineering, 55, 744-746. http://dx.doi.org/10.1002/cjce.5450550619

Chaim, T.C. (1995) Hydromagnetic Flow over a Surface Stretching with a Power-Law Velocity. International Journal
of Engineering Science, 33, 429-435. http://dx.doi.org/10.1016/0020-7225(94)00066-S

Vajravelu, K. (2001) Viscous Flow over a Nonlinearly Stretching Sheet. Applied Mathematics and Computation, 124,
281-288. http://dx.doi.org/10.1016/S0096-3003(00)00062-X

Cortell, R. (2007) Viscous Flow and Heat Transfer over a Nonlinearly Stretching Sheet. Applied Mathematics and
Computation, 184, 864-873. http://dx.doi.org/10.1016/j.amc.2006.06.077

Abbas, Z. and Hayat, T. (2008) Radiation Effects on MHD Flow in a Porous Space. International Journal of Heat and
Mass Transfer, 51, 1024-1033. http://dx.doi.org/10.1016/j.ijheatmasstransfer.2007.05.031

Hayat, T., Hussain, Q. and Javed, T. (2009) The Modified Decomposition Method and Padé Approximants for the
MHD Flow over a Non-Linear Stretching Sheet. Nonlinear Analysis: Real World Applications, 10, 966-973.
http://dx.doi.org/10.1016/j.nonrwa.2007.11.020

Ghotbi, A.R. (2009) Homotopy Analysis Method for Solving the MHD Flow over a Non-Linear Stretching Sheet.
Communications in Nonlinear Science and Numerical Simulation, 14, 2653-2663.

Mehmood, A., Munawar, S. and Ali, A. (2010) Comments to: ‘‘Homotopy Analysis Method for Solving the MHD
Flow over a Non-Linear Stretching Sheet (Commun. Nonlinear Sci. Numer. Simul. 14 (2009) (2653-2663)”. Commu-
nications in Nonlinear Science and Numerical Simulation, 15, 4233-4240.
http://dx.doi.org/10.1016/j.cnsns.2009.12.039

Pavlov, K.B. (1974) Magnetohydrodynamic Flow of an Incompressible Viscous Fluid Caused by Deformation of a
Surface. Magnitnaya Gidrodinamika, 4, 146-147.

Javed, T., Abbas, Z., Sajid, M. and Ali, N. (2011) Heat Transfer Analysis for a Hydromagnetic Viscous Fluid over a
Non-Linear Shrinking Sheet. International Journal of Heat and Mass Transfer, 54, 2034-2042.
http://dx.doi.org/10.1016/].ijheatmasstransfer.2010.12.025

Fathizadah, M., Madani, M., Khan, Y., Faraz, N., Yildirim, A. and Tutkun, S. (2013) An Effective Modification of the
Homotopy Perturbation Method for MHD Viscous Flow over a Stretching Sheet. Journal of King Saud University-
Science, 25, 107-113. http://dx.doi.org/10.1016/j.jksus.2011.08.003

Hill, J.M. (1982) Solution of Differential Equations by Means of One-Parameter Groups. Pitman Publishing Company,
Boston.

Seshadri, R. and Na, T.Y. (1985) Group Invariance in Engineering Boundary Value Problems. Springer-Verlag, New
York. http://dx.doi.org/10.1007/978-1-4612-5102-6

Olver, P.J. (1986) Applications of Lie Groups to Differential Equations. Springer-Verlag, New York.

Ibragimov, N.H. (1999) Elementary Lie Group Analysis and Ordinary Differential Equations. Wiley, New York.
Boutros, Y.Z., Abd-el-Malek, M.B., Badran, N.A. and Hassan, H.S. (2006) Lie-Group Method for Unsteady Flows in a
Semi-Infinite Expanding or Contracting Pipe with Injection or Suction through a Porous Wall. Journal of Computa-
tional and Applied Mathematics, 197, 465-494. http://dx.doi.org/10.1016/j.cam.2005.11.031

Boutros, Y.Z., Abd-el-Malek, M.B., Badran, N.A. and Hassan, H.S. (2007) Lie-Group Method of Solution for Steady

Two-Dimensional Boundary-Layer Stagnation-Point Flow towards a Heated Stretching Sheet Placed in a Porous Me-
dium. Meccanica, 41, 681-691. http://dx.doi.org/10.1007/s11012-006-9014-x

Boutros, Y.Z., Abd-el-Malek, M.B., Badran, N.A. and Hassan, H.S. (2007) Lie-Group Method Solution for Two-Di-
mensional Viscous Flow between Slowly Expanding or Contracting Walls with Weak Permeability. Applied Mathe-
matical Modelling, 31, 1092-1108. http://dx.doi.org/10.1016/j.apm.2006.03.026

Abd-el-Malek, M.B., Badran, N.A. and Hassan, H.S. (2007) Lie-Group Method for Predicting Water Content for Im-
miscible Flow of Two Fluids in a Porous Medium. Applied Mathematical Sciences, 1, 1169-1180.



http://dx.doi.org/10.1002/aic.690070211
http://dx.doi.org/10.1007/BF01587695
http://dx.doi.org/10.1002/cjce.5450550619
http://dx.doi.org/10.1016/0020-7225(94)00066-S
http://dx.doi.org/10.1016/S0096-3003(00)00062-X
http://dx.doi.org/10.1016/j.amc.2006.06.077
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2007.05.031
http://dx.doi.org/10.1016/j.nonrwa.2007.11.020
http://dx.doi.org/10.1016/j.cnsns.2009.12.039
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.12.025
http://dx.doi.org/10.1016/j.jksus.2011.08.003
http://dx.doi.org/10.1007/978-1-4612-5102-6
http://dx.doi.org/10.1016/j.cam.2005.11.031
http://dx.doi.org/10.1007/s11012-006-9014-x
http://dx.doi.org/10.1016/j.apm.2006.03.026

H. S. Hassan

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]
[32]

Abd-el-Malek, M.B. and Hassan, H.S. (2010) Symmetry Analysis for Steady Boundary-Layer Stagnation-Point Flow
of Rivlin-Ericksen Fluid of Second Grade Subject to Suction. Nonlinear Analysis: Modelling and Control, 15, 379-396.

Abd-el-Malek, M.B. and Hassan, H.S. (2010) Solution of Burgers’ Equation with Time-Dependent Kinematic Viscos-
ity via Lie-Group Analysis. Proceedings of the 5th International Workshop “Group Analysis of Differential Equations
& Integrable Systems”, Protaras-Cyprus, 6-10 June 2010, 6-14.

Abd-el-Malek, M.B., Badran, N.A., Hassan, H.S. and Abbas, H.H. (2013) New Solutions for Solving the Problem of
Particle Trajectories in Linear Deep-Water Waves via Lie-Group Method. Applied Mathematics and Computation, 219,
11365-11375. http://dx.doi.org/10.1016/j.amc.2013.05.059

Abd-el-Malek, M.B. and Hassan, H.S. (2014) Lie Group Method for Solving the Problem of Fission Product Behavior
in Nuclear Fuel. Mathematical Methods in the Applied Sciences, 37, 420-427. http://dx.doi.org/10.1002/mma.2802
Hassan, H.S., Mahrous, S.A., Sharara, A. and Hassan, A. (2014) A Study for MHD Boundary Layer Flow of Variable
Viscosity over a Heated Stretching Sheet via Lie-Group Method. Applied Mathematics & Information Sciences, in
Press.

Abd-el-Malek, M.B., Badran, N.A., Hassan, H.S. and Abbas, H.H. (2015) New Solutions for Solving Boussinesq Equ-
ation via Potential Symmetries Method. Applied Mathematics and Computation, 251, 225-232.
http://dx.doi.org/10.1016/j.amc.2014.11.055

Abd-el-Malek, M.B., Badran, N.A., Hassan, H.S. and Abbas, H.H. (2014) Lie Group Method for Studying the Ther-
mophoresis and Heat Generation Effect on Free-Convection Laminar Boundary-Layer Flow over a Vertical Flat Plate.
Submitted for Publication.

Abd-el-Malek, M.B. and Hassan, H.S. (2014) Solution of N-Dimensional Radially Symmetric Non-Linear Diffusion
Equation via Symmetry Analysis. Submitted for Publication.

Jacobson, N. (1979) Lie Algebras. Dover, New York.

WafoSoh, C. (2005) Invariant Solutions of the Unidirectional Flow of an Electrically Charged Power-Law Non-New-
tonian Fluid over a Flat Plate in Presence of a Transverse Magnetic Field. Communications in Nonlinear Science and
Numerical Simulation, 10, 537-548. http://dx.doi.org/10.1016/j.cnsns.2003.12.008



http://dx.doi.org/10.1016/j.amc.2013.05.059
http://dx.doi.org/10.1002/mma.2802
http://dx.doi.org/10.1016/j.amc.2014.11.055
http://dx.doi.org/10.1016/j.cnsns.2003.12.008

Applied Mathematics, 2015, 6, 95-105 00:0 Scientific
Published Online January 2015 in SciRes. http://www.scirp.org/journal/am ":Q’ gﬁzﬁg;ﬁgg
http://dx.doi.org/10.4236/am.2015.61010 ¢

On the Inverse MEG Problem with a 1-D
Current Distribution

George Dassios, Konstantia Satrazemi

Department of Chemical Engineering, University of Patras and ICE/HT-FORTH, Patras, Greece
Email: gdassios@otenet.gr

Received 29 October 2014; revised 20 November 2014; accepted 8 December 2014

Copyright © 2015 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

The inverse problem of magnetoencephalography (MEG) seeks the neuronal current within the
conductive brain that generates a measured magnetic flux in the exterior of the brain-head system.
This problem does not have a unique solution, and in particular, it is not even possible to identify
the support of the current if it extends over a three-dimensional set. However, a localized current
supported on a zero-, one- or two-dimensional set can in principle be identified. In the present
work, we demonstrate an analytic algorithm that is able to recover a one-dimensional distribution
of current from the knowledge of the exterior magnetic flux field. In particular, we consider a
neuronal current that is supported on a small line segment of arbitrary location and orientation in
space, and we reduce the identification of its characteristics to a nonlinear algebraic system. A se-
ries of numerical tests show that this system has a unique real solution. A special case is easily
solved via the use of trivial algebraic operations.

Keywords

Magnetoencephalography, Current Identification

1. Introduction

The brain is a conducting material and therefore, every generated neuronal current is accompanied by an induc-
tion current. Consequently, when we measure the magnetic flux density outside the head we actually measure
the effects of both the neuronal as well as the induction current. This is the main problem with the inverse prob-
lem of magnetoencephalography, the fact that the induction current “hides” somehow the primary neuronal ex-
citation. An excellent review of the electromagnetic activity of the human brain can be found in [1], as well as in
the book by Malmivuo and Plonsey [2].

Exactly a hundred and sixty years ago Helmholtz [3] showed that it is not possible to recover an electric cur-
rent within a conductor from knowledge of the magnetic flux generated outside the conductor. However, a com-
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plete quantitative characterization of what part of the current is possible to be identified was a topic of intense
investigation during the last two decades and the main results can be found in [4]. Fokas proved that, indepen-
dently of the geometry of the conductor, we cannot recover more than one out of the three functions that define
the current, in the case of electroencephalography, and no more than two such functions in the case of magne-
toencephalography. Even in the case that we have complete data from both modalities, still one out of the three
functions is not recoverable. Another related question concerns localized neuronal currents. If the current is re-
stricted to a small subset of the conducting brain tissue, is it possible to identify the characteristics of this current
and especially its extent and its location? Albanese and Monk [5] proved that such localization is not possible.
More precisely they showed that it is impossible to find the support of the current if the current occupies a three-
dimensional subset of the brain. However, if the current is distributed over a surface, which is a two-dimensional
subset, a curve, which is a one-dimension subset, or on isolated points, which form zero-dimensional subsets,
then it is possible to identify it. It is the purpose of the present work to demonstrate that this is true for a one-
dimensional current distribution. In particular, we consider a dipolar current distribution over a small line seg-
ment, and we develop an algorithm that reduces the identification of the position, the length and the orientation
of the line segment, as well as the average dipolar moment of the current, to the solution of a nonlinear algebraic
system. The solution of this system can be handled numerically.

2. The MEG Problem for a Single Dipole

Within the Quasi-Static Theory of Electromagnetism Magnetoencephalography [6]-[8] the magnetic field, gen-
erated by a dipolar current at the point r, having the moment Q, is given by the Geselowitz formula [9]

’

B(r;r)= ﬂOQ =k ﬂoacﬁsu(r’;ro)ﬁ(r’)xi

T =)

ds(r’), req’ (1)

where u is the electric potential on the boundary S of the conducting medium Q representing the brain-head
system. In Formula (1), Q¢ denotes the exterior domain, o is the constant conductivity of the brain tissue,
H, is the magnetic permeability both inside and outside Q and n stands for the outward unit normal on the
boundary S.

When Q is a sphere of radius a we know from the solution of the corresponding electroencephalography
problem that the electric potential on the boundary of the sphere is given by [10] [11]

u(rin) = (@9, )T R (7h) - L@V, ) S B LB (W ). @

n=1 1m=-n

where Y," stands for the normalized complex spherical harmonics

m _ 2n+1( _|m|) |m| |m¢
Y (r)= . —(n+|m|)P (cos9)e 3

and P denotes the Legendre functions of the first kind.

Inserting expression (2) in the Formula (1) and performing the indicated integration we can obtain the mag-
netic field outside the sphere. However, since the magnetic field B in the exterior to the sphere is both sole-
noidal and irrotational it follows that there exists a scalar magnetic potential U , which is also harmonic, such
that [8]

B(r;r,)=vU(r;r,), r>a (4)

Then, a series of calculations lead to the following expression for the magnetic potential [10] [11],

U(r;ro)zyo(ero'Vro)izn:

Y
n=im——n (n+1)(2n+1) Lo

H, 1o ~ A
=ﬁ(ero-Vro)zn%Pn(r-ro).
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The above expression provides the magnetic potential in the exterior of the sphere due to a single current di-
pole {r,,Q}. Therefore, it can be considered as the fundamental solution of the MEG problem for the spherical
geometry [12]. Consequently, any discrete, or continuous, current distribution can be obtained through summa-
tion, or integration, respectively, of the above fundamental solution [13].

3. The Field of a Linearly Distributed Current

We consider here the special case where the neuronal current is supported on a small segment of a smooth curve
which is parametrically centered at the point r, . Let this curve be represented by the equation

r=r(t), te[-LL], r(0)=r, (6)

The neuronal current is then described by the function JP(r(t)), te[-L,L]. Since the support curve is
taken to be small we can approximate the current J° (r(t)) by the linear part of its Taylor expansion, that is

JP(r(t)):Jp(ro)+tdrd—(t0)~[V®JP(ro)]+o(t2) @)

where the symbol &® denotes tensor product.
In particular, if the curve is a small line segment of length 2L, centered at r, and oriented along the direc-
tion @ =(a,a,,a;),thatis

r(ty=r,+ta, te[-L,L] )]
then representation (7) is written as
I7(r(t))~Q+tl ©)

where Q =(Q,,Q,,Q,)=JP(r,) provides an average moment, and |=(l,,1,,I,)=a-V®JP(r,) provides an
average directional derivative of the current along the direction « .

Next we calculate the total potential which is generated by the approximate current (9). We recall that our ul-
timate goal is to invert the MEG data in order to identify the quantities Q, r,, @ and L, which are nine par-
ticular numbers, considering that the direction & has two independent components. Therefore, we should be
able to obtain these nine numbers from a few initial terms of the expansion (5).

Formula (5), for the excitation dipole {r’, J (r’)} , is written as

A IUO p ' ' 1 1 oo 1 2 ~onr 1 13 ] -5
u(rr )_E(J (r)xr )~[?Vr,(r P (F-F ))+§Vr,(r P, (F-F ))+er,(r P,(F-7"))|+0O(r®) (10)

Using the standard expressions of the Legendre polynomials [14] and performing the indicated calculation we
obtain the following relations, which are written in dyadic form [15] in order to isolate the factors that are going
to be integrated

V. (rR(F-f))=F (11)
Vo (r2R(F-7))=(3F ®F —T)-r'=(3f @F - T).(r, +t&), (12)
V(R (FF) =S (sPeFOF-2l@F-Fel):rer .
=§(5F®f®?—2f®?—?®f):(r0+t&)®(r0+t(2). ()

The symbol T denotes the identity dyadic, “:” defines the double contraction [15]
(a®b):(c®d)=(b-c)(a-d) (14)

and similarly the triple contraction is defined as
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(a®b®c)i(d®e® f)=(c-d)(b-e)(a- f) (15)
The exterior potential, given in (10), can be written in its Cartesian form [11] [13] as follows

oo | Hi(r) Ha(r) Hy(r) -

U(r,r)=ﬁ 1r3 + 2r5 + 3r7 +O(r5) (16)
where the coefficients
1 ! ’

Hl(r):Er-(J”(r)xr) 17
H,(r)=r@r:r'®(3°(r’)xr) (18)
H3(r)=§(5r®r®r—r2r®f)fr’@r’@(Jp(r’)xr') (19)

are homogeneous harmonic functions [13].
In what follows we insert the expressions (8) and (9) in (17), (18) and (19) and integrate the resulting equa-
tions with respectto t from —L to L. Performing these calculations we arrive at the expressions

Hl(r):%r-_|'7LL(Q+tI)><(r0 +ta@)dt = Lr«(er0)+%L3r-(l xQ), (20)

Hy () =r®r:[" (1, +16)®(Q+t)x(r, +td)dt

(21)
:%Lr®r:[3r0 ®(Qx1y)+Lr, ®(Ixa)+L'a®(Qxa)+L'a®(Ixr,)],
Hs(r):§(5r®r®r—r2r® f)fj‘i(ro +1a) ® (1, +ta@) ®(Q +tl)x(r, +ta)dt
:2—|‘0(5r®r®r—r2r®f)5[5r0®r0®(3er0+Lzlx&) (22)

5L (1, @G +E®1,)®(Qx & +1x1,)+&®a®(5L'Qxr, +3L'1xd) .

Finally, we replace the above expressions of the harmonic functions H,, H,, H, in the expansion (16) and
obtain the Cartesian representation of the exterior potential U up to the terms of order r~°. That solves the
relative forward MEG problem for a neuronal excitation that is supported on a small line segment.

4. Determination of the Current

The harmonic functions H;, H, and H; are homogeneous polynomials of degrees 1, 2 and 3, respectively, that is
Hy(r) = Ax +AX, + AX, (23)
H, () =Bx +B,X5 + ByX] + By,X, X, + ByyXpX; + By XX, (24)
where, because of harmonicity, we should have the constrain

B,+B,+B,=0 (25)
and

H3 (r) = Clxl3 + CZXS + CBXS + C12X12X2 + C21X22X1 + CZSX§X3 + C32X§X2 + C31X§X1 + C13X12X3 + C123X1X2X3 (26)
together with the constrains

3C,+C, +C,;; =0 (27)
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C,+3C,+C,, =0 (28)
Cy;+Cu+3C, =0 (29)

In the idealized case where the exterior magnetic potential U is known, the expansion (16) is known and
therefore the coefficients A, B and C are also known. Hence, if we rewrite the polynomials H,, H, and
H, in terms of the Cartesian monomials that appear in (23), (24) and (26), then we can utilize their linear in-
dependence to equate each monomial with the corresponding known coefficients A, B or C.

Equations (20) and (23) imply immediately that

A=(A1,A2,A3)=L(er0)+%L3(lx&) (30)
Then, from Equations (30) and (33) we obtain the six relations
B, = % [ (s —atty )+ @ (1% —l¥ep )+ 4 (Qutts —~Quty )]+ 2Lk Qs Q) (31)
B, = % L[ %0z (i, — bt ) + @, (13Xoy =l Xgs ) + @, (Qaery = Qs ) |+ 2Ly (Qu Xy — Qo5 ) (32)
B, :%E [ (e, — Ly )+ (ks — L%y ) + 2 (Qur, ~ Quct )]+ 2L (@t — Q) (33)

2
B, = 3 L [X01 (ISal —la, ) +to (I3X01 — X ) o (Qsal -Qu, )]

2
+§ L |:X02 (Izaa — e, ) ta, (szoa =lsXg, ) tQ, (Qzas -Q, )] (34)

+ 2LX01 (Q3Xo1 _Q1X03)+ 2I-on (szos _stoz )*
2
By = 3 L [on (Ilaz - |2a1)+ a, (leoz - |2X01) T, (Q10‘2 _Qzal)]

2
+3 L[ Xgs (L = bt ) + 5 (X — biXgs ) + 5 (Quy —Quzy ) | (35)
+ 2LX02 (Q1on - szm) + 2LX03 (Q3X01 - Q1X03 ),

2
By = 3 L [Xos (|2a3 -la, ) +a; (szos = 13X, ) T (Qzas -Qu, )]

2
+ 3 L [Xm (haty =l )+ (hxgy =1%o, ) + 0 (Quer, — Q2al):| (36)
+ 2LX03 (szoa - anoz ) + 2LX01 (Q1X02 - szm)-

where it is easily shown that condition (25) holds.
Similarly, from Equations (22) and (26) we obtain

C, :%[BL(Sxél =17 )+ (507 -1) [ (@ —Q3x02)+2—10[5L3 (5%, - 19)+3L° (50 1) | (Its - e, -

1 ~
+E 2 [5X01051 —(I’O ‘a)}(Qza;), —Quat, +1,X03 = 3%, )’

C, = %[3L(5X§z —17 ) +1° (50!22 —1)}((Q3X01 —Q1X03)+2i0|:5|_3 (5X§2 —r? ) +305 (5a22 _1)}“3&1 la)
(38)
+% K |:5X02062 —(r .é)J(Q3a1 —Quaty +I3Xg; =1 Xg3 ).
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C, :%[3L(5x§3 —17)+ L (508 -1) |(Qui, - Qo) + 10 [5L° (5% —17) +3L° (505 ~1) | (ker, ~ L)
(39)
+% L[ 5% — (15 -4) |(Qua, = Qo + 11X, =1%oy ).

for the cubic terms x?, x5 and xJ, respectively. For the cross-terms x’x, and xx; we obtain the expres-
sions

C,= %[3L(5X§1 —17 )+ (50, —1)](Q3X01 Qu%gs) + L [SL3 (5% —15 ) +3L° (50, —1)J(I3oz1 ~lLa,)
+§(3Lx01x02 + Layet, ) (Qu%0s = Qg ) +%(5L3x01x02 +3La,a, ) (lpts — lyet, ) (40)
+g L® (0 Xy + %01 ) Qs — Quy + 1, %05 — 13X, +% L® (50, %, — Ty -8)(Qea, — Quarg + X, =i Xe5),

and

Cp= %[3L(5x§2 1)+ L (502 ~1) |(Qus ~ Qu¥ee) + 10 [5L°(5%¢, 17 ) +3L° (505 -1) | (L ~ Ly, )
+§(3Lx01x02 + Loy, ) (Qa; - lefm)ju%(sﬁxmx02 +3Caa, ) (e, ~has) (41)
+g L (o Xgs + @%g1 ) (Qeat, — Quatg + lyXg, — I1x03)+% L® (5%, — Ty 8)(Quets — Qut, +1,Xg5 — 15Xy ),

Similarly, for the cross-terms x2x, and x,x. we obtain
Cys :%[3L(5x§2 —r2)+ (507 —1)](le02 —Q2x01)+%[5L3 (5%, —17)+3L° (50 —1)](|1o¢2 ~La,)
+ g(BLx02 X + Lo, ) (QsXor = QuXg3 ) + %(5L3x02 Xo +3La,a, ) (L, —he) (42)
+g L (%o + 0 Xo3 ) (Qaaty — Quty + Iy Xy — b X5 ) +% L* (50X, — Ty &) (Qua, — Qe + 1 Xg, — 1%y ),
and

C, = %[3L(5x§3 —i2)+ (502 —1)](Q3x01 —Q1x03)+2—10[5L3 (5%, —12)+3L° (502 —l)](l3al ~la,)
+2(3Lx02x03 + Lsa’zaa)(QIon —QyXy1) +%(5L3x02x03 + 3L5052013)(I10e2 -la,) (43)
+g L (X + %03 ) (Quet, = Quety + 1%, —1,%gy ) +% L® (5a3%gs — Ty -8)(Quety — Quety + 15X, =1, Xg5 ).

while, for the cross-terms xZx, and x,x> we obtain

C., =%[3L(5x§3 —i2)+ L (542 —1)](sz03 QX )+ [5|_3 (5%, -2 )+3L° (502 —1)](|2a3 ~l,a,)
+g(3LX01X03 + Le'oclozs)(le02 Q%o )+ (5L3x01x03 +3L o:las)(lloc2 —l,a,) (44)
+g L (ot Xgs + X0y ) (Quer, — Quety + 1 Xg, —1yXy, ) +§ L® (5at3%g3 — 1y -8) (Quaty — Qe + 1, Xes — 15Xy, ),

and
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Cp = %[3L(5x§1 17 )+ (50 ~1) |(Qu ~ Q%) +2i0[5|_3 (556, - 1) +3L° (501 ~1) | (her, ~L,en)
+g(3LX01X03 +Laa, ) (Qe%os = QaXe2) +%(5L3X01Xo3 +3laay ) (Lo —la,) (45)

5 1 ~
+§ L (a1X03 + aaxm)(Qzas = Qe +1,Xg3 = 13X, ) +E L (50‘1)(01 —f 'a)(Qlaz —Quan + 1%, — |2X01):

Finally for the product term x,X,X, we obtain

5 5
Cis = E(Sonzxos +Laya ) (szos — QX ) +E(3LX01X03 + L30‘1“3)(Q3X01 - leoa)

5 1
+ E(3LX01X02 +Laa, )(Q1on ~ Q%) +E(5L3X02X03 +3La,a ) (Los 1)

+ %(SLaxmx03 +3laa, ) (L —Las) +%(5L3X01X02 +3laa, ) (Ler, =)

(46)
5

+ P L (azxos + 03Xy, )(Qzas = Qaa; + 1, X3 — X, )

5

+ P L (a1Xo3 + a3X01)(Q3a1 — Qo + 3%y — leoa)
5

+ 5 & (aIXOZ + azxm)(Qlaz — Qo + X, — |2X01)-

It is straightforward to verify that the three constrains (27)-(29) are satisfied.

