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Abstract 
Given a finite simple graph G, a set ( )D V G⊆  is called a dominating set if 

for all ( )v V G∈ , either v D∈  or v  is adjacent to some vertex in D. A do-
minating set D is independent if none of the vertices in D are adjacent, and D 
is perfect if each vertex not in D is adjacent to precisely one vertex in D. If a 
dominating set is both independent and perfect, then it is called an efficient 
dominating set. For a graph G, a set D is called a unique efficient dominating 
set of G if it is the only efficient dominating set of G. In this paper, the au-
thors propose the definition of unique efficient dominating set, explore the 
properties of graphs with unique efficient dominating sets, and completely 
characterize several families of graphs which have unique efficient dominat-
ing sets. 
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1. Introduction 

Let G be a simple finite graph and ,u v  be two vertices of G. We use ( ),d u v  
to denote the distance, or the shortest length of paths between u  and v , ( )N u  
to denote the set of vertices adjacent to u and [ ] ( ) { }N u N u u=  . Furthermore, 
we use ( )Gd u  or ( )d u  to denote the cardinality of ( )N u . 

Given a finite simple graph G, a set ( )D V G⊆  is called a dominating set if 
for all ( )v V G∈ , either v D∈  or v  is adjacent to some vertex in D. For a graph 
G, the domination number is the size of the smallest possible dominating set. A 
dominating set D is independent if none of the vertices in D are adjacent and 
perfect if each vertex not in D is adjacent to precisely one vertex in D. If a domi-
nating set is both independent and perfect, then it is called an efficient dominat-
ing set. Another way to define efficient dominating sets is to state that a vertex 
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dominates its neighbors and itself when it is in the dominating set. Using this 
convention, an efficient dominating set is a dominating set that dominates every 
vertex in a graph exactly once. For a graph G, a set D is called a unique efficient 
dominating set of G if it is the only efficient dominating set of G. 

The following theorem, which was proved in [1], establishes the fact that an 
efficient dominating set is also a minimum dominating set. 

Theorem 1.1. If G has an efficient dominating set, then the cardinality of any 
efficient dominating set equals the domination number. In particular, all effi-
cient dominating sets of G have the same cardinality. 

The following lemma applies to all nontrivial efficient dominating sets. 
Lemma 1.2. Let D be a nontrivial efficient dominating set of G. Then the fol-

lowing statements are true. 
i) For any two vertices ,u v D∈ , ( ), 3d u v ≥ .  
ii) For any vertex u D∈ , there exists a vertex v D∈  such that ( ), 3d u v = . 
iii) ( )V G  is the disjoint union of all [ ]N u , where [ ] ( ) { }N u N u u=   and 

u D∈ . 
iv) If ( )uv E G∈  and ( ) 1d v = , then either u D∈  or v D∈ . Furthermore, 

if ( ) { }\w N u v∈ , then w D∈/ . 
v) If )(, 21 uNvv ∈  and ( ) ( )1 2 1d v d v= = , then u D∈ . 
vi) If ( ), 3d u v =  and ( ) ( ) 1d u d v= = , then ,u v D∈ . 
Proof. i) It follows directly from the fact that an efficient dominating set is 

independent and perfect. 
ii) Let )(=1 uNV  and ( ) { }( )2 1 1\V N V V u=  . Since D is independent and 

perfect, 1V D = ∅  and 2V D = ∅ . This implies that the vertices in 2V  are 
dominated by one or more vertices other than u . Let v  be one of these vertices. 
Then it follows that ( ), 3d u v = . 

iii) For any ( )v V G∈ , if v D∈/ , there is a unique vertex u D∈  such that v  
is dominated by u . That is to say, there is a unique vertex u D∈  such that 

( )v N u∈ . Therefore, ( )V G  is the disjoint union of [ ]N u  for all the u D∈  
and so iii) follows. 

iv) Since D is an efficient dominating set of G and ( ) 1d v = , it follows that 
either u D∈  or v D∈ . If ( ) { }\w N u v∈ , then ( ), 1d u w =  and ( ), 2d u w = . 
By i), w D∈/ . 

v) Suppose that 1v D∈ . Since ( )1uv E G∈  and ( )1 2, 2d v v = , u D∈/  and 

2v D∈/ , which contradicts iv). Therefore, 1v D∈/  and by iv), u D∈ . 
vi) Let 1 1uu v v  be a path of G. If u D∈/ , then 1u D∈ . By i), 1v D∈/  and 

v D∈/ . So v  is not dominated by any vertex in D, a contradiction. Therefore, 
u D∈  and similarly v D∈ . 

Lemma 1.3. Suppose that { }1 2 3 4, , ,H G v v v v=     is a path with  
( ) ( )2 3 2G Gd v d v= = . Let D be an efficient dominating set of G. If 1v D∈ , then 

4v D∈ . 
Proof. By Lemma 1.2 i), 2v D∈/  and 3v D∈/ . By the fact that H is a path 

with ( ) ( )2 3 2G Gd v d v= = , 4v D∈ . Otherwise, 3v  is not dominated by any 
vertex in D. 
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In Section 2, the authors study operations on graphs with unique efficient do-
minating sets that generate new graphs with unique efficient dominating sets. In 
Section 3.1, the authors characterize the paths, cycles, and tadpole graphs which 
have unique efficient dominating sets. In Section 3.2, the authors prove that 
star/sunlet/centipede/firecracker graphs all have unique efficient dominating sets, 
and they characterize all the caterpillar graphs which have unique efficient do-
minating sets. In Section 3.3, the authors investigate spider graphs and fully cha-
racterize the spider graphs which have unique efficient dominating sets. 

