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1. Introduction

Among various theories of mechanical wear of solids in recent decades, fatigue
theory has been widely recognized [1] [2] [3]. It turns out to be true if the con-
tact load is relatively small, and the deformation of the friction surface is predo-
minantly elastic.

One characteristic of this type of wear is the material damage under the repe-
titive action of compressive, tensile and shear deformations during cyclic loading
caused by the interaction of the polymer with the hard and blunt projections on
the rough surface during sliding, which gives rise to the generation and devel-
opment of cracks, and which can be assisted by the presence of defects [4]. Some
authors modify the term fatigue wear to frictional or rolling wear if the polymer

presents a low tearing strength and slides on smooth counterfaces with high fric-
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tion coefficient, causing roll formation at the sliding interface and tearing of the
rolled fragment [5].

According to several studies, the interaction of the abrasive particles with the
polymer produces deformation and tensile, compressive and shear stresses in the
worn surface layer, forming in it fatigue cracks due to the repetitive action of
these interactions [6]. Other investigations indicate that the largest shear stress
takes place at a certain depth under the surface, this point being nearer to the
surface as the friction force increases [7] [8]. On the other hand, the deformation
of the material is greatest at the surface, which is propitious to the formation of
cracks, but at the same time the compressive stress is also at its greatest in this
area and restrains crack formation. With the increase of distance to the worn
surface, the compressive stress decays faster than the strain, so that at some
depth in the worn surface layer, the stress is almost pure shear stress and cracks
are able to form more easily [9].

As known within the models based on contact mechanics, a model of particu-
lar relevance and broadly used is that proposed by Archard [10] [11], which is

commonly expressed as:

k
WzﬁFNy, (1)

where W [mm’] is the worn volume, Fy, [N] the applied normal load, y [m] the
sliding distance, &k the non-dimensional wear coefficient particular to the contact
pair characteristics and A [N/mm?*] the material hardness. When interpreting
experimental situations, the hardness of the uppermost layer of material in the
contact may not be known with any certainty and consequently a rather more
useful quantity than the value of & alone is the ratio &/ # [mm’N™"-m™'], named
hereinafter as K'and which is known as the dimensional wear coefficient or spe-
cific wear rate [9].

According to Figure 1, three different stages are accepted for describing a
typical wear process: a first running-in stage in which the wear uniformity in the
contact pair is being set up by elimination of the micro-asperities of the surfaces,
a second stationary stage where a constant wear rate has been attained and the
surface or surfaces are worn in a steady and uniform way, and a third accelerated
stage where the wear rate increases in an exponential way and leads to cata-
strophic failure.

Archard’s law referred to in Equation (1) is usually applied to the stationary
stage. With the rest of the variables of the equation well known and without var-
iation, the constant K can be considered as the characteristic wear coefficient of
the wear process under study.

In this paper, the kinetic process of wear of the steel-polymer mechanical sys-

tem is analyzed using fatigue fracture mechanics approaches.

2. Sliding Friction Tests and Their Results

Tests on sliding friction of the metal-polymer friction pair were carried out ac-
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cording to the shaft-liner scheme. The sample-shaft 1 made of 0.45% carbon
steel with 10 mm diameter of working part was cantilevered in the spindle 2 of
the upgraded testing machine UKI-6000-2 and rotated at a frequency of 3000
min~' (Figure 2). The counter specimen-liner 3 which isa 10 x 10 x 10 mm cube
made of polymer polytetrafluoroethylene (PTFE) F4-B was pressed to the dan-
gerous section of the specimen 1 with a contact load F),, the value of which was
set using a special tool and kept constant during the test of each pair of speci-
men—Iliner.

In the process of testing, a drip supply of a lubricant—Universal All-Seasonal
Engine Oil “Lukoil Super 15W-40"—was provided and the measurement the li-
near wear of the friction pair using an indicator head with an accuracy of 2 um
was performed. Since the steel sample in the test pair did not wear out, all wear
was obtained by a polymer liner. The liner wear equal to 7, = 1000 pm was tak-
en as the limit state.

The test results of the friction pair with the contact load Fy equal to 150, 180,
280, 350 and 450 N are shown in the form of kinetic graphs of the dependence of
wear 7 [um] on the number NV of rotates [cycles] in Figure 3. These graphs cor-
respond to the stationary stage of the wear process. Therefore, the Archard’s eq-
uation can be applied to the above test results.

On the other hand, based on the fatigue theory of mechanical wear, the results
of the tests can be represented as fatigue (Weller) curves in the coordinates of
the contact load Fy—the number N of cycles before the limit state (for 7, = 1000

pum) of the polymer liner (Figure 4). As can be seen from Figure 4, the fatigue

Figure 1.Typical wear curve in a tribological system [2].

Figure 2. Sliding friction test scheme.
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Figure 3. Kinetic curves of wear of the polymer liner during the sliding friction test with
contact load 450, 350, 280, 180 and 150 N.

Figure 4. Friction fatigue curve of a polymer liner.

curve consists of three branches: the left branch with a slope (this is a region of
quasi-static fracture to approximately N = 7.2 x 10* cycles, F,, = 400 - 450 N), an
average line located almost vertically (this is the area of low-cycle destruction N
=7.2 x 10* - 9 x 10* cycles, F,, = 165 - 400 N), and the right one with a large
slope (this is the area of multi-cycle destruction N> 1 x 10° cycles, Fy < 165 N).
Let’s try to describe the test results using the Archard’s equation. In this case,
in Equation (1) we write linear wear 7 instead of volume wear W, since they are
proportional to each other. The sliding distance y is replaced by the number N of

loading cycles (these quantities are also proportional to each other). In Figure 5

DOI: 10.4236/wjm.2019.95007 98 World Journal of Mechanics
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Figure 5. Graphs of the relationship of the ratio 7 /F, on the number N of loading cycles
of the polymer liner under contact load 450 (a), 400 (b), 350 (c) and 250 (d) N.
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shows graphs of the ratio 7/ F,, against the number NV of loading cycles, plotted in lo-
garithmic coordinates according to the test results of the friction pair under study.
As can be seen from Figure 5 the experimental points can be quite satisfacto-
rily described by a linear equation of the form y = ax + b. At the same time, in
the studied range of 7 /F), versus N, each graph can be represented as consisting
of two linear dependencies, the values of the parameters a2 and b of the equations
of which are shown in Figure 5. Apparently, the left part of the dependences in
Figure 5 corresponds to the stage of steady wear, and the right-hand side to the
stage of accelerated wear in accordance with the typical wear curve in Figure 1.
Analysis of graphs in Figure 5 shows that using the Archard’s equation it is
not possible to describe all the test results of the material under study at different

values of the contact load.

3. Wear Process of Polymer from the Position
of Fracture Mechanics

Some authors, such as Martinez et al. [9], Thomas et al [12], Cho and Lee [13],
have carried out investigations into polymers relating the mechanism of wear by
abrasion and the mechanical fatigue process of crack growth theories. For the
same material, they have observed that within the ranges of stable crack growth
rate in fatigue and uniform debris detachment in wear, the slope of the abrasion
rate in the wear process is similar to that of the crack growth rate in the fatigue
mechanism, suggesting that both phenomena are related, the abrasion of the
material occurring as a result of repeated crack propagation on a small scale.

Regarding the fatigue crack process, Figure 6 shows the different zones in

Figure 6. Crack growth characteristics for polymer [9].
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which the fatigue crack growth behavior is divided for a polymer [9] [14]. This is
known as the crack growth characteristic and is divided into four regions. In re-
gion I, the strain energy release rate or tearing energy G, defined as the partial
derivative of the total elastic strain energy stored in an article containing a crack
by the area of one fracture surface of the crack, is less than the threshold tear
energy G, hence no mechanical crack growth occurs. In region II, the region of
slow crack growth, the crack growth is dependent on both ozone and mechanical
factors in an additive way. In region III, a power law dependency between the

crack growth rate and the tearing energy is found as follows:

j—ﬁ: BG”, @)

where a [mm] is the crack length, Nis the number of cycles, Band f are material
constants. Depending on the polymer type, the value of Slies between 1.5 and 6;
in this region, stable crack growth takes place. Region IV corresponds to a rapid
and unstable crack growth and therefore to the region of catastrophic failure.

In addition to the energy G, the stress intensity factor proportional to the val-
ue of G is often used as a control parameter for crack growth in fracture me-
chanics. As known, for a sample with limited dimensions the crack growth un-

der the action of shear stresses ris controlled by the shear stress intensity factor
K, =Yrvma, 3)

where Y is the correction function that takes into account the geometry of the
sample and its loading circuit.

In the case of volumetric damage during mechanical fatigue the crack size a
characterizes the degree of material damage, while the surface damage caused by
sliding friction is characterized by the value 7 of wear. Instead of tangential shear
stress 7 under friction, we can apply the so-called specific friction force or fric-

tion stress 7, equal to [3]

r, = fp, = f%, (4)

where £1is the friction coefficient; p, is the average contact pressure; A, is the
nominal contact area. Consequently, with reference to sliding friction, taking

into account the assumptions made and (4), expression (3) can be written as
- - Fy £
KTW~Tw\ﬂ~pa\ﬂ~i i (5)

Thus, using expression (5), it is possible to estimate the frictional stresses
intensity factor under sliding friction. Obviously, the damage rate Aa/AN with
the growth of fatigue cracks can be matched to the wear rate A/AN (in discrete
form). Then for the wear rate during sliding friction, we obtain an expression

close in form to (2):

. Vs
A B'K” ~B F_N\ﬁ , (6)
AN w A,
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where B and f are material constants characterizing the steady-state stage of
the wear process.

The analysis of experimental data on the expression (6) showed their satisfac-
tory compliance. In Figure 7 as an example the graph Ig(A7/AN) - 1gK,, for the
contact load 280 N is plotted.

The generalized graph 1g(A7/AN) - 1gK,, for the test results for all levels of
contact load is presented in Figure 8. It completely corresponds to the classical
S-shaped curve of the dependence of the fatigue crack growth rate on the stress
intensity factor known in fracture mechanics. If we compare the obtained graph

with a typical dependence of the crack growth rate on tearing energy for polymers

Figure 7. Graph of i/ Fy ratio as a function of K, for a PTFE liner with a contact load of
280 N in logarithmic coordinates.

Figure 8. A generalized graph of the dependence of the 7 /F) ratio on the K, value for a
PTFE liner with a contact load of 450, 400, 350, 280, 250, 200, 180 and 150 N in logarith-
mic coordinates.

DOI: 10.4236/wjm.2019.95007 102 World Journal of Mechanics


https://doi.org/10.4236/wjm.2019.95007

A. V. Bogdanovich

(Figure 6), then we can see that in the contact load range from 180 to 400 N we
have a steady wear stage (it corresponds to section III in Figure 6), which satis-
fies the Equation (6) with the parameters B = 1.122 x 1075, § = 2.21. Note that
for a number of polymers f= 1.5 - 3.0 [9] [14] was set.

