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Abstract

Given a finite simple graph G, a set DV (G) is called a dominating set if
forall veV(G),either ve D or v is adjacent to some vertex in D. A do-
minating set D is independent if none of the vertices in D are adjacent, and D
is perfect if each vertex not in D is adjacent to precisely one vertex in D. If a
dominating set is both independent and perfect, then it is called an efficient
dominating set. For a graph G, a set D is called a unique efficient dominating
set of G if it is the only efficient dominating set of G. In this paper, the au-
thors propose the definition of unique efficient dominating set, explore the
properties of graphs with unique efficient dominating sets, and completely
characterize several families of graphs which have unique efficient dominat-

ing sets.
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1. Introduction

Let G be a simple finite graph and U,V be two vertices of G. We use d (u,v)
to denote the distance, or the shortest length of paths between u and v, N(u)
to denote the set of vertices adjacent to uand N[u]=N(u)U{u}. Furthermore,
weuse dg(u) or d(u) todenote the cardinality of N(u).

Given a finite simple graph G, a set DV (G) is called a dominating set if
forall veV(G),either veD or v isadjacent to some vertex in D. For a graph
G, the domination number is the size of the smallest possible dominating set. A
dominating set D is independent if none of the vertices in D are adjacent and
perfect if each vertex not in D is adjacent to precisely one vertex in D. If a domi-
nating set is both independent and perfect, then it is called an efficient dominat-

ing set. Another way to define efficient dominating sets is to state that a vertex
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dominates its neighbors and itse/f when it is in the dominating set. Using this
convention, an efficient dominating set is a dominating set that dominates every
vertex in a graph exactly once. For a graph G, a set D is called a unigue efficient
dominating set of Gif it is the only efficient dominating set of G.

The following theorem, which was proved in [1], establishes the fact that an
efficient dominating set is also a minimum dominating set.

Theorem 1.1. If G has an efficient dominating set, then the cardinality of any
efficient dominating set equals the domination number. In particular, all effi-
cient dominating sets of G have the same cardinality.

The following lemma applies to all nontrivial efficient dominating sets.

Lemma 1.2. Let D be a nontrivial efficient dominating set of G. Then the fol-
lowing statements are true.

i) For any two vertices uveD, d (u,v) >3.

ii) For any vertex Ue D, there exists a vertex Ve D such that d(u,v)=3.

iii) V(G) is the disjoint union of all N[u], where N[u]=N(u)U{u} and
ueD.

iv) If uv e E(G) and d (V) =1, then either ueD or veD. Furthermore,
if weN(u)\{v}, then w¢D.

v) If v;,v, € N(u) and d(v,)=d(v,)=1, then ueD.

vi) If d(u,v)=3 and d(u)=d(v)=1, then uveD.

Proof. i) It follows directly from the fact that an efficient dominating set is
independent and perfect.

i) Let V, = N(u) and V,=N(V;)\(V,U{u}). Since D is independent and
perfect, V,(N1D =& and V,D={. This implies that the vertices in V, are
dominated by one or more vertices other than u.Let v be one of these vertices.
Then it follows that d (u,v) =3.

iii) For any veV (G),if v¢D, there is a unique vertex UeD such that v
is dominated by u. That is to say, there is a unique vertex Uue D such that
veN (u) Therefore, V (G) is the disjoint union of N [u] for all the ueD
and so iii) follows.

iv) Since D is an efficient dominating set of Gand d(v)=1, it follows that
either ueD or veD.If weN (u)\{v} , then d(u,w):l and d(u,w):Z.
Byi), we¢D.

v) Suppose that v, eD. Since uv, e E(G) and d (vl,vz) =2, u¢eD and
Vv, ¢ D, which contradicts iv). Therefore, v, ¢ D andbyiv), ueD.

vi) Let uuv,v be a path of G. If u¢D, then u eD. By i), v,¢D and
véD. So v is not dominated by any vertex in D, a contradiction. Therefore,
ueD andsimilarly veD.

Lemma 1.3. Suppose that H =G [{Vl,vz,v3,v4 }] is a path with
ds (v,)=dg(V;)=2. Let D be an efficient dominating set of G. If V, € D, then
v,eD.

Proof. By Lemma 1.2 i), vV, ¢D and Vv, ¢ D. By the fact that A is a path
with dg(v,)=dg(v3)=2, v,eD . Otherwise, V; is not dominated by any

vertex in D.
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In Section 2, the authors study operations on graphs with unique efficient do-
minating sets that generate new graphs with unique efficient dominating sets. In
Section 3.1, the authors characterize the paths, cycles, and tadpole graphs which
have unique efficient dominating sets. In Section 3.2, the authors prove that
star/sunlet/centipede/firecracker graphs all have unique efficient dominating sets,
and they characterize all the caterpillar graphs which have unique efficient do-
minating sets. In Section 3.3, the authors investigate spider graphs and fully cha-

racterize the spider graphs which have unique efficient dominating sets.

