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Abstract 
We compute the long-term orbital variation of a test particle orbiting a central 
body acted upon by normal incident of plane gravitational wave. We use the 
tools of celestial mechanics to give the first order solution of canonical equa-
tions of long-period and short-period terms of the perturbed Hamiltonian of 
gravitational waves. We consider normal incident of plane gravitational wave 
and characteristic size of bound—two body system (earth’s satellite or pla-
net) is much smaller than the wavelength of the wave and the wave’s fre-
quency wn  is much smaller than the particle’s orbital pn . We construct 

the Hamiltonian of the gravitational waves in terms of the canonical variables 

( ), , , , ,l g h L G H  and we solve the canonical equations numerically using 

Runge-Kutta fourth order method using language MATHEMATICA V10. 
Taking Jupiter as practical example we found that there are long period per-
turbations on ,ω Ω  and  i  and not changing with revolution and the short 
period perturbations on ,a e  and M  changing with revolution during the 
interval of time ( 0 t t− ) which is changing from  0 4π→ . 
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1. Introduction 

The tremendous penetrating capacity of gravitational waves is a reason why it is 
so difficult to detect them. Another reason is the very low intensities by which 
they are emitted. A great number of theoreticians and experimentalists work on 
gravitational radiation not only because of its important applications but also 
because of its fundamental role in science. In the domain of general relativity, 
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the particular solution of the field equations leading to the wave solution is 
usually preferred in the domain of the post-Newtonian (or weak field) approxi-
mation. The reason is that the wave contributes to its own source, besides the 
effect of the relatively strong field of source itself; greatly complicate the detec-
tion of the wave close to its source. Hence it is better to study the simple proper-
ties of the waves by looking far into the wave zone where the fields are weak. The 
effects of incident plane gravitational waves on the orbital motion of gravitation-
al bound two-body system were investigated by several authors with different 
approaches and various features of both orbits and the waves [1]-[9]. In this 
work we treat the effect of GW on the orbital motion by semi-analytical treat-
ment and we determine the perturbation on the orbital elements using new 
approach differ than the previous works. We construct the Hamiltonian of 
GW and solve the canonical equations in terms of the Delaunay elements 
( ), , , , ,l g h L G H , using the numerical method of Runge-Kutta and algebraic ma-
nipulations programs MATHEMATICA V10. The resulting theory includes 
short-period as long-period for practical application on planet Jupiter. 

2. Hamiltonian of GW 

According to the weak field approximation of general relativity, there exist in 
empty space gravitational waves generated by different sources far in the un-
iverse, and propagated with velocity c. The field equations for empty space in the 
linear weak field approximation  

2 0ikh =  

Has the plane wave as the simplest solution. 2  is d’Alembertian operator is 
given by  

( )
2 2

2
2 2 2

1 1,2,3
i

i
x c t
∂ ∂

= − =
∂ ∂

  

With the Z axis chosen in the direction of propagation ikh , 2  becomes 
2 2

2
2 2 2

1  
z c t
∂ ∂

= −
∂ ∂

  

and then the partial derivatives of ikh  with respect to x and y vanish. Thus a 
plane gravitational wave is determined by two quantities 12h  and 11 22  h h=−  in 
other words, gravitational waves are transverse waves whose polarization is de-
termined by a symmetric tensor of the second rank in the XY plane, the sum of 
whose diagonal terms 11 22 h h+  is zero. So the plane wave can be written a the 
sum of two components 

( )11 1cos wh h n t α+= +                       (1) 

( )12 2cos wh h n t α×= +                       (2) 

where wn  is the frequency of the wave, 1α  and 2α  are the phase difference, 
h+  and h×  are the amplitude of the wave in the two orthogonal directions in 
the transverse plane. From the equation of geodesic deviation we obtain the ac-
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celeration components of GW as in [10]. 
22

2 2
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kikhn n

t t
∂

=
∂                        

 (3) 

From which we can obtained the potential like function U of GW in terms of 
the orbital elements 

( )2 2
1 2
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 (4) 

where 
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∂
=

∂
, and we have  

( ) ( )( )cos cos cos sin sinx r f i fω ω= Ω + − Ω +            (5) 

( ) ( )( )sin cos cos cos siny r f i fω ω= Ω + + Ω +            (6) 

where , ,i ωΩ  and f  are the inclination, longitude of node, argument of pe-
rigee and the true anomaly of an orbit respectively. Substituting Equations ((1), 
(2), (5) and (6)) into Equation (4) we obtain 
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where  

21cos , sin , and
2 w g

hc i s i n h A
h
×

×
+

= = = −=              (8) 