Obviously with contact loads smaller than 180 N, we will have a stage of low
wear rates (Figure 8 shows a curve going down), corresponding to section II of
low growth rates of polymer cracks (Figure 6). With contact loads exceeding 400
- 450 N, we obtain a stage of high wear rates (Figure 8 shows a dashed curve
going up) corresponding to section IV of high crack growth rates (Figure 6). It
should be noted that stage IV in Figure 8 is not obvious as no data point is plot-
ted in the corresponding range. In the same way, the transition stage between I

and II is not obvious.

4. Conclusions

Therefore, and according to the expressions stated in Equations (4)-(6), a clear
analogy between the wear and the crack growth phenomena can be established,
obtaining similar wear and crack growth rates, respectively. This is true for the
friction pair studied as applied to the specified test conditions.

However, it is necessary to conduct additional experiments with other contact
loads, other test conditions and other materials of a friction pair in order to as-
sess the validity of the proposed approach to the description of wear kinetics
during sliding friction. In addition, it is necessary to give a clear physical mean-

ing to the parameters B and f of Equation (6).
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Abstract

Mathematically simulated energy transfers from the energy source to the
chassis through hydro transmissions and hydro differential. The developed
unified mathematical model of a dynamic system allows, at the design stage,
of many branched drive mechanisms, including transmission hydraulic and
hydraulic differential actuators, to explore dynamic processes and select ra-
tional parameters.

Keywords

Energy Forces, Dynamic System, Many-Branched Mechanism, Engine,
Hydro Transmission, Hydro Differential

1. Introduction

The results of experimental studies of experimental structures indicate a high
dynamic load during transient processes of moving off, shifting gears and lock-
ing hydraulic differentiation, as well as in steady-state motion modes of mobile
machines, which limits the durability of the elements of power mechanisms [1].
This determines the need for in-depth research aimed at reducing dynamic
loading.

At present, the available theoretical and experimental data for previously de-
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signed machines do not allow taking into account the potential properties of the
designed machines, features of new design solutions, operating conditions, etc.
Analytical methods for predicting durability and reliability based on the works
of scientists and specialists were created for machines with low power at steady
motion, for which the probability of moving at high speeds and high-loaded
modes is not high. The mode of operation of many branched mechanisms of
promising machines has not been scientifically studied.

Known mathematical models do not allow sufficiently taking into account the
real design features, conditions and modes of motion control of machines, their

interaction of parallel-sequentially installed driving mechanisms.

2. Problem Definition

One of the promising areas for improving the designs of wheeled vehicles and
creating high-performance equipment is the use of volumetric hydraulic drives
as a drive for the drive wheels of the undercarriage system. At present, indus-
trial and agricultural mobile energy equipment (wheeled and tracked tractors)
has been improved and has reached the level of mobile power facilities (MPF).
MPF universal and unified tractor. It can simultaneously hang and fasten sev-
eral different many operating machines in front, side and rear. In this case,
there will be a lot of branching of the transmission of power from the engine
to the actuators. In particular, energy is transmitted to the undercarriage,
working actuators—to the drive shaft, a number of active working bodies. To
describe these phenomena by mathematical expression is considered an im-
portant task.

Taking into account the influencing factors in the design of many branched
mechanisms, including the flexibility of the working fluid and hydraulic drive
elements, allows the design stage to provide a high technical level, reduce the
amount of testing by increasing the reliability of calculations.

The creation of many branched mechanisms of a high technical level is ham-
pered by the fact that the magnitudes of the influence of the flexibility of the
working fluid, the elements of the hydraulic drive and the links of the mechan-
isms on its dynamic loading are insufficiently investigated. The influence of the
flexibility of the working fluid and hydraulic drive elements on the optimal val-
ues of the parameters of the boom lifting mechanisms and the handle drive has
not been taken into account.

The development of more accurate mathematical models of working processes
of hydraulic mechanisms taking into account leaks in the hydraulic system, op-
eration of safety systems, pliability of the working fluid and hydraulic drive ele-
ments makes it possible to fully and objectively determine the loads overcome by
a many-branched mechanism during operation, and therefore evaluate the
pressure state of the links, including number and in transient conditions.

The laboratory field tests of experimental tractors of the Research and Devel-

opment Institute of Automobile and Tractor of Russia and the Institute of Agri-

DOI: 10.4236/wjm.2019.95008

106 World Journal of Mechanics


https://doi.org/10.4236/wjm.2019.95008

F. Matmurodov et al.

cultural Machinery (England) showed increased slipping of tractor wheels with
hydro-transmission in comparison with mechanical transmission. At the same
time, the Institute of Agricultural Machinery in Leipzig (Germany) and MTZ
specialists note a reduction in slipping, which confirms the opinion of the influ-
ence of the type and parameters of the transmission, hydraulic machines and
characteristics of working fluids on the traction properties of self-propelled ma-
chines.

From the side of Panasenko S.M. it was determined that the hydraulic drive of
propulsion with high-torque hydraulic motors with kinematic perturbation or
uneven rotation in the entire load range exceeds the skidding of the tractor with
a mechanical transmission; Installing low-torque hydro motors helps reduce
slippage when exposed to forced vibrations. The most rational volume hydraulic
actuators of the tractor chassis are characterized by the use of high-speed hy-
draulic motors followed by a manual gearbox and torque reduction to the pro-
pulsion units. Such a scheme has higher dissipation properties, which exclude
the sources of oscillations that tell the effect on the driving movement of the
thrusters.

Usually, traditionally, after the transmission gearbox, the differential, semi-axle
and front-wheel reducer is installed. All these mechanisms serve to reduce the
power during transmission from the hydraulic motor to the wheel.

In the thesis [2], the hypothesis about the destruction of metal-ceramic disks
of friction elements, the control system of hydromechanical transmission due to
the occurrence of resonant modes, caused by high-frequency disturbances gen-
erated by the torque converter, is put forward and substantiated. Based on the
results of the study, an improved method of friction elements is presented.

Energy transfer previously performed on all mathematical models is described
in parts and in a vague form. The transmissions of generated power or power
from the engine by a mathematical expression are not fully recorded in any
scientific work. The creation of a multi-operational and multi-functional mobile
power and super-power engine makes a single transfer model of the power from
the engine through a lot of branched transmission mechanisms to the executive
bodies written. Unity is a unified system of equations, which are written by the
expression the generated energy of an engine in parallel-sequential order trans-
mitting to the executive bodies. Basically, MPF uses mechanical, hydraulic and
electric drive transmissions. In this paper, we model the mechanical and hydrau-
lic drive mechanisms.

To write a single mathematical model, we accept the following assumptions:
oscillation phenomena in all mechanisms and nodes are not taken into account;
sustainability is not considered; not studied external perturbing all sorts of phe-

nomena.

3. Results and Discussion

3.1. Draw an Equivalent Design Scheme (Figure 1)
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Figure 1. Design diagram of an equivalent integrated dynamic model of MPF with a technological module, rear and front units
with hydraulic transmission and hydraulic differential.

3.2. Describe the Transfer of Energy from the Engine to Branched
Mechanisms Involving Hydraulic Transmission

Equations describing the rotational motion of mechanisms from the engine

.. . M
(Jg +321) Py +Kyp (04 =@, ) +Cop (@5 +0,) =My _i_z’% =0,
2

(‘]21 + J22)¢2 +G, ((Pd +¢’2) = _Mzsign(¢’2)i2 >
(JMnlBOM + JMnZBOM )¢MHBOM + CMI‘IBOM (@d + ¢MHBOM ) = _MMHBOMSign (¢MHBOM ) X
XiMHBOM 4

PTO n-clutch

MBOMSign (¢BOM )
i

BOM

JBOM¢BOM + kBOM (¢2 - (bBOM ) + CBOM <¢2 + ¢BOM ) ==

>

‘]nBOM (bmsom + kl‘IBOM (¢MHBOM - ¢HBOM ) + CHBOM (¢MHBOM + ¢HBOM )
_ M nBomSign (¢HBOM )
i

TBOM

n-PTO

Describes the transfer of energy through an extensive mechanism involving

hydraulic transmission
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35— Wi (0, — 95 ) € (2, — 98) = —PuRE siny > sin (g5 —k B) [
3K (2, — 93 ) €3 (@, — 98") = =P, RE siny X gsin (@' =k B) [
J3GiRE  SIN ;/:Z;Sin((o; +kp) = (ijEi;vw +pr+pV,/E,
ILGRE,, siny > sin (¢ +kp) = P F D0, + Pyr + PV, /E
i+ Kas (25— ) + €5 (05— 02) = PLF T2 20V, »

‘]il(bzltl +Kys (@111 - ¢él)+ €45 ((ﬂil - (Dél) = P, F17um zng 4

Jé‘/’é _k45<(/.’j _¢é)+k56 <(/’é _(/’5)_645 (‘Pi _(/%)"'Css (‘Pé _‘Ps) =-0.5M,

Jl -1l

5P —Kas (@111 - (pél)"' Ksg ((Pél ~Ps ) —€s ((pil _(pél)"' Csp ((021 _¢6) =-0.5M,,
And consider hydraulic transmissions from hydraulic leaks and leakages.

0, mpu p, > p,

Kty —c (D —0.)=C D 0. —26.. 0. = ;
W57 = (P P) =, P =l = 2851y {rnkl P, —Qy mpH Py < Py

0, mpu p, > Py

k -1 —c _ —C — 7 _Ze )., = 5
nPa¥ n(pl pZ) s P~ on s P {rnkl P, —Q,, mpu P, < Py

Mgm :qgm(pl_ pz)_ fgm3|<¢4’
Mn :kn}/(pl_ pz)_ fﬂ3k¢3’

where, J;,J;,J5%,3;%, 35, )2 —are the reduced moments of inertia of the con-
centrated masses of the right and left pumps, right and left hydromators, and the
leading right and left wheels; ¢,,p, —angular movement of the clutch and an
active executive body; ¢,, @, —angular speed of the clutch and an active execu-
tive body; kj,,ki; —damping factor of the pump shaft, e},,e}: —hydraulic
compliance pressure pump parts; R—created efforts RJ; y —angle of rotation of
the pump control device; r—leakage ratio of RJ; V,,V, —volume in pressure and
drain cavities; £—volume modulus of elasticity R]; k,; —damping coefficient of
hydraulic motor shaft; e,, —hydraulic compliance of the working part of the
motor; €,,,6e,, —hydraulic compliance of pressure and drain lines between the
pump and the hydraulic unit; k., —shaft damping ratio of the active executive
body; ¢y —circumferential rigidity of the shaft of the active executive body;
@5, ¢, —angular displacement of the shaft in the right pump 3 and the right hy-
draulic motor 4; ¢}', ;' —the angular displacement of the shaft in the left
pump 3 and in the left hydraulic motor 4; ¢}, —are the angular displace-
ments of the shaft of the link 5 from the side of the respective hydraulic motors;
F—cross-sectional area; 77,,,,7,, —efficiency of the pump and hydraulic mo-
tor; Vv, —reduced speed of a high-speed hydraulic motor; c,,c, —hydraulic
leakage and leakage rates; p,, p, —pressure in the pressure and discharge lines;
p,, P, —time derivatives of pressure in the pressure and discharge lines; p,,

—pressure setting of the make-up valve; r,, —specific flow through the return

pick valve; k, —coefficient specific feed pump; (¢, —specific consumption of
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the hydraulic motor; f f.,. —are the coefficients of the generalized equivalent

gmok ! T nNak

damping of the pump and the hydraulic motor; M, ,M  —the moment created by

gm’
the hydraulic motor and the pump; M, —the moment of engagement of thrusters
with the ground.