2. Properties of Unique Efficient Dominating Sets 

The following two results are based on [2]. 
Theorem 2.1. Let 1G  and 2G  be two graphs with unique efficient dominat-

ing sets 1D  and 2D , respectively. Let 1u  and 2u  be two vertices in ( )1 1V G D−  
and ( )2 2V G D− , respectively. If G is the graph obtained from 1 2G G  by con-
necting 1u  and 2u  with an edge, that is, { }1 2 1 2G G G u u=   , then 1 2D D  
is the unique efficient dominating set of G. 

Proof. Since for 1,2i = , iD  is the unique efficient dominating set of iG , 

1 2D D  is an efficient dominating set of G. Suppose that there exists an efficient 
dominating set D′  of G. Suppose that 1u D′∈ . Then ( )1 1D D V G′ ′=   is an effi-
cient dominating set of 1G . Since 1 1u D′∈  and 1 1u D∈/ , 1 1D D′ ≠ , contradicting 
the fact that 1G  has a unique efficient dominating set. Therefore, 1u D′∉  and 
similarly Du ′∉2 . Thus, for 1,2i = , iu  is dominated by a vertex of iG  and 
so ( )i iD D V G′ ′=   is an efficient dominating set of iG . Since iD  is the 
unique efficient dominating set of iG , i iD D′ = . So 1 2 1 2D D D D D′ ′ ′= =  . 
Hence, 1 2D D  is the unique efficient dominating set of G. 

Theorem 2.2. Let 1G  and 2G  be two graphs with unique efficient domi-
nating sets 1D  and 2D , respectively. Let 1 1v D∈  and 2 2v D∈ . If G is the graph 
obtained from 1 2G G  by adding two new vertices 1u  and 2u , and three edges 

21uu , 11vu  and 22vu , then 1 2D D  is the unique efficient dominating set of 
G. 

Proof. Since for 1,2i = , iD  is the unique efficient dominating set of iG , 

1 2D D  is an efficient dominating set of G. Suppose that G has another efficient 
dominating set D′ . Suppose that Du ′∈1 . Since 2u  is dominated by 1u , 

2v D′∉ . Then ( )2 2D D V G′ ′=   is an efficient dominating set of 2G  with 

2 2v D′∈/ . Since 2 2v D∈ , 2 2D D′ ≠ , contradicting the fact that 2D  is a unique 
efficient dominating set of 2G . Hence, 1u D′∉  and similarly Du ′∉2 . In or-
der to ensure that 1u  and 2u  are dominated, it is the case that 1v D′∈  and 

2v D′∈ . So for 1,2i = , ( )i iD D V G′ ′=   is an efficient dominating set of iG . 
Since iD  is the unique efficient dominating set of iG , i iD D′ =  and so  

1 2 1 2D D D D D′ ′ ′= =  . Hence, 1 2D D  is the unique efficient dominating set 
of G. 

The following theorem describes when identifying vertices results in a graph 
with a unique efficient dominating set. 
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Theorem 2.3. Let 1G  and 2G  be two graphs with unique efficient domi-
nating sets 1D  and 2D , respectively. Let 1 1v D∈  and 2 2v D∈ . If G is the graph 
obtained from 1 2G G  by identifying 1v  and 2v  as a single vertex v , then 

1 2D D  is the unique efficient dominating set of G. 
Proof. Since for 1,2i = , iD  is the unique efficient dominating set of iG , 

1 2D D  is an efficient dominating set of G. Let D′  be another efficient do-
minating set of G. Suppose that v D′∉ , and without loss of generality, suppose 
that v  is dominated by a vertex in ( )1V G D′ . Then ( )1 1D D V G′ ′=   is an 
efficient dominating set of 1G . Since 1 1v v D′= ∈/  and 1 1v D∈ , 1 1D D′ ≠ , con-
tradicting the fact that 1G  has a unique efficient dominating set. Thus, v D′∈ , 
and ( )i iD D V G′ ′=   is an efficient dominating set of iG . Since iD  is the unique 
efficient dominating set of iG , i iD D′ =  and so 1 2 1 2D D D D D′ ′ ′= =  . 
Hence, 1 2D D  is the unique efficient dominating set of G. 

The following two theorems are special ways to identify vertices involving pen-
dent vertices. 

Theorem 2.4. Let 1G  and 2G  be two graphs with unique efficient domi-
nating sets 1D  and 2D , respectively. Let ( )1 1v V G∈  and ( )2 2v V G∈  be two 
pendant vertices such that 1 1v D∈  and 2 2v D∈ . Denote the neighbors of 1v  
and 2v  as 1u  and 2u , respectively. If G is the graph obtained from 1 2G G  
by identifying 1v  and 2v  as a single vertex v  and by identifying 1u  and 2u  
as a single vertex u , then G has the unique efficient dominating set 1 2D D . 

Proof. Since for 1,2i = , iD  is the unique efficient dominating set of iG , 

1 2D D  is an efficient dominating set of G. Suppose that G has another efficient 
dominating set D′ . Since ( )uv E G∈  and ( ) 1d v = , by Lemma 1.2 iv), 
u D′∈  or v D′∈ . Suppose that u D′∈ . Then for 1,2i = , ( )i iD D V G′ ′=   is 
an efficient dominating set of iG . Since i iu u D′= ∈  but i iu D∈/ , i iD D′ ≠ , con-
tradicting the fact that iG  has a unique efficient dominating set. So u D′∈/  and 
then v D′∈ . Now ( )i iD D V G′ ′=   is an efficient dominating set of iG . Since 

iD  is the unique efficient dominating set of iG , i iD D′ =  and so  

1 2 1 2D D D D D′ ′ ′= =  . Hence, 1 2D D  is the unique efficient dominating set 
of G. 