2. Properties of Unique Efficient Dominating Sets

The following two results are based on [2].

Theorem 2.1. Let G, and G, be two graphs with unique efficient dominat-
ing sets D, and D,, respectively. Let U, and U, be two verticesin V (G,)— D,
and V (G,)—D,, respectively. If G is the graph obtained from G,UG, by con-
necting U, and U, with an edge, that is, G =G,UG,U{uu,}, then D UD,
is the unique efficient dominating set of G.

Proof. Since for i=12, D, is the unique efficient dominating set of G,
D,UD, is an efficient dominating set of G. Suppose that there exists an efficient
dominating set D’ of G. Suppose that U, € D’. Then D;=D'NV (G,) isan effi-
cient dominating set of G,. Since U, € D] and u, ¢ D;, D, #D,, contradicting
the fact that G, has a unique efficient dominating set. Therefore, U, ¢ D’ and
similarly u, ¢ D’. Thus, for i=12, U is dominated by a vertex of G; and
so D/=D'NV(G;) is an efficient dominating set of G;. Since D, is the
unique efficient dominating set of G;, D/=D;. So D'=D,UD,=D,UD,.
Hence, D,UD, is the unique efficient dominating set of G.

Theorem 2.2. Let G, and G, be two graphs with unique efficient domi-
nating sets D, and D,, respectively. Let V, € D, and Vv, € D,. If G is the graph
obtained from G,UG, by adding two new vertices u, and u,, and three edges
UU,, UV, and uyv,, then D,UD, Is the unique efficient dominating set of
G

Proof. Since for i=12, D; is the unique efficient dominating set of G;,
D,UD, is an efficient dominating set of G. Suppose that G has another efficient
dominating set D’. Suppose that u, € D'. Since U, is dominated by u,,
V,D’. Then D,=D'NV(G,) is an efficient dominating set of G, with
v, ¢D,. Since v,eD,, D;#D,, contradicting the fact that D, is a unique
efficient dominating set of G,. Hence, U, ¢ D' and similarly u, ¢ D’. In or-
der to ensure that U, and U, are dominated, it is the case that v, e D' and
V,eD’.So for i=12, D/=D'NV(G,) is an efficient dominating set of G;.
Since D; is the unique efficient dominating set of G;, D/=D, and so
D'=D,UD,=D,UD,. Hence, D,UD, is the unique efficient dominating set
of G.

The following theorem describes when identifying vertices results in a graph

with a unique efficient dominating set.
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Theorem 2.3. Let G, and G, be two graphs with unique efficient domi-
nating sets D, and D,, respectively. Let V, € D, and Vv, € D,. If G is the graph
obtained from G,UG, by identitying v, and Vv, as a single vertex v, then
D,UD, is the unique efficient dominating set of G.

Proof. Since for i=12, D,

. is the unique efficient dominating set of G;,

D,UD, is an efficient dominating set of G. Let D’ be another efficient do-
minating set of G. Suppose that v ¢ D', and without loss of generality, suppose
that v is dominated by a vertex in V(G,)(1D’. Then D{=D'NV(G,) isan
efficient dominating set of G,. Since v,=v¢D/ and v,eD,, D/#D,, con-
tradicting the fact that G, has a unique efficient dominating set. Thus, ve D',
and D/=D'NV(G,) is an efficient dominating set of G;. Since D; is the unique
efficient dominating set of G,, D/=D, and so D'=D/UD,=D,UD, .
Hence, D,UD, is the unique efficient dominating set of G.

The following two theorems are special ways to identify vertices involving pen-
dent vertices.

Theorem 2.4. Let G, and G, be two graphs with unique efficient domi-
nating sets D, and D,, respectively. Let V, €V (G,) and v, eV (G,) be two
pendant vertices such that V, € D, and Vv, € D,. Denote the neighbors of V,
and Vv, as U, and \,, respectively. If G is the graph obtained from G,UG,
by identitying vV, and V, as a single vertex v and by identifying U, and U,
as a single vertex U, then G has the unique efficient dominating set D,UD, .

Proof. Since for i=12, D, is the unique efficient dominating set of G;,
D,UD, is an efficient dominating set of G. Suppose that G has another efficient
dominating set D’. Since ueE(G) and d(v)=1, by Lemma 1.2 iv),
ueD’ or veD'. Suppose that ueD'. Then for i=12, D/=D'NV(G;) is
an efficient dominating set of G, . Since U;=ueD/ but u, ¢D,, D/#D,, con-
tradicting the fact that G, has a unique efficient dominating set. So u¢ D’ and
then veD’.Now D/=D'V(G,) is an efficient dominating set of G; . Since
D, is the unique efficient dominating set of G,, D/=D; and so
D'=D/UD,=D,UD,. Hence, D,UD, is the unique efficient dominating set
of G.