The resulting components of the differential equations for the hydraulic pump
NAR-53 in the form Zi;tsin (p+kp)=05sinp+2.83cosp, —20° <p<20"
@5, ¢, —for angular displacement is written accordingly; hydromotor MG-265T

0
DoV, =a+Bp=1855+3.044¢.

Moment of adhesion of propulsion with the ground is determined taking into
account vibrodynamic effects of disturbing loads and variable wheel speed ac-

cording to the formula [3]

M, = [mQ(pp +(1-m)(c+ qtg(/’)] Foli </5ZZ?_1%/TEXD[—&T (

¢5 _¢c|rk )]

here, m—saturation coefficient tire tread; g—normal tire pressure on the ground;
¢, —the walking angle; c—connectedness of the soil; ¢ —the angle of internal
friction of the soil; F, —contact area; r, —the radius of the wheel; ¢ —an in-

dicator depending on the type of soil; &,

ax —Shear characteristics; o, —a

constant coefficient characterizing the physical and mechanical properties of soil;

@, —acceleration of the load on the soil; /—quantitatively lugs that are engaged.

3.3. Describes Energy Transfer in Hydro Differential

According to the calculation scheme (44, 4gm links) (Figure 1) and accepted
assumptions, the mathematical model of the hydro differential action will be the
system of equations [4]

i @an =My —M p = Pant Pan

JagnPagn =M, + Mg
(Var /21) @441 = (Vagn /270) @agrn = €D + Ko P+ ToXg (1)
P — P = 0.5k 2 pXq |%, |

foXq pg =V3p; P,

M, =(V,4 /2n) p —moment of pressure created RJ, M,,, =M, —M,, Initial

conditions ¢,,, =150c™", ¢,, =150c™", p=0, p,=Pp;, % =0.

4gm

Here, J,,, —moment of inertia reduced to the pump axis; J,,, —moment of

4gm
inertia of the hydraulic motor brought to the axis; M, —torque axis of the
pump; M

agmn —torque of the motor axis; M, —moment of resistance to the

hydraulic motor axes; M; —moment of the i-th link located in turn; V,;,,V,,,
—volumes of the pump and hydraulic motor; V,, p;, p, —volume, pre-charge
pressure and pressure in the accumulator; p—pressure in the pressure line; S,
—damping coefficient of the pump; ¢,,,9,,, —angular displacements of the
axis of the pump and the hydraulic motor; k,,e —coefficient of volumetric
losses in the hydraulic drive and the flexibility of the pressure line; f,, X,

—cross-section and velocity of the R] at the inlet of the hydro accumulator; k, p
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—{flow coefficient and the density of the RJ.

In the system of Equation (1), the first two equations reflect the rotation of the
pump and the hydraulic motor, the third one—the flow rate of the fluid, the
fourth one—the fluid flow in the throttle of the accumulator, the fifth—the
change in pressure in the hydro accumulator.

In the absence of a hydro accumulator, the system of Equation (1) is simpli-

fied to three equations
JanPan =My —M p
‘]4gm¢49m =M p + M4gm (2)
(V4H /Zn)¢4H _(V4gm /271:)¢)4gm =ep+k,p

Initial conditions ¢,,, =150c™", Pagn =0, p=0.
In relative coordinate 6 =@,, —5¢,,,, two equations of the system are dis-
tinguished (2)
{9+(V0/2n)p =&, )
~(Vy/2n)0+ep+kyp=0
System of Equation (2) with=0, p, =—p take the form
‘]4gm¢4gm _(V4gm /27‘7) p= M4gm
ep+k,p+ (v4gm /2n)¢4gm =0
As a result of operational calculus, the angle, time and ways of braking are de-
termined.
Pr :¢§/8T 3ok :(/’Z/ET 5 € :V4gmp0'
Load maxima on the motor axis
Pagm = Po + ‘]49m¢§ (2 poe)fl ; M4gm ~ (V4gm /2715) Pagm- 4)
For the functioning of the hydro differential with the connection with the

drive wheels, we supplement the system of equations (1) and (2) corresponding

to the transfer of power

JanPan =My =M = B0,
‘]4gm¢4gm =M pt M4gm

(VAH /Zn)¢4H - (V4gm /2“)¢4gm =ep+k,p+ fpX

P— Po = 0.5k 2 p %] (5)
fo% pg =V P30,

JagnPagn + k4gm (¢4gm _¢4)+ €agm (¢4gm +(P4) = PosFallagn Z§V¢4

Js@s +Kys (¢4 _¢’5)+C45 ((04 + Ws) = _M55ign(¢5)is

JunBan =My =M,
JsgmPagn =M, + M,
(Vaws /21) fugy = (Vagn /2) fugn = €D+ Ko P (6)
JugnPagn * Kagn (Pagn = P )+ Cagn (Pagn + 22 ) = PosFillagn D Voa

Js@s +Kys (0 — @5 )+ Cos (@4 + 005 ) = —Mgsign (s ) is
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here, K, ,®,q, —coefficient of damping and angular displacement and shafting
between the hydraulic motor and link 4; e, —hydro hydraulics compliance;
P, —RJ pressure in the side of the link 4; F, —sectional area; 7,,, —hydro
motor efficiency; V,, —reduced speed high-speed hydraulic motors of hydro
differential.

The systems of Equations (5) and (6) are subject to the mechanisms under the
condition M _5=0, M #0,and vice versawith My =0, M =0.

The system of Equation (5) reflects the hydromechanical network with a

hydro accumulator and (6) without it.

4. Conclusions

A single mathematical model of the transfer of energy from the engine through a
multi-branched transmission mechanism to the executive bodies is described by
the expression of the transfer of energy from the joint work of mechanical and
hydraulic actuators. The developed mathematical model of a dynamic system
allows, at the design stage, of many branched drive mechanisms, including
transmission hydraulic and hydraulic differential actuators, to explore dynamic
processes and choose rational parameters of hydraulic drive compliance, time
and damping coefficient, which are variable by selecting kinematic dynamic pa-
rameters, hydraulic motors working volume, the volume of the injection line and
the reduced mass of inertia.

A unified mathematical model of the transfer of energy from the engine
through many branched transmission mechanisms to the executive bodies take

into account the hydraulic transmission and hydraulic differential.
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Abstract

We point out that a suitable scale of time for the Schrodinger perturbation
process is a closed line having rather a circular and not a conventional
straight-linear character. A circular nature of the scale concerns especially the
time associated with a particular order N of the perturbation energy which
provides us with a full number of the perturbation terms predicted by Huby
and Tong. On the other hand, a change of the order N—connected with an
increased number of the special time points considered on the scale—requires
a progressive character of time. A classification of the perturbation terms is
done with the aid of the time-point contractions present on a scale characte-
ristic for each M. This selection of terms can be simplified by a partition pro-
cedure of the integer numbers representing N —1. The detailed calculations
are performed for the perturbation energy of orders N =7 and N =8.

Keywords

Quantum Mechanics, Schrodinger’s Perturbation Process, Accuracy of a Circular
Scale of Time in the Perturbation Calculations

1. Introduction

The scale of time, which is well known in everyday life and in science, too, is a
product of a long experience. As far as we can distinguish the later events from
the earlier ones, we organize the idea of time as a parameter which allows us to get
an insight into the degree of the past, or future, connected with our observations.

In effect a tool to classify the events, and the time distances between them, is
established. Conventionally this is done with the aid of an infinite scale extended

between an infinite past—say representing the negative coordinates—and a sim-
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ilar scale—say having the positive coordinates—representing the future:

—oo <t < oo, (1)

The distances between the time points on the scale can be measured with a
smaller or larger accuracy. These distances provide us with separations between
different time points.

In practice the Schrodinger’s quantum mechanics—developed in course of
1920’s [1] [2] [3] [4]—has not much to do with the intervals of time. Its main
idea was rather to distinguish between the stationary states of the chosen pieces
of matter. Such pieces are described with the aid of the stationary eigenenergies
and eigenfunctions, both kinds of parameters being independent of time. Con-
cretely the classical Hamiltonian function of a chosen object is transformed into
its operator form, and the integration of the classical Hamilton equations is re-

placed by a study of a differential eigenequation of the form
Hy = Ey. (2)

Here H is the Hamiltonian operator represented by a sum of the kinetic and

potential operators

H = Ep + Epors 3)
so—for a single particle system—
= _ 1 0o a2 a2
Bun =5 (PX+ B + B7). (4)
épotz\i(r)zv(r)* (5)

w is the eigenfunction called the wave function of an object, say a particle sub-
mitted to an external field having the potential V; symbol r is the position
vector, Eis the energy eigenvalue.

Because of

. 0 . 0 . G
=—ih—, =—1h—, =—ih—, 6
Px ox Py oy P. oz (©)
the momentum operator in (4) is of a differential character, whereas (5) represented
by a function of the particle (object) position r , is of a multiplicative nature.
The problem is that even in relatively simple physical cases the eigenequation
(2) is difficult to solve. By solution we understand a set of the eigenenergies

E=E.E, E, (7)
and eigenfunctions
V=V Ve (8)
which satisfy (2). Only in very few physical cases equation (2) can provide us
with simple solutions (7) and (8). The (7) are considered to be real energies of
the system’s quantum states, the (8) are the wave functions suitable in calculat-
ing other physical observables than energy.
In general the case when all eigenvalues on the right of (7) are different is

classified as a non-degenerate problem, an opposite case is called to be a dege-
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nerate one.

Schrédinger was certainly aware about the difficulties connected with the so-
lution of his Equation (2); see [3]. His proposal became to calculate the solutions
of a rather complicated (2) with the aid of solutions of a less complicated equa-
tion

K00 = E©),0), (2a)

having the potential V°(r) more simple than V(r) in (2). The potentials
difference

VP =V =V () =V (r) 9)
is called the perturbation potential, or simply a perturbation. In order to obtain
possibly accurate results Schrodinger developed a formalism in which the solu-

tions of (2) can be expressed with the aid of solutions of (2a). In this

process—beyond of the solutions of (2a)—the matrix elements of the kind

(ot @

are also involved.