The Hamiltonian will be in the form 

0 1H H H= +   

0H  is the unperturbed Hamiltonian given by 
2

0 22
H

L
µ

= −                           (9) 

GMµ =  the gravitational constant and L aµ= . The perturbed Hamilto-
nian 1H  due to the gravitational wave is given by 
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  (10) 

3. Equations of Motion 

The Delaunay canonical variables ( ), , , , ,l g h L G H  are defined in terms of the 
Keplerian elements ( ), , , , ,a e i MωΩ  by 

( )
( )2

– ;

; 1

; cos

l M n t L a

g G a e

h H G i

τ µ

ω µ

= = =

= = −

= Ω =               

 (11) 

The considered systems of differential equations in terms of canonical ele-
ments under the effect of GW are 

( )d d
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Using Equations ((11), thus (13) and (14)) yield 
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We solve this equations numerically using Runge-Kutta fourth order method, 
the mathematical program written by language of MATHEMATIC V10. 

4. Solution and Results 

We expand the trigonometric functions of the true anomaly 
2

2

r
a

, 
2

2 cos 2r f
a
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and 
2

2 sin 2r f
a

 of Hamiltonian (10) in series of the trigonometric functions of  

mean anomaly M  up to order three in the eccentricity [11]. Changing the in-
dependent variable from the time t  to the mean anomaly M , substituting the 
Hamiltonian into the equations of motion and solving the equations numerically 
to obtain the first order perturbation of GW on Jupiter. Table 1 represents the 
orbital elements of Jupiter in the epoch 2000, considering Bursts of GW with  

frequency 656 10−×  Hz and amplitude 2215 10−× . 1 0α =  and 2
π
2

α = . The  

variations of Jupiter’s elements due to the considering effect of gravitational 
waves are presented in Table 2, during the interval between zero and 4π as in 
Figure 1. 

 
Table 1. The orbital elements of Jupiter Reference date 12.00 UT 1 Jan. 2000. 

Elements of the Planet Jupiter 

The Semi-major in km (a) 6778 10×  

The eccentricity (e) 0.048 

Inclination in degree (i) 1.30536 

Longitude of node in degree Ω 100 

Longitude of perihelion in degree ϖ 13.678 

Mean daily motion in degree/day n 0.0831 

 
Table 2. The perturbed orbital elements of Jupiter due the incident of GW. 

interval a km e I radian Ω radian Ω radian M radian 

1 7.7835 × 1013 0.0481105 0.0227591 1.75231 4.78744 0.138604 

2 7.78341 × 1013 0.0480292 0.0227591 1.75231 4.78744 0.238604 

3 7.78334 × 1013 0.0479074 0.0227591 1.75231 4.78744 0.338604 

4 7.78318 × 1013 0.0478299 0.0227591 1.75231 4.78744 0.438604 

5 7.78308 × 1013 0.0477027 0.0227591 1.75231 4.78744 0.538604 

6 7.7831 × 1013 0.0476119 0.0227591 1.75231 4.78744 0.638604 

7 7.78311 × 1013 0.0475403 0.0227591 1.75231 4.78744 0.738604 

 

 
The variation of the perturbed semi-major 

X-axis represents the variation of time from 0 to 4π in degree and Y-axis represents δa in radian. 
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The Variation of the perturbed inclination 

X-axis represents the variation of time from 0 to 4π in degree and Y-axis represents δi in radian 

 

 
The variation of the perturbed eccentricity 

X-axis represents the variation of time from 0 to 4π in degree and Y-axis represents δe in radian 

 

 
The variation of the perturbed Ω 

X-axis represents the variation of time from 0 to 4π in degree and Y-axis represents δΩ in radian 
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The variation of the perturbed ω 

X-axis represents the variation of time from 0 to 4π in degree and Y-axis represents δω in radian 

Figure 1. The short and long period perturbations of the orbital elements (semi-major, 
eccentricity, inclination, Ω, ω) of Jupiter during the interval of time ( )0 t t− , from 0 to 

4π. 

5. Conclusion 

The resulting solution for our model from Equations (15) to (20) includes 
short-period as well as long-period terms for practical application it appears 
more expedient to calculate the perturbations on a revolution by revolution. The 
averaging process over the fast variable or short-period comes after the differen-
tiated with respect to slow variable or long-period. The short-period perturba-
tion on semi-major a, the eccentricity e, and the mean anomaly M  increase 
with each revolution during the time interval ( )0 t t−  from zero to 4π. The 
long-period perturbation on the inclination i, Ω, and ω takes long time to 
change with revolution in the same interval as seen in Figure 1. This paper pro-
vides a good approach for long-period orbital evolution studies for planets or-
biting under the effect of the gravitational waves. 
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