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Abstract

Instead of projective measurement, we use weak measurement to define quantum and geometric
discords, and compare them with the normal quantum and geometric discords based on the pro-
jective measurement in noninertial frames. We find that using weak measurement to define
quantum discord we can capture more quantum correlations compared with the projective mea-
surement, so calling it super quantum discord. However, we note that the geometric discord based
on the weak measurements becomes smaller, so we name it inferior “geometric discord”. We also
show that, although both the super quantum discord and the inferior “geometric discord” de-
crease with the increase of observer’s acceleration, the super quantum discord/inferior “geome-
tric discord” increases/decreases as the measurements become weak. These differences reveal
that the definitions of the quantum and geometric discords are not too concordant with each oth-
er.
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1. Introduction

The integration of quantum information and another fundamental theory of modern physics—relativity theory
creates the relativistic quantum information [1] [2]. Understanding quantum information in relativistic
framework is crucial from fundamental perspective. What’s more, many experimental setups, to improve the
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experimental precision, require us to consider such effects coming from relativity in practice, so this field has
been attracted much attentions [3]-[7] recently. Entanglement, one of the most general quantum resource for
quantum information tasks, has been studied fruitfully in noninertial frame [4]-[7]. However, as we all know, the
entanglement has no advantage in some quantum information tasks, since certain quantum information
processing tasks can still be done without it [8]-[10]. Another quantum resource called quantum discord
[11]-[123], which represents the inaccessible information that cannot be extracted by measurements on one
subsystem and is defined as the difference between the total and the classical correlation, is believed more
practical and generalized than the entanglement. In this regard, Datta [14] calculated the quantum correlation
between two relatively accelerated scalar modes, and showed that the quantum correlation that is measured by
the quantum discord is greater and more robust than the entanglement. They claimed that the quantum discord,
unlike the entanglement, still conserve a finite amount although in the limit of infinite acceleration. Wang et al.
[15] studied the quantum discord and classical correlation sharing between modes of Dirac fields in the
noninertial frame and discussed the relations between the quantum discord and the entanglement, and compared
them with that for the Bosonic field. Besides, the geometric discord [16] [17], which is considered to be the
geometric version of the quantum discord and defined as (the square of) the Hilbert-Schmidt distance between
the state in question and the nearest classical state, is also studied together with the relativistic effects [18] [19].
It should be pointed out that, although both the quantum and geometric discords can characterize the quantum
correlations, some authors found that these two quantities are not too concordant with each other. M. Okrasa and
Z. Walczak [20] pointed out that quantum discords do not give consistent results, namely quantum discord and
the geometric discord do not necessarily imply the same ordering of two-qubit X -states, which means that
D(pas)<(2)D(pps ) < D (pns ) <(2)D® (P ) is not satisfied for arbitrary states p,, and phg. M.
Piani [21] showed that the geometric discord has a problem that it can increase even under trivial local
reversible operations of the party whose classicality or nonclassicality is not tested, while the quantum discord
does not. Besides, E. G. Brown [18] even found that the geometric discord vanishes for Bosonic field in the
infinite acceleration limit, but the quantum discord still exists, which shows the distinct different results between
the quantum discord and the geometric discord.

It is well known that the quantum discord is measurement dependent, and an optimal measurement process
should be considered during its calculations. Generally speaking, authors ordinarily use the projective
measurement to define the quantum discord and the geometric discord. It is worthy to note that quantum states
are fragile to quantum measurements, and they will lose all the coherence after the projective measurement.
However, unlike the projective measurement, weak measurement, which was firstly proposed by Aharonov,
Albert, and Vaidman (AAV) [22] in 1988, can induce only partial coherence of quantum states to be lost
because it couples the system and the measuring device weakly, and then causes small change to quantum states.
Let’s note that the weak measurement has been discussed universally in different fields [23]-[25], such as
geometric phase [26]. Especially, Uttam Singh and Arun Kumar Pati recently used the weak measurement to
define quantum discord [27] instead of the projective measurement, and they surprisedly found that weak
measurement can capture more quantum correlation, and the super quantum discord can be potentially a useful
resource for quantum computation, quantum communication and general quantum information processing tasks.
They also have proved that the super quantum discord in the post measured state is equal to the difference
between the super quantum discord and the normal quantum discord in the original state, and therefore the weak
measurement has the ability to resurrect the lost quantumness of any composite quantum state [28]. After their
works, Y. Wang et al. [29] considered super quantum correlation and geometry for Bell-diagonal states with
weak measurements. Besides, B. Li et al. [30] gave the necessary and sufficient condition for vanishing super
discord. They also discussed the advantage of the weak measurement [31] and analysed the property of the weak
measurement in quantum discord [32].