A more easy treatment of the perturbation does concern the calculation of the
energies of Equation (2) with the aid of solutions of Equation (2a) obtained in
case of a non-degenerate case. Nevertheless an accurate calculation of these
energies requires a complicated superposition of the solutions of (2a), as well as
calculation of the matrix elements in (10). In principle these calculations were
performed with no reference to the parameter of time; see Sec. 2.

The aim of the present paper is to point out that an introduction of the time
scale—which has, however, a nature different than the well-known scale charac-
terized by the formula (1)—provides us with a rather spectacular simplification

of the original Schrédinger’s perturbation scheme.

2. Outline of the Time-Independent Perturbation Theory of
a Non-Degenerate Quantum State

A characteristic point is that Schrédinger obtained the solution of his perturbed
equation without any reference to time [3]. An outline of a more modern
time-independent perturbation theory is given, for example, in [5]. In the case of

a non-degenerate quantum system let the unperturbed eigenequation
A0 - £ a

be considered as solved. In principle we have an infinite set of the quantum
numbers 2 for wnich the eigenequation (11) does hold. The number of the ei-

genfunctions and eigenenergies of the perturbed eigenequation
ﬁ(/l);z/:(ﬁomvpe')y/:Ey/ (12)
let be also infinite.

For 21=0 we obtain the unperturbed problem equivalent to (11), whereas

for 1=1 we have a full perturbation problem. In principle we assume as valid
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the following series expansions
o (A) =y + Ayl + 22y o (13)
and

E,(4)=E" + 2AEY + 22AE/ ... (14)

and look for the solution of (12) in terms of the functions

AR SRSE (15)
and numbers
E AEW AED ... (16)

which make (12) valid for any A from the interval

0<A<l.

The function combined on the right of (13), viz.

v =+ ey (17)
is called the perturbed wave function of state n presented with the accuracy to
the perturbation order N, whereas the numbers entering on the right of (14), viz.

E,=E” +AEY + AE® +...+ AEY) (18)
give the perturbed energy of state n also with the accuracy of the perturbation
order M.

By assuming the convergence of the series in (13) and (14), an increase the

order number Napplied in the sequence
1,23, N (19)
improves the accuracy of solutions presented in (13) and (14).
Physically as a more easy accessible and more interesting parameter, is consi-
dered the perturbed energy (14). Huby and Tong presented the number of the

kinds of terms necessary to obtain the successive components
AEYW, AE®) AE® ... AEM, (20)

entering the Schrodinger series for the energy perturbation of any non-degenerate

state 1z; see [6] [7]. This number is expressed as a function of Nby the formula

2N -2)!
Loan-2)t (1)
NI(N-1)!
For low N'the numbers S, are also rather small, for example
$,=15,=15,=2,5,=5S,=14,5, =42, --- (22)

It should be noted that the kinds of the perturbation terms entering the set of
Sy do not depend explicitly on state n, but they depend solely on N. Any kind
of terms is, in its turn, a combination of the matrix elements of the perturbation
potential with the unperturbed wave functions 1//20) and y/g)) , given in (10).

Another dependence of the terms is due to the differences of the unperturbed

energy E\” of state n submitted to perturbation and similar unperturbed ener-
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gies E((ZO), E}O), E;O),i.e.

E(O)_E(O) E(U)_Eg)) E(O)_E(O) (23)
n a ' n 1= y !

As a rule the differences (23) enter the denominators of the perturbation
terms, so there should be satisfied the relations

a#EN LENyEDN, - (24)

etc.; see e.g. [8] for further details.

For N >2 numerous terms entering S, composed of (10), (23) and (24)
can be submitted to infinite summations over the states indicated on the left of
(24).

In practice the way of deriving the sets of S terms necessary for the
Schrédinger perturbation formalism indicated above becomes a complicated
task. Concurrent methods, obtained mainly without inclusion of the time para-
meter, are given in [9]-[17]. The computational applications performed with the
aid of these methods seem to not provide us with a complete formalism suitable
for a large perturbation order N. One of the by-products of the present paper is
to make the perturbation method for large N to be more simple than before.

3. Feynman’s Time-Dependent Formalism Referred to the
Schrodinger Perturbation Theory

Feynman diagrams including the time variable became a well-known tool in
representing the quantum phenomena of different kind [18] [19] [20]. They
could be applied also in the case of the Schrodinger perturbation calculation. A
fundamental difficulty of such a treatment comes from an enormous inflation of
the number of diagrams which had to be considered in case of a large perturba-
tion order M. For, according to the Feynman formalism, we should calculate and

combine the results of
Py =(N-1)! (25)
diagrams in order to obtain the energy expression equivalent to the S, terms

entering the Schrodinger theory.
It is evident that

Py =Sy (26)

for N =12, and 3, but already for N =4 we have
P,=6>S,=5. (27)

It is easy to check that for N >3 we have B > S, . For example for
N =20 we obtain

P, =19! ~1.23x10" (28)
and
S,, =1.77x10°. (29)
Evidently the ratio
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Py /Sw (30)

increases systematically with Ntending to a huge number.

But the Feynman theory was based on a linear time scale represented by the
interval given in formula (1). We demonstrate—in the remainder part of the
paper—that a different kind of the time scale, namely that having a circular-like
character, can lead precisely to the diagrams and, in consequence, the energy

terms dictated by the Schrodinger perturbation calculus.

4. Scale of Time Suitable for the Schrédinger Perturbation
Formalism, Its Contraction Points and Side Loops

Our idea is to replace a tedious calculation of the perturbation energy attained
with the aid of solving the perturbed Schrodinger eigenequation by an imme-
diate production of the perturbed energy terms due to an application of a suita-
ble scale of time; see Figures 1-4.

According to Leibniz [21] [22] [23] time is an ordering parameter for the
events occurring in the nature. A reference to the Leibniz concept of time as a
merely successive order of things can be done also in connection of a discussion
of the Mach’s principle and the structure of dynamical theories [24] [25] [26].

Figure 1. Time scale for the perturbation order N =1. The beginning-end point is 1.

Figure 2. Time scale for the perturbation order N =2. Beyond of the beginning-end point
2 there exists also point 1 on the scale. No contraction between 1 and 2 is admissible.

Figure 3. Time scale for the perturbation order N =3. Beyond of the beginning-end
point 3 there exist also points 1 and 2. They can remain either free [diagram (a)] or are
contracted [diagram (b)] giving a side loop.
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Figure 4. Time scale for the perturbation order N =7. Beyond of the beginning-end
point 7 there exist also points 1, 2, 3, 4, 5 and 6. They are free on the diagram (a), but can
form—for example—a maximal side loop for N =7 due to contraction 1:6 [diagram
(b)] or a cascade of loops [diagram (c)] due to contractions 1:6 and 2:5.

In case of the perturbation calculation, the Leibniz idea suggests to choose an
appropriate scale of time, so it will be helpful to represent the results of the per-
turbation process. A necessary scale for any perturbation order N occurs to be a
circular-like scale. This implies that N points of time—representing N successive
collisions of the quantum system with the perturbation potential (9)—are
present on a topological circle. One of these points, say the NMh point, let be the
beginning-end point of the scale, called henceforth the main scale, or loop, of
time. The remainder N —1 time points on the scale can be left either free, or
submitted to contractions.

The contractions of the time points done on the main scale lead to the side
loop, or loops, of time. Since it occurs that the Mh point should be excluded
from contractions, a maximal size of the loop created from the main loop of the
N points of time is given by the contraction between the time points 1 and

N —1. This contraction is labelled by
1:N-1. (31)
Beyond of the maximal loop of (31), a set of the minimal loops due to con-

tractions

1:2,2:3,3:4,---,N-2:N-1 (32)

can be also created. We can have still the intermediate side loops like
1:3,2:4,3:5,---, N-3:N -1, (33)

or other loops larger than those due to contractions in (33).
Beyond of single contractions listed in (31)-(33), also multiple contractions of
the time points like
1:2:3,2:4:5,2:4:7, (34)

or

2:3:5:6,2:4:6:7, (34a)

or those composed of a still larger number of the time points, should be taken

into account: the size of the admitted contractions depends on the size of the
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considered V. Moreover, the combined contractions of the time points like
1:2N4:5 (35)

may come also into play. A general rule is that the time loops due to the accepta-
ble contractions should not cross. This means that, for example, the combined

contraction due to the pair
1:4N2:5 (36)

is not admissible.

A fundamental effect is that a full set of acceptable contractions for a consi-
dered order N gives precisely the number S, of the Schrédinger perturbation
terms predicted by the formula (21) for that N, no superflous neither lacking
terms do occur. This is checked for the orders between N =1 and N =7 in
the earlier papers by the author [25-34]. A full set of diagrams necessary for
N =6 isgiven in [25], a similar set for N =7 enters [34]. In the present paper
the perturbation energy of the order N =8 is also examined from the same

point of view giving a similar agreement of the results; see Sec. 9.

5. Concentrations of the Contraction Points and Their Use

The concentration of a contraction point is equal to the number of the loops of
time which meet together in that point. Evidently, if the contraction point is lo-
cated on the main loop of time, one of the loops met in that point is the main
loop itself. The other loops created by the time contractions on the main loop
are called the side loops. An advantage to operate with the concentrations of
loops is that they allow us to express the perturbation results in a more compact
form than could be expected before.

This is so because the concentrations which are characteristic for a given N
can be referred directly to partitions of the number N —1. In the next step the
knowledge of partitions does lead to the number of the perturbation terms and
the formulae for these terms. The effect of partitions and their connections with
the contraction points will become evident in the computational practice giving
the S, Schrodinger termsfor N =7 and N =8; see Sec. 9.

The next advantage of the time-point formalism is that any admissible con-
traction of the time points gives a correct contribution to the perturbation ener-
gy belonging to some N. The details of contributions can be easily derived by the
analysis of contractions. The notation of the energy terms—see Sec. 6—can be
simplified, because several terms of a given N can combine into the expressions
representing the perturbation energies belonging to N’ < N —the point usually
neglected in the former perturbation calculations done by many authors. The
way of calculation of particular energy expressions and examination of their
properties are presented in Sec. 9, where the examples of N =7 and 8 are stu-
died in detail. An evident effect due to such study is that the energy contribution
given by any of the time-point contractions can be obtained. Details concerning

such contributions and notation suitable to represent the perturbation terms are
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presented both in Sec. 6 and Sec. 9.

6. Notation Applied to Represent
the Energy Perturbation Terms

Only for the perturbation orders N =1 and N =2 the side loops for the
main loop of time do not exist. But any S, term for N >2 is a product of
energy contributions due to the main loop of time and those due to the side
loops, respectively.