Theorem 2.5. Let 1G  and 2G  be two graphs with unique efficient domi-
nating sets 1D  and 2D , respectively. Let ( )1 1v V G∈  and ( )2 2v V G∈  be two 
pendant vertices with neighbors 1u  and 2u  such that 1 1u D∈  and 2 2u D∈ . 
If G is the graph obtained by identifying 1v  and 2v  as a single vertex v  and 
by identifying 1u  and 2u  as a single vertex u , then G has the unique efficient 
dominating set 1 2D D . 

Proof. Since for 1,2i = , iD  is the unique efficient dominating set of iG , 

1 2D D  is an efficient dominating set of G. Suppose that G has another efficient 
dominating set D′ . Since ( )uv E G∈  and ( ) 1d v = , by Lemma 1.2 iv), 
u D′∈  or v D′∈ . Suppose that v D′∈ . Then for 1,2i = , ( )i iD D V G′ ′=   is an 
efficient dominating set of iG . Since i iv v D′= ∈  but i iv D∈/ , i iD D′ ≠ , contra-
dicting the fact that iG  has a unique efficient dominating set. So v D′∈/  and 
then u D′∈ . Now ( )i iD D V G′ ′=   is an efficient dominating set of iG . Since 

 

DOI: 10.4236/ojdm.2020.102006 59 Open Journal of Discrete Mathematics 
 

https://doi.org/10.4236/ojdm.2020.102006


I. Reiter, J. Zhou 
 

iD  is the unique efficient dominating set of iG , i iD D′ =  and so  

1 2 1 2D D D D D′ ′ ′= =  . Hence, 1 2D D  is the unique efficient dominating set of G. 
Theorem 2.6. Suppose that { }0 1 2 3 4, , , ,H G v v v v v=     is a path with  
( ) ( ) ( )1 2 3 2G G Gd v d v d v= = = . Let G′  be a graph obtained from G by deleting 

1 2 3, ,v v v  and connecting 0v  and 4v . Then G has a unique efficient dominat-
ing set if and only if G′  has a unique efficient dominating set. 

Proof. Suppose that D is an efficient dominating set of G. If 2v D∈ , then by 
Lemma 1.2 i), 0v D∈/  and 4v D∈/ . In this case, { }2D v−  is an efficient do-
minating set of G′ . If 2v D∈/ , then either 1v D∈  or 3v D∈ . Without loss of 
generality, suppose that 1v D∈ . By Lemma 1.3, 4v D∈ . Since 0v D∈/  and 

( ) { }( )0 1\N v v D = ∅  (since 1v D∈ ), { }1D v−  is an efficient dominating set 
of G′  with 4v  dominating 0v . 

Suppose that D′  is an efficient dominating set of G′ . If 0v D′∈/  and 4v D′∈/ , 
then { }2D v′

  is an efficient dominating set of G. If 0v D∈  or 4v D∈ , say 

0v D∈ , then { }3D v′
  is an efficient dominating set of G. 

The above proof shows that there is a one-to-one correspondence between the 
efficient dominating sets of G and the efficient dominating sets of G′ . There-
fore, G has a unique efficient dominating set if and only if G′  has a unique ef-
ficient dominating set. 

3. Graphs with Unique Efficient Dominating Sets 

In this section, the authors investigate several families of graphs to determine the 
conditions which guarantee the existence of unique efficient dominating sets. 

3.1. Paths, Cycles and Tadpole Graphs 

For a positive integer n, denote the path with n vertices by 1 2 3n nP v v v v=  . 
Lemma 3.1. If nG P≅ , then the following conclusions are true. 
1) If ( )0 mod3n = , then G has a unique efficient dominating set. 
2) If ( )1 mod3n = , then G has a unique efficient dominating set. 
3) If ( )2 mod3n = , then G has two efficient dominating sets. 
Proof. Suppose that D is an efficient dominating set of G. 
1) The path 3P  has a unique efficient dominating set { }2v , and any path nP  

such that ( )0 mod3n =  can be constructed from copies of 3P  by connecting 
the vertices on the ends. By Theorem 2.1, nP  has a unique efficient dominating 
set D. Specifically, { }2 5 8 1, , , , nD v v v v −=  . 

2) The path 4P  has a unique efficient dominating set { }1 4,v v  and any path 

nP  such that ( )1 mod3n =  can be constructed from copies of 4P  by identify-
ing the vertices on the ends. By Theorem 2.3, nP  has a unique efficient domi-
nating set D. Specifically, { }1 4 7, , , , nD v v v v=  . 

3) By Lemma 1.2 iv), either 1v  or 2v  is in the efficient dominating set of G. 
By Lemma 1.3, { }1 4 7 1, , , , nD v v v v −=   is an efficient dominating set of G if 

1v D∈ , and { }2 5 8, , , , nD v v v v=   is an efficient dominating set of G if 2v D∈ . 
Thus, G has two efficient dominating sets. 
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Theorem 3.2. A path nP  has a unique efficient dominating set if and only if 
( )2 mod3n ≠ . 

The following corollary follows from Theorem 2.3 and Lemma 3.1 2). It can 
be considered a generalization of Theorem 2.2. 