The set of the 16 equations, which are the 20 scalar equations appearing in (30)-(46) minus the four constrains
(25) and (27)-(29), defines a nonlinear system for the determination of the 12 independent variables r,, a, I,
Q and L, three components for each one of the vectors r,, |, Q, two components for the direction vector
a and one for the length L . In fact, we can simplify this system as follows. In view of Equation (30) the three
components of the exterior product Q xr, provide the relations

L2

Q%53 = Qs X, 2%_?“20‘3 —|3a2) (47)
L2

QsXp1 — QX3 = % _?(Iaoﬁ —la, ) (48)
L2

Qi Xp, —Q, %y :%_?(Ilaz _|2a1) (49)

and these relations reduce the Equations (31)-(36) to

2

B, =2Ax, + § L3a1 (szos —lyXg, + Qa5 — Qaaz) (50)
2

B, =2A,X, +§ L3052 (I3X01 — 1 X3 + Qa1 — Qlas) (51)
2

By =2A:X, +§ L3a3 (|1X02 =%, + Qa, _Qzal) (52)

2 2
B, = 2(A1X02 + A2X01)+§ Lsal (I3X01 = Xes + Qs — Qg ) +§ Lgaz (|2X03 —lyXp, + Qa3 — anz) (53)

2 2
By =2 ( Ay Xz + Aoy ) +§ L30‘3 (I3X01 =X + Qe — Qg ) + 3 La, (|1on —l,Xy +Qa, — onﬁ) (54)
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2 2
By = 2(A3X01 + A1Xo3)+§ L3051 (leoz =%y +Qa, _Qzal) +§ Laaa (|2X03 = lyXp, +Q,x _Q30‘2) (55)

Furthermore, utilizing the Equations (50)-(52) we arrive at the relations

X X a (24
2(£_£j(alA2_azA1):Blz -—2B -—B, (56)
o, 2] 2
Z[E_EJ(%A?_%AZ):st_ﬂB3_&BZ (57)
o, a a; @,
X, X,
2(£_£J(0‘3A1—a1A3): 31_&83_&81 (58)
a, a, !

which allow rewriting Equations (37)-(46) as follows

5 2
_ ﬁ(k}xmal _ ro .é)+L(5a12 —1)('20(3 — |3a2)+%{|__(5a12 —l)—<5xgl + r02>+ Zﬁ(ro . é\.)j| (59)
(o4 15 * ’ "

C

3B o L 3A,| L2 X -
C, :ﬁ(SxOZa2 -, ~a)+E(50z22 ~1)(lye, - I1a3)+TA{?(5a§ ~1) (5%, + r02)+2aij(r0 -a)} (60)

3B N 3A[ 12 X .
c, 24_3(5)(03“3 r 'a)+E(5a32 -1)(Le, - |2a1)+TA{?(5a§ 1) (53, + r02)+2f(r0 ~a)} (61)
3 3

C, =2A1(3x01x02 + L2a1a2)+%A2 [3(5x§l - r02)+ L2 (50(12 _1)}+%(B1 —2A Xy ) (e Xop + %o,
1

(62)
3 o2 1
o (B, —2A Xy, ) (50X, — T -a)+§ LCaye, (1, - I3a2)+E L° (50{12 —1)(I3051 -las),
2
5 2 1 2 2 2 2 15
Ca=2A, (3XgyXo + L a1a2)+zpﬁ [3(5x02 ~12)+L* (503 —1)} +E(B2 —2A%, ) (1 Xy + %oy )
3 2 1 2 ©3)
+4—(Bl —2AXy, ) (5%, Ty -8)+ = Ly, (Lo, — by )+ —L° (50:22 —1)(|2a3 ~La,),
a 3 15
5 2 1 2 2 2 2 15
Ca=7 A (3%g%s + L a2a3)+ZA3 [3(5x02 —i2)+ (503 —1)]+E(B2 — 2%, ) (@ Xos + XaXep )
3 2 1 2 ®4)
+4—(B3 —2A %3 ) (5%, — Ty -8) + = Ly (Lo — bty ) +—L° (5(122 —1)(|1oc2 -lLa,),
a 3 15
5 2 1 2 2 2 2 15
Cop =2 A (3%gXs + L a2a3)+ZA2 [3(5x03 —i2)+ L (504 —1)} JFE(B3 — 2 A% ) (@ Xgs + %o, )
3 2 1 3 )
+4—0£2(B2 —2A,Xg, ) (BtgXgs — Ty -é)+§ La,a,(he, - |2a1)+E L° (5a32 —l)(|305l -lay),
5 2 1 2 2 2 2 15
Co=2 A (3%gys + L 011043)+ZA1[3(5X03 —i2)+ (5 —1)}5(83 — 2 A% ) (@ Xos + XsXer )
3
(66)

3 o2 1
+ (B, —2A X ) (5% — T, ~a)+§L5ala3(lla2 —I2a1)+EL5 (505 ~1) (s e, ),

o
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C :2/3& (o¥en + L2a1a3)+%A3 [3(5%, - 1)+ L (52 _1)}:_5(51 —2A% ) (s + %oy )

3 2 ]0.[1 (67)
+4—( B, —2AXgs ) (5 Xo, — 1y -8) + = Layary (Lay — Ly, ) +— L (50512 —1)(|loc2 -lLa).
a, 3 15
and
5 2 5 2 5 2 2 5
Cian =3 A (3% X3 + L 052043)+E Ay (3% Xgs + L ala3)+5 Ay (3% X, + L a1a2)+§ Laya, (1o~ la,)
2 2 15
+§ Laya, (L, — |1a3)+§ Paa, (Ler, — ) +E( B, — 2A Xy, ) (@ X5 + 3%, ) (68)
1
15 15
+4_(Bz _2A2X02)(0‘1X03 +0‘3X01)+_(Ba - 2A3X03)(0‘1X02 +0‘2)(01)-
a, da,

Because of the constrains (27)-(29), only 7 out of the 10 equations (59)-(68) are independent. Then, the re-
duced set of these 7 independent equations, plus the 6 equations (47)-(49) and (53)-(55) provides a nonlinear
system for the determination of the unknown quantities r,, 4, Q, | and L. However, since some of these
quantities enter the system through the components of exterior products, it follows that the above quantities
cannot be completely specified. For example, from Equations (47)-(49) it follows that it is not possible to iden-
tify the three components of Q from the exterior product of Q with the position vector r,, since the com-
ponent of Q that is parallel to r, gives a vanishing term. Hence, this component of Q forms a “silent”
source [8]. The solution of this system can easily be obtained with the use of classical computational methods.

To illustrate the inversion algorithm we consider the following special case.

Special Case. Let us assume that we have the a-priori information that the line segment is oriented along the
x, -axis and that its middle pointis r, =(0,0,r,). This choice leads to

A =LQ,x (69)
A=-ZL, (10)
3 3 2
CleZrO(L —ZLroj (71)
1 1 3
C, =0 (v +3Lr02)—zl3 (L3r02 +o sz (72)
3 3 1
C,=Q (Z Lr} —L3roj+l3 (g L —ZL%OZJ (73)
1 2 3
Coy =5 Qh, (12Lr -110°) (74)
Inserting the expression of in the equations for C, and C,, we obtain the following 2x2 system for
the determination of L* and r}
4AL° -3Ar? =4C, (75)
-11AL* +12A17 = 4C,, (76)

which immediately gives the values of L and r,

L=2 /—4%3 ;&Cﬂ (77)
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=2 % (78)
15A

Then from (69) we obtain

A
=1 79
Q, v, (79)
and from (70) we obtain
3 sA
L, =—SA| —2— 80
2 8A3[4CI+C3J (80)

Finally, from (72) and (73) we obtaina 2x2 system for the unknowns Q, and I, from which we obtain

(12L* -517)C, +(3L° +517)C,

Ql 5L3r03 ( )
(4L -3r7)C, +(L* +317)Cy,
|3 = 5.2 (82)
Lr

with L and r, given by (77) and (78), respectively. Note that the only constants that remain unspecified are
I, and Q,, butthe constant 1, is not needed, and the constant Q, can not be determined since the component
Q,X, is parallel to the position vector r,, and therefore their exterior product vanishes.
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Abstract

In this paper an attempt has been made to study the unsteady incompressible flow of a genera-
lized Oldroyd-B fluid between two oscillating parallel plates in presence of a transverse magnetic
field. An exact solution for the velocity field has been obtained by means of Laplace and finite
Fourier sine transformations in series form in terms of Mittage-Leffler function. The dependence
of the velocity field on fractional as well as material parameters has been illustrated graphically.
The velocity fields for the classical Newtonian, generalized Maxwell, generalized second grade and
ordinary Oldroyd-B fluids are recovered as limiting cases of the flow considered for the genera-
lized Oldroyd-B fluid.

Keywords

Oldroyd-B Fluid, Exact Solution, Mittage-Lefller Function, Fractional Derivative, Transverse
Magnetic Field

1. Introduction

The magneto hydrodynamic flow problem between two parallel plates has shown immense attention during the
last several decades. The study has significant applications in the field of hydrodynamical machines and appara-
tus, magnetic storage devices, computer storage devices, lubrication, crystal growth processes, radial diffusers,
MHD pumps, MHD power generators, purification of crude oil, petroleum industries etc. Bandelli et al. [1] dis-
cussed start-up flows of second grade fluids in domains with one finite dimension. Fetecau et al. [2] investigated
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exact solutions for the flow of a generalized Oldroyd-B fluid induced by a constantly accelerating plate between
two side walls perpendicular to the plate. Hayat et al. [3] made homotopy analysis of MHD boundary layer flow
of an upper-convected Maxwell fluid. Jamil and Khan [4] studied slip effects on fractional viscoelastic fluids.
Shen et al. [5] studied the Rayleigh-Stokes problem for a heated generalized second grade fluid with fractional
derivative model. Vieru et al. [6] discussed the flow of a generalized Oldroyd-B fluid due to a constantly acce-
lerating plate. Wenchang et al. [7] investigated unsteady flows of a viscoelastic fluid with the fractional Max-
well model between two parallel plates. Vieru et al. [8] studied the unsteady flow of a generalized Oldroyd-B
fluid due to an infinite plate subject to a time-dependent shear stress.

In the present paper we consider the flow of a generalized Oldroyd-B fluid between two oscillating infinite
parallel plates in presence of transverse magnetic field. We have formulated the expression for the velocity field
for the said flow in terms of Mittage-Leffler function. In the constitutive equation of the fluid model, the time
derivative of integral order has been replaced by Riemann-Liouville fractional calculus operator. The exact solu-
tion for the velocity field is obtained by using the method of integral transformations and the dependence of the
said field on the material as well as fractional calculus parameters is illustrated graphically.

2. Mathematical Formulation and Basic Equation

Let us consider an incompressible generalized Oldroyd-B fluid bounded by two infinite parallel plates as shown
in Figure 1. The plates are initially at rest and at t — 0" the plates start to oscillate in its plane with the veloc-
ity Vcos(et) and Vcos(w,t) where V is the fluid velocity. Due to the shear, the fluid is moved gradually.
We have taken Cartesian coordinate system. x- and y-coordinates are taken along and perpendicular to the pa-
rallel plates respectively. Accordingly, the initial condition is given by u(y,O):O, 0<y<1 and the boun-
dary conditions are given by u(0,t)=Vcos(at), u(d,t)=Vcos(wt).

We take the velocity and stress of the form

V=u(y,t)i, S=S(yt) @)

where u (y,t) is the velocity component in the x-direction.
The constitutive relationship for the fluid associated with the present problem is given by,

(e 700)s, =i ifor) 20 o

In the relation (2), D and D/ are Caputo operators defined by

1 -
DPg(t)= t—7 pg'(z' dr, 0<p<l1 (3)
9= sy [0 9 )
y
Bo X
£y
z
upper plate oscillates
I_ _ . - ___—____-_,__d_ﬂd_'yzd
- d_OIdroyd:B_h‘_ T T T oo
- fluid - |- - --=-_-_ .
- - —.\L T - -7 - lower plate 6scillates
[ ] y:O

Figure 1. Geometry of the problem.
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According to our problem,

S =95, =5,,=S

XX vy 2z Xz yz

=§5,=0, §, =S

Xy yx

We consider a generalized Oldroyd-B fluid between two infinite parallel disks in presence of an imposed
magnetic field B, that acts in the direction of the positive y-axis. Then in the presence of the body force

oBZu, the momentum equation is given by

pﬁ—u = ESXy ~oBlu
ot oy

where “ o ” is constant and “ p ” is the density of the fluid.
Eliminating S, between the Equations (2) and (4) we have the governing equation

(1+1“D1“)%m:v(l+ﬂthﬁ)%—M (1+2°D7 Ju(y.1)

. . L . BZ
where v =% is the kinematic viscosity and M = %0
P p

Introducing the non-dimensional quantities,

a 2
A:ﬂ:ﬂvfﬂ(izj ) V:ﬁa M*:Md_
d P v

we get the governing equation in non-dimensional quantities as

2

(1+27D¢ )w =(1+ sz(”)%— M (1+4°Df Ju(y.t)
(Omitting the dimensionless mark “*”)
subject to initial condition u(y,0)=0
and the boundary conditions u(0,t) =cos(at), for t>0
u(Lt)=cos(w,t) for t>0

Taking finite Fourier sine transformation we get from Equation (6)

(1+2°Df )%u (nt)=(1+2/D/ )Egyi;sin (nmy)dy—M (1+2°D¢ U, (n,t)

where U (n,t)= Eu(y,t)sin(nny)dy is the finite Fourier sine transformation of u(y,t).

Using the boundary conditions (8) the Equation (9) can be rewritten as

(1427 Dt“)%us (nt) = (1+ 2702 )| (1) cos(3t) + 005 (ent)} ~(nm)°U, ()]

—M (1+ 2D )U, (n,t)

Taking Laplace transformation and using U, (n, O) =0 we get from the above equation

(4)

®)

(6)

Y]

@)

)

(10)
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- il NP 1+ A7 p’
U,(n,p)=(-1 ' .
(np)=(=1) p?+w? (p+M)(1+/1“p“)+(nn)2(1+/1fpﬁ)

L fmp 1+27p”
p*+a (p+M)(1+47p*)+(nr) (1+ 4/ p’)
Al | (1) +1]
_(p+M )(1+/1" p")+(nn)2 (1+/1f p/’)

Now in order to avoid the lengthy procedure of residues and contour integrals, we rewrite the Equation (11)
into series form as

(11)

~ (_1)n+1 0 w© (_1)k miske (K1) mewek ey gampgandd oy gepe
Us(n, p):—— 1_2 2(k+1) 11 M™ wl Ak - kel
o p+, | i%o(nm) mizo  MI! nwzo M iW2 A (/L "+ pﬁ)

1 p - 1 k mal=k+1 k+1 1 m+w=k k1 ﬂarﬁ pan1+l 1+ A pa
. 1- Z ( 2()k+1) ( 1 |) M z Iwi B(k+1) _ k+1 (12)
o (nm) mizo ML S lwl ) (27 +p”)

1)k ml=k K1 m+w=k k! ﬂak pa(k+1)—m

- [(_1)“1"_1}% )(Z_klr/)’(kﬂ) Z i

k+1
nw k:O(nTE s mil! =0 n1!w!(ﬂr—ﬁ " pﬂ) -

Now we have an important Laplace transformation of the nth order derivative of Mittage-Leffler function
E,.(z) givenby

a-
.[ e pttan+/1 1E!(Zn ( )dt _ n! p — (13)
(p*+a)
where
dr . (j+n)tz’
EM (z)=—E =y 14
w (2) dz" «:(2) ZJ:O jiM(aj+an+1) (14)
Taking Laplace Inverse transformation we get from the Equation (12)
(_1)n+1 ( 1)n+1 - (_1)k m+|:k+l(k+l)! mr11+W:k 1 lafh
U (nt)=—— M
s (n ) e COS(a)z ) nm ZO( ) (k+1) A mt! nito nl!W! ﬁrﬂ(kﬂ)
XL:COS(% (t_T))|:Tﬁ(k+l)_an1_l_1E§}k,,)B—an1—l (_/Ir—ﬂrﬂ)JrTﬁ(m) a(my+1)-1- E(ﬂk)ﬂ et ( /1 . )Jdr
12 (_1)k m+|:k+1(k +1)| mn1+w:k 1 /1"”‘1
il )—— M A
+ - COS(CU1 ) nm g(nn)z(kﬁ) Lo mil! ni,ZW;O nl!W! /lrﬂ(kJrl) (15)
XI; Cos(a)1 (t —r))[Tﬂ(kﬂ)*anrlflE(;L_am_, (—xlr'ﬂrﬂ)+/larﬁ(k+l) o+ lEg()ﬂ a1t (—ﬂr_ﬂrﬁ )]dr
ﬂﬁ el © (_1)k ml=k || mn1+w:k 1 ke B(kD)-a(k 1) rm-1 = (K) ~
—(-1 1 M —— pmip —APtF
nr |:( ) + j|§(n7[)2k ﬂf(k+1) m%o mt! m%;o nl!W! N a(k+1)+m( T )

Taking inverse finite Fourier sine transformation we get the velocity profile from the Equation (18) as
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— k m+l=k+1 (k 1)1 m+w=k an

m

u(y,t)=ycos(m,t)+(1-y)cos(et)+ Zg%sin(nny)i (1

(K k
k:O( ) W mi w20 n1!W!/1rﬁ( &

floos{on ([P ) (e

o (<2 ) |de

L i N (_1)k (k) p_p
) 2 St (457 Jo

= (1) mEet (k) 1 AT

—ZZ—sm(nny)z "

2(k+1 k+1
n= 1n7[ 0(n7'C) ( +) m,1>0 m||| n,w>0 nl!W! /1rﬂ( +)

% J‘; cos(a)l (t- T))[Tﬁ<k+1)—an144 E%ﬂnﬂ (_ﬂr—ﬁrﬁ ) 4 )0 Plkt)a(me)-ia E;k,)ﬁ—a(nlﬂ)—l (_/lr—ﬂrﬂ )] dr

nm

_ 22,1f [(_1)”” + 1}%

< (_1)k mase k! mn1+w:k 1 aky B(k+1)-a(k+1)+m-1 (k) B+
Xé(nnfk AP0 m% m!I!M nl,%‘;o nllw!;t t B “<k+“m( A )
(16)
3. Limiting Cases
Case-1 If « > 0.0, A — 0.0 then the equation of motion is given by
2
(1+/1a)a”(y’t)=a u(y't)—M(l+/1“)u(y,t) (17)

ot oy?
subject to the initial and boundary conditions given by the Equations (7) and (8) respectively.
The Equation (17) represents the governing equation of a classical Newtonian fluid and the corresponding
velocity field is given by

u = ycos(m,t)+(1-y)cos(emt)

0 _1k m+l=k+1 (k +1)1 s+i=k+1(k +1
25 iy 55T e S e (o)

_ZZ_Sm(nny)i (-1) m+l:k+1MMls+. 1 (K +1)!

e ER) (—wlt?).
n=1 N1 k:O( ) (k+1) m,1>0 m!l! ) slil 21- m( ! )

Case-Il If g=0.0, 4 — 0.0 then the equation is given by
au(yt) ou(y.t)
ot oyl
subject to the initial and boundary conditions given by the Equations (7) and (8).

The Equation (19) represents the governing equation of a generalized Maxwell fluid and the corresponding
velocity field is given by

(1+4°Dy) —M (1+2°Df Ju(y.t) (19)

u = ycos(m,t)+(1-y)cos(mt)
o (_1)" m+|:k+1(k+l)!M sti= k+1(k+1)

+22( )Sm(n y)é(nn)Z(kH) mzlz:O m!l! a0 Stil

ﬂ,ast (as+m) Egl) e ( w22t2) (20)

(_1)k miizket (k +1)!M|s+| k1 (k +1)!
o(n )k+l miso  M!! oo stil

ﬂ“ast (as+m)E£1) as— m( a)lztz)

- 22 sm(nny)g

“nn
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Case-1l1 If a=0.0, 24— 0.0 then the equation of motion is given by
au(y,t o%u(y,t
QO (14 ar0) 220D gy, (21)
ot oy

subject to the initial and boundary conditions given by the Equations (7) and (8) respectively.
The Equation (21) is the governing equation for a generalized second grade fluid and the velocity field is
given by
u = ycos(a,t)+(1-y)cos(at)
© (_1)k m+|:k+l(k +1) M™

+Zg%sin(nny)z

J. cos(aw, (t—7))z Alertprmk-2 E(ﬂk’)ﬂw%1 (—Iﬂrﬂ)dr

T

k:o(nn)z(kﬂ) mizo M /lﬂ (k+1)
© _ )k m+l=k+1 (k 41 M™ ek - (22)
_22—‘1 Esm(nny)g( () A m, 120 (mlll) gﬂ (k+1) J.COS wl(t T)) premy ZE(ﬂkv)ﬁ*m*kfl(_l' ﬂrﬂ)dr
k
_ B n+1 (nTEy) Z (_1) mil sk Mm B(k+1)+m-k-1= (k) Y
22’1 [( Y } nm g( ) 2P0 %Om!l!t Epgenn (~470).
Case-IVIf ¢ —>1.0, 4, — 0.0 then the equation of motion is given by
2
(1 /1(1 jau(yt) U(Z’t)—M[]ﬁﬂang(y,t) (23)
ot ot oy ot

subject to the initial and boundary conditions given by the Equations (7) and (8) respectively.
The Equation (23) represents the governing equation of an ordinary Oldroyd-B fluid and the corresponding
velocity field is given by

u = ycos(m,t)+(1-y)cos(et)

“ (_1)n . - (_1)k m“:k*l(k-l‘l)! m|+w:k+l(k+1)!
+2nz:;_n7t sm(nny)z( ) w2 i M ) STVE

At E£?1)+m—k—l (_a’gtz) (27)

k

(_ )k m+|:k+1(k +1)! " ml+w:k+l(k +1)!

algm—k-I| (0) 2.2
) 2ks1) m,1>0 m!l! ' w0 | w! A"t E2,1+m—k_|< a)zt )

nln

—ZZ—sm(nny)i(

4. Conclusions and Numerical Results

In this paper we have presented the flow of a generalized Oldroyd-B fluid between two oscillating infinite pa-
rallel plates. The velocity field has been determined by means of Laplace and finite Fourier sine transformations
in series form in terms of Mittage-Leffler function. The dependence of the velocity field on the fractional calcu-
lus parameters and material parameters has been illustrated graphically. The solutions for the four limiting cases
have been discussed from the solution of the flow problems of a generalized Oldroyd-B fluid.

In Figure 2 the velocity is depicted against the distance from the lower plate for different values of the frac-
tional calculus parameter « . As «a increases, the fluid velocity increases and there are points of local mini-
mum and local maximum in the velocity curves which are oscillatory in nature. Negative velocity can be ob-
served near the upper plate for values of a near zero in Figure 2. The velocity is depicted against the distance
from the lower plate for different values of fractional calculus parameter g in Figure 3. As g increases, the
fluid velocity decreases, which is opposite to the case in Figure 2 and the points of local minimum and maxi-
mum can be observed in the velocity curves. The flow patterns are oscillatory in nature. In Figure 4 the velocity
is plotted against the distance from the lower plate for different values of the parameter M. As the parameter M
takes increasing values, the fluid velocity increases and the velocity curves are oscillatory in nature. The velocity
profile is plotted against the distance from the lower plate for different values of the frequency of oscillation @,
of the lower plate in Figure 5. It is evident from the figure that the fluid velocity decreases for higher values of
the parameter ;. The initial points of the velocity curves near the lower plate are different in domain of spatial

()
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0.2 0.4 0.6 0.8 1
Y
Figure 2. The velocity profile is depicted against the distance from the lower plate for different values of the fractional cal-
culus parameter @ . =12, @,=15, M =10, A=6, 4 =3, =08, t=n/4, a=01 , =02
, =03

Figure 3. The velocity profile is depicted against the distance from the lower plate for different values of the fractional cal-
culus parameter . @ =12, w,=15, M =10, A=6, 2 =3, a=02, t=n/4, =06 , B=07

, =08 .
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08

Figure 4. The velocity is depicted against the distance from the lower plate for different values of parameter M . @, =1.2,

0,=15, 2=6, 4 =3, =02, =08, t=n/4, M =10 ,

M =11

M =12

0.8

0.2 0.4
Y

0.6

0.8

Figure 5. The velocity is depicted against the distance from the lower plate for different values of the parameter .

w,=15, M =10, 1=6, 4 =3, a=02, =08, t=n/4, @ =12

(=)

, »,=18
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0.8 T T T T

Figure 6. The velocity profile is depicted against the distance from the lower plate for different values of the parameter w,.
=12, M=10, A=6, A =3, =02, =08, t=n/4, ®,=15 , ©,=18 , @,=21

1

0.2 0.4 0.6 0.8 1
Y

Figure 7. The velocity profile is depicted against the distance from the lower plate for different values of the fractional cal-
culus parameter « and for equal values of @, and w@,, @, =w,=12, M =10, 2=6, 4 =3, =08, t=n/4,

a=0.1 , a=0.2 , =03



D. Bose, U. Basu

variable Y for different values of frequency of oscillation @, of the lower plate. There is negative velocity in
Figure 5 near the lower plate for values for higher frequency of oscillation of the lower plate. In Figure 6 as the
frequency of the oscillation @, of the upper plate changes, the terminal points of the velocity curves near the
upper plate differ. The fluid velocity decreases with the increase of the frequency of oscillation @, of the upper
plate near that one. It can be noticed that there are points of local minimum and maximum for velocity curves
for all the three cases. Negative velocity can be observed near the upper plate in Figure 6 for higher values of
the frequency of oscillation of the upper plate. In Figure 7 the velocity profile is depicted against the distance
from the lower plate for different values of the parameter « in which the frequencies of oscillations of the
plates are equal i.e. @, =,. The fluid velocity increases with increasing values of « and the velocity curves
are oscillatory in nature. It can be noticed that for equal frequency of oscillations of the two plates, the heights of
the initial and terminal points on the velocity curve in the domain of spatial variable are equal.
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Abstract

In this paper we introduce the concept of neutrosophic soft expert set (NSES). We also define its
basic operations, namely complement, union, intersection, AND and OR, and study some of their
properties. We give examples for these concepts. We give an application of this concept in a deci-
sion-making problem.

Keywords

Soft Expert Set, Neutrosophic Soft Set, Neutrosophic Soft Expert Set

1. Introduction

In some real-life problems in expert system, belief system, information fusion and so on, we must consider the
truth-membership as well as the falsity-membership for proper description of an object in uncertain, ambiguous
environment. Intuitionistic fuzzy sets were introduced by Atanassov [1]. After Atanassov’s work, Smarandache
[2] [3] introduced the concept of neutrosophic set which is a mathematical tool for handling problems involving
imprecise, indeterminacy and inconsistent data. In 1999, Molodtsov [4] initiated a novel concept of soft set
theory as a new mathematical tool for dealing with uncertainties. After Molodtsov’s work, some different opera-
tions and applications of soft sets were studied by Chen et al. [5] and Maji et al. [6]. Later, Maji [7] firstly pro-
posed neutrosophic soft sets with operations. Alkhazaleh et al. generalized the concept of fuzzy soft expert sets
which include that possibility of each element in the universe is attached with the parameterization of fuzzy sets
while defining a fuzzy soft expert set [8]. Alkhazaleh et al. [9] generalized the concept of parameterized interval-
valued fuzzy soft sets, where the mapping in which the approximate function are defined from fuzzy parameters
set, and they gave an application of this concept in decision making. In the other study, Alkhazaleh and Salleh
[10] introduced the concept soft expert sets where user can know the opinion of all expert sets. Alkhazaleh and
Salleh [11] generalized the concept of a soft expert set to fuzzy soft expert set, which is a more effective and
useful. They also defined its basic operations, namely complement, union, intersection, AND and OR, and gave
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an application of this concept in decision-making problem. They also studied a mapping on fuzzy soft expert
classes and its properties. Our objective is to introduce the concept of neutrosophic soft expert set. In Section 1,
we introduce from intuitionistic fuzzy sets to soft expert sets. In Section 2, preliminaries are given. In Section 3,
we also define the concept of neutrosophic soft expert set and its basic operations, namely complement, union,
intersection AND and OR. In Section 4, we give an application of this concept in a decision-making problem. In
Section 5 conclusions are given.

2. Preliminaries

In this section we recall some related definitions.

2.1. Definition: [3] Let U be a space of points (objects), with a generic element in U denoted by u. A neutro-
sophic set (N-sets) A in U is characterized by a truth-membership function T,, a indeterminacy-membership
function 1, and a falsity-membership function Fa. T,(u); I,(u) and F,(u) are real standard or nonstan-
dard subsets of [0,1]. It can be written as

A={(u,(Ta (u), 15 (u), Fu (u))):u €U, T, (u), 14 (u), Fa(u) € [0,1]}
There is no restriction on the sumof T, (u); 1,(u) and F,(u),so
0 <supT, (u)+supl, (u)+supF, (u)<3.

2.2. Definition: [7] Let U be an initial universe set and E be a set of parameters. Consider AcC E . Let
P(U) denotes the set of all neutrosophic sets of U. The collection (F,A) is termed to be the soft neutrosoph-
ic set over U, where F is a mapping givenby F:A—P(U).

2.3. Definition: [6] A neutrosophic set A is contained in another neutrosophic set Bi.e. Ac B if Vxe X,
To(X)<Tg(x), 14a(X)<1g(x), Fa(x)2Fg(x).

Let U be a universe, E a set of parameters, and X a soft experts (agents). Let O be a set of opinion,
Z=ExXx0O and AcZ.

2.4. Definition: [9] A pair (F, A) is called a soft expert set over U, where F is mapping givenby F:A— P(U)
where P(U) denotes the power set of U.

2.5. Definition: [11] A pair (F, A) is called a fuzzy soft expert set over U, where F is mapping given by
F:A— 1Y where 1Y denotes the set of all fuzzy subsets of U.

2.6. Definition: [11] For two fuzzy soft expert sets (F,A) and (G,B) over U, (F,A) is called a fuzzy
soft expert subset of (G,B) if

1) BC A

2) VeeA, F(g) isfuzzy subsetof G(e).

This relationship is denoted by (F,A)<(G,B). In this case (G,B) is called a fuzzy soft expert superset of

F,A).
( 2.7.)Definition: [11] Two fuzzy soft expert sets (F,A) and (G,B) over U are said to be equal.

If (F,A) isafuzzy soft expert subset of (G,B) and (G,B) isa fuzzy soft expert subset of (F,A).

2.8. Definition: [11] An agree-fuzzy soft expert set (F,A) over U is a fuzzy soft expert subset of (F,A)
defined as follow

(F,A)lz{Fl(a):ae ExXx{l}}.

2.9. Definition: [11] A disagree-fuzzy soft expert set (F,A) over U is a fuzzy soft expert subset of (F,A)
defined as follow

(F,A)O={F0(a):aeExX><{O}}.

2.10. Definition: [11] Complement of a fuzzy soft expert set. The complement of a fuzzy soft expert set
(F,A) denoted by (F,A)" and is defined as (F,A)C :(FC,*A) where F¢="A— 1Y is mapping given
by

Fé(a)= C(F(a)) Vae A

()
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where c¢ isa fuzzy complement.
2.11. Definition: [11] The intersection of fuzzy soft expert sets (F,A) and (G,B) over U, denoted by
(F,A)A(G,B), is the fuzzy soft expert set (H,C) where C=AUB and VeeC,

(¢), if cc A-B
H(e)=1G(e), if ceB-A
t(F(£).G(¢)), if e ANB
where t is a t-norm.