Theorem 2.5. Let G, and G, be two graphs with unique efficient domi-
nating sets D, and D,, respectively. Let V, €V (G,) and v, eV (G,) be two
pendant vertices with neighbors u, and u, such that U €D, and u,eD,.
If G is the graph obtained by identitying v, and v, as a single vertex v and
by identifying U, and U, as a single vertex u, then G has the unique efficient
dominating set D, UD, .

Proof. Since for i=12, D; is the unique efficient dominating set of G;,
D,UD, is an efficient dominating set of G. Suppose that G has another efficient
dominating set D’. Since uweE(G) and d(v)=1, by Lemma 1.2 iv),
ueD’ or veD'.Supposethat veD'.Thenfor i=12, D/=D'V(G;) isan
efficient dominating set of G, . Since V,=veD/ but v,¢D,, D/=#D,, contra-
dicting the fact that G; has a unique efficient dominating set. So v¢ D’ and
then ueD’.Now D/=D'\V(G,) is an efficient dominating set of G; . Since
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D, is the unique efficient dominating set of G,, D/=D, and so
D'=D,;UD; =D, UD, .Hence, D, U D, is the unique efficient dominating set of G.

Theorem 2.6. Suppose that H =G [ {Vy,V,,V,,V,,V, }| isa path with
ds (v;)=dg(v,)=dg(Vy)=2. Let G' be a graph obtained from G by deleting
V,,V,,V, and connecting V, and V,. Then G has a unique efficient dominat-
ing set ifand only if G' has a unique efficient dominating set.

Proof. Suppose that D is an efficient dominating set of G. If v, € D, then by
Lemma 1.2 i), Vo¢D and v, ¢D. In this case, D—{v,} is an efficient do-
minating set of G'.If v, ¢ D, theneither v,eD or v, eD. Without loss of
generality, suppose that V,eD. By Lemma 1.3, v,eD. Since V,¢D and
(N (vo)\ {Vl}) ND=Q (since v,eD), D—{v,} isan efficient dominating set
of G' with v, dominating v,.

Suppose that D’ is an efficient dominating set of G'.If v, ¢ D’ and v, ¢D’,
then D'U{v,} is an efficient dominating set of G. If vyeD or v,eD, say
VoeD,then D'U{v,} isan efficient dominating set of G.

The above proof shows that there is a one-to-one correspondence between the
efficient dominating sets of G and the efficient dominating sets of G’. There-
fore, G'has a unique efficient dominating set if and only if G’ has a unique ef-

ficient dominating set.

3. Graphs with Unique Efficient Dominating Sets

In this section, the authors investigate several families of graphs to determine the

conditions which guarantee the existence of unique efficient dominating sets.

3.1. Paths, Cycles and Tadpole Graphs

For a positive integer 11, denote the path with n vertices by P, =v,v,v,---v, .

Lemma 3.1. If G = P,, then the following conclusions are true.

1) If n=0(mod3), then G has a unique efficient dominating set.

2) If n=1(mod3), then G has a unique efficient dominating set.

3) If n=2(mod3), then G has two efficient dominating sets.

Proof. Suppose that Dis an efficient dominating set of G.

1) The path P, has a unique efficient dominating set {v,},and any path P,
such that n=0(mod3) can be constructed from copies of P, by connecting
the vertices on the ends. By Theorem 2.1, P, has a unique efficient dominating
set D. Specifically, D ={V,,Vs,Vg, =V, }.

2) The path P, has a unique efficient dominating set {v;,v,} and any path

P, such that n=1(mod3) can be constructed from copies of P, by identify-
ing the vertices on the ends. By Theorem 2.3, P, has a unique efficient domi-
nating set D. Specifically, D ={v;,v,,V;,---,v, }.

3) By Lemma 1.2 iv), either v, or V, isin the efficient dominating set of G.
By Lemma 1.3, D={v,V,,V,,~-,V,;} is an efficient dominating set of G if
v,eD,and D={Vv,,V,Vg,+,V,} isan efficient dominating set of Gif v, e€D.

Thus, G'has two efficient dominating sets.
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Theorem 3.2. A path P, has a unique efficient dominating set if and only if
n=2(mod3).

The following corollary follows from Theorem 2.3 and Lemma 3.1 2). It can
be considered a generalization of Theorem 2.2.

Corollary 3.3. Let G, and G, be two graphs with unique efficient dominating
sets D, and D,, respectively. Let Vv, € D, and v, eD,. If G is the graph ob-
tained from G;UG,UP,, where n=1(mod3), by identitying v, with one end
vertexof P, and v, with the other end vertex of P,, then
D,UD,U{Vv,,V;,-+-,V, 3} is the unique efficient dominating set of G.