Corollary 3.3. Let 1G  and 2G  be two graphs with unique efficient dominating 
sets 1D  and 2D , respectively. Let 1 1v D∈  and 2 2v D∈ . If G is the graph ob-
tained from 1 2 nG G P  , where ( )1 mod3n = , by identifying 1v  with one end 
vertex of nP  and 2v  with the other end vertex of nP , then  

{ }1 2 4 7 3, , , nD D v v v −    is the unique efficient dominating set of G. 
Interestingly, trees can be formed by connecting and identifying vertices of 

paths. If a tree can be generated by combining paths with unique efficient do-
minating sets using the operations described in Section 2, the tree itself will also 
have a unique efficient dominating set. 

The logical step after considering paths is to have a result for cycles. The fol-
lowing result follows from the previous theorem on paths. 

Theorem 3.4. A cycle nC  has an efficient dominating set if and only if  
( )0 mod3n = . Furthermore, nC  has 3 efficient dominating sets. 

Proof. Let 1 2 3 1n nC v v v v v=   and let D be an efficient dominating set of nC . 
Since each vertex in D dominates two other vertices, the total number of vertices 
is a multiple of 3. Hence, ( )0 mod3n = . By Lemma 1.3, { }1 1 4 7 2, , , , nD v v v v −=  , 

{ }2 2 5 8 1, , , , nD v v v v −=  , and { }3 3 6 9, , , , nD v v v v=   are three efficient dominat-
ing sets of nC . 

When we combine a path and a cycle, we can form a tadpole graph. The ( ),m n
-tadpole graph, also called a dragon graph, is the graph obtained from a cycle 

1 2 1m mC u u u u=   and a path 1 2 ,n nP v v v=   by connecting 1u  and 1v . 
Lemma 3.5. Let G be an ( ),m n -tadpole graph, where 3m ≥ , ( )0 mod3n = , 

and 1n ≥ . 
1) If ( )0 mod3n = , then G has 3 efficient dominating sets. 
2) If ( )1 mod3n = , then G has a unique efficient dominating set. 
3) If ( )2 mod3n = , then G has 2 efficient dominating sets. 
Proof. Consider 1u  and its three neighbors 2u , mu  and 1v . Exactly one of 

these 4 vertices is in D. If 1v  is in D, then by Lemma 1.3, 3u  must be in D, and 
similarly 6 9, , , mu u u  are all in D. But 1u  is dominated by two vertices mu  
and 1v , a contradiction. Therefore 1v D∈/ . 

1) Suppose that ( )0 mod3n = . By Lemma 1.3,  
{ }1 4 7 2 3 6 9, , , , , , , , ,m nD u u u u v v v v−=    is an efficient dominating set of G if  

1u D∈ , { }2 5 8 1 2 5 8 1, , , , , , , , ,m nD u u u u v v v v− −=    is an efficient dominating set of 
G if 2u D∈ , and { }3 6 9 2 5 8 1, , , , , , , , ,m nD u u u u v v v v −=    is an efficient dominat-
ing set of G if mu D∈ . Therefore, G has 3 efficient dominating sets. 

2) Suppose that ( )1 mod3n = . If 2u D∈  or mu D∈ , then by Lemma 1.3,  

2 5 2, , , nv v v −  must be in D. In that case, nv  cannot be efficiently dominated, a 
contradiction. So 2u D∈/  and mu D∈/ , which means 1u D∈ . By Lemma 1.3,  

{ }1 4 7 2 3 6 9 1, , , , , , , , ,m nD u u u u v v v v− −=    is an efficient dominating set of G. There-
fore, G has a unique efficient dominating set. 
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3) Suppose that ( )2 mod3n = . If 1u D∈ , then by Lemma 1.3,  

3 6 9 2, , , , nv v v v −  are all in D. In that case, nv  cannot be efficiently dominated, a 
contradiction. So 1u D∈/ , which means 2u D∈  or mu D∈ . By Lemma 1.3,  

{ }2 5 8 1 2 5 8, , , , , , , , ,m nD u u u u v v v v−=    is an efficient dominating set of G if  
Du ∈2 , and { }3 6 9 2 5 8, , , , , , , , ,m nD u u u u v v v v=    is an efficient dominating set 

of G if mu D∈ . Therefore G has two efficient dominating sets. 
Lemma 3.6. Let G be an ( ),m n -tadpole graph, where 3m ≥  and 1n ≥ . 
1) If ( )2 mod3m = , then G does not have an efficient dominating set. 
2) If ( )1 mod3m = , then G has a unique efficient dominating set if and only if 

1mod3n ≠ . 
Proof. Consider 1u  and its three neighbors 2u , mu  and 1v . Exactly one of 

these 4 vertices is in D. 
1) Suppose that ( )2 mod3m = . If 1u D∈ , then by Lemma 1.3,  

1 4 7 1, , , , mu u u u D− ∈ . In that case, mu  is dominated by two vertices, a contra-
diction. If 2u D∈ , then by Lemma 1.3, 2 5 8, , , , mu u u u D∈ . In that case, 1u  is 
dominated by two vertices, a contradiction. By argument similar to 2u , mu D∈/ . 
If 1v D∈ , then by Lemma 1.3, 3 6 9 2, , , , mu u u u D− ∈ . In that case, mu  cannot 
be efficiently dominated, a contradiction. Thus, G does not have an efficient 
dominating set. 