2.12. Definition: [11] The intersection of fuzzy soft expert sets (F,A) and (G,B) over U, denoted by
(F,A)O(G,B), is the fuzzy soft expert set (H,C) where C=AUB and VeeC,

F(e), if e A-B
( ) G(a), if ceB-A
(

(F 8) (g)), if ecANB
where s is an s-norm.

2.13. Definition: [11] If (F,A) and (G,B) are two fuzzy soft expert sets over U then “(F,A) AND
(G,B)” denoted by (F,A)A(G,B) is defined by

(F,A)A(G,B)=(H,AxB)

such that H(a,8)=t(F(«),G(B)), V(a B)eAxB wheretisat-norm.
2.14. Definition: [11] If (F,A) and (G,B) are two fuzzy soft expert sets over U then “(F,A) OR (G,B)”
denoted by (F,A)v(G,B) is defined by

(F.A)v(G,B)=(H,AxB)
suchthat H(a,f8)=s(F(a).G(B)), V(a f)ecAxB wheresisans-norm.
Using the concept of neutrosophic set now we introduce the concept of neutrosophic soft expert set.
3. Neutrosophic Soft Expert Set

In this section, we introduce the definition of a neutrosophic soft expert set and give basic properties of this
concept.

Let U be a universe, E a set of parameters, X a set of experts (agents), and O = {1 =agree,0 = disagree} a set
of opinions. Let Z=ExXx0 and AcZ.

3.1. Definition: A pair (F, A) is called a neutrosophic soft expert set over U, where F is mapping given by

F:A>P(U)

where P(U) denotes the power neutrosophic set of U. For definition we consider an example.
3.1. Example: Suppose the following U is the set of car under consideration E is the set of parameters. Each
parameter is a neutrosophic word or sentence involving neutrosophic words.

U ={u,u,, U}
E = {easy to use; quality} = {e e, }

={p.a.r}
be a set of experts. Suppose that
F (e, p.1)={(u;,0.3,0.5,0.7),(u;,0.5,0.6,0.3)}

F(e,0,1)={(u,,0.8,0.2,0.3),(u;,0.9,0.5,0.7)}
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F(e.r1)={(u,,0.4,0.7,0.6)}
={(u;,0.4,0.2,0.3),(u,,0.7,0.1,0.3)}

u 030402

()

2:0.1) = {{us
(v,

)
u,,0.3,0.4,0.9)}
)

D

, N1 =

e,0,0)={(1,0.6,0.3,0.5)}
) ={(u,,0.7,0.6,0.4),(u,,0.9,0.5,0.7)}

e,, p,0) ={(u;,0.7,0.9,0.6)}

(
(
(
(
F (e, p.0)={(u,,05,0.2,0.3)}
(
(
(
(
(

e,,0,0) ={(u;,0.7,0.3,0.6),(u,,0.6,0.2,0.5)}
)=

e,,r,0)={(u;,06,0.2,0.5),(u;,0.7,0.2,0.8)}

The neutrosophic soft expert set (F,Z) is a parameterized family {F (e).,i=1, 2,3,~--} of all neutrosophic
sets of U and describes a collection of approximation of an object.
3.1. Definition: Let (F, A) and (G, B) be two neutrosophic soft expert sets over the common universe U.
(F,A) issaidto be neutrosophic soft expert subset of (G,B),if AcB and T (x)<Tg (X),
L) (X) S lgie (%) Fegey (X) 2 Fgy (x) Vee A, xeU. We denote it by (F, A)c(G,B).
;:,A) is sald to be neutrosophlc soft expert superset of (G,B) if (G,B) is a neutrosophic soft expert
subset of (F,A).We denote by (F,A)3(G,B).

3.2 Example: Suppose that a company produced new types of its products and wishes to take the opinion of
some experts about concerning these products. Let U = {ul,uz,u3} be a set of product, E={e,e,} a set of
deC|S|on parameters where e( =1 2) denotes the decision “easy to use”, “quality” respectively and let

={p.a,r} be asetof experts. Suppose

A={(e, P.1).(&,. P.0).(&1,0.2). (&, 0). (&, 1. 1)}

B={(e. P.1).(e;, P.0).(&,,0.1)]

Clearly B& A. Let (F,A) and (G,B) be defined as follows:

{[(el,pl (u,,0.3,05,0.7),(u,,0.5,0.2,0.3) ][ (e,, p,0).(u,,0.2,0.4,0.7) ],
[(e,9.1).(u,,0.6,0.3,0.5),(u,,0.6,0.2,0.3) ],[ (e,,r,0),(u;,0.2,0.7,0.3) ],
[(e,,1.1),(u,,0.3,04,0.9),(u;,0.7,0.2,08) |},
)={[(e., p.1),(1;,0.3,0.5,0.7),(u,,0.5,02,0.3) ][ (e,, p,0),(u,,0.2,0.4,0.7) ],
[(e,0,1),(4,,0.6,0.3,0.5),(u,,0.6,0.2,0.3)}.
Therefore

(F.A)3(G,B).

3.3. Definition: Equality of two neutrosophic soft expert sets. Two (NSES), (F,A) and (G,B) over the
common universe U are said to be equal if (F,A) is neutrosophic soft expert subset of (G,B) and (G,B) is
neutrosophic soft expert subset of (F, A) .We denote it by
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(F.A)=(G.B).

3.4. Definition: NOT set of set parameters. Let E ={e,,e,,---,e,} be a set of parameters. The NOT set of E
isdenoted by TE={""e, 'e,,---, 'e,} where e, = not e, Vi.

3.3. Example: Consider 3.2.example. Here " E = {not easy to use, not quality}.

3.5. Definition: Complement of a neutrosophic soft expert set. The complement of a neutrosophic soft expert
set (F,A) denoted by (F,A)" and is defined as (F,A)" :(Fc,_'A) where F°="A—P(U) is map-

ping given by F° (x)=neutrosophic soft expert complement with TFC(X) =Fepy IFC(X) =le FFC(X) =Ter-

3.4. Example: Consider the 3.1 Example. Then (F,Z)c describes the “not easy to use of the car” we have
(F.2) ={("e, p.1).[(u,,0.3,0.2,05)][ (e, q.1),(u;,05,0.3,0.6)],

[(Te.r.1).(u,,0.4,0.6,0.7),(u,,0.7,0.5,0.9)],

I

I

e, p.1),(u;,0.6,0.9,0.7) ],

e,,0,1),(u;,0.6,0.3,0.7),(u,,0.5,0.2,0.6) |,

a.1)
e,r1)

(u;,05,0.2,0.6),(u5,0.8,0.2,0.7) ],

1

,p,0),{u,,0.7,0.5,0.3),(u,,0.3,0.6,0.5) ],

1

&
€,,0,0),(u,,03,0.2,0.8),(u,,0.9,0.5,0.7) ],
&

1

r,0),(u,;,0.6,0.7,0.4) |,

]
]

[(Te,.1,0),(u,,0.9,04,0.3) }.

e,,p,0),(4,0.3,0.2,0.4),(u,,0.3,0.1,0.7) ],
e,,0,0),(u;,0.2,0.4,0.3) ],

(
(
.
.
(
(
.
.
(
.

3.6. Definition: Empty or null neutrosophic soft expert set with respect to parameter. A neutrosophic soft ex-
pert set (H , A) over the universe U is termed to be empty or null neutrosophic soft expert set with respect to
the parameter A if

(m) 0, F, (m) 0, |H(e)(m)=o, vVmeU, VeeA.
In this case the null neutrosophic soft expert set (NNSES) is denoted by @, .
A

3.5. Example: Let U ={u,,u,,u,} the set of three cars be considered as universal set E ={good} ={e,} be
the set of parameters that characterizes the car and let X = { p, q} be a set of experts.

= (NNSES)

={[(e,. p.1),(1;,0,0,0),(u,,0,0,0) ], [(e;,,2),(1,0,0,0),(u,,0,0,0) ], [ (&, .0),(u3,0,0,0) ],

[(€,9,0),(u;,0,0,0) ]}

Here the (NNSES) (H,A) is the null neutrosophic soft expert sets.
3.7. Definition: An agree-neutrosophic soft expert set (F, A)1 over U is a neutrosophic soft expert subset of
(F,A) defined as follow

(F,A)1 :{Fl(m):me ExXx{l}}.

3.6. Example: Consider 3.1. Example. Then the agree-neutrosophic soft expert set (F, A)1 over U is
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(F,A), ={[(e, p.1),(4,,0.3,05,0.7) (u;,05,0.6,0.3) ][ (&,,0,1) (u,,0.8,0.2,0.3),(u5,0.9,05,0.7) ],
[(e.1.1),(4,,0.4,0.7,0.6) ][ (e, p.1).(1;,0.4,0.2,0.3),(u,,0.7,0.1,0.3) ],
[(8,,0.1),(u3,03,04,0.2) ],[(e,,1.1),(u,,0.3,0.4,09) }.

3.8. Definition: A disagree-neutrosophic soft expert set (F, A)0 over U is a neutrosophic soft expert subset
of (F,A) defined as follow

(F.A), ={Fo(m):me Ex X x{O}} .
3.7. Example: Consider 3.1. Example. Then the disagree-neutrosophic soft expert set (F, A)O over U is
(F.A), ={[(e: p.0).(u,,05,0.2,0.3)],[ (€,4,0),(1;,06,0.3,05) ],
[(€,.1,0),(u,,0.7,0.6,0.4),(u;,0.9,0.5,0.7)],[ (e,, p,0),(u;,0.7,0.9,0.6) |,

[(e,,0,0),(u;,0.7,0.3,056),(u,,06,0.2,0.5) ], (e,,r,0),(u;,06,0.2,0.5),(u;,0.7,0.2,0.8) ]}.

3.9. Definition: Union of two neutrosophic soft expert sets.
Let (H,A) and (G,B) be two NSESs over the common universe U. Then the union of (H,A) and (G,B)

is denoted by “(H,A)J(G,B) ™ and is defined by (H, A)J(G,B)=(K,C), where C=AUB and the truth-
membership, indeterminacy-membership and falsity-membership of (K,C) are as follows:

TH(e) (m)
TH(e)(m): TG(e)(

max(TH(e)(m),TG(e)(m)), if ee ANB.

if e A-B,
if eeB-A,

2

IH(e)(m)! if ee A-B,
IK(e)(m): IG(e)(m), if eeB-A,
(IH(e)(m)’IG(e)(m)) i ec ANB.
2
FH(e)(m)l if ee A-B,
FH(e)(m)= FG(e)(m)l if eeB-A,

min(FH(e) (M), Fee) (m)) if ee ANB.
3.8. Example: Let (H,A) and (G,B) be two NSESs over the common universe U
(H.A)={[(e, p.2),(1;,0.3,05,0.7),(u5,0.5,0.6,0.2) ], (e;,,1).(;,06,0.3,05),(u,,0.8,0.2,0.3) }
(G.B)={(e,, p.1).(u;,0.4,0.6,0.2),(u,,0.7,0.5,0.8)}.

Therefore (H,A)J(G,B)=(K,C)

(K.C)={[(es, p.1),(1,,0.4,055,0.2),(u,,0.7,0.5,0.8),(u;,0.5,0.6,0.2) ],

[(e,9.1),(1;,06,0.3,0.5),(u,,08,02,0.3) }.

(=)
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3.10. Definition: Intersection of two neutrosophic soft expert sets. Let (H,A) and (G,B) be two NSESs over
the common universe U. Then the intersection of (H,A) and (G,B) is denoted by “(H,A)~A(G,B)” and is
defined by (H,A)A(G,B)=(K,C), where C=AnB and the truth-membership, indeterminacy-membership
and falsity-membership of (K,C) are as follows:

Toe (m)= min(TH(e)(m),TG(e)(m)),

Fie (M) = max(FH(e) (M), Fee) (m)) if ee ANB.
3.9. Example: Let (H,A) and (G,B) be two NSESs over the common universe U
(H,A)={[ (e, p.1),(4,0.3,05,0.7),(u;,0.5,0.6,0.2) ], [ (e,,0,1) ,(1;,0.6,0.3,0.5),(u,,0.8,02,03) |},
(G.B)={(e,, p.1).(u;,0.4,0.6,0.2),(u,,0.7,0.5,0.8)}.
Therefore (H,A)A(G,B)=(K,C)
C)={(e. p.1),(u,,0.3,055,0.7)} .

(K,
3.1. Proposition: If (H,A) and (G,B) are neutrosophic soft expert sets over U. Then
H A) (G B) (G B)Q( ,A)
(G B)=(G,B)A(H,A)

Proof: 1) We want to prove that (H,A)J(G,B)=(G,B)J(H,A) by using 3.9 definition and we consider
the case when if e e AnB as the other cases are trivial, then we have

(H,A)Q(G,B)={<umax( o (M) To, ()), (m);' ot (™ )mln( o (M), Fe (m))>:u6u}

:{<u,max(TG(e)(m),TH(e)(m)), IG(e)(m); IH(E)(m),min( Fo (M), F (e)(m))>:u eu}

=(G,B)O(H, A).

The proof of the propositions 2) to 5) are obvious.
3.2. Proposition: If (H,A), (G B) and (K, D) are three neutrosophic soft expert sets over U. Then

D) ((H,A)9(6,B))S(M,D)=(H,A)I((6,B)S(M,D))

2) ((H,A)A(G,B))A(M,D) )A((G, .D))

Proof: 1) We want to prove that (( )Q( )) (M D)=(H,A)J((G,B)I(M,D)) by using 3.9 de-
finition and we consider the case when |f e e AN B as the other cases are trivial, then we have

(H,A)0(G,B)= {<u max(TH(e) (M), Tee) (m)) lute (m);r st (m),min(FH(e) (m),Fee) (m))> ‘U eu}

We also consider her the case when € e D as the other cases are trivial, then we have

(=)
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=(H,A)O((G,B)I(M,D)).

2) The proof is straightforward.
3.3. Proposition: If (H,A), (G,B) and (M,D) are three neutrosophic soft expert sets over U. Then

1) ((H,A)O(G,B))A(M,D)=((H,A)A(M,D))I((G,B)~(M,D))

2) ((H,A)A(G,B))I(M,D)=((H,A)O(M,D))A((G,B)(M, D))

Proof: We use the same method as in the previous proof.

3.11. Definition: AND operation on two neutrosophic soft expert sets. Let (H,A) and (G,B) be two NSESs
over the common universe U. Then “AND” operation on them is denoted by “(H, A)A(G,B)” and is defined

by (H,A)A(G,B)=(K,AxB) where the truth-membership, indeterminacy-membership and falsity-member-
ship of (K,AxB) are as follows:

LI (m) =min (TH(a) (m)’TG(ﬂ) (m))

FH(M)(m)zmax(FH(a)(m),FG(ﬂ)(m)), if Vae A VBeB.

3.10. Example: Let (H,A) and (G,B) be two NSESs over the common universe U. Then (H,A) and
(G,B) isafollows:

(H,A)={[(e;, p.1).(4,0.3,05,0.7),(u;,0.5,0.6,0.2) ], [ (e,0,1) ,(1;,0.6,0.3,05),(u,,08,02,03) |},
(G.B)={(e, p.1).(u;,0.4,0.6,0.2),(u,,0.7,0.5,0.8)}.
Therefore (H,A)A(G,B)=(K,AxB)
(K,AxB)={[(e, p.1). (e, p.1)(4;,0.3,0.55,0.7),(u,,0.7,05,0.8),(u;,05,0.6,0.2) |,
[(e,9.1), (e, p.1)(u;,04,0.45,05),(u,,0.7,0.35,0.8) |},
3.12. Definition: OR operation on two neutrosophic soft expert sets. Let (H,A) and (G,B) be two

NSESs over the common universe U. Then “OR” operation on them is denoted by “(H, A)¥(G,B)” and is de-
fined by (H,A)¥(G,B)=(0,AxB) where the truth-membership, indeterminacy-membership and falsi-

ty-membership of (O,AxB) are as follows:
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Iqmm(m): = 5
FO(a,/})(m) mln( (m) G(ﬂ( )), if YaeA VBeB.

3.11. Example: Let (H,A) and (G,B) be two NSESs over the common universe U. Then (H,A) OR
(G,B) isafollows:

(H.A)={[(e;, p.1),(1;,0.3,0.5,0.7),(u;,05,06,0.2) ], [ (&,,0,1),(1;,0.6,0.3,0.5)(u,,0.8,02,03) ]},
(G.B)={(e. p.1).(u;,0.4,0.6,0.2),(u,,0.7,0.5,0.8)}.
Therefore (H,A)V(G,B)=(0,AxB)
(0,AxB)={[(e, p.1).(e, p.1)(u;,0.4,0.55,0.2),(u,,0.8,0.2,0.3),(u;,0.5,0.6,0.2) |,
[(e.9.1), (e, p.2)(u;,06,0.45,0.2),(u,,0.8,0.35,0.2),(u;,05,06,0.2) .

3.4. Proposition: If (H,A) and (G,B)

1) ((H,A)R(G,B)) =(H,A) ¥ (G,B)
G,B)
) 1y

are neutrosophic soft expert sets over U. Then

2) ((H,A)%(G.B)) =(H,A) A(

Proof: 1) Let (H,A)_{< ( | ( ),FH(X)(m)>:UeU} and

(6.8) = {{uTegs) (M), g (M), Fey (m)) u e U

be two NSESs over the common universe U . Also let (H,A)A(G,B)=(K,AxB), where

(K, Ax B)={<u,min(TH(a)(m),TG(ﬁ)(m)), " 5 ° ,max(FH(a)(m),FG(ﬂ)(m))>:ueu}

Therefore

((H,A)X(G,B)) =(K,AxB)’
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Hence the result is proved.

3.5. Proposition If (H,A), (G,B) and (M,D) are three neutrosophic soft expert sets over U. Then
1) ((H.A)9(G.8))%(M,D)=(H,A)%((C.B)7(M,D))

2) ((H ) B))A(M,D)=(H,A)X((G,B)A(M,D))

5 (H.4)2(0.5))A(M.5)—((H.&)2(M.0)) (5. 8) (. 0)

4) ((H,A)A(G,B))v(M,D)=((H,A)7(M,D))A((G,B)¥(M,D))

Proof: We use the same method as in the previous proof.

4. An Application of Neutrosophic Soft Expert Set

In this section, we present an application of neutrosophic soft expert set theory in a decision-making problem.
The problem we consider is as below:
Suppose that a hospital to buy abed. Seven alternatives are as follows:

U ={u;,U,,Us, Uy, Us, Ug, Uy },

suppose there are five parameters E ={ee,,e, e, e} where the parameters e (i=12,34,5) stand for
“medical bed”, “soft bed”, “orthopedic bed”, “moving bed”, “air bed”, respectively. Let X = {p g, r} be a set
of experts. Suppose:

(F,Z)={(( e, p.1), {u;, U, Ug }), (8, 0,1), Uy, U, Uy, U, }),

(e,1,1),{Us, Uy, Ug, Us Uy ), (8, 1), {U5, Us, Ug U ),

(e,,0,1), {uy, g, U, Ug }) (8 1,2), {Uy, U5, Uy, Us }),

(&5, P.1),{Uy, Uy, Ug, U, ), ((es,q 1), {ul,uz,u4,u5,u7}),
(&,1,1),{u;,u,, Uy, Uy, Ug, U, )(e4,p1 ), {Uy Uy, Us, Ug ),
(e4,0,1), {U,,Ug, Uy, Ug, Uy } ), (( 4,721, Uy, Uy, U, Us, Ug ),
(€, 1), {U;,Us, U, Us, Ug, Uy } ). (85,01, {Us, Uy Us ),
(&, 1.1),{uy, U, U,,U, 1), (e, 9,0, {Uy, Uy, Ug, U ),
(€1,0,0). {u;. U5, Ug ). (8,7, 0). {us, Ug ),

(&2, p,0),{uy, U, u }),((ez,q,O),{uz,us,u7}),

(€5:7,0),{Uz g Uy } ), (85, P 0). {Us, Uy Us ). ((85,0,0) {us, Ug }),
(€5,7.0).{us}).((8s. P.0). {us. Uy, ur }),

(e,,9,0),{u,us}), (e, 7,0, {u,,ur 1), (850 P.0), {u, }),
(e5,9,0), {ul,uz,ua,u7}),((e5,r,O),{uZ,u5,u6})}.

In Table 1 and Table 2 we present the agree-neutrosophic soft expert set and disagree-neutrosophic soft ex-
pert set, respectively, such that if u; € F; (&) then u; =1 otherwise u; =0,andif u; eF (&) then u; =1
otherwise u; =0 where u; are the entries in Table 1 and Table 2.

The following algorithm may be followed by the hospital wants to buy a bed.

1) input the neutrosophic soft expert set (F,Z),

2) find an agree-neutrosophic soft expert set and a disagree-soft expert set,

3) find c; :Ziuij for agree-neutrosophic soft expert set,
4) find k; = ziuij for disagree-neutrosophic soft expert set,
5) find s; =c; —Kk;

6) find m, for WhiCJh Sy, = Maxs;.

(=)
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Table 1. Agree-neutrosophic soft expert set.

(e.p)

(e..p)
(e:p)
(e p)
(e:p)

(e.0)
(e,.0)
(e..a)
(e.9)
(CR)

(eur)

(&)

(e,r)

Cy

w

c, =11 c,=10

c,=7

¢ =12

Table 2. Disagree-neutrosophic soft expert set.

(e, p)

(e.p)
(e.p)
(e p)
(e.p)
(e.0)
(e,.q)
(€..a)
(€.q)
(e..a)

(eur)

(e.1)

(e1)

(enr)
(&.1)

k = Zu”.

k=3
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Table 3. S; =C; —kj .

c, :Zu“ K, :Zu“ s,=¢, -k,
c, =12 k=3 s,=9
c,=7 k, = s,=-1
c, =11 k,=4 s, =7
c,=10 k,=5 s, =5
c, =7 k,=7 s, =0
¢, =9 k,=6 s, =3
c,=9 k, =6 s =3

Then s, is the optimal choice object. If m has more than one value, then any one of them could be chosen
by hospital using its option. Now we use this algorithm to find the best choices for to get to the hospital bed.
From Table 1 and Table 2 we have Table 3.

Then maxs; =, , so the hospital will select the bed u; . In any case if they do not want to choose u, due to
some reasons they second choice will be u,.

5. Conclusion

In this paper, we have introduced the concept of neutrosophic soft expert set which is more effective and useful
and studied some of its properties. Also the basic operations on neutrosophic soft expert set namely complement,
union, intersection, AND and OR have been defined. Finally, we have presented an application of NSES in a
decision-making problem.
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Abstract

A ghostbursting model is a mathematical model (a system of coupled nonlinear ordinary differen-
tial equations) that is based on the Hodgkin-Huxley formalism. The ghostbursting model describes
bursting similar to the in vitro bursting of electrosensory neurons of weakly electric fish. Doiron
and coworkers have focused on two system parameters of the model: maximal conductance of the

dendritic potassium current (gDr'GI ) and the current injected into the somatic compartment ( I )

They performed bifurcation analysis and revealed that the (gDrld, IS)-parameter space was di-

vided into three dynamical states: quiescence, periodic tonic spiking, and bursting. The present
study focused on a third system parameter: the time constant of dendritic potassium current inac-

tivation (rpd ) A computer simulation of the model revealed how the dynamical states of the

(gDr'd N ) -parameter space changed in response to variations of 7.

Keywords

Mathematical Model, Bifurcation, Ghostbursting, Time Constant

1. Introduction

Hodgkin and Huxley [1] proposed a mathematical model that is composed of a system of four-coupled nonlinear
ordinary differential equations (page 518 in [1]) and that describes the action potential regeneration of the squid
giant axon and the biophysical mechanisms underlying the action potential generation. Various types of mathe-
matical models describing the electrical excitability of neurons and endocrine cells have been developed on the
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basis of the concepts proposed by Hodgkin and Huxley [1], and analyses of these models, including the RPeD1
neuron model in [2], various bursting models in Chapter 5 of [3], and pituitary lactotroph bursting model in [4],
are important research areas in the field of applied mathematics. The concepts proposed by Hodgkin and Huxley
[1] are also important in the fields of theoretical physics [5] and mathematical physics [6]. The Hodgkin-Huxley
model is also used in drug-disease modeling (see Chapter 5.2.2 in [7]).

A ghostbursting model [8], which is a mathematical model based on the concepts proposed by Hodgkin and
Huxley [1], describes a system of six-coupled nonlinear ordinary differential equations [see Equations (1) to (6)
in Section 2]. This model exhibits bursting similar to that observed in in vitro recordings of pyramidal cells in
the electrosensory lateral line lobe (ELL) of the weakly electric fish Apteronotus leptorhynchus. This model
consists of two compartments: the somatic compartment [see Equations (1) and (2) in Section 2] and the den-
dritic compartment [see Equations (3) to (6) in Section 2]. Doiron et al. have focused on two system parameters
of the model: maximal conductance of the delayed-rectifying potassium current in the dendritic compartment
(9pra) [see Equation (3)] and the current injected into the somatic compartment (1) [see Equation (1)].
They performed (gDr,d , Is)—parameter bifurcation analysis of the model (see Figure 6 in [8]). This figure indi-
cates that the organizing center of the (gD,Vd , IS)—parameter bifurcation diagram is a codimension-two bifurca-
tion point and that unfolding the codimension-two bifurcation point yields two types of bifurcation manifolds: a
curve for a saddle-node bifurcation of fixed points (SNFP curve) and a curve for a saddle-node bifurcation of
limit cycles (SNLC curve). The SNFP and SNLC curves divide the (gD,Vd : Is)—parameter space into three dy-
namical states: quiescence, periodic tonic spiking, and bursting. When crossing the SNFP curve with an increase
in I, under a condition in which g, , is fixed to a certain value smaller than the g, , value at the codi-
mension-two bifurcation point, the dynamical state changes from quiescence to bursting. When crossing the
SNFP curve with an increase in I, under a condition in which g, ; is fixed to a certain value larger than the
Oprq Value at the codimension-two bifurcation point, the dynamical state changes from quiescence to periodic
tonic spiking. The periodic tonic spiking further changes into bursting when the SNLC curve is crossed with an
increase in 1 . In addition, various bursting patterns are shown in Figure 13 in [8] and Figure 3 in [9].

Vo et al. have indicated that it is important to investigate the kinetic properties of ionic conductance for un-
derstanding the dynamics of pituitary cell models [10]. In other words, variations in the time constant values of
ionic conductance can change the dynamical states of the cell model (Figure 4 in [10]). Doiron et al. have also
suggested that the appropriate setting of the time constant value in dendritic potassium current inactivation is
important for bursting dynamics (see the last paragraph of Section 3.3 in [8]). However, how variations in the
time constant values affect the (gD,Vd , IS)—parameter space was not revealed in their study. Therefore, to con-
tribute to an in-depth understanding of the kinetic properties of dendritic potassium current inactivation, in the
present study, we performed numerical analysis and clarified the influence of time constant variations on the
(9ora. 15 ) -parameter space.

2. Materials and Methods

The ghostbursting model [Equations (1)-(6)] contains the following six state variables: the somatic membrane
potential [V, (mV)], activating variable of the somatic delayed-rectifying potassium current (n,), dendritic
membrane potential” [V, (mV) ], inactivating variable of the dendritic sodium current (h, ), activating variable
of the dendritic delayed-rectifying potassium current (nUI ) and inactivating variable of the dendritic delayed-
rectifying potassium current (pd ) . The time evolution of these variables is described with the following equa-
tions:

av, 1 ’
C _SZIS_gNavS(M—VMMJ (1_ns)(vs_ENa)_gDr,snsz(Vs_EK)_gL(Vs_EL)_%(Vs _Vd) 1)

" dt

dn, 1 1

dt _T_(Hew—vw—nj )
av, . i gc

. [“ew—v)/k] hy (Vo = Ena) = 9or.aNé Py (Vo —Ex ) =90 (Vy —E ) -(VaVs) @)
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dh, 1 1
E_a[l_,_ @ (Va~Vha )/kng _hdj “)
dn, 1 1
T_E(He(vd ~Vng )/kna _ndJ ®)

o, 1( 1

T — _— 6
dt 7o 1+e7(vd —Vpd)/kpd Py (6)

where the definitions and values of the above-mentioned parameters are listed in Table 1. Equation (1) indicates
that the time evolution of the somatic membrane potential (Vs) is regulated by the fast inward sodium current

Table 1. Values of the parameters in Equations (1)-(6) from [8].