The contributions due to the side loops are easy to access from contractions of

the time points and will be discussed first. Any contraction

a.p (37)
where as a rule we have
a<p (37a)
provide us with the energy multiplier equal to the energy correction
AE,_,. (38)
The difference
p-a (39)

indicates the perturbation order of energy contributed by the side loop
represented by AE . In result, when the difference indicated in (39) is larger
than 2, we have more than one Schrédinger perturbation term represented by
the side loop, for

S, , >1 (40)

B-a
The contribution to energy due to the main loop of time depends on the
number and situation of the time points present on that loop. When no contrac-
tions are present for the time points on the loop, the loop has N time points on it

and gives the energy term in the form
(VPVPVPVP...PV ). (41)

Such loop carries Nsymbols Vand N -1 symbols P.
Evidently for N =1 no P symbol enters (41) and we obtain a single term for

the perturbation energy equal to
(V)=(n|vV™|n) = AE,. (42)

For the order N =2 we have no side loops and the perturbation energy is

represented by the formula

(VPV) = AE,. (43)

The symbol P within the brackets on the left of (43) represents a reciprocal

value of the energy difference, viz.

P-— =, (44)

situated between two matrix elements of V™, viz.
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(nv*Ip), (p[v*[n), (442)
and submitted to summation process over the dummy state index p. In effect
_ < (v p)(p[v*]n)
VevI=2 EO g0 (45)

The meaning similar to the term (45) does prolongate to any perturbation
term given by the main loop of time carrying no contraction points. For example

for N =3 such term is represented by

wevey) - 35 IV 1BOIV ™ a) oIV )

p=ngzn [ETEO) B Eg)o)][Er(]o) B Eéo)] (46)

This formula has two Pand two dummy indices (p and g) for summation over
the quantum states with exclusion of state n which is submitted to perturbation.
It is easy to extend (46) to an arbitrary order M.

More complicated contributions to energy due to the main loop occur in case
when the side loops are also present. For N =3 the only possible contraction

of the time points is

1:2. (47)
Evidently the side loop created by (47) does provide us with the term
(V)=AE, (47a)

however our task is to present also a contribution due to the main loop of time.
In this case contraction (47) transforms the term (46)—having no contrac-

tions—to the formula

) 3 0ol

= [Eﬁ” B Emz (48)

The whole perturbation energy due to contraction (47) is represented by the

product of (47a) and (48) taken with a minus sign:
1:2—>—<VP2V>(V) (49)

because we have an even number of terms entering the product in (49); an odd
number of terms would give a positive sign. A characteristic point is that the to-
tal number of Pand Ventering the term in (49) remains the same as it does exist
in the term (46): there are two Pand three Vtogether.

Another situation can be when the non-neighbouring time points, say 1 and 3,

enter contraction

1:3. (50)

This may occur for the perturbation order equal at least to N =4, so the last
time point 4 is the beginning-end point on the scale and does not enter into
contractions.

The energy term for the main loop of time having no contraction points be-

comes —in this case—a triple sum of terms
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[V p) eIV |a){alv ™ r){r[v™|n)

(n
(VPVPVPV) =Y TS (€0 -0 [EV -0 [EV-E7 |

p#ng=nr#n

(51)

whereas the contraction (50) implies the side loop having point 2 as free on it.

This makes the energy contribution due to the side loop equal to

(VPV) = AE, (52)

But the main loop of time having a contraction point (50) on it changes its
contribution to the perturbation energy. Together with the beginning-end point
of time the loop becomes similar to that representing the term (52), however the
presence of the contraction point (50) implies the loop contribution to energy

equal to

(VPv)= ¥ (V™ [ p){p|V"|n)

bn [Em) _ E(O)T

n p

(53)

In effect the perturbation term due to contraction (50) is equal to product of
(52) and (53):

~AE, (VPYV), (54)

The minus sign in (54) is dictated by the presence of an even number of terms
entering the final product.

The notation procedure indicated above can be extended to any perturbation
order M.

7. Time-Point Contractions on a Circular Scale and a Check
of Validity of the Energy Terms Contributed by the
Side-Loops of Time

Let us begin with a maximal side loop presented by the time point contraction in
(31). Because the number of free points of time present on the side loop in (31)
is
N'=N-1-1=N-2, (55)
the energy contributed by the side loop due to (31) is equal to
AE, ,. (56)

This energy has to be joined with the energy contribution given by the main
loop of time which—due to contraction (31)—possess only two points of time:
the beginning-end point and the contraction point (31). It should be noted that
the presence of the beginning-end point does not give any contribution to the
perturbation energy, for such contribution can be given only by a loop of time.

In effect of the contraction point of two loops, they are joined together. This

implies that the energy term of the main loop should have the term
P’ (57)

and not P alone; see (53). But beyond of (57) we note that the main loop be-

comes similar to the time loop characteristic for the second-order perturbation
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term; see (52). In effect the main loop makes the whole contribution of the con-

traction (31) to the perturbation energy equal to

—<VP2V >AEN72. (58)

A formal check of validity of the energy expression given in (58) is simple:
since the perturbation energy concerns order A, it should have the total number
of Pin the perturbation expression equal to N —1 and the number V'is equal to
N. Respectively, the perturbation energy in (51) contains the number of P equal
to N -3 and that of Vequalto N —2.The multiplier

<VP2V> (59)

present in (58) supplies the lacking number of Pand V'in the term AE, , to
the required number of Pand V'in an energy term belonging to AE.

The same reasoning can be applied to any contraction of the time points

1,2,3,-,N-1 (60)

entering the time scale useful for calculating the perturbation energy of the order N.
Examples of such calculations are presented in the earlier papers; see e.g. [33] [34].
The number of the time points which can be submitted to contractions for a

given Nis N —1; evidently different contractions can give different concentra-

tions at the contraction points. The point present on the scale having no con-
tractions has concentration 1, a maximal concentration of the N -1 time
points is evidently N —-1.

The same number N —1 is equal to the number of Ps present in any term of
the Schrodinger perturbation energy; evidently for N =1 we have no P present

in the perturbation term.

8. Systematic Time-Dependent Approach to the Schrédinger
Perturbation Method. Partitions of the Number N - 1 and
the Time Point Contractions

A fundametnal process of quantum mechanics is a change of a given system
upon the action of a perturbation which—in its character—can be independent
of time. To calculate the result of such a change on a non-degenerate system the
Schrodinger perturbation formalism—represented by the sets of terms labelled
by their order numbers N—is usually applied.

In principle there exist several ways according to which the necessary sets of
terms can be obtained. In many cases no time approach should be used to this
purpose. We are guided, however, by the Leibniz idea that a suitable arrangement
of the perturbation events along a time scale can be helpful in an analysis of the
expected change of a quantum system, including that due to the perturbation ef-
fect. Consequently the change of a system upon the action of a time-independent
perturbation implies the importance of time. In fact we find that a circular scale
of time—supplemented by the necessary time-point contractions on it—can

represent with a perfect accuracy the perturbation terms of energy obtained in
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an almost automatic way.

All possible partitions of the number N —1 lead to respective time-point
contractions necessary for calculating the perturbation terms belonging to that
N. Certainly the time points entering contractions are dependent on the position
of a given partition number in the sum equal to N —1. In this way we obtain a
full set of necessary contractions for a given number N -1.

For example for N =3 we have N —-1=2 and the only set of the accepta-
ble contractions is reduced to a single contraction

1:2=N-2:N-1 (61)

represented by a partition number of N —1 equal to 2. But there exists also the
partition
11 (61a)

without contractions.
For N =4 we have the contractions 1:2 and 2:3 represented by parti-
tions
1

2. (62

Here the time point 3 and time point 1 remain free in the first and second row
of (62), respectively. A full set of partitions for N —-1=3 becomes
111

(63)
the partition 3 does represent the contractions 1:2:3 and 1:3.

For N =5 we obtain the partitions

111 1- no contractions (points 1,2,3,4 free); S =1 (64)

2 11-1:2, points 3,4 free; S,S7 =1 (65)
12 1 2:3,points 1,4 free; S;S,S, =1 (66)
11 2—3:4,points 1,2 free; S/S, =1 (67)
2 2-1:2,3:4,55, =1 (68)
31-1:3,1:2:3; point 4 free; S,S, =2 (69)
13->2:4,2:3:4;point1free; S;S;, =2 (70)

4-51:4,1:2:4,1:3:4,1:2:3:4,1:4N2:3; S, =5.(71)

A characteristic point is that the $-like results are equal to the number of con-
tractions; an exception is the first term [see (64)] where the absence of contrac-
tions is associated with all partitions equal to 1. A total value of the sum of the
S-products on the left of (64)-(71) is equal to:

S, +S,87 +S,5,S, +S7S, +S; +S,S, +S,S; + S,

(72)
=1+1+1+1+1+2+2+5=14=S5..
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Therefore a set of partitions of N -1=4 givesthe S, perturbation terms.

A similar situation does repeat for N =6 which gives N —-1=5; the parti-

tions are
1111 1(points1,2,3,45 free);SP =1 (73)
2111-51:2,(3,45 free); 5,87 =1 (74)
1211-2:3,(145free); S;S,S, =1 (75)
1121-3:4,(1,25free); S7S,S, =1 (76)
1112->4:5/(1,23free); S’S, =1 (77)
122-52:3N4:55S% =1 (78)
212-51:214:5;S,5,S, =1 (79)
2 21-1:213:4;87S, =1 (80)
113->3:53:4:5;825, =2 (81)
131->2:4,2:3:4,5,5,S5, =2 (82)
311-51:3,1:2:3;5,57 =2 (83)
41-51:4,1:2:4,1:3:4,1:2:3:4,1:412:3;S,S, =5 (84)
14-2:52:3:5,2:4:5,2:3:4:5,2:5N3:4;S,S,=5 (85)

5-—1:5,1:2:5,1:3:5,1:4:5,1:2:3:5,1:3:4:5,1:2:3:4:5; S, =14;(86)
The total sum obtained from the 14 Slike terms on the right is equal to
S, +8S,S) +S,S,82 +5/S,S, +S°S, +5,S2 +S,S,S, +S7S,
+S72S,+85,S,S, + 5,572 +S,S, +S,S, +S,S, +S,S, + S, (87)
=1+14+1+1+1+1+14+14242424+2+2+5+5+14=42=S,.