Interestingly, trees can be formed by connecting and identifying vertices of
paths. If a tree can be generated by combining paths with unique efficient do-
minating sets using the operations described in Section 2, the tree itself will also
have a unique efficient dominating set.

The logical step after considering paths is to have a result for cycles. The fol-
lowing result follows from the previous theorem on paths.

Theorem 3.4. A cycle C, has an efficient dominating set if and only if
n=0(mod3). Furthermore, C, has3 efficient dominating sets.

Proof. Let C, =VV,V,---V,V; and let Dbe an efficient dominating set of C, .
Since each vertex in D dominates two other vertices, the total number of vertices
is a multiple of 3. Hence, n=0(mod3). By Lemma 1.3, D, ={V;,V,,V,,-,V, ,},
D, ={V,, V5, Vg,V s }» and Dy ={V3,V,Vg,-+,V, | are three efficient dominat-
ing sets of C,.

When we combine a path and a cycle, we can form a tadpole graph. The (m,n)
-tadpole graph, also called a dragon graph, is the graph obtained from a cycle
C,=uu,---u U, andapath P, =vyVv,---,v, byconnecting U, and V,.

Lemma 3.5. Let G be an (M,n)-tadpole graph, where m>3, n=0(mod3),
and nx1.

1) If n=0(mod3), then G has3 efficient dominating sets.

2) If n=1(mod3), then G has a unique efficient dominating set.

3) If n=2(mod3), then G has?2 efficient dominating sets.

Proof. Consider U, and its three neighbors u,, U, and V,.Exactly one of
these 4 vertices is in D. If v, isin D, then by Lemma 1.3, U; must be in D, and
similarly Ug,Ug,---,U,, are all in D. But U, is dominated by two vertices U,
and V,, a contradiction. Therefore v, ¢D .

1) Suppose that n=0(mod3). By Lemma 1.3,

D ={uy,U;,U;, -+, Uy, Vg, Vg, Vg, -+,V, | is an efficient dominating set of Gif

U, €D, D={u,,UsUg-,Uy 1,V Vs, Vg, -, Vs | is an efficient dominating set of
Gif u,eD,and D= {u3,u6,ug,---,um,vz,VS,va,---,vnfl} is an efficient dominat-
ing set of Gif U, € D. Therefore, Ghas 3 efficient dominating sets.

2) Suppose that n=1(mod3).If u,eD or u, €D, thenby Lemma 1.3,
V,,Vg,-++,V,_, must be in D. In that case, Vv, cannot be efficiently dominated, a
contradiction. So U, ¢ D and U, ¢ D, which means u, € D.By Lemma 1.3,

D ={uy,Uy, Uy, -+, Up 5.V, Vg, Vg,V | is an efficient dominating set of G. There-

fore, G'has a unique efficient dominating set.
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3) Suppose that n=2(mod3).If u, € D, then by Lemma 1.3,
Vy,Vg, Vg, -V, _, areallin D.In that case, V, cannot be efficiently dominated, a
contradiction. So U; ¢ D, which means U, €D or U, €D.ByLemma 1.3,
D= {uz,u5,ug,~-,umfl,vz,vs,vg,--‘,vn} is an efficient dominating set of Gif
U, € D, and D ={ugUg,Ug,-+,Uy,V,, Vs, Vg, -V, | is an efficient dominating set
of Gif U, € D. Therefore Ghas two efficient dominating sets.

Lemma 3.6. Let G be an (M,n)-tadpole graph, where m>3 and n=1.

1) If m=2(mod3), then G does not have an efficient dominating set.

2) If m=1(mod3), then G has a unique efficient dominating set if and only if
n=1mod3.

Proof. Consider U, and its three neighbors u,, U, and V,.Exactly one of
these 4 vertices is in D.

1) Suppose that m=2(mod3).If u, € D, then by Lemma 1.3,

U,U,,Up,-o+,U -, € D In that case, U, is dominated by two vertices, a contra-

m
diction. If U, € D, then by Lemma 1.3, U,,Ug,Ug,---,U, € D. In that case, U, is
dominated by two vertices, a contradiction. By argument similar to U,, U, ¢D.
If v,eD, then by Lemma 1.3, Uy, Ug,Ug,---,U, , € D. In that case, U, cannot
be efficiently dominated, a contradiction. Thus, G does not have an efficient
dominating set.

2) Suppose that m=1(mod3).If u, €D, then by Lemma 1.3,

Uy, Uy, Uy, Uy, € D.Now U, and U, are both in D, a contradiction. If u, €D,
then by Lemma 1.3, U,,Ug,Ug,---,U, , €D and then U, cannot be efficiently
dominated, a contradiction. By argument similar to u,, U, ¢D.If v, e D,
then by Lemma 1.3, U,,Ug,Ug,-+,U, , €D and V,,V;,---€D. So only when
n=0(mod3), Ghas a unique efficient dominating set.