Parameter

Value
1
5.6 -6.6
55
20
5
11.2-14.0
0.18
1

0.9
42,5.0,58

Unit
pF/cm?
mA/cm?
mS/cm?
mS/cm?
mS/cm?
mS/cm?

mS/cm?

mS/cm?

mV
mV
mV

mV
mV
mV

mVv
mVv
mVv
mVv
mVv
mVv
mVv
mVv
mV
ms
ms
ms

ms

Definition
Membrane capacitance
Current injected into somatic compartment
Maximal conductance of the somatic sodium current
Maximal conductance of the somatic potassium current
Maximal conductance of the dendritic sodium current
Maximal conductance of the dendritic potassium current
Leak conductance
Coupling coefficient
Ratio of the somatic-to-total surface area
Reversal potential for the sodium ion
Reversal potential for the potassium ion
Reversal potential of the leak current

Voltage at the midpoint of the steady-state function of the somatic
sodium current activating variable

Slope factor of the steady-state function of the somatic sodium current activating variable

Voltage at the midpoint of the steady-state function of the dendritic
sodium current activating variable

Slope factor of the steady-state function of the dendritic sodium current activating variable
Voltage at the midpoint of the steady-state function of n,
Slope factor of the steady-state function of n

Voltage at the midpoint of the steady-state function of hy
Slope factor of the steady-state function of hy

Voltage at the midpoint of the steady-state function of ny
Slope factor of the steady-state function of nq

Voltage at the midpoint of the steady-state function of py
Slope factor of the steady-state function of pq

Time constant of ns

Time constant of hy

Time constant of ng

Time constant of py
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(the 2" term), outward delayed-rectifying potassium current (the 3 term), leak current (the 4" term), and elec-
trotonic diffusive current between the somatic and dendritic compartments (the 5 term). Similarly, Equation (3)
indicates that the time evolution of the dendritic membrane potential (Vd) is regulated by the fast inward so-
dium current (the 1% term), outward delayed-rectifying potassium current (the 2™ term), leak current (the 3"
term), and electrotonic diffusive current between the somatic and dendritic compartments (the 4™ term). Equa-
tions (2), (4), (5), and (6) indicate that the activating or inactivating variables approach the steady-state function
1
ety
For detailed explanations of the model, see [8].

The free and open source software Scilab (http://www.scilab.org/) was used to numerically solve equations
(1)-(6) under the following initial conditions: V,=-70 mV, n,=0.00005, V, =-70mV , h, =0.973,
ny =0.002, and p, =0.697 . The response of the model to various (g, 4, Is) values was investigated under
different values of 7, . The total simulation time was 1.2 s, and the constant depolarizing current pulse (IS)
was injected between 0.1 s and 1.1 s. Otherwise, the injected current was zero.

(x=s,d.y=ns, hd,nd, pd.) atarate that depends on the time constant z, (y =ns, hd, nd, pd.).

3. Results
3.1. Reproduction of Previous Results

The ghostbursting model can show the three dynamical states: quiescence (Figure 1(a)), periodic tonic spik-
ing (Figure l(b)) and bursting (Figure 1(c)). The present study shows that the regions of these dynamical states
in the (gDr " ) -parameter space change in response to 7, Vvariations (Figure 2). The results at low 7,
are shown in Figure 2(a), those at intermediate 7, are shown in Figure 2(b), and those at high rpd are
shown in Figure 2(c). First, in the present study, we performed a simulation of the model with (g, . ) va-
riable values set at z,, =5.0 ms (Figure 2(b)), which was the same condition as that used in Figure 6 in [8].
Atalow I, value (5 6 nA/cm?), the dynamical state of the model was that of quiescence, irrespective of the
Oor g value (x in Figure 2(b)). An example of the time course of the somatic membrane potential during the
quiescent state is shown in Figure 1(a). At high I, values (>5.8 pwA/cm?), the dynamical state was that of pe-
riodic tonic spiking (o in Figure 2(b)) or bursting (e in Figure 2(b)). In other words, when the g, , value
was small (<12.0 mS/cm?), the dynamical state was that of bursting. In contrast, when the g, , value was
large (>12.2 mS/cm?), the dynamical state was that of periodic tonic spiking at smaller | values and that of
bursting at larger 1, values, and the |, threshold between periodic tonic spiking and burstlng increased as the
Oprg Value was increased. Examples of the time courses of the somatic membrane potential during periodic
tonic spiking and bursting are shown in Figure 1(b) and Figure 1(c), respectively. When the above-mentioned
results were compared with previous findings (Figure 6 in [8]), the present numerical analysis could reproduce
the previous results.

Based on the previous results (Figure 6 in [8]), SNFP was thought to occur at certain |
and e in Figure 2(b). In addition, SNFP was thought to occur at certain I, values between x and o in Figure
2(b). SNLC was thought to occur at certain |, values between o and e in Figure 2(b). Codimension-two bi-
furcation was thought to occur at a certain (gDrvd , Is) value that is surrounded by x, o, and e in Figure 2(b).

, Values between x

3.2. Effects of Changesin 7,; onthe (gDrvd g ) -Parameter Space

The simulation results under conditions in which the z,, value was decreased and increased are shown in
Figure 2(a) and Figure 2(c), respectively. At a low I value (5.6 pA/cm?), the dynamical state was that of
quiescence, irrespective of the g, 4 value (x in Figure 2(a) or Figure 2(c)), which is the same as that shown
in Figure 2(b). The 1, threshold between quiescence and bursting, which is the boundary between x and e in
Figure 2(a) and Figure 2(c), is the same as that shown in Figure 2(b). The I, threshold between quiescence
and periodic tonic spiking, which is the boundary between x and o in Figure 2(a) and Figure 2(c), is also the
same as that shown in Figure 2(b). These results suggested that changes in the 7, values did not affect SNFP.

At high I, values (>5.8 pAlcm?), patterns similar to Figure 2(b) were observed. In other words, when the
Oprg Vvalue was small (<12.8 mS/cm? in Figure 2(a) and <11.6 mS/cm? in Figure 2(c)), the dynamical state
was that of burstmg only (e in Figure 2(a) and Figure 2(c)). In contrast, when the g, , value was large
(>13.0 mS/cm? in Figure 2(a) and >11.8 mS/cm’ in Figure 2(c)), the dynamical state was that of periodic tonic

)
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Figure 1. Examples of the time courses of the simulated somatic membrane
potential (V,) at different g, , and I values at r,, =5.0 ms. (a) Quiescent

state  at  (Qp41,)=(12.6,5.6) ; (b) Periodic tonic spiking state at
(Dora» ;) =(13.6,6.2) ; (c) Bursting state at (g, . 1,)=(11.8,6.2).

spiking (o in Figure 2(a) and Figure 2(c)) at smaller I, values and that of bursting at larger 1, values. The
I, threshold between periodic tonic spiking and bursting increased as the g, , Vvalue increased, as illustrated
in Figure 2(a) and Figure 2(c). However, the 1, threshold between periodic tonic spiking and bursting dif-
fered among Figure 2(a), Figure 2(b), and Figure 2(c). In other words, an increase in the 7, value with fixed
Upr ¢ Values increased the | threshold between periodic tonic spiking and bursting. These results suggested
that changes in the 7, values had a great impact on SNLC and changes in the 7, values had no influence
onthe I value of the codimension-two bifurcation point but had a great impact on the g, , value of the co-

S

dimension-two bifurcation point.

4. Discussion

In the field of dynamical systems, it is important to investigate the dependence of the solutions of ordinary dif-
ferential equations on system parameters. The present study illustrates the dependence of the qualitative nature
of the solutions of ordinary differential equations on the following system parameters: g, ,, I, and 7,4.1n
the ghost bursting model, there were three qualitatively different dynamical states: quiescence, spiking, and
bursting. In particular, the present results revealed how the dynamical states of the two-dimensional (gD,vd , IS)—
parameter space changed in response to variations in the third parameter 7, . These results are important in
that they imply a relationship between z,, and bifurcation manifolds in the (gDrd, S) -parameter space. In
other words, these findings suggested that an increase in the 7, value did not shift the SNFP curve in the
(gDr & S) -parameter space but rather shifted the SNLC curve upward. A very interesting finding in the present

()
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X :quiescence, O: spiking, @: bursting
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Figure 2. The effects of variations in the 7, value on the dynamical states in the two-dimensional

(gD,,d ; Is) -parameter space (a) 7,, =4.2ms; (b) 7, =5.0ms; (c) 7, =58 ms. The symbols are x:

quiescence, ©: periodic tonic spiking, and e: bursting.

study, which was not reported in the previous study [8], is that there was a nonlinear relationship between 7,
and the area of the bursting state. In other words, although the amount of 7, decrease was the same (=0.8 ms)
between the changes from Figure 2(c) to Figure 2(b) and the changes from Figure 2(b) to Figure 2(a), the
amount of increase in the area of the bursting state in the latter case was much larger than that in the former
case.

Other examples that illustrate how the dynamical states of two-dimensional parameter space change in re-
sponse to variations in the third parameter are (1) a model of CA1 pyramidal neuron spiking dynamics (Figure
12 in [11]) and (2) a compartmental model of Cheyne-Stokes respiration (Figure 5 in [12]). In analysis of the
CAL1 model, Bianchi et al. have focused on the following three parameters: the injected current (Iinj ) half-ac-
tivation voltage of the transient sodium current (V,,.,r |, and half-activation voltage of the delay-rectifier
potassium current (Vm(mKDR) . Their findings revealed that the dynamical states of the two-dimensional
(Vw(mNaT), l;,; ) -parameter space hardly changed in response to variations in Vl/2 MKDR) while the dynamical
states of the two-dimensional {Vy, cor): lin ) -parameter space drastically changed in response to variations in
Vl/z(mNaT). In analysis of the Cheyne-Stokes respiration model, Atamanyk and Langford focused on the following
three parameters: the partial pressure of CO, in the inspired air (X, ), ventilation-perfusion ratio (V,/F), and
slope of the Hill function (,u) Their findings revealed that the two-dimensional (VA/F ,y)-parameter space
was divided into stable equilibria and unstable equilibria regions by a Hopf bifurcation curve and that an in-
crease in X, shifted the Hopf bifurcation curve upward, resulting in an expansion of the stable equilibria re-

gion.
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Study [13] proposed an algorithm for the visualization of the bifurcation manifolds in the three-dimensional
parameter space. In the three-dimensional parameter space, the parameter sets at which codimension one-bifur-
cation occurs are visualized as bifurcation surfaces. Higher codimension bifurcations are located at intersections
of the bifurcation surfaces. For example, analyses of a socioeconomic model have revealed codimension-one
bifurcation surfaces: a Hopf bifurcation surface and a saddle-node bifurcation surface (Figure 5 in [13]). In addi-
tion, the following codimension-two bifurcation curves were visualized: a Gavrilov-Guckenheimer bifurcation
curve and a Takens-Bogdanov bifurcation curve. In contrast to the findings of the previous study [13], in the
present study, we did not visualize bifurcation manifolds in the three-dimensional (gDryd, Is,rpd)—parameter
space. However, when considering the changes in the dynamical states of the two-dimensional (gDr,d Vg ) -para-
meter space in response to variations in 7, (Figure 2), one can roughly imagine the bifurcation manifold in
the three-dimensional (gDrvd,Is,rpd)—parameter space. In other words, in the three-dimensional parameter
space that is defined as a three-dimensional orthogonal coordinate system with axis lines g, 4, I, and 7,4,
the parameter sets at which SNFP occurs are thought to form the surface of SNFP that is orthogonal to the
(gDrvd , IS) plane, while the parameter sets at which SNLC occurs are thought to form the surface of SNLC that
is not orthogonal to the (gD,Vd , IS) plane. The parameter sets at which codimension-two bifurcation occurs are
thought to form a bifurcation curve at the intersection of the surfaces of SNFP and SNLC.

5. Conclusion

In conclusion, the novelty of this paper is that it reveals in detail the influence of z,, variations on the dynam-
ical states in the (gDr,d Vg ) -parameter space of the ghostbursting model.
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Abstract

In this paper, the homotopy perturbation Sumudu transform method (HPSTM) is extended to
solve linear and nonlinear fractional Klein-Gordon equations. To illustrate the reliability of the
method, some examples are presented. The convergence of the HPSTM solutions to the exact solu-
tions is shown. As a novel application of homotopy perturbation Sumudu transform method, the
presented work shows some essential differences with existing similar application, and also four
classical examples highlight the significance of this work.

Keywords
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1. Introduction

Nonlinear phenomena that appear in many areas of scientific fields such as solid state physics, plasma physics,
fluid dynamics, mathematical biology and chemical kinetics are modeled in terms of nonlinear partial differen-
tial equations and in many scientific and engineering applications; one of the corner stones of modeling is partial
differential equations. For example, the Klein-Gordon equation of the form

w, (x,t)+bw(x,t)+g(w(xt)) = f(xt), (1)
with initial conditions
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w(x,0)=h(x), w (x,0)=k(x), )

appears in modeling of problems in quantum field theory, relativistic physics, dispersive wave phenomena,
plasma physic, nonlinear optics and applied physical sciences. The complexity of the equations though requires
the use of numerical and analytical methods in most cases. Numerous analytical and numerical methods have
been presented in recent years. Some of these analytical methods are the Fourier transform method [1], the frac-
tional Green function method [2], the popular Laplace transform method [3] [4], the Sumudu transform method
[5], the iteration method [4], the Mellin transform method and the method of orthogonal polynomials [3].

Some numerical methods are also popular, such as the homotopy perturbation method (HPM) [6]-[8], the
modified homotopy perturbation method (MHPM) [9], the differential transform method (DTM) [10], the varia-
tional iteration method (VIM) [11] [12], the homotopy analysis method (HAM) [13] [14], the Sumudu decom-
position method [15] and the Adomian decomposition method [16] [17].

Among these methods, the HPM is a universal approach which can be used to solve FODEs and FPDESs; on
the other hand, various methods are combined with the homotopy perturbation method, such as the variational
homotopy perturbation method, which is a combination of the variational iteration method and the homotopy
perturbation method [18]. Another such combination is the homotopy perturbation transformation method which
is constructed by combining two powerful methods, namely, the homotopy perturbation method and the Laplace
transform method [19].

The Sumudu transformation method is one of the most important transform methods introduced in the early
1990s by Gamage K. Watugala. It is a powerful tool for solving many kinds of PDEs in various fields of science
and engineering [20] [21]. And also various methods are combined with the Sumudu transformation method,
such as the homotopy analysis Sumudu transform method (HASTD) [22], which is a combination of the homo-
topy analysis method and the Sumudu transformation method. Another example is the Sumudu decomposition
method (SDM) [23], which is a combination of the Sumudu transform method and the Adomian decomposition
method.

In this paper, an efficient approach is proposed to use the homotopy perturbation Sumudu transform method
(HPSTM) to derive the exact solution of various types, which is a combination of the homotopy perturbation
method and the Sumudu transform method. However, Singh [24] used the homotopy perturbation Sumudu
transform method to obtain the exact solution of linear and nonlinear equations which are PDEs of integer order.
In this paper we consider the fractional Klein-Gordon equation

a

St“ w(xt)+bw(xt)+g(w(xt))=f(xt), (3)

and try to show the convergence of the homotopy perturbation Sumudu transform method in solving this equation.

The paper is structured in six sections. In Section 2, we begin with an introduction to some necessary defini-
tions of fractional calculus theory. In Section 3, we describe the basic ideal of the homotopy perturbation me-
thod. In Section 4, we describe the homotopy perturbation Sumudu transform method. In Section 5, we present
four examples to show the efficiency of using HPSTM to solve FPDEs and also to compare our results with
those obtained by other existing methods. Finally, relevant conclusions are drawn in Section 6.

2. Basic Definitions of Fractional Calculus

In this section, we present the basic definitions and properties of the fractional calculus theory, which are used
further in this paper.

Definition 1. A real function f(t),t>0, issaid to be in the space C_,o R, if there exists a real number
p>o suchthat f(t)=t"f,(t) where f,(t)eC[0,%), and it is said to be in the space C[ if ™ eC_,
meN.

Definition 2. The left sided Riemann-Liouville fractional integral of order « >0, of a function f eC_,
o 2>-1 isdefined as:

3£ (1) = ﬁﬁ(t—g)“l £(£)de, @)

where >0, t>0 and T'(«) isthe Gamma function.

()
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Definition 3. Let feC;, n eNU{O}. The Caputo fractional derivative of f is defined in [18] as fol-
lows:

1 t o
- t— ”alf(n) d , 1 <n
DI f(t)= F(n—a)j‘)( <) (€)d¢, n-l<a<n o

Dtn f (t), a=Nn.
Note that according to [13], Equations (4) and (5) become

37 (x.t) =ﬁﬁ(t—§)“l £ (x,£)d¢, for a > 0,0, ®)

and

;)J‘;(t_g)n—a—l f(n)(é’)dgl n-l<a<n. (7)

D{’f(x,t):r(n_a

Definition 4. The single parameter and the two parameters variants of the Mittag-Leffler functions are denoted
by E,(t) and E, ,(t), respectively, which are relevant for their connection with fractional calculus, and are

defined as:
3 , a>0,teC, (8)
ey
> a,f>0, teC. ©)
s (1) Jzo (aJ +5)
Some special cases of the Mittag-Leffler function are as follows:
1) E(t)=

2) E,.(t)=E,(t);
dk p-1 a p-k-1 a
3) W[t E,,(at")[=t"*"E, ;. (at").
Other properties of the Mittag-Leffler functions can be found in [25]. These functions are generalizations of
the exponential function, because, most linear differential equations of fractional order have solutions that are

expressed in terms of these functions.
Definition 5. Sumudu transform over the following set of functions,

i

A= f(t)|3|v|,rl,rz>o,|f(t)|<|v|eZ if te(=1)" x[0,o0)¢, (10)

is defined by
S[f(t)]=G(u)=["f (ut)edt, (11)

where ue(7,7,).
Some special properties of the Sumudu transform are as follows:
1) S[i]=1

t" m :
2) S[m}zu s m>0,
3) s[e"]= !

l1-au’
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4) slaf(t)+pg(t)]=aS[f(t)]+pS[g(t)].

Other properties of the Sumudu transform can be found in [26].

Definition 6. G(u) isthe Sumudu transform of f (t). And according to ref. [26] we have:
1) G(¥s)/s, isameromorphic function, with singularities having Re(s) <y, and

2) there exists a circular region I' with radius R and positive constants, M and k, with

G(ys)

S

<MR™¥,

then the function f (t) is given by

s*[G(s)]= ij'”_iw e"G &J% = Zresiduse{eSt @} (12)

2mi 7

Definition 7. The Sumudu transform, S [f (t)] of the Caputo fractional integral is defined as [5]

sfort ()-S50 a2)

then it can be easily understood that

s[Drf(xt)]= e , n-l<a<n. (14)

3. The Basic Idea of the Homotopy Perturbation Method

In this section, we will briefly present the algorithm of this method. At first, the following nonlinear differential
equation is considered:

A(u)-f(x)=0, xeQ, (15)
with the boundary conditions
B(u,du/on)=0, xeT, (16)

where A, B, f(x) and I' are a general differential function operator, a boundary operator, a known an
analytical function and the boundary of the domain ©, respectively.

The operator A can be decomposed into a linear operator, denoted by L, and a nonlinear operator,
denoted by N . Therefore, Equation (15) can be written as follows

L(u)+N(u)-f(x)=0. (17)
Now we construct a homotopy v(x, p):Qx[0,1] >R with satisfies:
H(v, p) =(1-p)[L(v)~L(u)]+ p[A(u)- F (x)]=0, 0<p<1, (18)
which is equivalent to
H(v, p)=L(v)-L(uy)+ pL(uy)+ p[N(v)- f(x)]=0, 0<p<1, (19)

where u, is the initial approximation of Equation (15) that satisfies the boundary condition and p is an em-
bedding parameter.
When the value of p is changed from zero to unity, we can easily see that

H(v,0)=L(v)-L(u,)=0, (20)

H(v,1)=L(v)-N(v)-f(x)=A(u)-f(x)=0, (21)
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in topology, this changing process is called deformation, and Equations (20) and (21) are called homotopic.
If the p-parameter is considered as small, then the solution of Equations (17) and (18) can be expressed as a
power series in p as follows

V=V, + py, + pAv, + piy 4 (22)
The best approximation for the solution of Equation (15) is

u:lg_rlwlv:v0+v1+v2+v3+-~~. (23)

4. The Homotopy Perturbation Sumudu Transform Method

In order to elucidate the solution procedure of this method, we consider a general fractional nonlinear partial
differential equation of the form:

Dfw(x,t) = Lw(x,t)+Nw(x,t)+q(x,t), (24)

with n—-1<a <n, and subject to the initial condition
a(f) 0
%:wayo):fr(x), r=01,-,n-1, (25)

where Dw(x,t) is the Caputo fractional derivative, q(x,t) is the source term, L is the linear operator and
N is the general nonlinear operator.
Taking the Sumudu transform (denoted throughout this paper by S) on both sides of Equation (24), we have

S[D{’W(x,t)] =S[Lw(xt)+Nw(xt)+q(xt)]. (26)
Using the property of the Sumudu transform and the initial conditions in Equation (25), we have
u‘“S[w(x,t)]—niu'(“"‘)wk (x,0)=S[Lw(x,t)+Nw(x,t)+q(xt)], (27)
k=0
and
s[w(xt)]= niuk f (X)+uS[Lw(x,t)+ Nw(x,t)+g(x.t)]. (28)
k=0
Operating with the Sumudu inverse on both sides of Equation (28) we get
w(x,t)=5" EZ?)U" f, (x)} +S™ [u"S[LW(x,t)+ Nw(x,t)+ q(x,t)ﬂ. (29)
f Now, pplying the classical perturbation technique. And assuming that the solution of Equation (29) is in the
orm
w(x,t)= 2 p"W, (X,t), (30)
where pe [0,1] is the homotopy parameter. The nonlin_ear term of Equation (29) can be decomposed as
Nw(x,t) = Zi:) p"H, (W), (32)
where H, are He’s polynomials, which can be calculated with the formula [27]
Hn(w(,,wl,w2,~--,wn)=%aapnn {N[i p‘wiﬂpO ,n=0,1,2,-- (32)
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Substituting Equation (30) and (31) in Equation (29), we get
L) n-1 0 ©
> p'w, (x,t)=S" {z u*f, (x)} +pS™ {UQS{L(Z p"W,, (x,t)} +Y p"H, (w)+ q(x,t)H. (33)
n=0 k=0 n=0 n=0

Equating the terms with identical powers of p, we can obtain a series of equations as the follows:

P°wy (x,t) =S D utf, (X)}

(34)

LN

P iw, (xt)=8"

:uasH% p"w, (x,t)j+nz p"H, (W)+q(x,t)ﬂ.

=0
By utilizing the results in Equation (34), and substituting them into Equation (30) then the solution of Equa-
tion (24) can be expressed as a power series in  p. The best approximation for the solution of Equation (24) is:

w(x,t)zlr,irj\li)p"wn(x,t)zwo+W1+W2+~~~. (35)
=

5. Applications

In this section, in order to assess the applicability and the accuracy of the fractional homotopy Sumudu trans-
form method the following four examples.
Example 1. Consider the time-fractional partial differential Klein-Gordon equation

o*w(x,t
Dt“w(x,t)z%—w(x,t), l<a<?2 (36)
X
subject to the initial conditions
w(x,0)=0, w(x,0)=x 37

Taking the Sumudu transform on both sides of Equation (36), thus we get
S[D{’W(x,t)] = S[szw(x,t)—w(x,t)],
and

ow(x,0)

u—as[w(x,t)]—(u‘“w(x,0)+ ue T] =S[Diw(xt)-w(xt)]
Using the property of the Sumudu transform and the initial condition in Equation (37), we have
S[w(x,t)]:xt+u"S[wa(x,t)—w(x,t)J. (38)
Operating with the Sumudu inverse on both sides of Equation (38) we get
[w(x,t)]= xt+S’l[u“S[wa(x,t)—w(x,t)ﬂ. (39)
By applying the homotopy perturbation method, and substituting Equation (30) in Equation(39) we have

go p"w, (x,t)=xt+pS™* {uas[(Df —1)(:20 p"w,, (Xt)jﬂ (40)

Equating the terms with identical powers of p, we get
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p° 1w (X, 1) = xt,
pl:wl(x,t):l__(z:—flz),
P’ :W2<X't>=réffz)’
P’ :W3<X't>=ri§§i;)'

(_1)” xt na+1

" A)=——t .
P, () =)
Thus the solution of Equation (36) is given by
w(x,t):lin}ip"wn(x,t)
P=>noo
a+l 2a+1 3a+l

=x|t- t + t __t +- (41)

I(a+2) T(2a+2) T(3a+2)

(_1)n tha+1

- Xn;—r(na )" XE, , ()

If we put @ — 2 inEquation (41) or solve Equation (36) and (37) with « =2, we obtain the exact solution

. (_1)” tha+1

w(x,t)=x>]

= xsint.
ZT(na+2) o

which is in full agreement with the result in Ref. [28].
Example 2. Consider the inhomogeneous linear time-fractional partial differential Klein-Gordon equation

~ o*w(xt)
o

Dw(x,t) —w(x,t)+2sinx, 1<a <2 (42)

subject to the initial conditions
w(x,0)=sin(x), w(x,0)=1. (43)
Taking the Sumudu transform on both sides of Equation (42), thus we get
S[Df‘w(x,t)] = S[wa(x,t)—w(x,t)+ 2sin (x)]
and

ow(x,0)
ot

u“S[W(x,t)]—[uaw(x,0)+u1” j =S[ Dw(x,t) = w(x,t)+2sin(x)].

Using the property of the Sumudu transform and the initial condition in Equation (43), we have
S[W(X,t):' = sin(x)+t+u“S[wa(x,t)—w(x,t)+25in(x)]. (44)
Operating with the Sumudu inverse on both sides of Equation (44) we get

[w(x,t)]=sin(x)+t+S™ [u“S[wa(x,t)—w(x,t)+ 2sin (x)]] (45)
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By applying the homotopy perturbation method, and substituting Equation (30) in Equation (45) we have

ni_o p"W, (x,t)=sin(x)+t+pS™ {uas{(Df —1)[2 p"W,, (x,t)]+ Zsin(x)ﬂ. (46)

Equating the terms with identical powers of p, we get

p® 1w, (X,t) =sin(x)+t,
_ta+l

pl;wl(x,t):r(a+2),

t2a+l

p :Wz(x,t)zm,

_t3a+l

p3:W3(X’t):r(3a+2)’

. (_1)ntna+l
: [ p e —
P ow, (1) I'(noc+2)

Thus the solution of Equation (42) is given by

W(X,t):lginlgpnwn(x,t)
. ta+1 t2a+l t3a+1
= t— - 47
N 2 Tas2) T(Ear2) s
(_1)n tha+1

=sin(x)+ jzom =sin(x)+tE,, (_ta)

If we put @ — 2 in Equation (47) or solve Equation (42) and (43) with « =2, we obtain the exact solution

. (_l)n tha+1

w(xt)=sin(x)+>_

2 (na+2) =sin(x)+sint.

which is in full agreement with the result in Ref. [28].
Example 3. Consider the non-linear time-fractional partial differential Klein-Gordon equation

o*w(x,t
Dfw(x,t)= V;)((;( )—WZ(X,t)+2X2—2t2+X4t4, l<a<? (48)

subject to the initial conditions
w(x,0)=0, w(x,0)=0. (49)

Taking the Sumudu transform on both sides of Equation (48), thus we get
S[D{’W(x,t)] = S[wa(x,t)—w2 (x,t)+2x* —2t* + x“t“],

and

u“S[W(x,t)]—[uaw(x,0)+u” awgt(O)] = S[wa(x,t)—w2 (x,t)+2x° = 2t* + x“t“].

Using the property of the Sumudu transform and the initial condition in Equation (49), we have
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S[w(x,t)]= u"S[DXZW(x,t)—W2 (x,t)+2x* —2t* + x“t“]. (50)
Operating with the Sumudu inverse on both sides of Equation (50) we get
[w(x,t)]=s" [u“S[wa(x,t)—w2 (x,t)+2x° - 2t* + x4t4ﬂ. (51)

By applying the homotopy perturbation method, and substituting Equation (30) in Equation (51) we have
> p'w, (x,t)=pS™ {UQS{DE [z p"W,, (x,t)}—(z p"W,, (x,t)) +2x%—2t% + x“t“ﬂ. (52)
n=0 n=0 n=0

Equating the terms with identical powers of p, we get
P’ 1w, (x,t)=0,
2x°t”
I(a+1) '

2a 443a a+2 dia+4
pZ:wz(x,t){ 4t 4x't 2t X't }

piw(x,t) =

M (a+l) (atl) T(a+l) T(a+l)

Thus the solution of Equation (48) is given by
2X2ta . 4t2a B 4X4t3a ~ 2ta+2 . X4ta+4
(a+1) T*(a+l) T°(a+l) T(a+l) T(a+l)

w(x,t):lpirﬂi p”wn(x,t):l_ o (53)

If we put @ — 2 in Equation (53) or solve Equation (48) and (49) with « =2, and so on, we can find that
w, (x,t)=0, n>1,
we obtain the exact solution
w(xt)=x?.
which is in full agreement with the result in Ref. [28].
Example 4. Consider the one-dimensional linear inhomogeneous fractional Klein-Gordon equation
_0'w(x.t)

ox?