2) Suppose that ( )1 mod3m = . If 1u D∈ , then by Lemma 1.3,  

1 4 7, , , , mu u u u D∈ . Now 1u  and mu  are both in D, a contradiction. If 2u D∈ , 
then by Lemma 1.3, 2 5 8 2, , , , mu u u u D− ∈  and then mu  cannot be efficiently 
dominated, a contradiction. By argument similar to 2u , mu D∉ . If Dv ∈1 , 
then by Lemma 1.3, 3 6 9 1, , , , mu u u u D− ∈  and 4 7, ,v v D∈ . So only when  

( )0 mod3n ≠ , G has a unique efficient dominating set. 
The following complete characterization of tadpole graphs with unique effi-

cient dominating sets follows from Lemma 3.5 and Lemma 3.6. 
Theorem 3.7. Let G be an ( ),m n -tadpole graph, where 3m ≥  and 1n ≥ . 

Then G has a unique efficient dominating set if and only if ( )0 mod3m =  and 
( )1 mod3n = , or ( )1 mod3m =  and ( )0 mod3n ≠ .  

Since Lemma 1.3 is used extensively, it will not be stated in the following 
proofs for the sake of brevity. 

3.2. Sunlet/Centipede/Firecracker/Caterpillar Graphs 

In this section, the authors prove that sunlet graphs, centipede graphs, and fire-
cracker graphs all have unique efficient dominating sets. Furthermore, the au-
thors characterize all the caterpillar graphs which have unique efficient domi-
nating sets. 

A k-star is a graph isomorphic to 1,kK  with 2k ≥ , where v  is the center. 
The n-sunlet graph is the graph on 2n vertices obtained from a cycle  

1 2 1n nC u u u u=   by attaching n pendant edges i iu v , 1 i n≤ ≤  [3]. The  
n-centipede graph is the graph on 2n vertices obtained from a path  

1 2n nP u u u=   by attaching n  pendant edges i iu v , 1 i n≤ ≤  [3]. An ( ),n k
-firecracker is a graph obtained from n copies of k-stars by connecting 1i iv v + , 
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where iv  is a leaf from the i-th star and 1 1i n≤ ≤ − . 
Theorem 3.8. If G is one of the following graphs, then G has a unique effi-

cient dominating set of order n. 
1) G is an n-sunlet graph. 
2) G is an n-centipede graph with 2n ≥ . 
3) G is an ( ),n k -firecracker with , 2n k ≥ . 
Proof. 1) By Lemma 1.2 vi), the set of all the pendant vertices of an n -sunlet 

graph is the unique efficient dominating set of G. 
2) By Lemma 1.2 vi), the set of all the pendant vertices of an n -centipede 

graph is the unique efficient dominating set of G. 
3) By Lemma 1.2 v), the center of each star is its unique efficient dominating 

set. Since G can be constructed from stars by the operation described in Theorem 
2.1, G has a unique efficient dominating set, which is the set of all the centers of 
all the stars. 

A caterpillar graph is a tree in which every vertex is on a central stalk or only 
one edge away from the stalk. In other words, removal of its endpoints leaves a 
path (central stalk). A tree is a caterpillar if and only if all vertices of degree at 
least 3 are surrounded by at most two vertices of degree two or greater. 

We will call a vertex u  on the main stalk a star vertex or s-vertex if ( ) 4d u ≥ , 
and we will call a vertex u  on the main stalk a p-vertex if ( ) 3d u =  ( p refers 
to the single pendant vertex of u ). Furthermore, we call a vertex u  on the main 
stalk a trivial vertex if ( ) 2d u = , and a nontrivial vertex if ( ) 3d u ≥ . A pair of 
nontrivial vertices ( ),u v  is called a pair- n  if there are no p-vertices or s-vertices 
between them and on the main stalk there are n mod 3 vertices between them. 

To characterize the caterpillar graphs G which have unique efficient domi-
nating sets, we can make the following assumptions. 

a) G has at least two nontrivial vertices. 
If G doesn’t have nontrivial vertices, then G is a path. If G has exactly one 

nontrivial vertex, then G is a spider graph. Both are discussed in this paper, re-
spectively. 

b) Every pendant vertex is adjacent to a nontrivial vertex. 
If there are pendant vertices adjacent to a trivial vertex (vertex of degree 2) in 

a caterpillar graph, then there are at most two such vertices on the ends. The ca-
terpillar graph can be decomposed into a caterpillar graph without such vertices 
and two paths. 

c) There is no induced path of length 5 with internal vertices of degree 2 
in G. 

This assumption is based on Theorem 2.6. So for any pair- n , there are at most 
two vertices of degree 2 between them. This implies that for a pair- n , there are 
exactly n  trivial vertices (vertices of degree 2) between them. 

Lemma 3.9. Let G be a caterpillar graph with a unique efficient dominating 
set D. Let u′  and v′  be pendant vertices connected to u  and v , respectively. 

1) If u  and v  are a pair-2, then ,u v D∈ . 
2) If u  and v  are a pair-0, then ,u v D′ ′∈ . 
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3) If u  and v  are a pair-1, then ,u v D′ ∈  and u  is a p-vertex, or ,u v D′∈  
and v  is a p-vertex. 

Proof. 1) Suppose that 1 1,u v  are the two vertices of degree 2 between u  and v  
such that ( )1 1 1 1, ,uu u v v v E G∈ . By Lemma 1.2 iv), 1u D∈/  and 1v D∈/ . In order 
to dominate 1u  and 1v , we have ,u v D∈ . 