The previous studies on quantum correlation are almost based on the projective measurements and confined in
inertial frames. To find out how the measurements affect the quantum correlation and give a more complete
frame to theoretically study it, in this paper we will define the quantum discord and its geometric version by
using the weak measurement, and extend them to the noninertial frame. We will also discuss their reactions to
the strength of measurements and the acceleration of observer and then compare them with the quantum
correlation based on the projective measurement. Fortunately, we find some inconsistent results of the quantum
and geometric discords from the perspective of the weak measurement.

The outline of the paper is as follows. In Section 2, we introduce the definitions for the quantum discord and
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geometric discord based on both projective and weak measurements. In Section 3, we analyse the entangled
state of Dirac fields when the two observers relatively accelerates, and consider the quantum and geometric
discords based on the weak measurement in noninertial frame and compare them with the normal versions. We
summarize and discuss conclusions in the last section.

2. Definitions for Quantum Discords

To study the quantum and geometric discords based on the weak measurement and compare them with that
based on the projective measurement, in this section, we introduce the definitions for the quantum discord and
geometric discord based on these two different measurements.

2.1. Normal Quantum and Geometric Discords
For a bipartite quantum state p, , the total correlation is defined by

1(Par) =S (Pa)*+S(Pr) =S (Pse): 1)

where p, and p, are the local density matrices of p,,, and S(,o):—Tr(pIog2 p) is the von Neumann
entropy of a quantum state o . The classical correlation is [12]

JA(pAR):S(pR)_S(pR‘A)’ (2

where the “quantum conditional entropy” S(pRA)=min{H_A}S(pR{nA}j=min{nA} Zipis(pR“) with the

minimization being over all projection-valued measurements, {l‘IIA} performed on the subsystem A. The

probability for obtaining outcome i is p, =Tr [(Hf@IR)pAR (H{‘@IR)J, and the corresponding post-

measurement state for the subsystem R is py, =%TrA[(H{*®IR)pAR (H{*@IR)J, where 1, is the

identity operator on the Hilbert space Hj.

The quantum discord, which aims at capturing all quantum correlations in a state, is the difference
[I(pAR)—JA(pAR)] [11]. And for bipartite system with the projective measurement performed on the
subsystem A the quantum discord is

D(R:A):Em?zilpis(pRi)—S(RM), €)

where S(R|A)=S(p)-S(pa)-

On the other hand, the geometric discord is a metric-based measure of quantum correlations, which is defined
as the distance in state space from the original state to the nearest state with zero discord. Such zero-discord
states are known as classical-quantum (quantum-classical) states when the measurement is performed on the
subsystem A(R). The geometric discord [16] is given by

D¢ (Par)= TE'Q ||pAR _Z" (4)
where C is the set of classical-quantum states and ||p—)(||ETr((p—;()2) is the squared Hilbert-Schmidt
norm. The geometric discord can be expressed as a somewhat more workable form [17]

G _ . _ A = . At 2
D® = ?;I}\r}]llp Pll= g;:,ng((p PY). (5)

where p' is the state after the projective measurement {H,A} has been performed on subsystem A, which is
given by p’zzi(HiA(@ |R)pAR (H{*@ IR).

2.2. Supper Quantum Discord and Inferior “Geometric Discord”

As introduced in Reference [23], the weak measurement operators are defined as
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/ 1- tanhx / 1+tanhx
1+tanhx 1- tanhx
/( , [(-tanhx) ©)

where x is the parameter that denotes the strength of the measurement process, II, and IT_ are two
orthogonal projectors with TT, +TT_=1 [8] [9] [11] [33]. The weak measurement operators satisfy: 1)

P"(x)P(x)+P"(-x)P(-x)=1; 2) P(O):L results in no change to state; and 3) in the strong measure-

V2

ment limit we can obtain the projective measurement operators, i.e., IimH,wP(x) =11
lim..P(x) =TT [23] [27].

It is interesting to note that Singh and Pati use the weak measurement, instead of the projective measurement
in Equation (3), to define the quantum discord, which they called the super quantum discord [27] due to this
quantum discord is always bigger than the normal quantum discord. Doing like defining the normal quantum
discord, they assumed that the weak measurement is performed on the subsystem A of a state p,g, then the
post-measurement state for the subsystem R is given by

T (PR ()@ 1) o (PH ()@ 1, ) |
Pejphex) = :
RIPA (o) Tra[ (P (2@ 1) s (P (2X) @14 |
where {PA(ix)} is weak measurement operators performed on the subsystem A, and the probability for

whichis p(+X) = Tre | (P* ()@ 1) e (P (£X) @ 1) |.
Finally, the super quantum discord is given by

Dw(R:A)=?;;?SW(R|{PA(X)})—S(R|A). 8)

and

+

()

where the “weak quantum conditional entropy” is SW(R|{PA(X)}) = p(x)S(pR‘PA(X))+ p(—x)S(pR‘PA(_X)).