DZw(x,t) —w(x,t)+6x’t+6(x° ~6x)t°, ,t>0,xe R, 1<z <2 (54)

subject to the initial conditions
w(x,0)=0, w,(x,0)=0. (55)
Taking the Sumudu transform on both sides of Equation (54), thus we get
S[D{’W(x,t)] = S[wa(x,t)—w(x,t)+ 6x°t + 6(x3 —6x)t3]

and
uS[w(x,t)] —(u‘aw(x, 0)+u WJ = S[Djw(x,t)—w(x,t +6X°t + 6(x3 —6x)t3)}

Using the property of the Sumudu transform and the initial condition in Equation (55), we have

S[w(x.t)]= UaS[DfW(X,t)—W(X,t)-i— 6X°t + 6(x3 - 6x)t3]. (56)
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Operating with the Sumudu inverse on both sides of Equation (56) we get
[w(x,t)]=s" [U“S[wa(x,t)—w(x,t)+6x3t +6(x3 —6x)t3ﬂ. (57)

By applying the homotopy perturbation method, and substituting Equation (30) in Equation (57) we have

i p"w, (x,t)= pS™ {UO‘S{( D? —1)[i p"W,, (x,t)) +6x°t+6(x° - 6x)t3ﬂ. (58)

n=0 n=0
Equating the terms with identical powers of p, we get

p° 1w, (x,t)=0,
spat (X% —6x)t**?

priw(x,t) = o™, ( )

I'(a+2) I(a+4)

P2 1w, (x,t) _ {6(x3 —6x)t2“+1 6(x3 _12X)tza+3}

F(2a+2) | T(2a+4)

Thus the solution of Equation (54) is given by

o 6yt L 6(x3—6x)t“*3 6(x3—6x)t2‘”1 6(x3—12x)t2‘“3
w(x,t)=1limY p"w, (x,t) = + - + +oe (59)
LR e [(a+2) I'(a+4) I'(2a+2) I'(2a+4)

If we put @ — 2 in Equation (59) or solve Equation (54) and (55) with « =2, we obtain the exact solution
w(x,t) = xt* —0.0019047619x°" +0.01428571429xt" +---.

which is in full agreement with the result in Ref. [29].

As it is presented above in Example 4 we obtained homotopy perturbation Sumudu transform solution of Eq-
uation (54) for values of =2, a=15 «=175. Figures 1-4 show the approximate solutions for Equation
(54) obtained for the three different values of « using the homotopy perturbation Sumudu transform method

Figure 1. Profiles of w(x, t) when a = 2: exact solution of (54).
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Figure 2. Profiles of w(x, t) when o = 2: approximate solution of (54).

Figure 3. Profiles of w(x, t) when o = 1.5: approximate solution of (54).
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Figure 4. Profiles of w(x, t) when a = 1.75: approximate solution of (54).

(HPSTM). The values of o =2 is the only case for which we know the exact solution w(x,t)=x’* and the
results of (HPSTM) are in excellent agreement with the exact solution.

6. Conclusion

In this paper, we have introduced a combination of the homotopy perturbation method and the Sumudu trans-
form method for time fractional problems. This combination builds a strong method called the HPSTD. This
method has been successfully applied to one-dimensional fractional equations and also for problems of linear
and nonlinear partial differential equations. The HPSTD is an analytical method and runs by using the initial
conditions only. Thus, it can be used to solve equations with fractional and integer order with respect to time.
An important advantage of the new approach is its low computational load.
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Abstract

A meshfree method namely, element free Gelerkin (EFG) method, is presented in this paper for the
solution of governing equations of 2-D potential problems. The EFG method is a numerical method
which uses nodal points in order to discretize the computational domain, but where the use of
connectivity is absent. The unknowns in the problems are approximated by means of connectivity-
free technique known as moving least squares (MLS) approximation. The effect of irregular dis-
tribution of nodal points on the accuracy of the EFG method is the main goal of this paper as a
complement to the precedent researches investigated by proposing an irregularity index (II) in
order to analyze some 2-D benchmark examples and the results of sensitivity analysis on the pa-
rameters of the method are presented.

Keywords

Element Free Galerkin (EFG) Method, Potential Problems, Moving Least Squares Approximation,
Irregular Distribution of Nodal Points, Irregularity Index

1. Introduction

Partial differential equations arise in connection with various physical and geometrical problems in which the
functions involved depend on two or more independent variables, usually on time t and on one or several space
variables [1]. A potential problem is one of the most important partial differential equations in engineering ma-
thematics, because it occurs in connection with gravitational fields, electrostatics fields, steady-state heat con-
duction, incompressible fluid flow, and other areas [1].

Mesh based numerical methods, such as finite element method (FEM) and boundary element method (BEM),
have been the primary numerical techniques in engineering computations. In spite of the positive points of the
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finite element method, it still suffers from high preprocessing time, low accuracy of stresses, difficulty in incor-
porating adaptivity and it is also not an ideal tool for certain classes of problems, e.g. large deformations, ma-
terial damage, crack growth, and moving boundaries [2] [3]. Therefore, meshless or meshfree methods are an
ideal choice for these problems, because only a set of nodes is required for the problem domain discretization.

In the past few decades, a variety of new meshless methods have been developed, including the smoothed
particle hydrodynamics (SPH) method [4], the finite point method (FPM) [5], the diffuse element method (DEM)
[6], the element free Galerkin (EFG) method [7], the point interpolation method (PIM) [8], the hp clouds method
[9], the partition of unity method (PUM) [10], the meshless local Petrov-Galerkin (MLPG) method [11], the lo-
cal point interpolation method (LPIM) [12], the discrete least squares meshless (DLSM) method [13], the boun-
dary point interpolation method (BPIM) [14], and the meshless method with boundary integral equations [15]-
[18].

Recently several meshless methods are proposed in order to solve potential problems. The improved EFG
method [19] based on the improved MLS approximation is used to solve 2-D potential problems. The method of
fundamental solution (MFS), in which the desingularization technique is used to regularize the singularity and
hyper singularity of the kernel functions, is applied to solve potential problems [20]. The discrete least squares
meshless method with extra Gauss points is suggested for the solution of elliptic partial differential equations
[21]. Singh and Singh used EFG method to solve 2-D potential flow problems [22] with regular distribution of
nodal points.

The element free Galerkin (EFG) method that was developed by Belytschko et al. [7], is one of the most
commonly used meshless methods and is based on the earlier version of diffuse element method [6]. In the EFG
method, moving least squares (MLS) shape functions are used for the approximation of the field variables [23];
a background cell is used for numerical integration and Lagrange multipliers or penalty method is used for the
imposition of essential boundary conditions.

The element free Galerkin method is presented in this paper to solve potential problems, and the effect of ir-
regularity distribution of nodal points by using a proposed irregularity index (II) that was not considered in the
previous researches for the EFG method, is investigated. In what follows, the construction of MLS shape func-
tions is first explained. EFG method for discretization of the governing differential equation is then explained.
Several 2-D potential problems are solved using the proposed method; sensitivity analysis on the parameters of
the proposed method is also carried out, and the results are presented.

2. MLS Approximation

2.1. MLS Interpolants Function

MLS is a very important component of the element free Galerkin (EFG) method for the approximation of the
field variables. The MLS approximation u" of a scalar function u at point x is given as

0" (x)= 3 B (¥)a, (x) = PT (x)a(x) o)

i=1

where P(X) is a polynomial basis function of the spatial coordinates, m is the number of monomial terms in the
basis function, and a(x) is a vector of coefficients given by

a’ (%) = (2 (%),2 (x),+1a, (x)) @

The polynomial basis function P(x) is built from Pascal’s triangle and pyramid for 2- and 3-D problems, re-
spectively. In 2-D problems, linear and quadratic basis functions are given as

P"(x)=(Lx,y) (m=3 linear basis) (3)
PT(x)=(Lxy,xy,%*,y*) (m=6 quadratic basis) @)

The unknown coefficients in Equation (1) can be found by minimizing the following weighted least squares
method.



A. R. Firoozjaee et al.

J :iZ:l:W(x—x, )[uh (x)-u(x, )T :iz:l:w (x=x, )LZZ“ P (%) (x)—u(x, )T (5)

where W(x—x,) is the weight function of node x, at a point x which for simplicity it will be stated as

W, (x).
Equation (5) using vector notation can be written as:
J =(pa—u)TW(x)(pa—u) (6)
The minimum of J with respect to a(x) is found by
oJ
—=0 7
= @)

This leads to the following system of linear equations
A(x)a(x)=B(x)U (8)

Here A(x) and B(x) are (mxm) and (mxn) matrices, respectively, and are given as

AX)= 24 () p(x) " (x) ©
B (x) = [W; (X) P (X, ), W, (X)P (%, ). W (X) P (X, ), W, (X) P (X, ] (10)

AndUis (nx1) vector and is given as
U=[u1,u2,u3,-~~,un]T (11)

a(x) can be found using Equation (8);
a(x)=A"(x)B(x)U (12)

Putting a(x) from Equation (12) into Equation (1) leads to

n

u"(x)=PT (x) A7 (x)B(X)U =g(x)U =X ¢, (X)y; (13)

i=1

where ¢(x) is a vector of shape functions. The first derivative of the shape functions with respect to the spatial
coordinates is also required for the numerical implementation and is given as

4, =P/A'B+PT(A'B+A"'B)) (14)
where
A =-A"A AT (15)
and the index after the comma is a spatial derivative.

2.2. Weight Function

Weight function is an important part of the MLS approximation. There are no predefined rules to select the
weight function for a particular application, but the weight function that could be used for meshless methods
should have the following properties:

1) Its value should be maximized at the node and decrease with the distance from the node.

2) Smooth and non-negative.

3) It should have a compact support, i.e. non-zero over a small neighborhood of a node. This compact support
is known as the influence domain of a node (nodal point).

(=)
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Influence domain of a nodal point is a very important concept in meshless methods, as it determines the re-
gion in which it has influence. The size of influence domain for a node i is d, =d,,c; , where d_, isa scal-
ing parameter and ¢, is determined by searching for enough neighbor nodes such that matrix A in Equation (8)
is invertible. In regular distribution of nodal points c, can be chosen as the distance between two neighboring
nodes. In this paper, the cubic spline weight function is used;

2432 4470 for d <=
3 2

w(d) = %-4&4&2—%63 for%«?g (16)
0 ford >1

where d =(|x-x[)/d, is the distance between node x; and point of interest X . Weight function deriva-
tives with respect to the spatial coordinates are also required for the shape function derivatives as given in Equa-
tion (14) and are given as follows [2]:

-8d +12d? foras%
W ) 4i8d-4d?  fori<d<i (17)
dd 2

0 ford >1

3. EFG Method for Potential Problems

3.1. 2-D Potential Formulation

Consider a Poisson’s partial differential equation in a two dimensional domain Q bounded by T;
Viu+g(xy)=0, inQ (18)

where ¢ (x, y) is a source term. On one part of the boundary, T, is the Dirichlet boundary condition, and on

the other part, I'; isthe Neumann boundary condition.

u

u=u, onT, (19)
ou  _
n =g, onl, (20)

where n is the outward normal vector to the boundary.

3.2. Enforcement of Essential Boundary Condition

The MLS shape functions do not satisfy the Kronecker delta property, i.e. ¢ (xj ) #¢;, and are termed as ap-
proximants instead of interpolants. The values obtained from the MLS approximation are therefore, not the same
as the nodal values, i.e. u" (X;) # u;, and are known as nodal parameters. This leads to some difficulties in im-
position essential boundary condition in contrast to conventional FEM [2].

In this paper, the penalty method is used to enforce the essential boundary condition. The use of penalty me-
thod produces system of equations of the same dimension that FEM produces for the same number of nodes, and
the modified stiffness matrix is still positively defined; moreover, the symmetry and the bandedness of the sys-
tem matrix are preserved [2].

In the EFG method, the essential boundary condition has the form

n

>4 (x)u =T, onT, (21)

(=)
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where U(x) is the prescribed potential on the boundary.

Consider the problem stated in Equation (18), a penalty factor is applied to penalize the difference between
the potential of the MLS approximation and the prescribed potential on the essential boundary [2]. The con-
strained Galerkin weak form uses the penalty method and with substituting the expression of MLS approxima-
tion of Equation (13) can then be posed as

_”{%a_”+%a—”}dg+ [ 4T, +a [ gudr, —a [ 4T, + [ 4gd0 =0 (22)

Iy Iy Iy

where o =(a,a,, -+, a, ) is a diagonal matrix of the penalty factor that k =2 for 2-D case. The penalty fac-
tor o (L---,¢) can be a function of the coordinates, and it can be different from one another. Although in
practice the identical constant of a large positive number is assigned for penalty factor, which can be chosen by
following method [2]

a =1.0x10" " xmax (diagonal element in the stiffness matrix) (23)

The final system of equation of the EFG formulation with penalty method is

[K+K“]U=F+F“ (24)
where
_(f| 04 9% , o4 9
Ki,,_jﬂax 2 ay‘}dQ 29)
F = [qadr, + [[49d0 (26)

The additional matrix K“ is the global penalty matrix assembled using the nodal matrix defined by

Ky =a[ ggdr, (27

And the vector F“ is caused by the essential boundary condition that its nodal vector has the form

F“ =a [ 4udr, (28)

4. Irregularity Index (II)

To demonstrate the efficiency and accuracy of the EFG method in dealing with irregular distribution of nodal
points, following irregularity index (1) is proposed in this paper
r

|| = —min_ (29)
I

max

where r_. and r,, are the maximum and minimum distances between nodal points, respectively, that are
located in circular local domain such that each local domain includes at least 5 nodal points. The interval of the
proposed index is 0<11<0.5, in which 0 indicates fully irregular and 0.5 indicates fully regular distribution of
nodal points.

5. Numerical Examples

In this section, three 2-D numerical examples are solved to demonstrate the efficiency and accuracy of the pro-
posed method. The effect of irregularity in distribution of nodal points is investigated by using of a proposed ir-
regularity index (I1) and the results are compared with the existing analytical solutions.

(=)



A. R. Firoozjaee et al.

5.1. 2-D Poisson’s Equation with Mixed Boundary Conditions
Consider the following 2-D Poisson’s equation
2 2
Z—l;Jrgy—L;:cos(nx)cos(ny), 0<x<1 0<y<1 (30)
X

with the following Dirichlet and Neumann boundary conditions

u(x,O):—Z—izcos(nx), u(O,y)=—2—71tzcos(ny) (31)
ou ou
—(Ly)=0, —(x,1)=0 32
S 1Y)=0 (k) @)
the analytical solution of the aforementioned Poisson’s equation is
uet = —Zizcos(nx)cos(ny) (33)
T

The above-mentioned problem is solved using two different sets of 81 distributed nodes. In all of these cases,
the polynomial basis function is considered as PT =[1 x y] and the ratio of influence domain is considered 3.
The regular and irregular distribution of 81 nodal points for this problem is shown in Figure 1 and Figure 2.
The analytical and EFG solution on a mesh of 81 nodal points with 96 and 1152 Gauss points along x axis are
shown in Figure 3 and Figure 4, respectively, to assess the effect of number of Gauss points on the solution

accuracy.
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Figure 1. Nodal distribution on a rectangular domain with 11 = 0.5.
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Figure 2. Nodal distribution on a rectangular domain with Il = 0.0727.
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Analytical ® (=05 O 11=0.0727

0 0.2 0.4 0.6 0.8 1
X

Figure 3. Results obtained by analytical and EFG method at y = 0.2 with 96
Gauss points.

Analytical e [=0.5 O 1=0.0727

Figure 4. Results obtained by analytical and EFG methodat y = 0.2 with
1152 Gauss points.

There are different parameters in the EFG method that affect the obtained results. In this paper a sensitivity
analysis is carried out on these parameters. Number of nodal points, number of Gauss points, ratio of influence
domain, number of monomial terms in the basis function, and the type of weight function, are the parameters
that are analyzed. For the sensitivity analysis the following error norm has been used

uexact _ u_num

> -y

g =it (34)

exact

where U and u" is the quantity of analytical solution and numerical solution, respectively. For the sensi-
tivity analysis, one of the parameters is changed while the others are constant. The result of this analysis is
shown in Tables 1-10, and the computational time is presented.

The results of Table 1 indicate that the errors are dramatically reduced with increasing the number of nodal
points while they get nearly constant when more nodal points are added. These results are also used to evaluate
the convergence rate of the method with respect to nodal points and the results are shown in Figure 5.

The results of Table 2 and Table 3 quantitatively emphasize the rule of Gauss points on the accuracy of the
EFG method and demonstrate high accuracy and low sensitivity of the proposed method in dealing with irregu-
lar distribution of nodal points.

This problem is solved here with different values of irregularity index to present the effect of irregularity dis-
tribution of nodal points. This analysis is done by using a proposed index that is shown in Table 4 and a con-
vergence rate is also demonstrates the obtained results in Figure 6. These results indicate the convergent beha-

vior of the method as expected.
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Table 1. The effect of number of nodal points on the error norm with 480 regular Gauss points.

Number of nodal points 25 36 64 81
AX 0.250 0.200 0.143 0.125
€, 0.3944 0.0730 0.0031 0.0029
CPU TIME (Sec) 0.6708 0.7800 0.8580 0.9572

Table 2. The effect of number of Gauss points on the error norm with 81 regular nodal points.

Number of Gauss points 96 320 480 1152
€, 0.0153 0.0032 0.0029 0.0022
CPU TIME (Sec) 0.6084 0.7800 0.9672 1.6848

Table 3. The effect of number of Gauss points on the error norm with 81 irregular nodal points.

Number of Gauss points 96 320 480 1152
€, 0.3273 0.2289 0.1323 0.0577
CPU TIME (Sec) 1.3193 2.2932 2.3868 4.5396

Table 4. The effect of irregularity of nodal points on the error norm with 81 irregular nodal points.

Irregularity Index (I1) 05 0.0727 0.0143 0.0012
e, 0.0002 0.0577 0.0991 0.1907
CPU TIME (Sec) 1.6848 45396 0.9984 1.6068

Table 5. The effect of ratio of influence domain on the error norm with 81 regular nodal points.

Ratio of influence domain 1.12 2 3 4.8 6.4
€, 0.0112 0.0026 0.0007 0.1156 0.6371
CPU TIME (Sec) 0.3276 0.7176 1.5912 4.4928 7.5660

Table 6. The effect of ratio of influence domain on the error norm with 81 irregular nodal points.

Ratio of influence domain 1.12 2 3 4.8 6.4
€, 0.7114 0.1583 0.0577 0.0134 0.0025
CPU TIME (Sec) 1.2168 1.5756 4.5396 13.3536 22.3237

Table 7. The effect of number of monomial terms in basis function on the error norm (regular).

The number of monomial terms in the basis function 0 1 2
€, 0.0029 0.0007 0.0006
CPU time (Sec) 1.2792 1.5912 2.3868

Table 8. The effect of number of monomial terms in basis function on the error norm (irregular).

The number of monomial terms in the basis function 0 1 2
€, 0.0267 0.0577 0.1645
CPU time (Sec) 3.7284 4.5396 6.2400
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Table 9. The effect of the type of weight function on the error norm with 81 regular nodal points.

Type of weight functions Cubic spline Quartic spline Exponential
€, 0.0006 0.0016 0.0070
CPU time (Sec) 2.3868 2.4180 2.3556

Table 10. The effect of the type of weight function on the error norm with 81 irregular nodal points.

Type of weight functions Cubic spline Quartic spline Exponential

e 0.0577 0.1428 0.2116

0

CPU time (Sec) 4.5396 3.2136 4.1340
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Figure 5. Convergence rate of the method with respect to nodal points.
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Figure 6. Convergence rate of the method with respect to irregularity index.

y=-0.9913x- 3.3128

Log (eo)

The problem is solved again on a mesh of 81 regularly and irregularly distributed of nodal points with differ-
ent ratio of influence domain and 1152 Gauss points. The effect of this parameter is investigated in Table 5 and
Table 6. The values of this ratio in Table 6 vary in the same way as Table 5 to have a better comparison be-
tween them. The results of Table 5 demonstrate that the appropriate interval of ratio of influence domain in reg-
ular distribution of nodal points is 2 - 3, while it is obvious from Table 6 that the errors are decreased by in-
creasing this ratio.

The number of monomial terms in basis function is the other parameter that can affect the performance of the
EFG method. In this case, the problem domain is discretized with 81 regular and irregular nodal points with
1152 Gauss points. The ratio of influence domain in Table 7 and Table 8 is considered 3 to have a better com-
parison between them.

()



A. R. Firoozjaee et al.

According to the results of Table 7 and Table 8, the errors are diminished by increasing the number of mo-
nomial terms in basis function in regular distribution of nodal points, however, this effect is opposite in irregular
distribution of nodal points because the higher number of monomial terms, the more nodal points are acquired in
a favorable influence domain.

The other parameter that affects the solution’s accuracy of the EFG method is the type weight function. In
order to investigate this effect, the problem domain is discretized again with 81 regular and irregular meshes of
nodes with 1152 Gauss points and three types of weight functions that are considered. It is also notable that the
ratio of influence domain in both cases is considered 3.

It can be concluded from Table 9 and Table 10 in both cases, the solution’s accuracy obtained by cubic
spline is more desirable than the other weigh functions.

5.2. Poisson’s Equation with Dirichlet Boundary Conditions on a Torus [19]

The second example is a 2-D Poisson’s equation with Dirichlet boundary conditions on the torus. The equation

is
2 2
U dU 4o a<r<b 0<0<2n (35)
dx® dy
with the following boundary conditions
u(a,8)=0 (36)
u(b,H) =0 37)
and the analyticalsolutionofthisproblemis
logr—loga
u(r,0)=(r*-a*)-(a’*-b*)| ——— 38
(r.6) ( ) ( )(Ioga—logb] (38)

here, a=1 and b=2 are assumed. The regular distribution of nodal points is shown in Figure 7. The above-
mentioned problem is solved using two different sets of 460 distributed nodes that are shown in Figure 7 and
Figure 8. The analytical and numerical solutions along r direction at any angle with 460 nodal points are plotted
in Figure 9 and the ratio of influence domain is considered 3 for this problem again.

5.3. Flow over a Circular Cylinder

In this section, flow over a circular cylinder is considered. Such a flow can be generated by adding a uniform
flow, in the positive x direction to a doublet at the origin directed in the negative x direction. The geometry of
the example is shown in Figure 10 and the governing equation of that is as follows:

v2¢=if+ﬂ=o, in Q (39)

-2 -1 0 1 2

Figure 7. Nodal distribution on a tours domain with 11 = 0.3862.
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Figure 9. Results obtained by analytical and EFG method
alongr direction at any angle.
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Figure 10. Flow over acircular cylinder.

and the exact solution is

p=xu+ (40)

1
(x2 + y2)
where u is the fluid’s velocity. Due to the symmetry, only the one-quarter of the problem domain is consi-
dered. This domain with its boundary condition is shown in Figure 11.
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The above-mentioned problem is solved using three different sets of 241 distributions of nodal points with
962 Gauss points. It is notable that the ratio of influence domain in all cases is considered 3 and the distribution
of nodal points with different values of irregular index is shown in Figure 12-14. The analytical and the EFG
solutions along y axis are shown in Figure 15.

6. Conclusion

A meshless method namely element free Galerkin (EFG) method is presented in this paper. In order to investigate
the performance and accuracy of the method, some 2-D potential problems on regular and irregular distribution

N|

4
I

@ o
oy

$=0__
Dy
4 ox

Figure 11. Boundary condition of the flow over a circular

cylinder.
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Figure 12. Nodal distribution of flow over a circular cylinder
with 11 = 0.49999.

Figure 13. Nodal distribution of flow over a circular cylinder with II
=0.02323.
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Figure 14. Nodal distribution of flow over a circular cylinder with 11
=0.00289.

——Analytical @ 11=0.49999 O 1=0.02323 & 11=0.00289
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Figure 15. Results obtained by analytical and EFG method at x =
-1.0.

of nodal points by using a proposed irregularity index (I1) are analyzed and compared with the exact solution. A
sensitivity analysis on the parameters of the EFG method is also carried out. From above analysis, it can be in-
ferred that the errors are dramatically reduced by increasing the number of nodal points and Gauss points while
they get nearly constant when more of them are added. It is also notable that the appropriate ratio of influence
domain has been found to be 2 - 3 for regular mesh of nodal points, and in irregular mesh of nodal points, the
errors are converged by increasing this ratio. Increasing the number of monomial terms in basis function is
another factor that can improve the accuracy of the EFG method in regular distribution of nodal points while this
effect is contradictory in comparison with irregular distribution of nodal points. The effect of using different
type of weight functions is another parameter considered and the results indicate better performance of the me-
thod in using cubic spline weight function. Finally, it can be concluded that EFG method can be used to solve
problems on irregular mesh of nodes with admissible performance.
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Abstract

In this paper I introduce the geometric notion of a differential system describing surfaces of a
constant negative curvature and describe a family of pseudo-spherical surface for Kaup-Ku-
pershmidt Equation with constant Gaussian curvature -1. I obtained new soliton solutions for
Kaup-Kupershmidt Equation by using the modified sine-cosine method.

Keywords

Soliton Solutions, Pseudo Spherical Surfaces, Nonlinear Evolution Equations

1. Introduction

Many partial differential equations which continue to be investigated due to their role in mathematics and phys-
ics exhibit interrelationships with the geometry of surfaces, or submanifolds, immersed in a three-dimensional
space [1]. In particular, it has been known for a while that there is a relationship between surfaces of a constant
negative Gaussian curvature in Euclidean three-space, the Sine-Gordon Equation and Bécklund transformations
which are relevant to the given equation [2]. Moreover, the original Backlund transformation for the Sine-Gor-
don Equation is also a simple geometric construction for pseudospherical surfaces [3]-[5]. It is well known that
nonlinear complex physical phenomena are related to nonlinear partial differential equations (NLPDES) which
are involved in many fields from physics to biology, chemistry, mechanics, etc.

As mathematical models of the phenomena, the investigation of exact solutions to the NLPDES reveals to be
very important for the understanding of these physical problems. Many mathematicians and physicists have well
understood this importance when they decided to pay special attention to the development of sophisticated me-
thods for constructing exact solutions to the NLPDEs. Thus, a number of powerful methods have been pre-
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sented.

We can cite the inverse scattering transform [6], the Backlund and Darboux transform [7]-[10], Hirota’s bili-
near method [11], the homogeneous balance method [12], Jacobi elliptic function method [13], the tanh method
and extended tanh-function method [14]-[20], F-expansion method [21]-[23] and so on. The notion of conserva-
tion laws is important in the study of nonlinear evolution equations (NLEES) appearing in mathematical physics
[24].