2) By Lemma 1.2 iv), u D∉  and v D∉ . In order to dominate u  and v , it 
is the case that ,u v D′ ′∈ . 3) Suppose that u D∈ . By Lemma 1.2 i), v D∉ . By 
Lemma 1.2 iv), v D′∈  and by Lemma 1.2 v), v  is a p-vertex. Similarly, we can 
prove that if v D∈ , then u D′∈  and u  is a p-vertex. 

For the caterpillar graph G, if there are more than one p-vertices 1 2, , , sv v v  
such that ( )1i iv v E G+ ∈  for 1 1i s≤ ≤ − , we will call ( )1 2, , , sv v v  a cluster of 
pair-0. 

Lemma 3.10. Let G be a caterpillar graph and ( ),u v  be a pair-2 of G. Sup-
pose that G′  is the graph obtained from G by contracting the path of length 3 
between u  and v  to a single vertex w. Then G has a unique efficient dominat-
ing set D if and only if G′  has a unique efficient dominating set { } { },D w u v− . 

Proof. If G has a unique efficient dominating set D, then by Lemma 3.9 1), 
,u v D∈ , and { } { },D w u v−  is an efficient dominating set of G′ . If G′  has 

a unique efficient dominating set D′ , then by Lemma 1.2 v), w D′∈ , and  
{ }( ) { },D w u v′ −   is an efficient dominating set of G. Notice that there is a 

one-to-one correspondence between the efficient dominating sets of G and the 
efficient dominating sets of G′ . Therefore, G has a unique efficient dominating 
set D if and only if G′  has a unique efficient dominating set { } { },D w u v− . 

Based on Lemma 3.10, we can further assume that d) the caterpillar graphs 
under consideration don’t have pair-2. 

Theorem 3.11. Let G be a caterpillar graph satisfying a)-d). Then G has a 
unique efficient dominating set D if and only if the following four conditions are 
true. 

1) If G has more than one s-vertex, then for any two neighboring s-vertices u  
and v  (no other s-vertices in between), then there are an even number of trivi-
al vertices (vertices of degree 2) between them. 

2) If G doesn’t have s-vertices, then G must have a pair-0. 
3) Between any two neighboring clusters of pair-0 (no other cluster of pair-0 

in between), there are even number of trivial vertices (vertices of degree 2). 
4) Between an s-vertex and a cluster of pair-0, there are odd number of trivial 

vertices (vertices of degree 2). 
Proof. Suppose that G is a caterpillar graph satisfying a)-d), and that G has a 

unique dominating set D. 
Suppose that G has more than one s-vertices and let u  and v  be two neigh-

boring s-vertices (no other s-vertices in between). By Lemma 1.2 v), u  and v  
are both in D. Based on the assumption d), there are only pair-1 and pair-0 be-
tween u  and v . Then there must be an even number of pair-1 between u  
and v . This is because when there is a sequence of consecutive pair-1, by Lem-
ma 3.9 3) the vertex that is in D will alternate between being on the main stalk 
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and being the pendant vertex. In order to ensure that the first vertex u  and the 
last vertex v  are both in D, there most be an even number of pair-1. So 1) is true. 

Suppose that G does not have s-vertices. Suppose that G doesn’t have a pair-0. 
Then all the nontrivial vertices of G are p-vertices, and G doesn’t have pair-0 or 
pair-2. So by Lemma 3.9 3), G has two efficient dominating sets, a contradiction. 
So G must have a pair-0 and then 2) is true. 

Suppose that u  and v  are two neighboring nontrivial vertices (no other non-
trivial vertices in between) of G such that u  is a vertex in a cluster of pair-0 and 
v  is a vertex in another cluster of pair-0. By Lemma 3.9 2), u D′∈  and v D′∈ , 
where u′  is the pendant vertex adjacent to u  and v′  is the pendant vertex 
adjacent to v . There must be even number of trivial vertices (vertices of degree 
2) between u  and v . So 3) is true. 

Suppose that u  and v  are two neighboring nontrivial vertices (no other non-
trivial vertices in between) of G such that u  is an s-vertex and v  is a vertex in 
a cluster of pair-0. Since u D∈  and v D′∈ , where v′  is the pendant vertex ad-
jacent to v , there must be odd number of trivial vertices (vertices of degree 2) 
between u  and v . So 4) is true. 

Conversely, suppose that G is a caterpillar graph satisfying a)-d) and 1)-4). 
If G has s-vertices, then by Lemma 1.2 v), all the s-vertices are in D. Since G 

satisfies 1), 3) and 4), all the vertices between s-vertices, between clusters of pair-0, 
or between s-vertices and clusters of pair-0, are either in D or efficiently dominated. 

Assume that G has exactly one s-vertex u  and G has no cluster of pair-0. So 
all the nontrivial vertices of G except u  are all p-vertices and G has pair-1 only. 
By Lemma 1.2 v), u D∈ . By Lemma 3.9 3), the efficient dominating set of G is 
uniquely determined based on the fact that u D∈ . 

Similarly if G has exactly one cluster of pair-0, then all the nontrivial vertices 
of G are all p-vertices and G has pair-1 (except the cluster of pair-0) only. Then 
the efficient dominating set of G is uniquely determined. 

3.3. Spider Graphs 

The following results provide a comprehensive summary of efficient dominating 
sets of spider graphs, which is a specific type of tree. 

For 1 i n≤ ≤ , let 0 1 2 i

i i i i
i lL v v v v=   and let ( )1 2 3, , , , , nS v l l l l  be the graph 

generated from 1 2, , , nL L L  by identifying 1 2
0 0 0, , , nv v v  as a single vertex v . 