The following complete characterization of tadpole graphs with unique effi-
cient dominating sets follows from Lemma 3.5 and Lemma 3.6.

Theorem 3.7. Let G be an (m,n)-tadpole graph, where m>3 and nx>1.
Then G has a unique efficient dominating set if and only if m=0(mod3) and
n=1(mod3), or m=1(mod3) and n==0(mod3).

Since Lemma 1.3 is used extensively, it will not be stated in the following

proofs for the sake of brevity.

3.2. Sunlet/Centipede/Firecracker/Caterpillar Graphs

In this section, the authors prove that sunlet graphs, centipede graphs, and fire-
cracker graphs all have unique efficient dominating sets. Furthermore, the au-
thors characterize all the caterpillar graphs which have unique efficient domi-
nating sets.

A k-star is a graph isomorphic to K, with k>2, where v is the center.
The n-sunlet graph is the graph on 2n vertices obtained from a cycle
C,=uu,---u.u, by attaching npendant edges uyV,, 1<i<n [3]. The
n-centipede graph is the graph on 21 vertices obtained from a path
P, =Uuu,---U, by attaching n pendant edges uyv,, 1<i<n [3]. An (nk)
-firecracker is a graph obtained from n copies of k-stars by connecting Vv,

n

DOI: 10.4236/0jdm.2020.102006

62 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2020.102006

I. Reiter, J. Zhou

where v, isaleaf from the /thstarand 1<i<n-1.

Theorem 3.8. If G is one of the following graphs, then G has a unique effi-
cient dominating set of order n.

1) G is an n-sunlet graph.

2) G is an n-centipede graph with n>2.

3) Gisan (n,k) -firecracker with n,k>2.

Proof. 1) By Lemma 1.2 vi), the set of all the pendant vertices of an n -sunlet
graph is the unique efficient dominating set of G.

2) By Lemma 1.2 vi), the set of all the pendant vertices of an n -centipede
graph is the unique efficient dominating set of G.

3) By Lemma 1.2 v), the center of each star is its unique efficient dominating
set. Since G can be constructed from stars by the operation described in Theorem
2.1, G has a unique efficient dominating set, which is the set of all the centers of
all the stars.

A caterpillar graph is a tree in which every vertex is on a central stalk or only
one edge away from the stalk. In other words, removal of its endpoints leaves a
path (central stalk). A tree is a caterpillar if and only if all vertices of degree at
least 3 are surrounded by at most two vertices of degree two or greater.

We will call a vertex U on the main stalk a star vertex or s-vertexif d (u) >4,
and we will call a vertex u on the main stalk a p-vertexif d (u) =3 ( prefers
to the single pendant vertex of u ). Furthermore, we call a vertex u on the main
stalk a trivial vertexif d(u)=2, and a nontrivial vertexif d(u)>3. A pair of
nontrivial vertices (u,V) is called a pair-n if there are no p-vertices or s-vertices
between them and on the main stalk there are 7 mod 3 vertices between them.

To characterize the caterpillar graphs G which have unique efficient domi-
nating sets, we can make the following assumptions.

a) G has at least two nontrivial vertices.

If G doesn’t have nontrivial vertices, then G is a path. If G has exactly one
nontrivial vertex, then G is a spider graph. Both are discussed in this paper, re-
spectively.

b) Every pendant vertex is adjacent to a nontrivial vertex.

If there are pendant vertices adjacent to a trivial vertex (vertex of degree 2) in
a caterpillar graph, then there are at most two such vertices on the ends. The ca-
terpillar graph can be decomposed into a caterpillar graph without such vertices
and two paths.

c¢) There is no induced path of length 5 with internal vertices of degree 2
in G.

This assumption is based on Theorem 2.6. So for any pair- n, there are at most
two vertices of degree 2 between them. This implies that for a pair- n, there are
exactly n trivial vertices (vertices of degree 2) between them.

Lemma 3.9. Let G be a caterpillar graph with a unique efficient dominating
setD. Let U and V' be pendant vertices connected to u and v , respectively.

1) If u and v area pair-2, then UuveD.

2)If u and v area pair-0, then U',V' eD.
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3)If u and v areapair-l, then U',veD and u isa p-vertex, or u,v'e D
and v isa p-vertex.

Proof. 1) Suppose that U,,V, are the two vertices of degree 2 between u and v
such that uu;,uV;,v,v € E(G). By Lemma 1.2iv), U, ¢D and v, ¢D.In order
to dominate U, and V,,wehave uveD.

2) By Lemma 1.2iv), u¢gD and veD. In order to dominate u and v, it
is the case that u',v'eD. 3) Suppose that ue D. By Lemma 1.2 i), v¢D. By
Lemma 1.2iv), V'eD andbyLemma 1.2v), v isa p-vertex. Similarly, we can
prove thatif veD,then u'eD and u isap-vertex.