Similarly, we also can define the geometric discord by using the weak measurement to perform on the sub-
system A of the state p, . After that, the post-measurement state is

p/’AR:Z(PiA®IR)pAR(PiA®IR)' ©)

I=%

Then we can obtain the “geometric discord” based on the weak measurement, which can be expressed as

D\S = min"pAR ~ Pr " = minTr((pAR ~ Pr )2) (10)

{né {nf]
In the following, we will show this “geometric discord” is always smaller than the normal geometric discord
(5), so we call it the inferior “geometric discord”.

3. Quantum Correlations under Weak Measurement in Noninertial Frame

Now, we discuss the super quantum discord and the inferior “geometric discord” in noninertial frame. In order
to do that, we first introduce our model that allows us to study the relativistic quantum information.

3.1. Correlated State Shared by Two Relatively Accelerated Observers

We consider that two modes, A and R, of a free Dirac field in Minkowski spacetime, are maximally
entangled from an inertial perspective, i.e., the quantum field is in a state

[0)=5(19), /0. +I1), 1), an
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where |0), and |1). are the vacuum and single particle excitation sates of the mode i in Minkowski
spacetime. We assume that Alice and Rob keep still at the same point in flat Minkowski spacetime at beginning.
Then Alice stays stationary while Rob moves with uniform acceleration. Here it is needed to note that Alice has
a detector which sensitive only to mode A and Rob has a detector sensitive only to mode R . To correctly
describe what Rob sees, mode R must be specified in the Rindler coordinates. According to Referece [6], the

Minkowski vacuum |0), ~ and the one particle state 1), can express with the Rindler basis as follows
|0w>M =COSI’|0M>I |Ow>|| +sin I’|1w>| 1fu>|| !

|1w>|v| =|1w>| Ow)u '

where the subscripts | and Il represent Rindler regions | and Il cosrzgrle‘z"‘”c/al +1 7]/2, a is Rob’s
acceleration, @ is the frequency of the Dirac particle, and ¢ is the speed of light in vacuum. In this regard,
let’s note that this model is commonly taken in the literature on relativistic quantum information [3]-[6] [34]
[35].

Using Equation (12), the state (11) can be rewritten in terms of Minkowski modes for Alice and Rindler
modes for Rob. Because the regions | and Il of Rindler spacetime are causally disconnected, and our
accelerated observer Rob is assumed to be in region |, we must trace over the modes in region 1l where he
can’t access. After doing that, the state turns to be

(12)

cosr 0 0 cosr
11 O sinr O 0
Par, 2l o 0 0 0 (13)
cosr 0 0 1
Then the von Neumann entropy of the state between Alice and Rob is
1+cos’r 1+cos’r | 1-cos’r 1-cos’r
S(:DAI ):_ 2 Ing( 2 - 2 log, 2 : (14)

And similarly, we can obtain the entropy S (pA) for the reduced density matrix p, =Trg (pARI ) .

3.2. Super Quantum Discord

In order to obtain the super quantum discord, the conditional entropy is the key from Equation (8). So, according
to Equations (13), the post-measurement state for the subsystem R, after the weak measurement P(x) on
subsystem A of state (13), is given by

1 (ZCoszr (1-cos@tanhx) —2e7' cosrsin @ tanh x J

== g 15
PrP( =7 —2e'” cosrsin@tanhx  3—cos2r +(1+¢os 2r)cos & tanh x (15

with the probability p(x): . Similarly, when we change x to —x in Equation (15), we can obtain the

N

post-measurement state Prip(-x) for the weak measurement P(—X) with the probability p(—x)zé. It is

easy to calculate the eigenvalues of the post-measurement states Prip(sx) » and then the condition entropy can be
obtained. After some calculations, finally the super quantum discord is given by

1+ cos’r 1+cos’r | 1-cosr 1-cos’r )
D, =1+ Iogz( : j+ ; Iogz( : )+?;??SW(R|{PB(X)}). (16)