Then ( )1 2 3, , , , , nS v l l l l  is called a spider graph with center v and n  legs, 
where il  denotes the length and the number of vertices on the ith leg. If 1,2n = , 
then S is just a path. Thus, the following theorems assume that S has at least 3 
legs, that is, 3n ≥ . 

Lemma 3.12. Let G denote the spider graph ( )1 2 3, , , , , nS v l l l l  with center 
v  and n  legs, where il  denotes the length of the ith leg. If G has a unique ef-
ficient dominating set D, then the following statements are true. 

1) If v D∈ , then ( )2 mod3il ≠ . 
2) If 1

iv D∈ , then ( )0 mod3il ≠ . 
3) If 1

iv D∈ , then ( )1 mod3jl ≠  for any j i≠ . 
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Proof. 1) Suppose that v D∈ . If ( )2 mod3il = , then 3 6 2, , ,
i

i i i
lv v v D− ∈ . In 

this case, 
i

i
lv  is not dominated by any vertex in D, a contradiction. 

2) Suppose that 1
iv D∈ . If ( )0 mod3il = , then 4 7 2, , ,

i

i i i
lv v v D− ∈ . In this case, 

i

i
lv  is not dominated by any vertex in D, a contradiction. 
3) Suppose that 1

iv D∈ . If ( )1 mod3jl = , then 2 5 2, , ,
j

j j j
lv v v D− ∈ . In this case, 

j

j
lv  is not dominated by any vertex in D, a contradiction.  
Lemma 3.13. Let G denote the spider graph ( )1 2 3, , , , , nS v l l l l  with center 

v  and n legs, where il  denotes the length of the i th leg. 
1) If ( )0 mod3il =  for 1 i n≤ ≤ , then G has a unique efficient dominating set. 
2) If ( )1 mod3il =  for 1 i n≤ ≤ , then G has a unique efficient dominating set. 
3) If ( )2 mod3il =  for 1 i n≤ ≤ , then G has n efficient dominating sets. 
Proof. 1) By definition, G is generated from 1 2, , , nL L L  by identifying  

1 2
0 0 0, , , nv v v  as a single vertex v . Since 1 2, , , nl l l  are all equal to 0 mod 3, it is 

the case that 1 2, , , nL L L  are all paths with number of vertices equal to 1 (mod 3). 
By Theorem 3.1 2), for each 1 i n≤ ≤ , iL  has a unique efficient dominating set 

{ }0 3 6, , , ,
i

i i i i
i lD v v v v=  . By Theorem 2.3, G has a unique efficient dominating set 

1 2 3 nD D D D D=    , where we consider 1 2 3
0 0 0 0

nv v v v v= = = = = . 
2) Consider the star graph 1,nK  with center v . The center v  has n  neigh-

bors 1 2
1 1 1, , , nv v v . By Lemma 1.2 v), { }v  is the efficient dominating set. For 

1 i n≤ ≤ , define 2 3i i

i i i
k lP v v v=  . Then, ( )1 0 mod3i ik l= − =  vertices. By Lemma 

3.1 1), 
ikP  has a unique efficient dominating set { }3 6 9 1, , , ,

i

i i i i
i lD v v v v −=  . Since 

G can be constructed from the star graph 1,nK  and 
ikP , where 1 i n≤ ≤ , by 

connecting 1
iv  to 2

iv , by Theorem 2.1, G has a unique dominating set  
{ } 1 2 3 nD v D D D D=     . 

3) Let D be an efficient dominating set of G. If v D∈ , then for 1 i n≤ ≤ , 

3 6 2, , ,i i i
nv v v D− ∈  and then i

nv  is not dominated by any vertex in D, a contradic-
tion. Therefore, v D∈/ . Since v D∈/ , one of 1 2 3

1 1 1 1, , , , nv v v v  must be in D. If 

1
iv D∈ , then 

{ } { } { } { }2

1 1 1 2 2 2
2 5 2 5 1 4 1 2 5, , , , , , , , , , , ,

n i n

i i i n n n
i l l l lD v v v v v v v v v v v v−=        .  

Thus, G has n efficient dominating sets.  
In the following proof, a Type-n leg is defined to be a leg with n  mod 3 ver-

tices, not counting the vertex that becomes the center. 
Theorem 3.14. Let G denote the spider graph ( )1 2 3, , , , , nS v l l l l  with center 

v  and n  legs, where il  denotes the length of the i th leg. Then G has a unique 
efficient dominating set if and only if one of the following holds. 

1) G has Type-0 legs only. 
2) G has Type-1 legs only. 
3) G doesn’t have Type-1 legs, and G has exactly one Type-2 leg. 
4) G has exactly one Type-1 leg, and G has a Type-2 leg. 
5) G has more than one Type-1 leg, and G doesn’t have Type-2 legs. 
Proof. Suppose that G has a unique efficient dominating set. We distinguish the 

following three cases. 
Case 1: G doesn’t have Type-1 legs. 
If G doesn’t have Type-2 legs, then G satisfies 1). If G has exactly one Type-2 
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leg, then G satisfies 3). Suppose that G has more than one Type-2 leg, and let 