For the caterpillar graph G, if there are more than one p-vertices V;,V,, -,V
such that vv;,; e E(G) for 1<i<s-1, we will call (v;,V,,---,V;) a cluster of
pair-0.

Lemma 3.10. Let G be a caterpillar graph and (u,v) be a pair-2 of G. Sup-
pose that G' is the graph obtained from G by contracting the path of length 3
between u and v to a single vertex w. Then G has a unique efficient dominat-
ing set D ifand only if G' has a unique efficient dominating set D U{w}—{u,v}.

Proof. If G has a unique efficient dominating set D, then by Lemma 3.9 1),
uveD,and D U{W}—{u,v} is an efficient dominating set of G'.If G’ has
a unique efficient dominating set D’, then by Lemma 1.2v), we D', and
(D’—{w})U{u,v} is an efficient dominating set of G. Notice that there is a
one-to-one correspondence between the efficient dominating sets of G and the
efficient dominating sets of G’. Therefore, G has a unique efficient dominating
set Difand only if G’ has a unique efficient dominating set DU {w}—{u,v}.

Based on Lemma 3.10, we can further assume that d) the caterpillar graphs
under consideration don’t have pair-2.

Theorem 3.11. Let G be a caterpillar graph satisfying a)-d). Then G has a
unique efficient dominating set D if and only if the following four conditions are
true.

1) If G has more than one s-vertex, then for any two neighboring s-vertices u
and v (no other s-vertices in between), then there are an even number of trivi-
al vertices (vertices of degree 2) between them.

2) If G doesn’t have s-vertices, then G must have a pair-0.

3) Between any two neighboring clusters of pair-0 (no other cluster of pair-0
in between), there are even number of trivial vertices (vertices of degree 2).

4) Between an s-vertex and a cluster of pair-0, there are odd number of trivial
vertices (vertices of degree 2).

Proof. Suppose that G is a caterpillar graph satisfying a)-d), and that G has a
unique dominating set D.

Suppose that G has more than one s-vertices and let u and v be two neigh-
boring s-vertices (no other s-vertices in between). By Lemma 1.2 v), u and v
are both in D. Based on the assumption d), there are only pair-1 and pair-0 be-
tween u and v. Then there must be an even number of pair-1 between u
and v . This is because when there is a sequence of consecutive pair-1, by Lem-
ma 3.9 3) the vertex that is in D will alternate between being on the main stalk
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and being the pendant vertex. In order to ensure that the first vertex u and the
last vertex v are both in D, there most be an even number of pair-1. So 1) is true.

Suppose that G does not have s-vertices. Suppose that G doesn’t have a pair-0.
Then all the nontrivial vertices of G are p-vertices, and G doesn’t have pair-0 or
pair-2. So by Lemma 3.9 3), Ghas two efficient dominating sets, a contradiction.
So G must have a pair-0 and then 2) is true.

Suppose that u and v are two neighboring nontrivial vertices (no other non-
trivial vertices in between) of G'such that u is a vertex in a cluster of pair-0 and
v is a vertex in another cluster of pair-0. By Lemma 3.92), u'eD and V'eD,
where U’ is the pendant vertex adjacent to u and V' is the pendant vertex
adjacent to v . There must be even number of trivial vertices (vertices of degree
2) between u and V. So 3) is true.

Suppose that u and v are two neighboring nontrivial vertices (no other non-
trivial vertices in between) of G such that u is an s-vertexand v is a vertex in
a cluster of pair-0. Since ueD and Vv'e D, where V' is the pendant vertex ad-
jacent to v, there must be odd number of trivial vertices (vertices of degree 2)
between u and v . So 4) is true.

Conversely, suppose that Gis a caterpillar graph satisfying a)-d) and 1)-4).

If G has s-vertices, then by Lemma 1.2 v), all the s-vertices are in D. Since G
satisfies 1), 3) and 4), all the vertices between s-vertices, between clusters of pair-0,
or between s-vertices and clusters of pair-0, are either in D or efficiently dominated.

Assume that G has exactly one s-vertex u and G has no cluster of pair-0. So
all the nontrivial vertices of G except u are all p-vertices and G has pair-1 only.
By Lemma 1.2 v), UeD. By Lemma 3.9 3), the efficient dominating set of G is
uniquely determined based on the fact that ueD.

Similarly if G has exactly one cluster of pair-0, then all the nontrivial vertices
of Gare all p-vertices and G has pair-1 (except the cluster of pair-0) only. Then
the efficient dominating set of Gis uniquely determined.

3.3. Spider Graphs

The following results provide a comprehensive summary of efficient dominating
sets of spider graphs, which is a specific type of tree.