Having the contraction data in (73)-(86) it becomes easy to construct the per-

turbation terms belonging to N =6. These terms are respectively:

11111 (VPVPVPVPVPV), (88)
2 111 —(VPVPVPVPV )AE, (89)
12 11> —(VPVPVPVPV ) AE,, (90)
11 2 1 —(VPVPVPVPV ) AE,, (91)
111 2—>—<VPVPVPVP2V>AE1, (92)

12 2 (VPVPVPV)(AE,), (93)

21 2 (VPVPVPYV )(AE,)’, (94)

2 2 1 (VPVPYVPV )(AE,)* (95)

11 3——(VPVPVP?V ) AE,, 06)
(VPVPVPY )(AE, )’
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13 1 —(VPVP?VPV )AE,,

(VPVPVPV )(AE,)’, ©7)

3 11— —(VPVPVPV )AE,,

(VPVPVPV )(AE, ), %)

3 2 (VPVPYV ) AE,AE,,

—(VPVP )(AE,)’ AE,, ©9)
(AE,)

2 3 (VPVPV ) AEAE,,

~(VPVPV ) AE, (AE, ), (109

4 1 —(VPVPV ) AE, (2)
(VPVPV ) AE,AE, (1)
(VPVPV ) AEAE, (1)
—(VPVPV )(aE,)* (1)

(101)

14— —(VPVPV ) AE, (2)
(VPVPY ) AE,AE, (1)
(VPVPY ) AEAE, (1)
~(vPVPV ) (AE,)’ (1)

5——(VPV)AE, (5)

(VPV)AEAE, (2)

(VPV)(AE, ) (1)

(vPv

P4

(102)

>AE AE, (2)
<v v> E, (1)
<VP4V>AEAE AE, (1)
—(VP*V ) AE, (AE,)" (1)

(vPV)(aE)" (1)

The numbers in brackets represent the quantity of the perturbation terms in a

(103)

given rows.
In a similar way the results for the perturbation terms belonging to N =7

and N =8 are obtained; the terms are represented in Tables 1-6.

9. Comparison of the Present Method with an Earlier
Recurrent Approach to the Perturbation Energy [34]

In [34] we presented a formalism which makes a recurrent calculation of the
Schrodinger perturbation energy possible for an arbitrary order N. The me-
thod—outlined in the present paper—is based on partitions of the number
N —1. It seems to be more transparent and systematical than that given in [34].
The present Section compares the both approaches—that of [34] and that of
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Table 1. N =7. Perturbation terms based on the smaller size of partitions of the number
N —1=6. Total number of the perturbation terms in the Table:

(6)+(7)+(8)+(12)+(4)=(37).

111111 S; =1— (VPVPVPVPVPVPV ) (1)
21111 S,8; =1— —(VPVPVPVPVPV ) AE, 1)
12111 $,8; =1— —(VPVPVPVPVPV ) AE, (1)
11211 S,S; =1——(VPVPVPVPVPV ) AE, (1)
11121 S,S) =1 —(VPVPVPVPVPV ) AE, 1)
11112 S,8; =1 —(VPVPVPVPVPYV ) AE, (1)
2211 §787 =1 (VPVPVPVPV )(AE,)’ (1)
2121 S;S! :1—><VP2VPVP2VPV>(AE 6]
2112 §787 =1— (VPVPVPVPY )(AE, 1)
1221 §787 =1— (VPVPVPVPV )(AE, 1)
1212 §787 =1 (VPVPVPVPV )(AE,)’ (1)
1122 $78! =1 (VPVPVPVPV )(AE,)’ 1)
222 3 =1 —(VPVPVPV )(AE,)’ 1)
3111 $,87 =2 —(VPVPVPVPV ) AE, (1)
— (VPVPVPVPV ) (AE,)’ 1)

1311 S8 =2 —(VPVPVPVPV ) AE, 1)
— (VPVPVPVPV ) (AE, )’ (69)

1131 S, =2 —(VPVPVPVPV ) AE, (1)
— (VPVPVPVPV ) (AE, )’ 1)

1113 S’S, =2 ——(VPVPVPVPYV ) AE, (1)
— (VPVPVPVPYV ) (AE, )’ (6Y)

321 $,8,5, =2 (VPVPVPV ) AE,AE, 1)
— (-VPVPVPV)(AE,)’ €]

312 $,8,S, =2 — (VPVPVPV ) AE,AE, 1)
— —(VPVPVPV )(AE,)’ (1)

231 $,S,S, =2 — (VPVPVPV ) AE,AE, 1)
——(VPVPVPV )(AE,)’ )

213 $,5.8, =2 - (VPVPVP?V ) AE AE, (1)
— —(VPVPVPV )(AE, )’ (1)
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Continued
132 $,S,S, =2 (VPVPVPYV ) AE,AE, 1)
— —(VPVPVPYV )(AE,)’ (1)
123 $,8,8, =2 > (VPVPVPV ) AE AE, (1)
— —(VPVPVPV )(AE,)’ 1)
33 $.S, =4 (VPVPV )(AE,)’ 1)
——(VPVPV)(AE,)’ AE, (1)
— —(VPVPV ) AE, (AE, )’ (1)
— (VPVPV)(AE,)" (1)

Table 2. N =7. Perturbation terms based on the intermediate size of partitions of the
number N —1=6. Total number of the perturbation terms:

(5)+(5)+ (5)+ (14) + (14) = (53)..

411 8,87 =5——(VPVPVPV)AE, ()
— (VPVPVPV ) AE,AE, 1)

— (VPVPVPV ) AE,AE, 1)
——(VP'VPVPV )(AE,)’ (1)

141 $7S, =5——(VPVPVPV ) AE, )
— (VPVPVPV ) AE AE, (1)

— (VPVPVPV ) AE,AE, (1)
——(VPVPVPV )(AE,)’ (1)

114 §78, =5— —(VPVPVP?V)AE, ()
— (VPVPVPV ) AE,AE, (1)

— (VPVPVPV ) AE,AE, 1)

— —(VPVPVPV )(AE, )’ (1)

42 8,5, =5— (VPVPV ) AEAE, )
— —(VPVPV )(AE,)’ AE, (1)

——(VPVP ) AE,AE, AE, 1)

— (VPVPV )(AE,)’ (1)

24 $,S, =5 (VPVPV)AE,AE, (2)
——(VPVPV)AE,AE,AE, 1)

— —(VPVPV)AE, (AE, )’ (1)
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Continued
— (VPVPV )(AE,)’ (1)
51 S8, =14 > —(VPVPV ) AE, (5)
— (VPVPV)AE AE, (2)
— (VPVPV )(AE, ) (1)
— (VPVPV)AE AE, 2)
——(VP'VPV )(AE,)’ AE, (1)
— —(VP'VPV ) AE,AE,AE, 1)
— —(VP'VPV)AE, (AE,)’ (1)
— (VPVPV )(AE,)' (1)
15 $,S, =14 > —(VPVPV ) AE, (5)
— (VPVPV) AE AE, (2)
— (VPVPV )(AE, )’ (1)
— (VPVPV ) AE,AE, (2)
— —(VPVP'V )(AE,)’ AE, 1)
— —(VPVP*V ) AE,AE,AE, 1)
— —(VPVP'V ) AE, (AE,)’ (1)
— (VPVPYV ) (AE,)’ (6Y)

Table 3. N =7. The 42 energy perturbation terms belonging to partition 6=N —1. The
time-point contractions applied in the Table are presented. The number in brackets at the
end of each row indicates the number of the perturbation terms due to that row. Total
number of terms in Tables 1-3: (37)+(53)+(42)=132=S5,.

1:6 — —(VPV ) AE, -5, =(14)
1:2:6 — (VPV ) AEAE, —55,=(5)
1:3:6 — (VPV)AE,AE, -5,5,=(2)
1:4:6 — (VPV ) AEAE, —5.5,=(2)
1:5:6 — (VPV)AE,AE, —5,5,=(5)

1:2:3:6 ——(VPV)(AE,)’ AE, —578,=(2)
1:2:4:6 ——(VPV)AE, (AE, )’ -85 =(1)

1:2:5:6 ——(VP*V ) AE,AE AE, 8787 =(2)
1:3:4:6 — —(VP'V ) AE,AE,AE, -85t =(1)
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Continued
1:3:5:6 —(VPV)(AE,)’ AE, 8287 =(1)
1:4:5:6 —(VP*V)AE, (AE,)’ —5,57=(2)
1:2:3:4:6 — (VPV)(AE,)’ AE, -8’8, =(1)
1:2:3:5:6 — (VP )(AE,)’ AE,AE, -85, =(1)
1:2:4:5:6 — (VPV ) AEAE, (AE,) -85, =(1)
1:3:4:5:6 — (VPV)AE, (AE,) —87,=(1)
1:2:3:4:5:6  —>—(VPV)(AE) -85 =(1)

Table 4. N =8. Perturbation terms based on the lower-size partitions of the number

N —1=7. Total number of the perturbation terms represented in Table 4:

(7)+(10)+(4)+(10)+(24) +(6) +(12) + 4x(5) = (93) .

1111111

211111

121111

112111

111211

111121

111112

22111

12112

11212

11122

21112

21211

21121

12211

11221

12121

2221

2212

2122

S/ =1 (VPVPVPVPVPVPVPV)
S,5° =1— —(VPAVPVPVPVPVPV ) AE,

,S: =1 —(VPVPVPVPVPVPV ) AE,

$,5° =1 —(VPVPVPVPVPVPV ) AE,

)
s,S )
$,8; =1 —(VPVPVPVPVPVPV ) AE,
)
S5 =1— —(VPVPVPVPVPVPV ) AE,
$,8; =1 —(VPVPVPVPVPVPY ) AE,
$787 =1 (VPVPVPVPVPV )(AE, )’
§78? =1— (VPVPVPVPVPYV )(AE
§/S; =1 (VPVPVPVPVPYV )(AE, )’
§7S; =1 (VPVPVPVPVPYV )(AE, )’
$7S7 =1 (VPVPVPVPVPYV )(AE, )’
§787 =1— (VPVPVPVPVPV )(AE
$78} =1 (VPVPVPVPVPV )(AE, )’
§78} =1 (VPVPVPVPVPV )(AE, )’
$7S7 =1 (VPVPVPVPVPV )(AE, )’
§78? =1— (VPVPVPVPVPV )(AE
$;8, =1 —(VPVPVPVPV )(AE, )’

$;8, =1 —(VPVPVPVPV )(AE, )’

$38, =1 —(VPVPVPVPV )(AE, )’

1
(¢Y)
(&)
(&)
(¢Y)
(¢Y)
(&)
(&)
1)
1
(&)
(&)
1
1
(&)
(&)
1
1
(&)

(6Y)
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1222

31111

13111

11311

11131

11113

3211

1321

2131

3121

2311

1231

1123

1132

1213

$,8; =1 —(VPVPVPVPV )(AE, )’
§,8; =2——(VPVPVPVPVPV ) AE,
— (VPVPVPVPVPV )(AE,)’

§!S, =2 ——(VPVPVPVPVPV ) AE,
— (VPVPVPVPVPV )(AE, )’

S/'S, =2 — —(VPVPVPVPVPV ) AE,
— (VPVPVPVPVPV )(AE, )’

S/'S, =2 — —(VPVPVPVPVPV ) AE,
— (VPVPVPVPVPV )(AE, )’