Consider Kaup-Kupershmidt Equation,

25
U, = Ug, +5uu,, U, +50%U, €))
where u=u(x,t) isa function of two independent variables t and X.

2. Kaup-Kupershmidt Equation Which Describes Pseudo Spherical Surfaces

I recall the definition [25]-[28] of a differential equation (DE) that describes a pss. Let M? be a two dimen-
sional differentiable manifold with coordinates (x,t). A DE for a real function u(x,t) describesapssifitisa
necessary and sufficient condition for the existence of differentiable functions

f, 1<i<3 1<j<2, @)

ij
depending on u and its derivatives such that the one-forms

o, = fdx+ f,dt, @, = f,dx+ f,dt, @, = fdx+ f,,dt, 3)
satisfy the structure equations of a pss, i.e.,

do, =0, rw,, do,=0,A0;, do,=0, Aa,. 4)

| obtain that the Kaup-Kupershmidt Equation (1) describes pseudospherical surfaces, with associated one
forms @, = f,dx+ f,dt 1<i<3 givenby

fu =2 (s’ -1),
fu=n,

1 2
f, = —E(u +n +l),

1 1 151 ®)
f,= —E(u4X +nu3X)+Z(—9u -n° +1)u2x —2u? +2nuu, —Eug +Eu2 (1—772),

_ 1 n 2
f, = =5 s, —2u, _E(_UZX ~2u?),
1
f =1, _Euzx ~u’,

As a consequence, each solution of the DE provides a local metric on M?, whose Gaussian curvature is con-
stant, equal to —1. Moreover, the above definition is equivalent to saying that DE for u is the integrability
condition for the problem [19] [29]:

4
d¢ =Qg, ¢=[ ) (6)
%
where d denotes exterior differentiation, ¢ is a column vector and the 2x2 matrix Q(Qij,i, j :1,2) is
traceless
QZE[ @ “"”j ™
2l +0, -,
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3. Exact Solution for Kaup-Kupershmidt Equation

With the rapid development of science and technology, the study kernel of modern science is changed from li-
near to nonlinear step by step. Many nonlinear science problems can simply and exactly be described by using
the mathematical model of nonlinear equation. Up to now, many important physical nonlinear evolution equa-
tions are found, such as Sine-Gordon Equation, KdV Equations, Schrodinger Equation all possess solitary wave
solutions. There exist many methods to seek for the solitary wave solutions, such as inverse scattering method,
Hopf-Cole transformation, Miura transformations, Darboux transformation and Bécklund transformation [7]-[10],
but solving nonlinear equations is still an important task [27]-[30]. In this paper, with the aid of Mathematica, a
traveling wave solution for a class of Kaup-Kupershmidt Equation,

25
U, = Ug, +5uU,, Ul +50%u, .

In order to obtain the soliton solution of (1), I will use the modified sine-cosine to develop traveling wave so-
lutions to this equation. The modified sine-cosine method admits the use of solutions [30]

u(x,t)=acos"p, p=u(x—ct+by), (8)
and
u(x,t)=asin"p, p=pu(x—ct+hy), 9)

where a is the soliton amplitude, x is the width of the soliton, ¢ is the soliton velocity and b, is constant
to be determined later, the unknown index n will be determined during the course of derivation of the solution
of Equation (8). From Equation (8), | obtain

u?(x,t)=a’cos*" p,
u, = acuncos" " psinp,
u, = —auncos"* psinp,
U,, =—au’n(n-2)cos"p+au’n(n-1)cos"’p, (10)
Uy, =—au’n(n-1)(n—2)cos"*psinp +au’n® (n—2)cos"* psinp,
U, =—au°n(n-1)(n-2)(n-3)(n—4)cos"°psinp + Za;ﬁn(n—l)(n—z)(n2 —2n+2)cos"’3 psinp
—ay°n°cos" psinp.
From Equation (9), | obtain
u?(xt)=a’in*"p,
u, = —acunsin"* pcosp,
u, =aunsin"" pcosp,
U,, =—au’n(n-2)sin"p+au’n(n-1)sin"?p, (11)
Uy, =a’n(n-1)(n-2)sin""pcosp —ax’n? (n—2)sin"* pcosp,
Us, =az’n(n—1)(n-2)(n-3)(n-4)sin"*pcosp - 2ax°n(n-1)(n-2)(n* - 2n+2}sin"> pcosp
+au’n’sin"* pcosp.
With the aid of Mathematica or Maple, from (8) and (10), we can get
U, — Uy, —5UU,, —%uxuZX —5u%u, =acuncos"psinp+au’n(n-1)(n-2)(n-3)(n-4)cos"psinp
—2au°n(n-1)(n- 2)(n2 -2n+ 2)cos“’3psinp +au’n’cos" psinp +5a° 1°n(n—1)(n—2)cos’" > psinp 12)

—5a%°n? (n—2)cos®*psinp —%az;ﬁnz (n- 2)cosz”’lpsianr?az/fn2 (n=1)cos**psin p

+5a° uncos®* psinp = 0
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Now, from Equation (12) equating the exponents n — 5 and 2n — 3 leads n—5=2n-3, which gives n=-2,

suchthat n(n-1)(n-2)(n-3)(n-4)=0.

Also from Equation (12) equating the coefficients of like powers of cos™psinp, cos™psinp and cos™ psinp

to zero, | get

acun+au’n® =0,

—2<’;\;15n(n—1)(n—2)(n2 —2n+2)—5azu3n2 (n—2)—2—25az;z3n2 (n-2)=0,

a,tf’n(n—1)(n—2)(n—3)(n—4)+5a2,usn(n—1)(n—2)+%a2y3n2 (n-1)+5a°un=0.

Solving the above system by the aid of Wu elimination method [31], | obtain the three solutions

12 ,

a=-— c=-164",
—H u

and
a:—3y2, C:—16y4,
and
a=-24y", c=-16u".
Then the soliton solutions of the Kaup-Kupershmidt Equation is given by
ul(x,t):—%yzseczy(x+l6y4t+bo), see Figure 1 and Figure 2
and
u2(X,'[):—3,uzseC2,u(X+16,u4t+b0), see Figure 3 and Figure 4
and
U (%,t) = —24°sec’ u(x+16 't +b, ). see Figure 5 and Figure 6

If setting u« =io, then the solutions (19) and (21) are given by
u4(x,t)=%azsechza(x+16a“t+bo), see Figure 7 and Figure 8

and
US(X,t):30'28ech20'(x+160'4t+b0), see Figure 9 and Figure 10
and

uﬁ(x,t)z24azsech20(x+16a4t+bo). see Figure 11 and Figure 12

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

1)

(22)

(23)

(24)

The double-kink solutions (19), (20), and (21) are characterized by the eigenvalue =1 (see Figures 1-6).
The solutions (22), (23) and (24) are the single-soliton solutions (see Figures 7-12) corresponding to the eigen-

value o =1.

4. Conclusions

The new types of exact traveling wave solution obtained in this paper for the Kaup-Kupershmidt Equation will
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Figure 1. See [6]: solution u, isshownat t=1, x=1 and b,=3.

Figure 2. See [20]: solution u, isshownat x=1 and b, =3.

Figure 3. See [6]: solution u, isshownat t=0, =1 and b, =0.
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200
o

00 ~

Figure 5. See [6]: solution u, isshownat t=2, g=1 and b, =0.

Figure 6. See [20]: solution u, isshownat x=1 and b, =0.
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1.0 0.5 0.5 1.0

Figure 7. See [6]: solution u, isshownat t=1, o=1 and b,=3.

Figure 8. See [20]: solution u, isshownat =1 and b, =3.

30 A4

Figure 9. See [6]: solution u, isshownat t=0, o =1 and b,=0.
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Figure 10. See [20]: solution u; isshownat o =1 and b, =-3.

1x10% |
8 Xlolﬁ -
6x10% |

4 x10%

1....|....M

1.0 0.5 0.5 1.0

Figure 12. See [20]: solution u, isshownat o =1 and b, =0.
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be of benefit to future studies.

The Soliton Equations play a central role in the field of integrable systems and also play a fundamental role in
several other areas of mathematics and physics.

A soliton is a localized pulse-like nonlinear wave that possesses remarkable stability properties. Typically,
problems that admit soliton solutions are in the form of evolution equations that describe how some variable or a
set of variables evolves in time from a given state. The equations may take a variety of forms, for example,
PDEs, differential difference equations, partial difference equations, integro-differential equations, as well as
coupled ODE:s of finite order.

In this paper, we considered the construction of exact solutions to Kaup-Kupershmidt Equation. | obtain tra-
velling wave solutions for the above equation by using the modified sine-cosine method with the aid of Mathe-
matica.

A travelling wave of permanent form has already been met; this is the solitary wave solution of the nonlinear
evolution equation itself. Such a wave is a special solution of the governing equation which does not change its
shape and propagates at constant speed.

The soliton phenomena of nonlinear evolution equations represent an important and well-established field of
modern physics, mathematical physics and applied mathematics. Solitons are found in various areas of physics
from hydrodynamics and plasma physics, nonlinear optics and solid state physics, to field theory and gravitation.
NLEEs which describe soliton phenomena have a universal character.
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Abstract

Invertibility is one of the desirable properties of moving average processes. This study derives
consequences of the invertibility condition on the parameters of a moving average process of or-
der three. The study also establishes the intervals for the first three autocorrelation coefficients of
the moving average process of order three for the purpose of distinguishing between the process
and any other process (linear or nonlinear) with similar autocorrelation structure. For an inverti-

ble moving average process of order three, the intervals obtained are ¥< A <#,

-05<p,<05 and -05<p <05.

Keywords

Moving Average Process of Order Three, Characteristic Equation, Invertibility Condition,
Autocorrelation Coefficient, Second Derivative Test

1. Introduction

Moving average processes (models) constitute a special class of linear time series models. A moving average
process of order g (MA (q) process) is of the form:

X, =08 ,+0,6 ,++08_,+¢€, (1.1)

where 6, 6,, ---, 6, are real constants and e, teZ is a sequence of independent and identically distri-

buted random variables with zero mean and constant variance. These processes have been widely used to model
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time series data from many fields [1]-[3]. The model in (1.1) is always stationary. Hence, a required condition
for the use of the moving average process is that it is invertible. Let B™e, =¢,_,, then the model in (1.1) is in-
vertible if the roots of the characteristic equation

1+6B+6,B* +---+6,B° =0 (1.2)

lie outside the unit circle. The invertibility conditions of the first order and second order moving average models
have been derived [4] [5].

Ref. [6] used a moving average process of order three (MA (3) process) in his simulation study. Though,
higher order moving average processes have been used to model time series data, not much has been said about
the properties of their autocorrelation functions. This study focuses on the invertibility condition of an MA (3)
process. Consideration is also given to the properties of its autocorrelation coefficients of an invertible moving
average process of order three.

2. Consequence of Invertibility Condition on the Parameters of an MA (3) Process
For g =3, the following moving average process of order 3 is obtained from (1.1):
X, =0g_,+0,_,+08 ,+¢ (2.1)

The characteristic equation corresponding to (2.1) is given by

1+6B+6,B*+6,8* =0 (2.2)
Dividing (2.2) by &, yields
goslpe gt g (2.3)
03 63 93

It is important to know that (2.2) is a cubic equation. Detailed information on how to solve cubic equations
can be found in [7] [8] among others. It has been a common tradition to consider the nature of the roots of a
characteristic equation while determining the invertibility condition of a time series model [9]. As a cubic equa-
tion, (2.2) may have three distinct real roots, one real root and two complex roots, two real equal roots or three
real equal roots. The nature of the roots of (2.2) is determined with the help of the discriminant [8]

D=D}-D: (2.4)
where
0,V (6,6 1
o) <(2)a)~(a)
Dl — 3 354 3 3 (25)
and
2
BAA
[Z 0.
D, :% (2.6)
If D<0, (2.2) has the following distinct roots [7]
X, = —Zﬁcos(%j—%, (2.7)
X, = —Zﬁcos(egznj—%, (2.8)
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and

X, :—Zﬁcos(ggznj—%. (2.9)

D
where @ is measured in radians and € = cos‘l[\/%] .
DZ

When D >0, (2.2) has only real root given by [1] as

% =-D, +~/D +§/-Dl-f-‘9—32 (2.10)

The other roots are [8]

—(ax, er)i\/(ax1 +b)° —4a(ax} +bx +c)
2a

Xy, X = (2.11)
If D,#0, D,#0 and D’ =D;,then D=0 and (2.2) has two equal roots. The roots of (2.2) in this case,
are the same as (2.7), (2.8) and (2.9). For D=0 and D, =D, =0, (2.2) has three real equal roots. Each of
these roots is given by [8] as
_92

X=—= 2.12
. (2.12)

For (2.1) to be invertible, the roots of (2.2) are all expected to lie outside the unit circle and |€3| <1. In the
following theorem, the invertibility conditions of an MA (3) process are given subject to the condition that the
corresponding characteristic equation has three real equal roots.

Theorem 1. If the characteristic equation 1+6,B+6,B*+6,B> =0 has three real equal roots, then the mov-
ing average process of order three X, =0,e,_, +6,¢e,_, +6,6,_, +¢ is invertible if

6,-30,>0, 6,+30,<0 and |6;|<1.

Proof
For invertibility, we expect each of the three real equal roots to lie outside the unit circle. Thus,

_—92 >1:>_—92<—1 or _—92>1
36, 36, 36,
. . . =6, .
Solving the inequality —= < -1, we obtain
36,
6,-36,>0
_92
For —=>1, we have
30,
0,+36, <0

Since each of the roots lie outside the unit circle, the absolute value of their product must therefore be greater
than one. Hence,

|6, <1

This completes the proof.
The invertibility region of a moving average of order three with equal roots of the characteristic Equation (2.2) is

enclosed by triangle OAB in Figure 1.
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0,

92-3 93 =0

92+393=0

Figure 1. Invertibility region of an MA (3) process when the characteristic
equation has three real equal roots.

3. Identification of Moving Average Process

Model identification is a crucial aspect of time series analysis. A common practice is to examine the structures
of the autocorrelation function (ACF) and partial autocorrelation function (PACF) of a given time series. In this
regard, a time series is said to follow a moving average process of order q if its associated autocorrelation
function cut off after lag q and the corresponding partial autocorrelation function decays exponentially [10].
Authors using this method, believe that each process has unique ACF representation. However, the existence of
similar autocorrelation structures between moving average process and pure diagonal bilinear time series
process of the same order makes it difficult to identify a moving average process based on the pattern of its ACF.
Furthermore, a careful look at the autocorrelation function of the square of a time series can help one determine
if the series follows a moving average process. If the series can be generated by a moving average process, then
its square follows a moving average process of the same order [11] [12]. The conditions under which we use the
autocorrelation function to distinguish among processes behaving like moving average processes of order one
and two have been determined by [13] [14] respectively. These conditions are all defined in terms of the extreme
values of autocorrelation coefficients of the processes.

4. Intervals for Autocorrelation Coefficients of a Moving Average Process of Order
Three

As stated in Section 3, knowledge of the extreme values of the autocorrelation coefficient of a moving average
process of a particular order can enable us ensure proper identification of the process. It has been observed that
for a moving average process of order one, —0.5< p, <0.5 [15] while for a moving average process of order

V2 V2

two —73 o) ST and -0.5< p, <0.5 [5]. In order to generalize about the range of values of p, for a
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moving average process of order q, it is worthwhile to determine the range values of p, for a moving aver-
age process of order three. The model in (2.1) has the following autocorrelation function [10]:

1, k=0
6, +6,0,+06,0, , 41
1+62 +60; + 62
0, + 6,0,
=2 13 k=42 4.1
a 1+ 67 + 0 + 62 “.0)
S . k=13
1+02+ 602 +67
0, k=+1,+2,43

We can deduce from (4.1) that the autocorrelation function at lag one of the MA (3) process is

_6,+0,0, +0,0,

= 4.2
L1402+ 02+ 0 “.2)
: i . , -1-+5
Using the Scientific Note Book, the minimum and maximum values of p, are found to be 2 and
1-+5 : , :
2 respectively. For the autocorrelation function at lag two, we have
6,+6,0
pp = (43)

11O+ 02+ O

The extreme values of p, are equally obtained with the help of the Scientific Note Book. To this effect, p,
has a minimum value of —0.5 and a maximum value of 0.5.
From (4.1), we obtain

b

= 3 4.4
1+02+ 6, +62 44

Ps

Based on the result obtained from the Scientific Notebook, p, has a minimum value of —0.5 and a maxi-
mum value of 0.5. However, the intervals for p, can easily be obtained analytically and this result is genera-
lized in Theorem 2 for p, of the MA (q) process.

The partial derivatives of p, withrespectto 6,, 6, and 6, are

op, 20,6,

— = 5 (4.5)
00 (1+67+6; +63)
ps _ —20,6, (4.6)
06, (1+6’12+¢922+932)2
opy _ 1461 +6;-6; @)
00, (1+¢912+922+¢932)2
The critical points of p, occurs when % =, i=1,2,3. Equating each of the partial derivatives in (4.5),
(4.6) and (4.7) to zero, we obtain
6,0,=0 (4.8)

()
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0,0,=0

1+62+67 -0 =0

From (4.10), we have

0, =+ 1+ 62 + 62

6,=0

Using (4.8), we obtain

or

Substituting & =0 into (4.11) yields

For 6, = —\/1+7 , (4.9) becomes
0,(J1+6f )0
0; (1+6;)=0
6,=0 or 6,=+/-1

If we also substitute @, = \1+67 into (4.9), we obtain

6,=0 or 6, =+/-1

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

When we substitute ¢, =0 and 6, =0 into (4.11), we have 6, =+1. It is also clear that if 4, =0 and

o, =—J-1, then 6, =0. Similar result is obtained when 6, =0 and 6, =J-1.
Hence, the critical points of p; are (0,0,-1), (0,0,1), (0,~v~1,0) and (0,v~1,0),

The minimum and maximum values of a function occur at it critical points. To determine which of the critical
points is a local minimum, local maximum or a saddle point, we shall apply the second derivative test. The
second derivative test for critical points of a function of three variables p, = f (x, Y, z) focuses on the Hessian

matrix:
fxx fxy Xz
H=f, f, f,
fxz fyz fzz
where
o op, 20, (1+67 +6; +6 ) +86,0;
" 067 (1+g2e262)
_ *py __ 86,66,

f, = =
' 096,00, (l+4912922932 )3

%, 20,(1+6] +6; +67)+80,6;

0600, (1+620202)

4.17)

(4.18)

(4.19)

(4.20)
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20, (1+ 67 +6; +6; ) +86;0,

- (4.21)
" (1+020202)
20, (1+6} +6; + 6 ) +80,0;
f, = 3 (4.22)
(1+676207)
20, (1+ 670267 ) - 46, (1+ 67 + 67 — 67
f= 3( 12 3) 3( 1 2 3) (4.23)

2z

(1+020202)

Let (a,b,c) be a critical point of p, = f(x,y,z). Then (a,b,c) is called a local minimum point if at

XX Xy

f f

Xy Yy
then (a,b,c) represents a local maximum.

A critical point that is neither a local minimum nor a local maximum is called a saddle point.

Though p, has four critical points, it is not defined at (0,—«/—_1,0) and (0,\/—_1,0) . We then focus on the
classification of the two remaining critical points.

(ab,c), A, =f, >0, A, = >0 and A, =|H|>0 [16]. If f <0, A,>0 and A,<0 at (a,b,c),

At (0,0,-1)
oo
2
H={o L o
2
00 =
. % 0 0
1 2 %1 1 1
Hence, A, ==>0, A,=|> [==>0 and A,=|0 = 0|==>0.
2 4 2 | 8
03 1
2 00 =
2

Therefore, (0,0,—1) isa local minimum. The value of p, at this pointis —0.5.
For the critical points (0,0,1), we have

_1 0 0
2
H=| 0 1 0
2
0 0 L
L 2]
Consequently,
A1=—1<0,
2
1oy .
AZZ 2 l:Z>O
0o -=
2
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and
_l 0 0
2
2
0 0 —l
2

We therefore conclude that (0,0,1) is a local maximum. The maximum value of p, obtained at (0,0,1) is
0.5.

We can deduce from the result in this section and other previous works that for MA (1) process |p1| <05,
while for MA (2) process and MA (3) process |p,|<0.5 and |p,|<0.5 respectively.

In what follows, we establish the bounds for p,, where q is order of the moving average process.

Theorem 2.
Let X, =068 ,+6,8 ,++0,e ,+¢ beanMA (q) process. Then, |p,[<0.5.
Proof

It is easily seen that for the MA (q) process,
0,

— q
1+6} +6; +---+6;

Pq

Partial derivatives of p, with respectto p, =6,,6,,--,6, are as follows

op, 20,0,
06, (1+912+922+---+0§)2’
6& _ —20,0,

00, (1+¢912+922+---+¢9qz)2 ’

op, 26,6,

001 (1+012 +6? +---+:9qz)2
op, 1+6}+6;+--+0;,-6;

00, (1+012+4922+---+6?§)2

Equating each of the partial derivatives to zero yields

-26,0, =0,
-26,6, =0,
: (4.24)
-26,,6, =0,
1467 +6; +--+ 602,62 =0.
From (4.24), we obtain
0, =J_r\/1+312 +6? +..._ng_l (4.25)

Since ¢, #0 for an MA (q) process, it is obvious that the q—1 equations preceding (4.24) are only sa-
tisfied if 6 =6,=---=6,,=0. Substituting 6, =6,=---=6,, =0 into (4.25) leads to ¢, =+1. The two
critical points of p, arethen (0,0,0,---,—1) and (0,0,0,---,1)
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At (0,0,0,--,-1), p,=-05 whileat (0,0,0,---,1), p,=05. Itthen follows that |p,|<0.5.
15 145
4 4

Remark: For an invertible MA (3) process, |6, <1. Hence, <p , -05<p, <05 and

-05<p <05.

5. Conclusion

We have established necessary conditions for the parameters of an invertible MA (3) process. When the charac-
teristic equation has three real equal roots, the conditions are 8, -36, >0, 6,+30, <0 and |93| <1. Also the
intervals for the autocorrelation coefficients of an invertible moving average process of order three are estab-

-5 1-45
<T

lished. These are — <A

, -0.5<p, <05 and -0.5< p, <0.5. It is also noteworthy that the

condition on p, for an invertible MA (3) process is generalized for p, of the invertible MA (q) process.
That is for the invertible MA (q) process, |pq| <0.5. These results can now be used to compare other linear
and nonlinear processes that have similar autocorrelation structures with the MA (3) process.
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Abstract

In this paper the estimates for norms of solutions to nonlinear systems are obtained via an
integral inequality. As an application we considered affine control systems and systems of equa-
tions for synchronization of motions.
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1. Introduction

The problem of estimating the norms of solutions to nonlinear systems of ordinary differential equations remains
urgent due to extensive application of the latter in the description of real processes in many mechanical, physical
and other nature systems. Usually, to obtain the estimates of norms of solutions to linear and weakly nonlinear
equations, the Gronwall-Bellman lemma is applied (see, for example, [1]-[3] and bibliography therein). The de-
velopment of the theory of nonlinear inequalities has substantially widened the possibilities for obtaining the es-
timates of norms of solutions to nonlinear systems and has given an impetus to their application in the qualita-
tive theory of equations (see, for example, [4]-[6]).

Both linear and nonlinear integral inequalities are efficiently used for the development of the direct Lyapunov
method, in particular, for the investigation of motion boundedness and stability of nonlinear weakly connected
systems [7].

The present paper is aimed at obtaining new estimates of norms of solutions for some classes of nonlinear
equations of perturbed motion. The paper is arranged as follows.

In Section 2 the statement of the problem is given in view of some results of papers [1] [3].

Section 3 presents main results on obtaining the estimates of norms of solutions for some classes of nonlinear
systems of differential equations. In this regard, several results from [8] are taken into account.
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In Section 4 two application problems are considered: a problem on stabilization of solutions to affine system
(cf. [8]) and a problem on estimation of divergence of solutions at synchronization (cf. [9]).

In Section 5 the possibilities of application of this approach for solution of modern problems of nonlinear dy-
namics and systems theory are discussed.

2. Statement of the Problem

Consider a nonlinear system of ordinary differential equations of perturbed motion

‘(’j—f=A(t)x+f(t,x), X(t,) = %, M)
where xeR"; fe C(R+ xR”,R“), A(t) isan nxn-matrix with the elements continuous on any finite in-
terval. It is assumed that solution x(t) =x(t,t,,%,) of problem (1) exists and is unique for all 0<t<c and
(to, %) e R, xR",

Equations of type (1) are found in many problems of mechanics (see, for example, [1] [10] and bibliography
therein). Moreover, these equations may be treated as the ones describing the perturbation of the system of linear
equations

dx
E=A(t)x, X(ty) = %o, )

In order to establish boundedness and stability conditions for solutions of system (1) it is necessary to esti-
mate the norms of solutions under various types of restrictions on system (2) and vector-function of nonlineari-
ties in system (1).

The purpose of this paper is to obtain estimates of norms of solutions to some classes of nonlinear ordinary
differential Equations (1) in terms of nonlinear and pseudo-linear integral inequalities.

3. Main Results

First,we shall determine the estimate of the norm of solutions x(t) of system (1) under the following assump-
tions:
A;. Forall t>0 there exists a nonnegative integrable function b(t) such that

||A(t)||£b(t) for all t>0:

Az Forall t>t, and u>0 there exists a continuous nonnegative integrable function w(t,u), w(t,0)=0,
such that (cf. [11])

[f ()] <w(t )

forall (t,x)eR, xR".

Here and elsewhere an Euclidian norm of the vector x and a spectral norm of the matrix consistent with it are
used.

Theorem 1. For system (1) let conditions of assumptions A and A, be satisfied, then for any solution
x(t)=x(t,ty,%,) with the initial values x,:[x|<c, 0<c<+w the inequality

[ e+ [b(s)[x(s)]+w(s.[x(s)]) Jas 3)
holds forall t>t,>0.
If there exist:

(a) a continuous and nonnegative function v(t) forall t>t; and
(b) a continuous, nonnegative and nondecreasing function g (u) for u>0 such that

W[t,zexp[j'b(s)ds]}exp[—j‘b(s)ds]sv(t)g(z), t>t, 220,

fo to
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thenforall teft,, ) the inequality
t t
||x(t)|| <Gt {G(c)+ J‘v(s)ds}exp{jb(s)ds} 4
fo fo
holds true, where G™ is a function converse with respect to the function G(u):

G(u)—G(uO):_[i O<u, <c<u<oo,

2 9(8)

and the value £ is determined by the correlation
t
B= sup{t >t,:G(c)+ [v(s)ds e domGl}
to

(c) If, additionally, there exists a constant a° >0 such that

Tv(t)dtﬁ I%,

then inequality (4) is satisfied for all t>t;,i.e. S =o forthevalues ce (0, ao) .
Proof. Let the right-hand part of inequality (3) be equal p(t)exp[j'b(s)ds} Using inequality (3) and condi-
tion (b) of Theorem 1 we get )
dp

{E+ b(t) p(t)} eprb(s)dsJ = b(t)||x(t)||+ W(t"x(t)")

< [b(t) p()+v(t)g ("x(t)"exp(—jb(s)dsjﬂexp[jb(s)ds].

Since the function g is nondecreasing and

t
[x(t)] < p(t)exp{fb(s)ds},
fo
we get the inequality

?Tfs"(t)g(p(t)), p(t,)=c.

Hence, by the Bihari lemma (see [10], p. 110) we have
t
p(t)<G™ {G (c)+J'v(s)ds},
fo

forall te(t,,B). Thisimplies estimate (4).
To prove the second assertion of Theorem 1 we note that the continuability condition for function p(t) is
the inequality

G(c)+jv(s)dss:f%

or
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2 Cds % ds % ds
MO e T FTe)

This inequality is satisfied for any c e (O, ao) for which condition (c) of Theorem 1 holds true. Since c¢<a’,
we have

K T ds 7 ds

v(s)ds < < .
M PN
Hence it follows that for ¢ <(0,a°) the value S =o0. This proves Theorem 1.

Further we shall consider system (1) under the following assumption.
As. There exist a nonnegative integrable function c(t) forall t>t, >0 andaconstant & >1 such that

[f (el < e

fo

forall (t,x)eR,xR".
Theorem 2. For the system of Equations (1) let conditions of Assumptions A and A, be satisfied. Then
for the norm of solutions  x(t)=x(t,t),x,) the estimate

%] exp jb(s)ds
[x(®)] < : - ©)
{1_(a 1) tjc(s)exp((a —l)jb(r)drj ds}

S

holds true for all t>t, >0 whenever

PR jc(s)exp[(a_l)jb(f)erds <1 ©)

to s

Proof. Let x(t) be the solution of system of Equations (1) with the initial conditions x(t,)=x,, t,>0.
Under conditions A and A, Equation (1) yields the estimate of the norm of solution x(t) in the form

()] < %]+ [o(s)|x(s)|ds + fe(s)[x(s)]" ds. )
We transform inequality (7) to the pseudo-linear form
||x(t)|| <%+ j(b(s) + c(s)"x(s)"a_l)"x(s)" ds, (8)

and applying the Gronwall-Bellman lemma [1] arrive at the estimate

ol elo] flte)-ctolecol” o

fo

forall t>t,>0.
Further, for estimation of the expression

exp{jc(s)"x(s)”al dsj

the following approach is applied (cf. [8]).
Designate [x(t)| = (t) forall t>t, and from inequality (9) obtain
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fo

w0 <% exp{(a -1) .t[ (b(s) +e(s)y (s))ds}. (10)

Multiplying both parts of inequality (10) by the expression

fo

—(a—1)c(t)exp(—(a—1)}0(5){//“‘1(s)ds],

we get

~(a-D)c(t)y (t)exp[—(a—1)j|'c(s)1//a‘1(s)ds:| > —(a—1)||x0||a_1c(t)exp{(a—l)jfb(s)ds}.

fo fo

This implies that

~(« _1)”)(0"“*1 C(t)exp{(a -1) j'b(s)ds:l < %[exp(—(a -1) jc(s)y,afl (s)ds] .

fo fo

Integrating the obtained inequality between the limits t, and t we arrive at

1-(a —1)||x0||“"l jc(s)exp{(a —1)ib(r)dr:lds < exp{—(a —1)jc(s)y/“ (s)ds|.

Under condition (6) this estimate implies

exp{(a—l)j'c(s)w“l(s)ds}s - 1 .
fo 1-(a-1)|% [ [jc(s)exp (a—l)!b(r)dr}ds

1

Moreover, inequality (10) becomes

exp{(a—l)j'b(s)ds

fo

v (1) <l

t t
1-(a-1)|j% " jc(s)exp[(a —1)J'b(r)drj ds
to s

This inequality yields estimate (5) forall t>t, >0 for which condition (6) is satisfied.