For 1<i<n, let L :V('Jvl'v-zn-vlii and let S(v,l,l,,l;,---,1,) be the graph
generated from L,,L,,---,L, by identifying Vi,vZ,---,V) as a single vertex v .
Then S(V,l,l,,15,++,1,) is called a spider graph with center vand n legs,
where |, denotes the length and the number of vertices on the thleg. If n=1,2,
then S'is just a path. Thus, the following theorems assume that S has at least 3
legs, thatis, n>3.

Lemma 3.12. Let G denote the spider graph S(V,|1,|2,|3,~-,|n) with center
v and n legs, where |, denotes the length of the ith leg. If G has a unique ef-
ficient dominating set D, then the following statements are true.

1) If ve D, then |, ¢2(mod3).

2) If v, €D, then |, #0(mod3).

3) If v, €D, then I; #1(mod3) forany j=#i.
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Proof. 1) Suppose that veD. If |, =2(mod3), then Vj,Vg,-V; ,€D. In
this case, V,ii is not dominated by any vertex in D, a contradiction.

2) Suppose that Vi eD.If |, = O(mOdS) , then VL,V;,---,vfi_z e D . In this case,
V,ii is not dominated by any vertex in D, a contradiction.

3) Suppose that v; € D . If I; =1(mod3), then v) vl ,---,Vljr2 € D . In this case,
V|Jj is not dominated by any vertex in D, a contradiction.

Lemma 3.13. Let G denote the spider graph S(V,I,1,,1;,---,1.) with center
v and n legs, where |, denotes the length of the i th leg.

1) If |, =0(mod3) for 1<i<n, then G has a unique efficient dominating set.

2) If I, =1(mod3) for 1<i<n, then G has a unique efficient dominating set.

3) If |, =2(mod3) for 1<i<n, then G has n efficient dominating sets.

Proof. 1) By definition, Gis generated from L;,L,,---,L, by identifying
Vg,VZ,++,V) as a single vertex v . Since I,l,,--+,1, are all equal to 0 mod 3, it is
the case that L, L,,---,L, are all paths with number of vertices equal to 1 (mod 3).
By Theorem 3.1 2), for each 1<i<n, L; hasa unique efficient dominating set
D, = {Vé,vé,vé,---,vlii } By Theorem 2.3, G has a unique efficient dominating set
D=D,UD,UD,U---UD,, where we consider V;=VvZ=VS =--=V] =V.

2) Consider the star graph K, with center v.The center v has n neigh-
bors vf,vf,- --,Vln . By Lemma 1.2 v), {V} is the efficient dominating set. For
1<i<n,define R = Vizvi3---vlii .Then, k;=I;-1=0(mod3) vertices. By Lemma
3.11), B, hasaunique efficient dominating set D, = {v;,vé,v;,---,v,ii _l}. Since
G can be constructed from the star graph K;, and R, where 1<i<n, by
connecting Vv, to Vj,by Theorem 2.1, G'has a unique dominating set
D ={v}UD,UD,UD,U-UD, .

3) Let D be an efficient dominating set of G. If ve D, then for 1<i<n,
V4, Vi, Vi , €D and then V) is not dominated by any vertex in D, a contradic-
tion. Therefore, V¢ D . Since V¢ D, one of Vv;,v7,V.,++,v; must be in D. If
vieD , then
D, = {Vi,Vé,"',Vlln }U{V§,V§,---,V,22 }U"'U{Vli,Vir'"Vfi_l}U"'U{VQ,VQ""'VFH } ,
Thus, Ghas n efficient dominating sets.

In the following proof, a Type-nleg is defined to be a leg with n mod 3 ver-
tices, not counting the vertex that becomes the center.

Theorem 3.14. Let G denote the spider graph S (V, 005, |n) with center
v and n legs, where |, denotes the length of the | th leg. Then G has a unique
efficient dominating set if and only if one of the following holds.

1) G has Type-0 legs only.

2) G has Type-1 Jegs only.

3) G doesn’t have Type-1 legs, and G has exactly one Type-2 leg.

4) G has exactly one Type-1 Jeg, and G has a Type-2 leg.

5) G has more than one Type-1 leg, and G doesn’t have Type-2 legs.

Proof. Suppose that Ghas a unique efficient dominating set. We distinguish the
following three cases.

Case 1: Gdoesn’t have Type-1 legs.

If G doesn’t have Type-2 legs, then G satisfies 1). If G has exactly one Type-2
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leg, then G satisfies 3). Suppose that G has more than one Type-2 leg, and let
L :Wiviz---vlii and L; :Vvljvzj-'-vljj be two Type-2 legs. By Lemma 3.12 1),
veD. Let L, =vv1kv§.--v|kk be the leg of G such that v/ dominates v. By
Lemma 3.12 2), L, isnota Type-0legandso L, mustbea Type-2leg. If L,
isa Type-2leg with m=k , then v;',vg, v, €D;if L, isaType-0 leg, then
Vy,Vg eV, €D for the Type-2 leg L, V{<,V"§,V;(,---,V,k_1 € D. In that case,
G has more than one efficient dominating set, a contradiction.