§!S, =2 ——(VPVPVPVPVPYV ) AE,
— (VPVPVPVPVPY )(AE, )’

$,8,87 =2 — (VPVPVPVPV ) AE, AE,
— —(VPVPVPVPV )(AE, )’

§/S,S, =2 — (VPVPVPVPV ) AE,AE,
— —(VPVPVPVPV )(AE, )’

$,578, =2 — (VPVPVPVPV ) AE,AE,
— —(VPVPVPVPV ) (AE, )’

$,578, =2 — (VPVPVPVPV ) AE, AE,
— —(VPVPVPVPV ) (AE,)’

$,8,87 =2 — (VPVPVPVPV ) AE AE,
——(VPVPVPVPV )(AE, )’

§/8,S, =2 — (VPVPVPVPV ) AE,AE,
— —(VPVPVPVPV )(AE, )’

§/8,S, =2 — (VPVPVPVPV ) AE,AE,
— —(VPVPVPVPYV )(AE, )’

$78.8, =2 — (VPVPVPVPYV ) AE,AE,
— —(VPVPVPVPYV ) (AE, )’

§/8,S, =2 — (VPVPVPVPV ) AE,AE,

— —(VPVPVPVPV )(AE, )’

(6Y)

()

()

(2)

()

()

(2)

(2)

()

()

(2)

(2)

()

()

(2)
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1312 §/S,S, =2 — (VPVPVPVPV ) AE AE, (2)
— —(VPVPVPVPV )(AE, )’
2113 $,578, =2 — (VPVPVPVPV ) AE AE, (2)
— —(VPVPVPVPYV ) (AE, )’
3112 $,578, =2 — (VPVPVPVPYV ) AE, AE, )
— —(VPVPVPVPYV )(AE, )’
322 §,8; =2 ——(VPVPVPYV ) AE, (AE,)’ )
— (VPVPVPYV )(AE, )’
232 §78, =2— —(VPVPVPYV ) AE AE,AE, )
— (VPVPVPYV ) (AE, )’
223 §78, =2 —(VPVPVPYV)(AE,)’ AE, )
— (VPVPVPV ) (AE,)’
331 8IS, =4 — (VPVPVPV )(AE, )’ (4)
— —(VPVPVPV )(AE, ) AE,
——(VPVPVPV)AE, (AE, )’
— (VPVPVPV )(AE, )’
313 8IS, =4 — (VPVPVPV )(AE, )’ (4)
——(VPVPVPYV )(AE,)’ AE,
— (-VPVPVPV ) AE, (AE, )’
— (VPVPVPV )(AE,)’
133 §,87 =4 (VPVPVPYV )(AE, )’ (4)
——(VPVPVPYV )(AE,)’ AE,
— —(VPVPVPYV ) AE, (AE,)’
— (VPVPVPV )(AE,)’
4111 §,5) =5——(VPVPVPVPV ) AE, )
— (VPVPVPVPV ) AE,AE, 1)
— (VPVPVPVPV ) AE,AE, 1)
— —(VP'VPVPVPV )(AE, )’ (1)
1411 §'s, =5——(VPVPVPVPV ) AE, (2)
—(VPVPVPVPV ) AE AE, (1)
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Continued
— (VPVPVPVPV ) AE,AE, 1)
——(VPVPVPVPV )(AE,)’ (1)
1141 §’s, =5— —(VPVPVPVPV ) AE, (2)
— (VPVPVPVPV ) AE,AE, (1)
— (VPVPVPVPV ) AE,AE, (1)
——(VPVPVPVPV )(AE,)’ (1)
1114 S’s, =5— —(VPVPVPVP?V ) AE, (2)
— (VPVPVPVPV ) AE AE, 1)
— (VPVPVPVPV ) AE,AE, (1)
——(VPVPVPVPYV )(AE,)’ (1)

Table 5. N =8. Perturbation terms based on the higher-size partitions of the number
N —1=7. Total number of the perturbation terms:
6 (5)+2x(10) + 2 (14) + 3x (14) + 2x (42) = (204) .

421 $,8,8, =5 (VPVPVPV ) AE AE, )
— —(VPVPVPV)AE, (AE, )’ (1)
— —(VPVPVPV ) AE,AE, AE, 1)
— (VPVPVPV )(AE,)’ (6]
412 $,8,8, =5 (VPVPVPYV ) AE,AE, ®)
— —(VPVPVPV ) AE, (AE, )’ (1)
— —(VPVPVPY ) AE AE,AE, (6]
— (VPVPVPYV )(AE, )’ (6]
241 $,8.8, =5 (VPVPVPV ) AE AE, (2)
— —(VPVPVPV ) AE,AE, AE, 1)
— —(VPVPVPV )(AE, ) AE, (1)
— (VPVPVPV )(AE, )’ 1)
214 $,8,8, =5 (VPVPVPYV ) AE AE, ()
— —(VPVPVPV )(AE,)’ AE, (1)
— —(VPVPVPV ) AE AE,AE, (1)
— (VPVPVPYV )(AE,)" (6]
124 $,S,S, =5 (VPVPVPV ) AE AE, (2)
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142

43

34

52

— —(VPVPVPV )(AE,)’ AE,

— —(VPVPVPV ) AE,AE, AE,

— (VPVPVP'V )(AE, )’

$,S,S, =5 (VPVPVPV ) AE AE,
— —(VPVPVPV ) AE, (AE, )’

— —(VPVPVP ) AE AE,AE,

— (VPVPVPYV )(AE,)"

8,5, =5x2=10— (VPVPYV ) AE,AE,
— —(VPVPV )AE, (AE, )’

— —(VPVP ) AE,AE AE,

— (VPVPV )(AE, )’ AE,

— —(VPVPV)AE, (AE, )’

— (VPVPV ) AE,AE, (AE, )’

— (VPVPV ) AEAE, (AE, )’

— —(VPVPV )(AE,)’

S8, =2x5=10— (VPVPYV ) AE,AE,
— —(VPVPV ) AE,AE AE,

— —(VPVPV ) AE,AE,AE,

— (VPVP'V ) AE, (AE, )’

— —(VPVPV )(AE,)’ AE,

— (VPVPV )(AE, ) AEAE,

— (VPVPV )(AE,)’ AE,AE,

— —(VPVPV )(AE, )’

S8, =14 > (VPVPV ) AE,AE,

— —(VPVPV ) AE, (AE,)’
——(VPVPV)(AE, )’ AE,

— —(VPVPV ) AE, (AE,)’

— (VPVPYV) AE, (AE,)’

— (VPVPV ) AE AE, (AE, )’

— (VPVPYV )(AE,)’ AE,AE,

@
1
@
@
@
(1
)
(2
1
(6]
1
1
1
¢y
(6]
@
1
)
1
@
¢y
1
(1
(5
@
(6]
(2
1
(6]

(6]
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— —(VPVPV )(AE, )’ 1)
25 S,S, =14 > (VPVPV ) AE AE, (5)
— —(VPVPV )(AE, )’ AE, @
— —(VPVPV ) AE, (AE,)’ (1)
— —(VPVPV ) AE,AE AE, @
— (VPVPV )(AE, )’ AE, ¢Y)
— (VPVP'V )(AE, )’ AE,AE, (1)
— (VPVPV) AEAE, (AE,)’ (1)
— —(VPVPV )(AE,)’ 1)
511 S,87 =14 —» —(VPVPVPV ) AE, (5)
— (VPVPVPV ) AEAE, (2)
— (VPVPVPV )(AE, )’ (6]
— (VPVPVPV ) AE,AE, (2)
——(VP'VPVPV )(AE, )’ AE, (6]
— —(VPVPVPV ) AE AE,AE, (1)
——(VP'VPVPV ) AE, (AE, )’ ¢Y)
— (VPVPVPV )(AE,)' (6]
151 §78, =14 —» —(VPVPVPV ) AE, (5)
- <VPVP3VPV >AE1AE3 )
— (VPVPVPV )(AE, )’ (6]
— (VPVPVPV ) AE,AE, (2)
— —(VPVPVPV )(AE, )’ AE, ey
— —(VPVPVPV ) AE AE,AE, 1)
— —(VPVPVPV ) AE, (AE, )’ (1)
— (VPVPVPV )(AE,)' (1)
115 $7S, =14 — —(VPVPVPYV ) AE, (5)
— (VPVPVPV ) AEAE, 2
— (VPVPVPV )(AE, )’ (6]
— (VPVPVPV ) AE,AE, (2)
——(VPVPVPYV )(AE, )’ AE, 1)
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— —(VPVPVP*V ) AE AE,AE, (1)
— —(VPVPVP'V ) AE, (AE, )’ (1)
— (VPVPVPYV )(AE, )’ (6]
61 S,S, =42 — —(VPVPV ) AE, (14)
—(VPVPV ) AE,AE, (5)
— (VPVPV ) AEAE, (2)
—(VPVPV ) AE,AE, )
— (VPVPV ) AE AE, (5)
——(VPVPV ) AE, (A ()
——(VP'VPV)(AE,)’ A 1
——(VP'VPV )(AE,)’ A @
— —(VP'VPV)AE, (AE,)’ 1
— —(VP'VPV)AE, (AE,)’ ¢Y)
— —(VP'VPV )(AE,)’ A @

— (VPVPV ) AE, (AE, )’ (6]
—(VPVPV)AE, (A (6]
— (VPVPV )(AE,) A 1
— (VPVPV )(AE, )’ AE, (1
——(VPVPV)(AE,Y €]
16 $,S, =42 > —(VPVPYV ) AE, (14)
—(VPVPV)AEAE, (5)
— (VPVPV ) AE,AE, (2)
—(VPVPV )AE AE, (2)
— (VPVPV ) AE,AE, (5)
— —(VPVPV )(AE,)’ AE, @)
— —(VPVPV ) AE, (AE,)’ 1
——(VPVPV )(AE,)’ A (2)
— —(VPVPV)(AE,)" A @
- <VPVP“V>(AE Y AE, (1)
— —(VPVP*V ) AE, (A )
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— (VPVPV )(AE,)’ A
— (VPVPV )(AE,) A
— (VPVPV ) AE, (AE, )’
— (VPVPV ) AE, (AE, )’

——(VPVPV)(AE,Y

)
(1
1
1

(6]

Table 6. N =8. Perturbation terms due to the highest partition number of N -1=7.
Total number of the perturbation terms obtained in the present Table:
(42)+3x(14)+(5)+(14) +(9) +(5) +(5) +(4) +(6) =(132) =S, . Total number of the
perturbation terms in Tables 4-6: (93)+(204)+132=(429)=S,.