This completes the proof of Theorem 2.

Inequality (7) is a partial case of inequality (3) and its representation in pseudo-linear form (8) allows us to
simplify the procedure of obtaining the estimate of norm of solutions to system (1).

Theorem 2 has a series of corollaries as applied to some classes of systems of ordinary differential equations.

Corollary 1. Consider system (1) for A(t)=0 forall t>t;>0

ax

dt
This is an essentially nonlinear system, i.e. a system without linear approximation. Such systems are found in
the consideration of systems with dry friction, electroacoustic waveguides and in other problems. Systems with

sector nonlinearity (see [12]) are close to this type of systems.
If condition Ay is fulfilled with the function c(t) such that

f(t'x)' X(to)zxo- (11)

fa
jc(s)ds >0,

T
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forany (t.t.,)eR,, t <t k=012, then
t
x| <[]+ Je(s)]x(s)]" ds.
fo
Applying to this inequality the same procedure as in the proof of Theorem 2 it is easy to show that if

1-(a-1) %" jc(s)ds >0

)

forall t>t, >0, then

o) be w2
1-(a=2) x| [e(s)ds |

forall t>t,>0.
Comment 1. Estimate (12) is obtained as well by an immediate application of the Bihari lemma (see [10]) to
the inequality

)< el (e (o) o

with the function ®(u)=|x|", >0, a=1.

Corollary 2. In system (1) let f(t,x)=B(t,x)x, where B:R, xR" —»R™" is an nxn-matrix conti-
nuous with respect to (t,x)eR, xR".

Consider a system of non-autonomous linear equations with pseudo-linear perturbation

dx

& (A(t)+B(tX))x  X(ty) =% (13)

Assume that condition A is satisfied and there exists a nonnegative integrable function h(t) such that
[B(t.x)| < ()], (14)

forall (t,x)eR,xR".
Equation (13) implies that

t
NOE ||x0||+_[(b(s)||x(s)||+ h((s)||x(s)||2)ds. (15)
0
Applying to inequality (15) the same procedure as in the proof of Theorem 2 we get the estimate

t
[%|exp [b(s)ds
0

[x(1)] < : s (16)
1—||x0||jh(s)expjb(r)drds
0 0
which holds true for the values of (t)e[0,0) for which
t s
1-| %] [n(s)exp [b(z)dzds > 0. a7
0 0

Comment 2. If in inequality (15) functions b(t)=h(t)=1 for all t>t; >0, then Theorem 1 yields the

estimate (see [4])



A. A. Martynyuk

[[ %o/ exp (t—ty)
X(t)| <
x(@) 1+]%(1-exp(t-t,))
L+

ol
Corollary 3. In system (1) let f (t,x)=A, (t)x* +--+ A X", where X' = col(xli, x'zx:,) for all
i =2,3,---,n. Further we shall consider the system of nonlinear equations

forall te [to,r) , where z is determined by the formula z=t, +In

=2 (O x(t) =%, (18)
k=
where A €C R+,R”X”) are (nxn) -matrices with the elements continuous on any finite interval and
A()=A(t).
Assume that there exist nonnegative integrable on [0,oo) functions b, (t) k=1,2,---,n, such that
|A (1) <b (), k=12,-,n (19)

In view of (19) we get from (18) the inequality
t n t n
(ol <liol+ [S1A (I ds= o+ [Sh (9)]x(s) e @)
= =
Inequality (20) is presented in pseudo-linear form

X<+ I( #0( )||x(s)||k‘lj||x(s)||ds_

Hence

o <lpfe 61 (s | ey

=
We shall find the estimate of the expression exp(j[zn“bk (s)||x(s)||k71 dsj.
Inequality (21) implies that the estimate .
(o] <l p[ [ Zb s>||x<s>||j“ds}
<l ) {00+ (-0 5n (o) o

lds}
we get

(-1, O] exr{ <n—1>§§br<s>||x<s>||'1ds} ~(n-1)b ||xo||k1exp{<k—1>ibl<s>ds}-

o'—.—»

is true.
Multiplying both parts of this inequality by the negative expression

~(n-1)b, (t exp{ (n- 1J'Zb )|x(s)

Summing up both parts of this inequality from k=2 to n we find

188



A. A. Martynyuk

~(n-1)>b, (t)||x(t)||k7l exp{—(n —1)f£r2n;br (s)||x(s)||r7l ds} >—(n-1)Yb, ()[%] exp{(k —l)'t[b1 (s)ds}.

k=2 k=2 0

Integration of this inequality between 0 and t results in the following inequality
tn K1 t n kel t
exp —(n—l)IkZ;bk(s)"x(s)" ds 21—(n—1)ij;bk(s)||x0|| exp| (k—1) b, (z)dr |ds
0K= 0K= 0

From this inequality we find that

1

eXkaibk (S)e(s)] ds} ]
{1—(n =] izbk O eXp|:(k _1)lbl (T)dr}ds}“

IN

Hence follows the estimate
polesa| (5|
[x(®)] < : — (22)
{1—(n _1)ji2bk (s)[%[ ™ exp{(k —1)J'b1(r)dr}ds}n_l

ok= 0

which is valid for all t [0,00) such that
ton s
1-(n —1)_.'Z||xo||k7l b, (s)exp[(k -1 fby (r)drjds >0
ok=2 0

Estimate (5) allows boundedness and stability conditions for solution of system (1) to be established in the
following form.

Theorem 3. If conditions A and A, of Theorem 2 are satisfied for all (t,x)eR, xR" and there exists a
constant />0 such that ||x(t)| </ forall t>t,, where S may depend on each solution, then the solu-
tion x(t,t, %) of system (1) is bolinded.

Theorem 4. If conditions A; and A; of Theorem 2 are satisfied for all (t,x)eR, xR" and f(t,x)=0 for
x=0, and for any £>0 and t,>0t? O there exists a &(t,,&)>0 such that if ||x|<J(t,, &), then the
estimate |x(t)|_ <& issatisfied for all t>t,, then the zero solution of system (1) is stable.

The proofs of( 'i'heorems 3 and 4 follow immediately from the estimate of norm of solutions x(t) in the form

of (5). The notations ||x(t)||(5) <p and ||x(t)||(5) <& mean that the right hand part of inequality (5) must sa-

tisfy these inequalities under appropriate initial conditions.
Similar assertions are valid for the systems of Equations (11), (13) and (18) in terms of estimates (12), (16)
and (22).
4. Applications
4.1. Stabilization of Motions of Affine System
Consider an affine system with many controlling bodies

dx !

i A(t)x(t)+iZ:1:Gi (t.x(t))u, (t)+Bug (t), (23)
y(t)=Cx(t), (24)
X(to) =%, (25)
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where xeR", A(t) isan nxn-matrix with continuous elements on any finite interval, G, (t,x) isan nxm-
matrix, the control vectors u,(t)eR"™ forall i=12,---,I ,Bisan nxm-matrix and the control u,(t)eR",
Cis a constant nxn-matrix, X, is a vector of the initial states of system (23). With regard to system (23) the
following assumptions are made:

A, Functions G, (t,0)=0, i=12;--,1 forall t>0.

As. There exists a constant nxm -matrix K, such that for the system

%’:(A(t)—BKOC)y

the fundamental matrix @ (t) satisfies the estimate
|0 ()@ (s)| < Me),

for t>s>t,,where M and « are some positive constants.
As. There exist constants y, >0 and q>1 such that

|G (L)< 7"

forall i=12,---,1.
The following assertion takes place.
Theorem 5. Let conditions of assumptions A, - A, be satisfied and, moreover,

| t
1-yaM (K)o ! feds > 0,
i=1 0

|
where y=>7,.

i=1
Then the controls

0(0)=Ky(M), =120 5 (0)=Ky()

stabilize the motion of system (23) to the exponentially stable one.
Proof. Let the controls u, (t)=-K;y(t) and u,(t)=-K,y(t) be used to stabilize the motions of system
(23). Besides, we have

9 (A1) BKC)x(t)- illGi (6 x(0) (KCx(1)).
and

G, (s.x(s))(KCx(s))ds. (26)

|
i
oy

x(t)=d><t>q>-1(to>xo—j@(t)cb-%s)

In view of conditions of Theorem 5 we get from (26) the estimate of norm of solution of system (23) in the

form
[x (O] <% Me= +i7Me“<“)_'lelKicllllx<s) s (27)
0 =
We transform inequality (27) to the form
[x(t)e| <[ | M +£}/Me”’qsguKiC””x(s)e”‘s " g, (28)

Applying Corollary 3 to inequality (28) we get
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M [

| t
[ rame Sl fees |
i= 0

M

|
MEX(RChl

<

||x(t)e"t

1
q

| =

q

qt _
1+ - (e 1)
B M [
< —.
. T
7M‘*“§(||Kicll)llxo||“ q
1— E .

(24

forall t>0.
If condition

| t
1-yaM ™ (KOl femds >0,
i= 0

of Theorem 5 is satisfied, then

|
MR (K Clbol

1- >0
o

and for the norm of solution x(t) we have the estimate
[x(t)] < Mo xg e

forall t>0, where

M

|
MR (IKCl) bl

a

alr

This completes the proof of Theorem 5.

4.2. Syncronization of Motions

The theory of motion synchronizations studies the systems of differential equations of the form (see [9] and
bibliography therein)

%:ﬂf(tnxvﬂ): X(to):Xov (29)

where f(t,x,1):R, xR"x[0,1] > R", f isa function continuous with respect to t, x, x and periodic
with respect to t with the period T,and x isasmall parameter. Alongside system (29) we shall consider an

adjoint system of equations
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—=n9(X), X(t)=x, (30)

where
lT
g(x):?.!f (s,%,0)ds.

Assume that in the neighborhood of point x, for sufficiently small value of x for any te[0,T] the
vector-function f and its partial derivatives are continuous. Designate

M = max £ (t %, 2 ||
te[O,T],fo)(OHSd,ﬂS,u
It is clear that the solutions of Equations (29) and (30) remain in the neighborhood [x—x,[<d for
|ut|<dM -
With aIIowance for

6f

X(t, 1) =X +yif (s.x(s, p), 1)ds
and
X (t, ) = % +,uj;g (X(s,4))ds
we compile the correlation

X (%, 1) =X (t, 1) j[ s,X(s, ), 1)~ T (s,%(s,1),0 ]ds+y_[[ s,X(s, 1), 0)—f(s,7(s,,u),0)]ds

t

+yj'[f (s.X(s.1),0)-9 (X(s,y))]ds.

0

(1)

As it is shown in monograph [9] for the first and third summands in correlation (31) the following estimates
hold true

<M ut, (32)

':[[f (s,x(s,,u),y)— f (s,x(s,,u),o)st

<2MT +4M°T pt. (33)

i[ $,X(s, 1), g(Y(s,y))]ds

To estimate the second summand we assume that there exist an integrable function N(t):R, - R, such
that forany t,t, e[0,T] (0<t <t,)

J'N s)ds>0

and « >1 such that
[ (tx,0)- f (tx,0) < N (1) [x—x]" (34)

in the domain of values te[0,T] and x, XeD.
In view of estimates (32)-(34) we find from (31)
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”X(S,,u)—f(s,,u)" < /J(ZMT +(4M T+M ),ut)+,u_j;‘N (z’)"X(r,y)—Y(r,u)”a dr (35)

forall s<t.
Let there exist 4" €[0,1] such that

1-(a=1)] u(2MT +(4M7T + M )yt)]a_l y}N (s)ds>0 (36)

for all 4 < u". Then the norm of divergence of solutions x(t,z) and X(t,x) under the same initial condi-
tions is estimated as follows

y[zMT +(4M?T + M ),Ut:|

”X(t,,u)—f(t,,u)"ﬁ 37)

{1—(05—1)[/1(21\“ +(4M2T+M )ytﬂH y}N (s)ds}a_l

forall te[0,T] andfor u<y’.

Estimate (37) is obtained from inequality (35) by the application of Corollary 1.

Comment 3. If in estimate (34) @ =1 and N(t)=M, then the application of the Gronwall-Bellman lemma
to inequality (35) yields the estimate of divergence between solutions in the form [9]

[x(t22) =X (8, 12)] < 2] 2MIT +(4MPT +M ) t Jexp (M)
forall te[0,T].

5. Concluding Remarks

In this paper the estimates of norms of solutions to differential equations of form (1), (11) and (13) are obtained
in terms of nonlinear and pseudo-linear integral inequalities. This approach facilitates establishing the estimates
of norms of solutions for some classes of systems of equations of perturbed motion found in various applied
problems (see [11] [13]). Efficiency of the obtained results is illustrated by two problems of nonlinear dynamics.

It is of interest to develop the obtained results in the investigation of solutions to dynamic equations on time
scale (see [14] [15]). In monograph [16] the integral inequalities on time scale form a basis of one of the me-
thods of analysis of solutions to dynamic equations.
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Abstract

The design of large disk array architectures leads to interesting combinatorial problems. Mini-
mizing the number of disk operations when writing to consecutive disks leads to the concept of
“cluttered orderings” which were introduced for the complete graph by Cohen et al. (2001). Muel-
ler et al. (2005) adapted the concept of wrapped A-labellings to the complete bipartite case. In this
paper, we give some sequence in order to generate wrapped A-labellings as cluttered orderings
for the complete bipartite graph. New sequence we give is different from the sequences Mueller et
al. gave, though the same graphs in which these sequences are labeled.

Keywords
Cluttered Ordering, RAID, Disk Arrays, Label for a Graph

1. Introduction

The desire to speed up secondary storage systems has lead to the development of disk arrays which achieve per-
formance through disk parallelism. While performance improves with increasing numbers of disks, the chance
of data loss coming from catastrophic failures, such as head crashes and failures of the disk controller electron-
ics, also increases. To avoid high rates of data loss in large disk arrays, one includes redundant information
stored on additional disks—also called check disks—which allows the reconstruction of the original data—
stored on the so-called information disks—even in the presence of disk failures. These disk array architectures
are known as redundant arrays of independent disks (RAID) (see [1] [2]).

Optimal erasure-correcting codes using combinatorial framework in disk arrays are discussed in [1] [3]. For
an optimal ordering, there are [4] [5]. Cohen et al. [6] gave a cyclic construction for a cluttered ordering of the
complete graph. In the case of a complete graph, there are [7] [8]. Furthermore, in the case of a complete bipar-
tite graph, Mueller et al. [9] gave a cyclic construction for a cluttered ordering of the complete bipartite graph by

How to cite this paper: Adachi, T. and Kikuchi, D. (2015) Some Sequence of Wrapped A-Labellings for the Complete Bipar-
tite Graph. Applied Mathematics, 6, 195-205. http://dx.doi.org/10.4236/am.2015.61019
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utilizing the notion of a wrapped A-labelling. In the case of a complete tripartite graph, we refer to [10].

As Figure 1, we present the case ¢ =2 . For example, information disk 1 is associated to the check disks a
and c. A 2-dimensional parity code can be modeled by the complete bipartite graph K, , :(U,V, E) in the
following way. The point set of K,, is partitioned into the two sets—U and V both having cardinality ¢.
Assign the points of U to the ¢ check bits corresponding to the rows and the points of V to the ¢ check bits
corresponding to the columns. By definition, in K, , any point of U is connected with any point of V exactly on
edge constituting the edge set E, i.e., |E|=¢* (see Figure 2).

In this paper, we make label to the vertex of a bipartite graph. For example, we make label 1, 3, 0 and —1,
respectively, to four vertices a, b, ¢ and d of a bipartite graph in Figure 2. By such labelling, we get that the
label of the edge {a,c} is 1-0=1; the label of the edge {a,d} is 1—(-1)=2; the label of the edge {b,c}
is 3-0=3 and the label of the edge {b,d} is 3—(-1)=4. The labellings [1,3] of the upper vertices
[a,b] and the labellings [0,—1] of the lower vertices [c,d] are sequences. The goal of this paper is to find
new sequence in order to generate wrapped A-labellings as cluttered orderings for the complete bipartite graph.
In Section 5, we give new sequence which we want. The new sequence we give is different from the sequences
Mueller et al. [9] gave, though the same graphs in which these sequences are labeled.

2. A Cluttered Ordering

In a RAID system disk writes are expensive operations and should therefore be minimized. In many applications
there are writes on a small fraction of consecutive disks—say d disks—where d is small in comparison to k, the
number of information disks. Therefore, to minimize the number of operations when writing to d consecutive
information disks one has to minimize the number of check disks—say f—associated to the d information disks.

Let G=(V,E) be a graph with n:[\/| vertices and edge set E={e,e,--€e,,}. Let d<m be a
positive integer, called a window of G, and ~ a permutation on {0,1,--~,m—1} , called an edge ordering of G.
Then, given a graph G with edge ordering ~ and window d, we define Vi”'d to be the set of vertices which
are connected by an edge of (e .. ;,;.".@ 2 (isd 1)} , 0<i<m-1, where indices are considered modulo m.
The cost of accessing a subgraph of d consecutive edges is measured by the number of its vertices. An upper
bound of this cost is given by the d-maximum access cost of G defined as max; |\/I | An ordering 7~ isa (d,
f)-cluttered ordering, if it has d-maximum access cost equal to f. We are interested in minimizing the parameter
f.

Let ¢ be a positive integer and let K,, denote the complete bipartite graph with 2¢ vertices and 02
edges. In the following, we identify the vertex set of K,, with Z, xZ,, where two vertices are connected by
an edge iff they have different second components in Z,xZ,. The constructlon of (d, f)-cluttered orderings for
K,, with small positive integer f is based on two fundamental concepts. Firstly, we introduce the well-known
concept of a A-labelling of a suitable bipartite subgraph from which one gets a decomposition of K, , into
|somorph|c copies of this subgraph. Secondly, we define the concept of a (d, f)-movement which will lead to
“locally” defined edge orderings of K, ,. This principle was implicitely used in [6] in case of the complete
graph. In case of the complete bipartite graph, we refer to [9].

In the following, H = (U : E) always denotes a bipartite graph with vertex set U which is partitioned into

1

[\

a b ¢ d

=

Il
O O -
= O O
oOrRrmRkOo w
= OO ~
OO OoOr
OO~ O
o= OO
=OoO OO
QLo o8

Figure 1. 2-dim. parity code and its parity check matrix.

a b
1 4
c d

Figure 2. Code as graph.
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two subsets denoted by V and W. Any edge of the edge set E contains exactly one point of V and W respectively.

Let €_| | then a A-labelling of H with respect to V and W is defined to be a map A:U — Z,xZ, with
A(V)cZ,x{0} and A(W)cZ,x{1}, where each element of Z, occurs exactly once in the difference list
A(E) = (A(v)-A(w))|veV, weW,(v,w) E). L)

Here, 7,:Z,xZ, — Z, denotes the projection on the first component. In general, A-labellings are a well-
known tool for the decomposition of graphs into subgraphs (see [11]). In this context a decomposition is un-
derstood to be a partition of the edge set of the graph. In case of the complete bipartite graph, one has the fol-
lowing proposition.

Proposition 1. ([9]) Let H = (U , E) be a bipartite graph, /= |E| and A be a A-labelling as defined above.
Then there is a decomposition of the complete bipartite graph K, , into isomorphic copies of H.

For example, Figure 3 shows A-labellings of a graph H =H (1;1) with 3 edges leading to a decomposition
of K,, into isomorphic copies of H (1;1) such as Figure 4. Next, in order to move a graph H to an isomorphic
copy such as Figure 5, we define the concept of a (d, f)-movement which can easily be generalized to arbitrary
set system.

Definition 1. Let G be a graph with edge set E(G)={e,,e,,---,€,,}, where n is positive integer, and let =,

d-1

T, cE(G) with d:=[Z,|=[%]. For a permutation o on {01,--,n-1} define V" =(J e for

i -0 cr(|+J)

0<i<n-d. Then, for some given a positive integer f, and a map o is called a (d f)-movement from X,
to X, |f2_£ 0<j<d-1}, leeajn—dngn—lg and max, V> < f .

In order to as emg)le such (d, f)-movements of certain subgraphs to a (d, f) cluttered ordering, we need some
notion of consistency. Let ¢:X, — X, be any bijection, then a (d, f)-movement o from X, to X, iscalled
consistent with ¢ if

o)) =Csrary fOr J=010d -1, )

Now, for each jeZ, one gets an automorphism ¢; of the bipartite graph K, , defined by cyclic transla-

tion of the vertex set:
0 a
B,
Ob 1b

Figure 3. A A-labelling of a graph H (1) with 3
edges.

Ozb 1 a 0 13O a
o5 15 b oy 15 b
Figure 4. Isomorphic copies of H (11).

0 a U‘?a U‘?a

0
0B b b b 9b
0 a a an 1 a
3 4 3| A
o o 18 b

Figure 5. A (3,4)-movement.
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7,12,x2, > Z,xZ,, 7;((ub))=(u+jb), €©))

(u,b) €Z,xZ,. Obviously, z; induces in a natural way an automorphism of the edge set of K, , which we

also denote ;. Then, r, (E(”) =" and (Zg)) =30 ieZ,. Next, we define a subgraph G c K,
by specifying its edge set E(/?/(O) —EQ Uzl Let EQG(O) ae(‘)) el el n=r4d, where we fix

Ch (0
some arbitrary edge orderlng e denote the restrlctlon of the ‘cyclic translation z, to zg‘” by (p,((o) which
defines a bijection (p,(() Z( N Z( )

Definition 2. With above notation, a (d, fgmovement of G from Z() to E(") consistent with ¢,((°)
will be denoted as (d f) -movement from E consistent with the translatlon parameter .

Accordlng to Definition 1, such a (d, f)- movement is given by some permutatlon o of the index set
{0 1,- } By applying the cyclic translation z, one gets a graph cl (G(O)) with edge set

E(G(i)) E()UZ(W«)={ec(,i),el),---,e£)1}, ieZ,. We denote the restriction of z_ to Z by (oK which
defines a bijection

o050 >3, gl (V)= e, o e, @)

Then o also defines a (d, f)-movement of G from =0 to =0 consistent with ¢ . Using that
ea'()j) exl, 0<j<d, (see Defintion 1), we get, for j=0,1,---,d -1,
NN :
©) = ) (o) )= al) —el)

(i) = Px (ea(j))_ea(n—dﬂ) =& (0vj) ®)

Having such a consistent o , it is easy to construct a (d, f)-cluttered ordering of K, ,. In short, one orders the
edges of K,, by first arranging the subgraphs of the decomposition along E® E® EC ),---,E((/ %) and
then ordering the edges within each subgraph accordingto o .

Proposition 2. ([9]) Let H :(U,E) —|E| be a bipartite graph allowing some p -labelling, and let «
be a translation parameter coprime to /. Furthermore, let £, cE, d: |2 | If there is a (d, f)-movement
from X, consistent with x, then there also is a (d, f)-cluttered ordering for the complete bipartite graph
K,, -

3. Construction of Cluttered Orderings of H (h;t)

In this section, we define an infinite family of bipartite graphs which allow (d, f)-movements with small f. In
order to ensure that these (d, f)-movements are consistent with some translation parameter x, we impose an
additional condition on the A-labellings also referred to as wrapped-condition.

Let h and t be two positive integers. For each parameter f and t, we define a bipartite graph denoted by
H (h;t)=(U,E). Its vertex set U is partitioned into U =V UW and consists of the following 2h(t+1) ver-
tices:

Vi={y|0<i<h(t+1)},
W ={w|0<i<h(t+1)}.
The edge set E is partitioned into subsets E,, 0<s<t, defined by
{{v,, }‘s h<i, j<s- h+h}
E/ = {vl,whﬂ}‘s~h£j£i<s-h+h},
Er= {{vhﬂ, }‘s~hsi§j<5~h+h},

E,=E;UE/UE], for 0<s<t,

t-1
E=JE.

s=0
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Figure 6 shows the edge partition of H (2;1) . For the number of edges holds

|E| :t-(h2 + h(h2+1)+ h(h+1)j:th(2h+1) .

2

The t subgraphs defined by the edge sets E,, 0<s<t, and its respective underlying vertex sets are isomorphic
to H(h;1). Intuitively speaking, the bipartite graph H (h;t) consists of t “consecutive” copies of H (h;1),
where the last h vertices of V and W respectively of one copy are identified with the first h vertices of V and W
respectively of the next copy. Traversing these copies with increasing s will define a (d, f)-movement of
H (h;t) with small parameter f as is shown in the next proposition.

Proposition 3. ([9]) Let h, t be pogitive integers. Let H (h;t)=(U,E), t>2, be the bipartite graph as de-
fined above. Then, there is a (d, f)-movement of H(h;t) from E, to E,_, with d=h(2h+1) and f =4h.

By Proposition 1 a A-labelling of the graph H (h;t) will lead to a decomposition of the complete bipartite
graph K,, into ¢ isomorphic copies of H(h;t), where ¢=th(2h+1). However, in general there is no
(d, f)—movement consistent with some translation parameter x . To this means, we impose an additional con-
dition on the A-labelling. The following definition generalizes and adapts the notion of a wrapped A-labelling to
the bipartite case, which was introduced in [6] for certain subgraphs of the complete graph.

Definition 3. Let H =(U,E), ¢=|E|, denote a bipartite graph and let X, Y cU with |X|=]Y|. A A-
labelling A is called a wrapped A-labelling of H relative to X and Y if there existsa xeZ coprimeto ¢ such
that

A(Y)=A(X)+(x,0) (6)

as multisets in Z,xZ,. The parameter x is also referred to as translation parameter of the wrapped
A-labelling.

For the graphs H =H (h;t), we define X :={v, w|0<i<h} and Y:={v,w|ht<i<h(t+1)}. Further-
more, in the following we only consider wrapped A-labellings relative to X and Y for which the stronger condi-
tion

A(Viyn ) =A(V;)+(x,0) and  A(w,., ) =A(W)+(x,0), )

hold for 0<i<h. Suppose we have such labelling A satisfying condition (7). Now, EV, ie Z,, are isomor-
phic copies of H (h;t). Furthermore, =) s |somorph|c to H(h;1) conS|st|n of the first d edges of E.
From condition (7) follows that the graph GO < K,, with edge set E G! 3 ()uz( ) can obviously
identified with H (h t+1) In addition, one easily checks that the (d, f)-movement of GO (h;t+l) from
Proposition 3 is consistent with the translation parameter « .

Proposition 4. ([9]) Let h, t be positive integers. From any wrapped A-labelling of H (h;t), satisfying
condition (7), one gets a (d, f)-cluttered ordering of the complete bipartite graph K,, with / :th(2h +1),
d=h(2h+1),and f =4h.

4. Sequences of Wrapped A -Labellings for H(1; t), H(2; t) and H(h; 1)

In this section, we construct some infinite families of such wrapped A-labellings. By applying Proposition 2 we
get explicite (d, f)-cluttered orderings of the corresponding bipartite graphs. For these results in this section, we
refer to [9].

4.1. A Sequence for H(1; t)
We define a wrapped A-labelling of H (L;t) for any positive integert. H (1t)=(U,E) has 2(t+1) vertices

E) EY E
vo .
wo I I . N %

Figure 6. Partition of the edge set of H(2;1).
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and 3t edges. For a fixed t, we define A:U — Z, xZ, onthe vertexset U =V UW as follows:

jt.0), for 0<j<t,

(
A(Vj)z{(tz +10), for j=t,
(

j(t-1),1), for 0<j<t,
A(w,) =
) (t2+1,1), for j=t,

where the integers in the first components are considered modulo 3t. We now compute the difference list A(E)
of & defined as in (1). Hence each element of Z, appears in A(E) and the difference condition holds.
Figure 3 illustrates the definition for the case t = 1.

Obviously, the wrapped-condition (7) relative to X ={v,,w,} and Y ={v,,w,} holds as well and the transla-
tion parameter x =t>+1 is coprime to 3t for any t. Therefore, A defines the desired wrapped A-labelling of
H(Lt).

'?'heZ)rem 5. ([9]) Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bi-
partite graph K, , with d=3 and f=4.

Theorem 6. ([9]) Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bi-
partite graph K, ; with d =3s+r and f=2(s+1)+r, s>0, r=0,12.

4.2. A Sequence for H(2; t)

We define a wrapped A-labelling of H(2;t) for any positive integer t. H(2;t)=(U,E) has 4(t+1) ver-
tices and 10t edges. For a fixed t, a labelling A isamap A:U — Z,;, xZ, on the vertex set U =V UW . We
specify the second component of A on the vertices V = (vo,vl,-~~,v2H1) sequentially by the following list of 2t
+ 2 numbers:

Cp:Co +@,C,C +a,+,C;,C; +8,++,Cy,Cy +8,C +K,Cy +a+K,

and, on the vertices W = (W, W,,---,W,,,) by, similarly,

do,do+b,d1,d1+b,~-,dj,dj +b,---,d_,,d,, +b,dy +x,d, +b +x,

y Y1

where we set

a=6t-1, c,=2jt, j=01,---,t-1,
b=6t-2, d;=2j(t-1), j=01--,t-1,
K =2t +1.