We plot the super quantum discord in Figures 1 and 2. From Figure 1 we know that the super quantum
discord monotonously decreases as the acceleration increases. And it is the same that with the growing of the
measurement strength the super quantum discord decreases monotonously. Besides, the differences between the
maximum and the minimum of super quantum discord under the same acceleration become smaller and smaller
with the measurement strength increasing. Figure 2 shows that whatever the acceleration is, the super quantum
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Figure 1. The super quantum discord (SQD) as a function of the
acceleration parameter r and the parameter of the measurement

strength x.
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Figure 2. The three curves are the super quantum discords (SQD) as a
function of x with some fixed acceleration parameters r=0 (blue
curve), r=mn/8 (red curve) and r=m/4 (green curve), and the three
straight lines are the normal quantum discords (NQD) as a function of x
with some fixed acceleration parameters r=0 (blue line), r=m/8

(red line) and r=m/4 (green ling).

discord is larger than the normal quantum discord for the weak measurement, but when x — o, the super
quantum discord approaches to the normal quantum discord. On the other hand, by changing the acceleration,
we can not change the trend that the super quantum discord decreases with the measurement strength increasing,
but just decay the values of the super quantum discord and the difference between the maximum and the
minimum of super quantum discord.

3.3. Inferior “Geometric Discord”

Let’s consider the “geometric discord” based on the weak measurement of the sate (13) shared by Alice and the
accelerated Rob. The state after the weak measurement performed on the subsystem A can be calculated by
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using Equation (9) as

4cosr+2DC  -e“D,C —eD,C D,
. 1| -€“D,C  4sinT-2DC -2*"D,C  DC an
8| —-e“DC  -227"D,C  -2DC e"DC
D, eD,C e“D,C  4+2DC

where

C =+/1-tanh* -1, D, =sin*¥cos’r, D, = cosrsin 20,
D, =cos’rsin26, D, = cosrsin’d, D, = (3+c0s26)cosr-C +4costr.

Then, according to Equation (10), after some calculations we can finally obtain the “geometric discord” based
on the weak measurement as following

2
DS =3i2(1—«/1—tanhzx) (7+8cos2r +cos4r). (18)

Obviously, Equation (18) will go back to the normal geometric discord [18] when x approaches to the infi-
nite, i.e.,

D® = |imD¢ ZE(COSZI"FCOSAV)- (19)
X—>+00 4

It is interesting to note that the “geometric discord” based on the weak measurement is always smaller than or
equal to the normal geometric discord. This property of the inferior “geometric discord” is distinctly different
from that of the super quantum discord, so this may be an evidence to prove that the definitions of the quantum
discord and geometric discord are not too concordant with each other [21].

We plot the inferior “geometric discord” as a function of the parameterized acceleration r and measurement
strength x in Figures 3 and 4. From Figure 3, we know that the inferior “geometric discord” decreases with
the acceleration increasing, but it increases as the measurement strength increases. Furthermore, the inferior
“geometric discord” vanishes when x=0. It is shown in Figure 4 that the inferior “geometric discord” grows
with the increase of the measurement strength, and it is always smaller than the normal geometric discord when
the parameter of the measurement strength x is not equal to oo .

Figure 3. The inferior “geometric discords” (IGD) as a function of the
acceleration parameter r and the parameter of the measurement

strength x .
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06—

IGD/NGD

Figure 4. The three curves are the inferior “geometric discords” (IGD) as a function of
x with some fixed acceleration parameters r=0 (blue curve), r=n/8 (red curve)

and r=m/4 (green curve), and the three straight lines are the normal geometric

discords (NGD) as a function of x with some fixed acceleration parameters r =0
(blue ling), r=m/8 (redline)and r=m/4 (green line).

4. Summary and Discussions

By investigating the quantum correlations based on the weak measurement in noninertial frame we study the
properties and inconsistence of the quantum discord and geometric discord. We find that: 1) using the weak
measurement to define the quantum discord we can capture more quantum correlations and obtain a super quan-
tum discord. However, using the weak measurement to define the geometric discord we note that the quantity
becomes smaller and results in a inferior “geometric discord”; 2) with the increase of the observer’s acceleration,
both the super quantum discord and the inferior “geometric discord” decrease monotonously; and 3) as the
measurement strength increases, the super quantum discord decreases monotonously, and finally goes back to
the normal quantum discord when the strength parameter, x, approaches to the infinity. However, the inferior
“geometric discord” increases with the increase of the measurement strength, also goes back to the normal geo-
metric discord when x — oo . Different properties of the quantum and the geometric discords based on the weak
measurement show us that these two “discords” have completely different reactions to the change of the mea-
surement strength. So, in some sense, we can say that these differences are the evidences to prove the inconsis-
tence between the quantum discord and the geometric discord.
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