1 2 i

i i i
i lL vv v v=   and 1 2 j

j j j
j lL vv v v=   be two Type-2 legs. By Lemma 3.12 1), 

v D∈/ . Let 1 2 k

k k k
k lL vv v v=   be the leg of G such that 1

kv  dominates v . By 
Lemma 3.12 2), kL  is not a Type-0 leg and so kL  must be a Type-2 leg. If mL  
is a Type-2 leg with m k≠ , then 2 5, , ,

m

m m
lv v v D∈ ; if mL  is a Type-0 leg, then 

2 5 1, , ,
m

m m
lv v v D− ∈ ; for the Type-2 leg kL , 1 4 7 1, , , ,

k

k k k
lv v v v D− ∈ . In that case, 

G has more than one efficient dominating set, a contradiction. 
Case 2: G has exactly one Type-1 leg. 
Suppose that G does not have Type-2 legs. Then G has one Type-1 leg and 

more than one Type-0 legs. If v D∈ , then 3 6, , ,
i

i i i
lv v v D∈  if iL  is a Type-0 

leg and 3 6 1, , ,
i

i i i
lv v v D− ∈  if iL  is a Type-1 leg. If v D∈/ , then 2 5 1, , ,

i

i i i
lv v v D− ∈  

if iL  is a Type-0 leg and 1 4, , ,
i

i i i
lv v v D∈  if iL  is a Type-1 leg. Now G has 

two efficient dominating sets, a contradiction. So G must have Type-2 legs and 
then G satisfies 4). 

Case 3: G has more than one Type-1 leg. 
Let 1 2 i

i i i
i lL vv v v=   and 1 2 j

j j j
j lL vv v v=   be two Type-1 legs. By Lemma 3.12 3), 

v D∈ . Suppose that G has a Type-2 leg 1 2 k

k k k
k lL vv v v=  . Then by Lemma 1.3, 

3 6 2, , ,
k

k k k
lv v v D− ∈ . In this case, 

k

k
lv  cannot be efficiently dominated. So G doesn’t 

have Type-2 legs. Therefore, G satisfies 2) or 5). 
Conversely, if G satisfies 1) or 2), then by Lemma 3.13, G has a unique effi-

cient dominating set. Suppose that D is an efficient dominating set of G. We 
prove that G has a unique efficient dominating set asuming G satisfies condition 
3), 4) or 5), respectively. 

3) G doesn’t have Type-1 legs, and G has exactly one Type-2 leg. 
Since G has a Type-2 leg, by Lemma 3.12 1), v D∈/ . Then there is 1

jv D∈ . By 
Lemma 3.12 2), jL  is not a Type-0 leg. Since G doesn’t have Type-1 legs, jL  
must be the Type-2 leg. So for any Type-0 leg iL , 2 5 1, , ,

i

i i i
lv v v D− ∈ , and for the 

Type-2 leg jL , 1 4 1, , ,
j

j j j
lv v v D− ∈ . Thus, G has a unique efficient dominating set. 

4) G has exactly one Type-1 leg, and G has a Type-2 leg. 
Since G has a Type-2 leg, by Lemma 3.12 1), v D∈/ . Then there is 1

jv D∈ . By 
Lemma 3.12 2), jL  is not a Type-0 leg and by Lemma 3.12 3), jL  is not a Type-2 
leg. So jL  must be the Type-1 leg. So for any Type-0 leg iL , 2 5 1, , ,

i

i i i
lv v v D− ∈ , 

for the Type-1 leg jL , 1 4, , ,
j

j j j
lv v v D∈ , and for any Type-2 leg kL ,  

2 5, , ,
k

k k k
lv v v D∈ . Thus, G has a unique efficient dominating set. 

5) G has more than one Type-1 leg, and G doesn’t have a Type-2 leg. 
Since G has more than one Type-1 leg, by Lemma 3.12 3), 1

iv D∈/  for any i . 
So v D∈  and for any Type-0 leg iL , 3 6, , ,

i

i i i
lv v v D∈ , and for the Type-1 leg 

jL , 3 6 1, , ,
j

j j j
lv v v D− ∈ . Thus, G has a unique efficient dominating set.  

3.4. Further Discussion 

Theorem 3.15. Let G be a graph with independent set { }1 2, , , tD u u u=   such 
that 1) ( ) ( ) ( ) ( )1 2\ tV G D N u N u N v=   

   and 2) for every vertex in  
( )ix N u∈  and ( )jy N u∈ , ( )xy E G∈ . Then { }1 2, , , tD u u u=   is the unique 
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efficient dominating set of G. 
Proof. Based on the fact that D is an independent set and every vertex in 
( ) \V G D  is dominated by exactly one vertex from D, D is an efficient domi-

nating set. We just need to prove that D is the only efficient dominating set of G. 
Suppose that D′  is an efficient dominating set. Suppose that 1u D′∈/ . Then 

there must be a vertex ( )1 1v N u∈  such that 1v D′∈ . Since D′  is independent, 
no vertex of ( )2N u  can be an element of D′ . Since ( )1 2, 2d v u = , 2u  is not 
in D′  (Otherwise, every vertex in ( )2N u  is dominated by 1v  and 2u ). Now 

2u  is not dominated by any vertex of D′ . Therefore 1u D′∈ . Similarly, iu D′∈  
for any i . So D D′⊆ . By Theorem 1.1, D D′= . So D is the unique efficient 
dominating set of G. 

Corollary 3.16. Let G be a graph obtained from ( )
1 2, , , 1 2, , ,

ts s s tK V V V=


  by 
adding iu  and connecting iu  to each vertex in iV  for 1,2, ,i t=  . Then  

{ }1 2, , , tD u u u=   is the unique efficient dominating set of G. 
Corollary 3.17. Let G be a graph obtained from nK  by adding iu  and con-

necting iu  to each vertex in iV  for 1,2, ,i t=  , where  
( ) 1 2n tV K V V V=   

  . Then { }1 2, , , tD u u u=   is the unique efficient do-
minating set of G. 
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