1:7

1:2:7

1:3:7

1:4:7

1:5:7

1:6:7

1:2:3:4:7

1:2:3:5:7

1:2:3:6:7

1:2:4:5:7

1:2:4:6:7

——(VPV)AE

— (VPV ) AE AE,
— (VPV ) AE,AE,
—(VPV)AE AE,
—(VPV)AE,AE,
— (VPV)AE,AE,

——(VP'V)(AE,)’ AE,

\:

7<VP“V AE,AE,AE,

|

—<VP"V AE,AE,AE,

\

—(VPV) AEAE,AE,

AE,AE,AE,

A

—(vPV

A

A

—(VP*V)AE,AE AE,

A

—(VP*V)AE,AE AE,

|

—(VPV) AE,AE,AE,

)
)
)
)
)
-(VP*V) AE,AE,AE,
)
)
)
)

{

—(VP“V AE, (

.

(VPV)(AE,)’ AE,

— (VPV )(AE,)’ (AE,)’

1

(VPV )(AE, )’ AE,AE,

—(VPV ) AE AE,AE,AE,

)
)

—S, = (42)
— S5, =(14)
—5,5,=(5)
—S.5,=(4)
—-38,8,=(5)
—S.S, = (14)
—S/S, = (5)
—SS,S, = (2)
—SS.S, = (2)
—SS,S, = (5)
—55,5,=(2)
58
5,55, =(2)
-5,58,=(2)
-5,5,5,=(2)
5,57 =(5)
— 8’8, =(2)
—S/SI=(1)
— 8’8, =(2)
5282 =(1)

8282 =(1)
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Continued
1:2:5:6:7 — (VPV ) AE,AE, (AE, )’ —5,5,5:=(2)
1:3:4:5:7 —(VPV)AE, (A —5,57, =(1)
1:3:4:6:7 —(VPV ) AE,AE,AE,AE, —8,85,8,=(1)
1:3:5:6:7 — (VPV)(AE — 8787 =(1)
1:4:5:6:7 —(VPV)AE, (AE,) 5,8 =(2)
1:2:3:4:5:7 ——(VPV)(AE —5's,=(1)
1:2:3:4:6:7 — —(VP'V }(AE,)’ AE,AE, —575,8,=(1)
1:2:3:5:6:7 ——(VPV)(AE,) AE, (AE,)’ 875,87 =(1)
1:2:4:5:6:7 — —(VPV ) AE,AE, (A —5,8)=(1)
1:3:4:5:6:7 ——(VPV)AE, (A —5,5' =(1)
1:2:3:4:5:6:7  —(VPV)(AE) -8 =(1)

actual paper—for an example. To this purpose we choose the calculation of N =6
being the most developed case considered in Appendix of [34]. The mentioned
data of Appendix are next compared with the corresponding data due to the
present method; see Table 7.

On the left-hand side of Table 7 are presented the symbols of the perturbation
terms applied in the partition notation of the present paper, on the right-hand
side of Table 7 the method represented in Appendix of [34] is applied.

There exists a full agreement of the data obtained in the present paper with

those taken from Appendix of [34].

10. Summary: General Properties of the Scale of Time Suitable
to Calculate the Schrédinger Perturbation Energy

One of the fundamental processes of quantum mechanics is a change of a given
system upon the action of some perturbation potential which—in its charac-
ter—can be independent of time, but is dependent solely on the particle coordi-
nates. To calculate the result of such a change acting on a non-degenerate quan-
tum system, the Schrédinger perturbation formalism—represented by the sets of
energy terms labelled by orders N—is required. In principle no time approach,
or time parameter, should be used to this purpose.

We are guided, however, by the Leibniz idea that a suitable arrangement of
the physical events along a time scale can be helpful in an analysis of any system
change, including the perturbation effect. Consequently, by assuming that a
change of a system—also due to the action of a time-independent perturbation
potential—requires some interval of time, a sequence and origin of the time
moments entering such interval can be of importance.

In principle there exist many ways according to which the necessary sets of
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Table 7. Comparison of the energy terms calculated in Appendix of [34] with those ob-
tained in the present paper: an example giving the terms belonging to the order N =6.
The first 14 terms presented in the right-hand side column are calculated—according to
[34]—automatically on the basis of the results obtained for N =5.

Partition symbol applied

E It obtained in [34
in the present method nergy result obtained in [34]

Number of the term

1 11111 (VPVPVPVPVPV )
2 2111 —(VPVPVPVPV ) AE,
3 311 (1% term) —(VPVPVPV)AE,
4 311 (2" term) (VPVPVPV )(AE, )’
5 1211 —(VPVPVPVPV ) AE,
6,7 41 (1* term) -(VPVPV ) AE,
8 41 (2™ term) (VPVPV ) AEAE,
9 41 (3 term) (VPVPV ) AE,AE,
10 41 (4% term) —(VP'VPV ) (AE,)’
11 131 (1 term) —(VPVPVPV )AE,
12 131 (2™ term) (VPVPVPV ) (AE, )’
13 1121 —(VPVPVPVPV ) AE,
14 221 (VPVPVPV ) AE,
15-19 5 (1 term) -(VPV)AE,
20,21 5 (2" term) (VPV)AE,AE,
22 5 (3" term) (VPV)(AE,)
23,24 5 (4™ term) (VPV)AEAE,
25 5 (5% term) —(VP'V)(AE,)’ AE,
26 5 (6™ term) -(VP*V) AE,AE,AE,
27 5 (7" term) —(VPV)AE, (AE, )’
28 5 (8™ term) (VP5V >(AE1 )
29,30 14 (1" term) -(VPVPV ) AE,
31 14 (2" term) (VPVPV ) AEAE,
32 14 (3" term) (VPVPV ) AE,AE,
33 14 (4" term) (VPVPV)(AE,)'
34 113 (1% term) —(VPVPVPYV ) AE,
35 113 (2™ term) (VPVPVPV )(AE, )’
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36 23 (1% term) (VPVPV ) AEAE,
37 23 (2™ term) —(VPVPYV ) (AE, )’
38 1112 —(VPVPVPVPYV ) AE,
39 212 (VPVPVPYV ) (AE, )’
40 32 (1% term) (VPVPV ) AE,AE,

41 32 (2™ term) —(VPVPV)(AE, )’
42 122 (VPVPVPYV ) (AE, )’

terms representing the perturbation effect can be calculated. But we find that a
circular scale of time—accompanied by the time-point contractions on it—can
represent in full the necessary terms belonging to a particular order of the per-
turbation energy. These terms become obtainable on the basis of the time scale
in an almost automatic way. Only the change of the perturbation or-
der—associated with a change of the number of time points considered on the
scale—implies a progressive action attributed to time.

A full presentation of the perturbation terms has been done for orders N =7
and N =8; the terms of the lower NV are accessible in the literature presented
before [25]-[34].

At the first sight it seems that the paper has only a purely mathematical back-
ground. In fact the aim is to solve a definite Schrédinger differential equation,
but the way to do that is to solve first a presumably more simple equation. Next
the solutions of that more simple equation should be combined into those be-
longing to a more complicated problem.

Both equations are assumed to be different by a potential change independent
of time. In fact the time parameter neither enters the actual perturbation equa-
tion, nor the equation representing a former more simple problem. Nevertheless
the change of the potential—equivalent to the change of the Hamiltonian oper-
ator between the unperturbed and perturbed equations—occupies some time.
We assume the time of the potential change as negligibly small. A much more
longer time, therefore of a non-negligible size, is expected to be occupied as an
effect of the original potential change. This is so because the perturbed, ie. orig-
inally unstable system, should wait to occupy one of its stationary states. In effect
the time, required to make the perturbed system equivalent to a stationary object,
can be long. An estimate of the size of that interval is beyond of our ability. Ma-
thematically however, the both states, unperturbed and perturbed one, are both
accessible and can be defined without any reference to the notion of time. So a
question may arise what is the role of time—if any such role does exist—in the
perturbation theory?

With the absence of any time intervals in the formalism, the answer is that

time is an ordering parameter. Moreover this role is rather of a gradual character
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because it does not concern the perturbation process as a whole, but is decisive
in the successive steps of that process. In fact the perturbation effect can be se-
parated into parts called the perturbation orders. Any order N is characterized
by: 1) a definite number of the Huby-Tong kinds of the perturbation terms spe-
cified by the formula (21); 2) a constant number of N —1 terms P and number
of Nterms Ventering any perturbation term belonging to the order M.

But beyond of the number of terms characteristic for a given V, an important
role plays the sequence of the “collision” events of an unperturbed system with
the perturbation potential. This sequence follows a closed scale of time equiva-
lent to a topological circle. Any scale representing some Mh perturbation order
has Ntime points on it. Among these points only one—called the beginning-end
point—is free from contractions. Other time points on the scale, being N -1 in
their number, can be submitted to contractions in a definite way. The contrac-
tions give the corresponding (closed) loops of time discussed in Sec. 4 and con-
sequently the expected corrections to energy.

As an effect of contractions variable with N, the number of kinds of the per-
turbation terms increased by a single term due to an uncontracted loop of time
characteristic for a given N, becomes equal to the number S, presented in the
formula (21). The arrangement of the time points in the contractions is provid-
ing us with the side loops of time corresponding to contractions. After combin-
ing the energy contributions due to the side loops with those given by the main
loop of time, we arrive at the proper Schrodinger perturbation terms for energy
of a given order N. No supplementary calculations are required to attain that
purpose.

In fact the shape of the time scale, together with the time-point contractions
done on it, play a decisive role in calculating all kinds of the Schrédinger per-
turbation terms entering a given order N. This result is not proved in an exact
way but obtained in course of the systematic energy calculations belonging to the
individual NVs.

11. A Philosophical Background Concerning the Present Results

A philosophical background of the results obtained in the paper seems to be
twofold. The first aim was to obtain a general look on the shape of the time scale.
A principal point becomes here to get a real relevance of the question of the di-
rection of time, or more simply the problem of sequence of the time events, to
some physical process [35]. Let us note here an opinion that the theory of the
whole world time is a redundant concept—one only needs a knowledge of
world’s possible configurations [36].

A reply in the present case is that if the scales belonging to individual NV are
considered, their shape is evidently a closed line. A characteristic circular-like
character of the time scale suitable to calculations of the perturbation energy for
a given N seems to be not a unique property in physics; see e.g. Rey [37] and

Zawirski quoted in [38]. A much discussed reference which can be cited here is
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the paper by Godel [39]. In an analysis of cosmological solutions concerning the
Einstein’s field equations for gravitation he remarked that: (a) it is not possible
to assign a time coordinate #to each space-time point in such a way that ¢ always
increases, if one moves in a positive time-like direction, and this holds for both
for an open and a closed time coordinate; (b) every world line of matter occur-
ring in the solution is an open line of an infinite length which approaches any of
its preceding points again; (c) there also exist closed time-like lines.

In fact a total scale of time applied in the present paper—because of an in-
creasing number of collisions with the potential V" —does increase gradually
with N. This makes the second step of the time way, Ze. that due to an increase

of N, similar to an infinite linear scale referred in (1).
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