All integers are considered modulo 10t. Note that |E| =10t and x =2t*>+1 are coprime for all t and that
the wrapped-condition (7) is obviously fulfilled. Thus, A defines a wrapped A-labelling.

Theorem 7. ([9]) Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bipar-
tite graph K, o With d =10 and f =8.

Theorem 8. ([9]) Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bipar-
tite graph Ky, With d =10s+r and f =4(s+1)+min(r,4), s>0, r=0,1---,9.

4.3. A Sequence for H(h; 1)

We define in this section a wrapped A-labelling for H (h;1) for any positive integer h. H(h;1)=(U,E) has
4h vertices and h(2h+1) edges. We define the A-labelling A:U — Zy(onsyy X £, ON the vertex set U =V UW

by specifying the first component of A on the vertices V = (vo,vl, . --,VZM) sequentially by the following list of
2h numbers:

Qy,ay, 8, 4,8y T K, +K, -, 8 +K,

and on the vertices W = (W, W,,-,W,,,_,) by, similarly,
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bo.by, e b by + 5B+ K, by +

where we set

a,=0, ai=2i—(2h+1), i=12,--,h-1,
b, =0, bj:—j(2h+1)—1, j=12,---,h-1,
K=-1.

Al integers are considered modulo h(2h+1). Obviously, |E|=h(2h+1) and « are coprime for any posi-
tive integer h and the wrapped-condition (7) is fulfilled. Figure 7 illustrates the definition for the case h=3.
All numbersin Z, 2n1) @ppear exactly once as difference of A which hence defines a wrapped A-labelling.

Theorem 9. ([9]8 Let h be a positive integer. For all h there is a (d, f)-cluttered ordering of the complete
bipartite graph K, ;. ;) yon.ey With d =h(2h+1) and f =4h.

5. Our Result: A Sequence of a Wrapped A -Labelling for H (3; t)

In this section, we define a wrapped A-labelling of H (3;t) for any positive integer t. H(3;t)=(U,E) has
6(t+1) vertices and 21t edges. For a fixed t, a labelling A is a map A:U —Z,, xZ, on the vertex set
U =V UW . We specify the second component of A on the vertices V =(V,,V, -, Vy., ) sequentially by the
following list of 3t+3 numbers:

Gy, Cy +,C, +2a,¢,¢ +a,¢ +2a,-+,C;,C; +a,C; +28,-++,C, 4,64 +3,C; +23,C, +&,C, +a+K,Cy +2a+k,

jl
and, on the vertices W = (W, W,,---, Wy, ) by, similarly,
do,d0+b,d0+2b,d1,d1+b,dl+2b,-~-,dj,dj +b,dj +2b,---,d,,,d,_, +b,d_, +2b,d; +x,d, +b+x,d, +2b +x,

where we set

a=15t-1, «c; =3jt, j=0,1,---,t-1,
b=15t-2, d;=3j(t-1), j=01---,t-1,
K =3t +1.

All integers are considered modulo 21t. Note that |E| =21t and x=3t>+1 are coprime for all positive in-
teger t and that the wrapped-condition (7) is obviously fulfilled. Figure 8 illustrates the definition for the case t = 1.

ap=0 a1 =16 az =18 ag+ k=20 a1 +Kk=15 ag+ k=17
Us

bop=0 b1 =13 b =6 bo+k =20 b1 +k=12 ba+Kk=5
Figure 7. Some wrapped A-labelling of H(3;1), |E|=21, V|=12, x=-1.

by = b1 =13 by =5 bo+Kk=4 bi1+k=17 bya+Kk=09

Figure 8. Some wrapped A-labelling of H(3;1), |E|=21, \V|=12, x=4.
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We now compute the differences of A using the notation from (1):

A(E;)=(c, —dy. G, —dy +(a—b),c, —d, +(2a—2b),c, —d, +a,¢, —d, +2a,¢, —d, —b,c, —d, —2b,
c, —d, +(2a-b),c, —d, +(a—2b))

(0,1,2,15t 1,9t — 2,6t + 2,12t +4,15t, 6t + 3),

(c;-dj.c;—d;+(a=b),c;—d; +(2a-2b),¢c; -d; +a,c; —d; +2a,c; -d; -b,

—d; —2b,c; -d; +(2a-b),c;—d; +(a-2b))
=(3j,3j+1,3j+2,3j+15t-1,3j+9t—2,3j+6t+2,3j +12t + 4,3 +15t,3j + 6t +3)
for j=12,---,t-1

A(E))

A(Ef,)=(c;,—dj.ci—d;+ac,, —d;+2a.c;,—d; +(a=b),c;, —d; +(2a-b),c;, —d; +(2a—2b))
=(3j+18t,3j+12t-1,3j+6t—2,3j+18t+1,3j+12t,3j +18t +2)
for j=1,2,---,t-1
A(E},)=(c;-d;.c;—dj, —b,c;—d;,—2b,c;—d;, +(a=b),c;—d;, +(a—2b),c; —d , +(2a—2b))
=(3j+3t-3,3j+9t-1,3j+15t +1,3j+3t-2,3j +9t,3j +3t-1)
for j=12,---,t-1
A(E!y)=(cy—dy— 5,6y —dy —x+a,c, —dy —x+2a,¢_, —dy —x+(a—b),c_, —d, —x+(2a-b),
¢y —dy —x+(2a-2b))
:(18t—1,12t—2,6t—3,18t,12t—1,18t+1),

A(E!)=(c, +x—dyy,C+x—dy; —b,C, +x—d,, —2b,¢, +x—d,_, +(a—b),c,+x—d_, +(a-2b),

Co+x—d_, +(2a—-2b))
=(6t—2,12t,18t+2,6t —1,12t +1,6t).

We now compute the difference list A(E):

A(E))>(0,1,2), @)
AULE )= {3081 +1.3i+21< j<t-1} = {3,453t -1}, @
A(Ule;")D 3j+3t-3,3j+3t-2,3j+3t 1< j<t-1} = (3,3t +1,3t+2,-,6t -4}, 3)
A(E!,) > (6t-3), 4)
A(E/",) > (6t-2,6t-1,6t), ®)
AULEL )2 (Bi+6t-2] j =1} = {6t +1}, (6)
A(E})-(1) > (6t +2,6t+3), @)
A( JlE;’l) )>{3j+6t-2/2< j<t-1}={6t+4,6t+7,6t+10, -9t 5}, (8-1)
A(UJ 1EJ) )>{3j+6t+2,3]+6t+31< j<t—2}={6t+5,6t+6,6t+86t+9, 0t -4, -3}, (82)
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(8(UZEL)-0)o(a(Ur2E)-(2)
>(8-1)v(8-2) ©3)
={3j+6t-22< j<t-1}U{3j+6t+2,3]+6t+31< j<t-2}
=(6t+4,6t+5,6t+6,6t+7,6t+8,6t+9,6t+10,---,9t—5,9t — 4,9t -3),

A(E)-(2)=(7) = (9t-2), (9)
AULE )~ (2)-(8-2) > {3i+6t+2.3j +6t+3 j = t-1} = (9t—1,9t), (10)
AULE )~ (2)-(8-2)—(10) = {3j+9t-2[1< j <t—1f = (9t+1,9t+ 4,9 + 7, 12t ~5), (11-1)
AULER)-(3)> {31 +9t-1,3j +9tJ1< j <t—1f = (9t+2,9t+3,9t+5,9t +6,---,12t 4,12t ~3), (11-2)

(8(UE))-(2)-(8-2)-(20)) (s (U3 Er)-3))

S (11-1)u(11-2)

(11-3)
={3j+9t-21< j<t-1u{3j+9t-1,3j+9t1< j<t-1}
:(9t+1,9t+2,9t+3,9t+4,9t+5,9t+6,---,12t—5,12t—4,12t—3),

A(E!,)-(4)> (12t-2,12t-1), (12)
A(Er)—(5) > (121,12t +1), (13)
A(UJlE;’l) ) {3j+12t-1,3) +12t] j =1} = (12t + 2,12t + 3), (14)
A(Eg)-(1)—(7)-(9) > (12t +4), (15)
AULE)-(8)-(8-1)-(14) > {3j+12t-1,3] +12t]2 < j <t -1 (16-1)

—(12t+5,12t+6,12t+8,12t+9,--~,15t—4,15t—3),
(UJ1 l) (2)-(8-2)—(10)-(11-1) > {3j+12t+41< j<t-2} =(12t+7,12t +10,--,15t - 2), (16-2)
(8(U L) (6)-(8-1)-(14)) (A (U} 1€ )~ (2)- (8-2)~(10) - (11-1)) > (16-1) U (16 -2)

={3j+12t-1,3j+12t2< j<t-1fu{3j+12t+41< j<t-2} (16-3)
= (12t +5,12t +6,12t + 7,12t + 8,12t + 9,12t +10,---,15t — 4,15t — 3,15t - 2),

A(E})-(1)-(7)~(9)~(15) = (15t -1,15t), 17)
AULE) )~ (2)-(8-2)~(20) - (211-1) - (16-2) > (3] +12t+ 4] j =t -1} = (15t +1), (18)
AMULE ) -(2)-(8-2)~(10)—(11-1)-(16-2)~(28)

={3j+15t-1,3j+15t|1< j<t-1} (19-1)
= (15t + 2,15t + 3,15t +5,15t +6,---,18t — 4,18t - 3),
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AU LE)-(3)-(12-2) = {3 +15t +1[1< j < t-1) = (15t + 4,15t + 7, 18t - 2), (19-2)

(8(U2E)-(2)-(8-2)-(20) - (12-1)- (26 -2) - (18) ) o (4 (U 3 BT )~ (3)- (12-2))

={3j+15t-1,3j+15t1< j<t-1}U{3j+15t+11< j<t-1}
= (15t +2,15t + 3,15t + 4,15t + 5,15t + 6,15t + 7,---,18t — 4,18t — 3,18t - 2),
A(E!,)-(4)-(12) = (18t -1,18t,18t +1), (20)
A(E",)-(5)-(13)=(18t+2), (21)
t-1
A(U E}'_lj—(6)—(8—1)—(14)—(16—1):{Sj+18t,3j+18t+l,3j+18t+2|1s j<t-1 22)
j=1

=(18t+3,18t +4,18t +5,---, 21t -1).

From this one easily checks that the twenty-two lists cover all numbersin Z,, exactly once. Thus, A defines
a wrapped A-labelling and by applying Proposition 4 we get the following result.

Theorem 10. Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bipartite
graph K, ,, with d=21 and f =12.

Using the same edge ordering of K, ,,, one gets the following theorem by enlarging the window d.

Theorem 11. Let t be a positive integer. For all t there is a (d, f)-cluttered ordering of the complete bipartite
graph K, ,, with d=21s+r and f =6(s+1)+min(r,6), s>0, r=0,1,--,20.

For example, we get a (21, 12)-cluttered ordering of K, ,, . For the graphs K,, ., this is a much better
ordering than the (21, 16)-cluttered ordering from Theorem 6.

6. Conclusion

In conclusion, we give a new sequence for construction of wrapped A-labellings. Figure 7 and Figure 8 are the
same as a graph, but they are different as a sequence. Cluttered orderings given by two sequences construct the
different orderings for the complete bipartite graph K, ,, .
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Abstract

In this work, we used the complex variable methods to derive the Goursat functions for the first
and second fundamental problem of an infinite plate with a curvilinear hole C. The hole is mapped
in the domain inside a unit circle by means of the rational mapping function. Many special cases
are discussed and established of these functions. Also, many applications and examples are consi-
dered. The results indicate that the infinite plate with a curvilinear hole inside the unit circle is
very pronounced.

Keywords

Complex Variable Method, An Infinite Plate, Curvilinear Hole, Conformal Mapping, Goursat
Functions

1. Introduction

Many intangible phenomena can be found in nature-like magnetic field, electricity and heat. These phenomena
cannot be presented mathematically in the real plane. The complex plane plays an important role in presenting
these intangible phenomena. Also, many mathematical problems cannot be solved in the real plane; their solu-
tions can be found in the complex plane.

The considerable mathematical difficulties which arise during any attempt to solve plane elastic problems ne-
cessitate the search for practical methods of solution. The first use and development of the methods of complex
function theory in two-dimensional elastic problems were made by Muskhelishvili (see [1]), and their ideas were
expounded in their latter books (see [2]-[4]). The development of the theory was based on the complex repre-
sentation of the general solution of the equations of the plane theory of elasticity. This complex representation
has been found very useful for the effective solution of the plane elastic problems.

Contact and mixed problems in the theory of elasticity have been recognized as a rich and challenging subject

How to cite this paper: Bayones, F.S. and Alharbi, B.M. (2015) On a Problem of an Infinite Plate with a Curvilinear Hole in-
side the Unit Circle. Applied Mathematics, 6, 206-220. http://dx.doi.org/10.4236/am.2015.61020
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for study (see Popov [5], Sabbah [6] and Atkin and Fox [7]). These problems can be established from the initial
value problems or from the boundary value problems, or from the mixed problems (see Colton and Kress [8] and
Abdou [9]). Also, many different methods are established for solving the contact and mixed problems in elastic
and thermoelastic problems; the books edited by Noda [10], Hetnarski [11], Parkus [12] and Popov [5] contain
many different methods to solve the problems in the theory of elasticity in one, two and three dimensions.

Several authors wrote about the boundary value problems and their applications in many different sciences
(see [7] [13]-[15]). Form these problems, we established contact and mixed problems (see [8] [16]). Complex
variable method used to express the solutions of these problems in the form of power series applied Laurent’s
theorem (see [8] [17]-[19]). The extensive literature on the topic is now available and we can only mention a
few recent interesting investigations in [20]-[24].

The first and second fundamental problems in the plane theory of elasticity are equivalent to finding analytic
functions ¢ (z) and w,(z) of one complex argument z = x+iy .

These functions satisfy the boundary conditions

ke (1) —tgh (t) = (1) = (1) €

where ¢ (t) and w,(t) are two analytic functions; t denotes the affix of a point on the boundary. In the first
fundamental problem k=-1, f(t) isa given function of stresses, while in the second fundamental problem

A+3
k:Z:(iky)
+u
2
e )
(1-2v)(1+v)
And f =2ug isagiven function of the displacement; 2 and . are called the Lame constants.
Let the complex potentials ¢ (t) and w;,(t) take the form
X +iY
= T 3
4=y e e +4(0) ©
(X —iY) .
=y—=I r 4
A % on(is ) ng+cl'¢+y (L) @)

where X, Y are the components of the resultant vector of all external forces acting on the boundary and T',T"”
are constants; generally complex functions ¢(§),V/(§) are single-valued analytic functions within the region
inside the unit circle » and ¢(x)=0.

Take the conformal mapping which mapped the domain of the curvilinear hole C on the domain inside a
unit circle » by the rational function

z=w(¢), [¢]<Lc>0. (5)

and W’(g’) does not vanish or become infinite to conform the curvilinear hole of an infinite elastic plate onto
the domain inside a unit circle » i.e.

W'(¢)#0, 0. (6)

2. Conformal Mapping

Consider the rational mapping on the domain inside a unit circle 3 by the rational function

= (@)= < [e]< 0

where, m and n are complex number n=n, +in,, m=m, +im,, Equation (7) must satisfy the condition Equa-

tion (6).
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For determining the tax parameters X and y,we put ¢ =pe", |p|=1 in Equation (7) to get

(cos360+m, cos§—m,sin@)+i(sin360 +m, sin & +m, cos o)

iy = 8
o (cos@—n,)+i(sind—n,) ®)
Then
0526 +m, —n, (cos30 +m, cos & —m, sin &)+ n, (sin30 +m, sin & +m, cos )
X = k ! ©
(cos@—n,) +(sin@—n,)
_sin20+m, +n, (cos30 +m, cosd—m, sin @) —n, (sin36 +m, sin &+ m, cos 0 (10)
(cos@—n,)* +(sin@—n, )’
Also,
., 203 -3n¢% —mn
72'=w (é’) = %
(¢-n)
To obtain the critical points, we consider
2% -3n¢? -mn=0 (11)
this linear equation of three order, the roots of this equation must be under 1.
The following graphs give the different shapes of the rational mapping (7), see Figure 1.
3. The Components of Stresses
It is known that, the components of stresses are given by, see [1]
o, +0, =4Re{¢'(2)} (12)
0, — 0y +io, =2{74"(2)+y'(2)} (13)
Hence, we have
o, =Re{2¢'(2)+M(2,7)}, M(2,7)=7¢"(2)+y'(2) (14)
o, =Re{24'(2)-M (2,2)}, M(2,7)=74"(2)+v'(2) (15)
and
o, =2Im{zZ4"(2)+y'(z)} =2Im{M (z,7)} (16)

4. Goursat Functions

To obtain the tow complex potential functions (Goursat functions) by using the conformal mapping (7) in the

boundary condition (6). We write the expression M in the form,
w'(¢$)
M:a(g)JrM 17)
w(¢)
where,
_ h 20 - W(é’) __h 18
a($) (C-n)’ () m Z-n (18)
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Figure 1. The different shapes of the rational mapping (7).

ﬁ(g‘l) is a regular function for |¢|<1.
In order to separate the singularity, we use the definition of mapping, to have

W(§):§3+m§. £(1-ng) 1 Cz(§2+m)(l—n/;)2
(

= . (19)
w(¢) ¢-n (2-3ng-mng®) {-n (2-3ng-mng?)
The term (2—3n§—mn§3) in the are has no singular point while (g“— n) has a singularityat ¢ =n.
where
— (2-3n¢-mn¢?
@=L me) (20)
¢(1-ng)
To determine h form Equation (19), we can write the form
(6% +m)(1-no )
Wo) 1 (o m)(i-no) o

w(o) “o-n (2—3na—mna3)

By using the residues in this equating we have
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he nz(n2+m)(1—n2)2. 22
(2—3n2 —mn“)

Using Equation (3) and Equation (4) in Equation (1), we get

(4(0)-a(o)F(o)-7-()=6(0) @)
where

v.(o)=w(o)+B(c)¢ (o) (24)

G(o)= F(o-)—ckl"o-+%+N(a)a(a)JrN(a)m 25)

N (o) :{cf‘—%}, F(o)=f (1) (26)

Assume that the function F (o) with its derivatives must satisfy the Holder condition. Our aim is to deter-
mine the functions ¢(¢) and (<) for the various boundary value problems. For this multiply both sides of

Equation (23) by > _da , where ¢ is any point in the interior of » and integral over the circle, we ob-

ni(oc—¢)

tain
L_I¢(O-)da—i_fa(a)g(a)da—i.jlz(a)do'=i._[G(O-)dO' @7)
2nis0-¢ 2nis,  o-¢ 2niy, o—¢ 2niy o—-¢

Using Equations (24)-(26) in Equation (27) then applying the properties of Cauchy integral, to have

k (#(o), __
and
1 Ia(0)¢’(0)d02 chb 29)
2nis,  o-— n-¢
1 (N(o)a(o) ,  N(n)h
2—m£ (0-2) do = - (30)
Also,
1 . G(o) o hN(n)
— do=A({)- 31
7m0 (02707 M) ) 1)
where,
_1F _|poa(X2iY)
A(C)—%J;Hda, N(a)_{cl“ 2n(1+;()}' (32)
From the above, Equation (27) becomes
Kp ()= AC)+— (cb+N(n))—% (33)



F. S. Bayones, B. M. Alharbi

To determined b, where b are complex constants, differentiating Equation (33) with respect to ¢ and
substituting in Equation (29), we get

1ea(o) | o oo ho® o = ckhb
20 (0-0) -A(o)-cl'o —W(Cb”\'(”))do’ = (34)

Substituting Equation (18) in Equation (34), then using the properties of Cauchy integral and applying the re-
side theorem at the singular points, we obtain

ckb + A’(n)+cl"*n2+uh(cE+N(n))=O (35)

where

(36)

The last equation can be written in the form

ckb +wvhch = E (37)

where,

E=-A'(n)-cI"n*-vhN(n) (38)

taking the complex conjugate of Equation (37), we get

ckb +vhch = E (39)
form Equation (37) and Equation (39), we have
kE —vhE
b=—— 7 = 40
C(k2 - Uzhz) (40)

To obtain the complex function z//(g“ ) we have form Equation (23) after substituting the expression of
z//(cr) and G(U), and taking the complex conjugate of the resulting equation after using the expression of

B(o) toyields,

y(0)=-F(co)+ ko —cl" o +kg(o)-a(o)p.(0) - \:’VV((?) ¢ (o)+ (1Eia) ¢ (o) (41)
where,
o = | . o (X +iY)
¢.(c)=¢'(c)+N (o), N(o)= {CF —Zﬂ(1+}() } (42)
and calculate sum residue, we obtain multiplying both sides of Equation (41) by ; where ¢ is any
2mi (0'—4‘)

point in the interior of » and integrating over the circle, then using the properties of Cauchy’s integral and
calculating the sum residue, we obtain

=ckl ‘1—M +h—§ n?t)+ -
v (€) =g = b (O 4 () +B()-B (43)

where,

D
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1 F(o
B({)=5= (@) 4o, (44)
27y (6-¢)
and
1 F(o
=— (— do. (45)
2mi 2
5. Special Cases
Now, we are in a position to consider several cases:
1) Let m=0,n=0, we get the mapping function represent of the hole is an ellipse, see Figure 2
413
=W = 46
)= (46)
by let
7=0=2¢%-3n¢
?\ 100 /‘N‘\\\_\\ 1250 //J_;»/*“*\\\\
-500 -400.-300 -200 -100 100 200 / 0o
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Figure 2. The different shapes of the rational mapping for special cases.
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Then (33) and (43) becomes

o n’ (1—nz)
2-3n
o nt(1-n?) KE - hoE
—k =A(S)- N 47
M) o N @
| n°E
kE —
(e A o nf(1-n?) N (2-3n%)
- ¢(§)_ (é’)_ ¢ (2—3n2)(n—§) (n)+k2_ ni2
(2-3n%)
Also,
o w(¢) e
=B = ) — 7~ _&4(n")-B. 48
W(é’) (C:) é/ W'(é’) ¢(§)+(2_3n2)(1_n§)¢k< ) ( )
where
E=-A(n)-cI'n T N (n)
2) For n=0,0<m <1, we get the mapping function represent of the hole is an ellipse, see Figure 2
_ £+mg _ 2
oo 9)
7’=0=2£=0
then
=e“, e =cosa+isina.
Then (33) and (43) becomes
h=0
Hp(6)=A() 5 (50)
ekl 1+m¢?
W(§)=B(§)+?——+2§§ ¢.(£)-B (51)
where
E=-A'(n)-cI"n? n=0.
3) Let m=n=0, we get the mapping function represent of the hole is an ellipse, see Figure 2
&
1==2_= 52
5 ¢ (52)
7’=0=>2{=0

¢ =e“, e“ =cosa+isina
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Then (33) and (43) becomes

E=-A'(n)-cl'n* n=0.

(53)

(54)

4) Let m=-1, where m =-1m, =0 we get the mapping function represent of the hole is an ellipse, see

Figure 2

¢
¢—n

7’=0=2°-3n*+n=0

Then (33) and (43) becomes

n* (n’ —1)(1—n2)2

2-3n’ +n*
i n“(nz—l)E |
2 kE—————+>—
) o nz(nz—l)(l—nz) (2—3n2+n4)
_k¢(§)_A(g)_?+(2—3n2+n4)(n—§) N(n) P ng(nz—l)2
I _(2—3n2+n4)2_
Also,
v(¢)=B(6)+ V::V(,fg))ﬂ(é) (Zfzni)s)_g_)n; (n)-
where
E=—A’(n)—cr*nz+%N(n)

5) Let m=—n”,we get the mapping function represent of the hole is an ellipse, see Figure 2

_gs_nzgz 2
Z_—g’—n +ng

77=0=>2{+n=0

Then (33) and (43) becomes

(55)

(56)

(57)

(58)
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k()= A(c)—% (59)
Also,
ckC W(Cl)

=B —_— -B 60
V(€)=8(0)+ ST () ()

E=-A(n)-cI"n’+ n4(n2+1) N(n)

2-3n%+n*
6. Applications

In this section we study some applications:
1) For k=-1T :%F* = —% pe?? and X =Y =f =0, we have the case of infinite plate stretched at in-
finity by the application of a uniform tensile stress of intensity p, making an angle & with the x-axis. The

plate weakened by the curvilinear hole C which is free from stresses (see Figure 3, Figure 4 (n; = 0.001, n, =
0.0021, m; = 0.025, m, = 0.03l, ¢ = 2, p = 0.25)). Then the functions in (33) and (43) become

f=0=A({)=0 (61)
— X —iY
N(n)= cl“—u e (62)
2n(1+ ;() 4
2 na-2i0 _ 2 ~a2i0
E_ 2cn®pe uhcp' E_ 2cn“pe vhep (63)
4 4
kE—-vhE  —-E-vhE
b= = 64
(K —vh?) ~ (1-oth?) &9
2i0 2 ,-2i0 2,20 2,2
$(0)= cp;e N chp 1+ chv—2cn“e —2?uzcn e’ +ch’v . (65)
¢ 4(n-¢) 1-h%

max o, at 0~—.
60

min o, at o~ =
90

max o, at Hzi,
90

min o, at o~L .
” 60

max o, at ¢ between i, T

60 45

min o, at @ between%| 610

Figure 3. The relation between components of stresses and the angle made on the x-axis.
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Figure 4. The ratio of vertical to horizontal stresses.
-1
cp W(é’ ) hg -1
v(¢)=-T () + g.(n?) (66)
4 w'(<$) (1-n¢)

where

, C
w($)=9(0)+ 2.
2) For k=-1, T=T"=X=Y=0 and f=Pt, where P is a real constant (see Figure 5, Figure 6
(n, =0.001,n, =0.0021,m, =0.025,m, =0.031,c =2, p=0.25)).
Then the functions in (33) and (43) become

PC(O‘3+mG)
f=Pt= f o (67)
- CP(1+ maz) o8
N o’ (1-no) (68)
_cP o’ +mo B cP(n3+mn)
M2l 00 ©
cP(n*+mn) —— cPS*(n*+mn
A’(§)=(—z)r A(¢)= ( : )
(n-¢) (ng'-1)
, anZ(n3+mn)
A(n):T, N(n)=0 (70)
(n*-1)
_ cPn (n +mn>:E 1)

(3
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Figure 5. The relation between components of stresses and the angle made on the x-axis.
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Figure 6. The ratio of vertical to horizontal stresses.
cPn? (n® +mn)
2
(1-vh)(n*-1)

cP(n3+mn) thnz(n3+mn)

ch=

#(¢) =

he

("=¢)  (n-¢)(-vh)(n?-1)

where

(0) <P (1+ mo2

+(1—n§)¢’(nil)

) g __cP(l+n§)

(C;)_Zm( g) 2mi3 o’ (1-no)(o -

G

SR

(72)

(73)

(74)
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B cP (1+m02)

B=—f—~— 7~
2mi o (1-no)

do=2cP(m+n’), 4.(£)=¢'(<).

3) For k=y, I'=T"=f=0 (see Figure 7, Figure 8 (n, =0.001 n, =0.0021, m, =0.025, m, =0.03I,
c=2,x=0.25 X =2,Y =2)). Then the functions in (33) and (43) become

f=0=A({)=0 (75)
n(x—iy
(n):—g (76)
2n(1+ y)
hn(X +iY) - ohn(X-iY
E_UMn(X+IY) o ohn(X-iY) )
2n(1+ y) 2n(1+y)
1541 9, . , o
o b f"o o o0 max o, at @~ even values.
1] ¢ ° ‘; : v 9 9 o 0 min o, at @~ odd values.
A ANNARDNNAA
I% ‘.5. e TE / \ 42\ [or | max o, at @~ odd values.
| K / 6° | 80 min o, at @~ even values

]8T

max o, at 6 between L, T oand 95~
36 60

min o, at & between % T and 9~L .

Figure 7. The relation between components of stresses and the angle made on the x-axis.
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F. S. Bayones, B. M. Alharbi

b xhon(X +iY)-nh%? (X =iY)

2n(1+ ;()(;(2 - hzvz) (78)

h ;(hun(X +iY)—nh21)2(X—iY)_n(X—iY)
(n-¢) 2n(1+;()(;(2 —hzuz) 2n(1+ y)

~24(¢) =

h?v?

1 hn yho(X +iY)

=— 79
,{27t(1+}()(n—§) (}(Z—hzuz) ( )

—(X —iY)| 1+

_ b
w($)=——=24(<) (1_n§)¢( ) (80)

where

~ (X +iY)
2n(1+ 7)<
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