Case 2: Ghas exactly one Type-1 leg.

Suppose that G does not have Type-2 legs. Then G has one Type-1 leg and
more than one Type-0 legs. If ve D, then v;,v‘e,---,v:i eD if L; isa Type-0
leg and V:;,Vé,---,vliif1 eD if L, isaType-lleg. If v¢D,then viz,vé,--‘,vliif1 eD
if L; is a Type-0 leg and V{,VL,---,V:i eD if L; is a Type-1 leg. Now G has
two efficient dominating sets, a contradiction. So G must have Type-2 legs and
then G'satisfies 4).

Case 3: Ghas more than one Type-1 leg.

Let L =w,v,-- -V,ii and L= w,v) ~-V,jj be two Type-1 legs. By Lemma 3.12 3),
veD. Suppose that G has a Type-2 leg L, =WV} Vlkk . Then by Lemma 1.3,
Vi Ve ,~~-,V|kk _, € D. In this case, V,kk cannot be efficiently dominated. So G doesn’t
have Type-2 legs. Therefore, G satisfies 2) or 5).

Conversely, if G satisfies 1) or 2), then by Lemma 3.13, G has a unique effi-
cient dominating set. Suppose that D is an efficient dominating set of G. We
prove that G has a unique efficient dominating set asuming G satisfies condition
3), 4) or 5), respectively.

3) Gdoesn’t have Type-1 legs, and Ghas exactly one Type-2 leg.

Since Ghas a Type-2 leg, by Lemma 3.12 1), V¢D . Then thereis v} € D.By
Lemma 3.12 2), L; is not a Type-0 leg. Since G doesn’t have Type-1 legs, L;
must be the Type-2 leg. So for any Type-Oleg L;, V;,Vy, -,V ; € D, and for the
Type-2leg L;, v, v, ,-‘.,Vljj _, € D. Thus, Ghas a unique efficient dominating set.

4) Ghas exactly one Type-1 leg, and Ghas a Type-2 leg.

Since G'has a Type-2 leg, by Lemma 3.12 1), V¢ D . Then thereis v, e D.By
Lemma 3.12 2), L; isnota Type-0leg and by Lemma 3.12 3), L; is nota Type-2
leg. So L; must be the Type-1 leg. So for any Type-0 leg L, v;,vé,---,vfi ,€D,
for the Type-1leg L;, Vlj,V‘{‘,---,V,jj € D, and for any Type-2leg L,

Vi Ve ,---,V,kk € D . Thus, Ghas a unique efficient dominating set.

5) Ghas more than one Type-1leg, and G doesn’t have a Type-2 leg.

Since G has more than one Type-1 leg, by Lemma 3.123), v, ¢ D forany i.
So veD and for any Type-0leg L, v;,vg,~~-,v|‘i €D, and for the Type-1 leg

L, vl ,---,v,jj _, € D . Thus, Ghas a unique efficient dominating set.

j b
3.4. Further Discussion

Theorem 3.15. Let G be a graph with independent set D ={u;,U,,---,U,} such
that1) V(G)\D =N (u)UN (u,)U--UN(v,) and2) for every vertex in
xeN(u) and yeN (uj), xyeE(G). Then D={u,u,, U} is the unique
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efficient dominating set of G.

Proof. Based on the fact that D is an independent set and every vertex in
V(G)\D is dominated by exactly one vertex from D, D is an efficient domi-
nating set. We just need to prove that Dis the only efficient dominating set of G.

Suppose that D’ is an efficient dominating set. Suppose that U, ¢ D’. Then
there must be a vertex v, € N(u;) suchthat v, e D’.Since D’ isindependent,
no vertex of N(U,) can be an element of D’. Since d(v;,u,)=2, U, is not
in D' (Otherwise, every vertex in N(u,) is dominated by v, and u,). Now
U, is not dominated by any vertex of D’. Therefore U, € D’. Similarly, u, € D’
for any i.So Dc D’. By Theorem 1.1, D=D’. So D is the unique efficient
dominating set of G.

Corollary 3.16. Let G be a graph obtained from K o . =(\Vy.V,,-+V,) by
adding U, and connecting \; to eachvertexin V; for i=1,2,---,t. Then
D ={u,U,,--,U} is the unique efficient dominating set of G.

Corollary 3.17. Let G be a graph obtained from K, by adding U, and con-
necting \; toeach vertexin V; for i=1,2,---t, where
V(K,)=V,UV,U---UV,. Then D={u,u, -} is the unique efficient do-

minating set of G.
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