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Abstract 
In this paper, the study of non-Newtonian fluid flow with heat transfer in a 
porous asymmetric channel due to peristaltic wave was taken out. Hall cur-
rent and Ohmic heating effects were introduced in the present study. A Cas-
son non-Newtonian constitutive model was employed for the transport of 
fluid. Analytical solutions were obtained for stream function, temperature 
and heat transfer coefficient. The coupled nonlinear equations have also been 
solved numerically using MATLAB software (by bvp4c function). The influ-
ences of many evolving parameters on the flow characteristic have been ex-
plained with the help of 2D and 3D plots. Again the obtained results were 
compared with the results available in the literature and were found in good 
agreement. 
 

Keywords 
Ohmic Heating, Non-Newtonian Fluid, Temperature Field 

 

1. Introduction 

At present, investigation regarding the peristaltic flow of non-Newtonian fluid 
cannot be ignored due to their vast applications in physiology and industry. This 
mechanism is associated with a spontaneous relaxing and compressing move-
ment along the length of the fluid filled channel or tube. Digestive track, urine 
transport form kidney to bladder, blood flow in small vessels, egg movement in 
fallopian tube are few examples that can be seen in our body [1]. Latham [2] 
studied the initial pioneer work on peristaltic mechanism of viscous fluid and 
later we saw many studies [3] [4] [5] [6]. Again the study of heat transfer in pe-
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ristaltic flow has some vital roles in biomedical processes such as hemodialysis 
and blood oxygenation. This property helps in crude oil refinement, food 
processing, sanitary fluid transport, and noxious fluid transport in nuclear in-
dustries [7].  

It is well known the industrial and physiological fluids are non-Newtonian in 
nature. Due to various rheological properties of non-Newtonian fluids, several 
constitutive relations have been suggested. Casson fluid is one of the 
non-Newtonian fluids which was introduced by Casson [8]. The behaviors of 
Human blood, honey and jelly can be represented by Casson’s model [9]. Most 
of the time Hall effect is neglected in the Ohm’s law as they have no remarkable 
effect for a weak magnetic field. It is mentioned that this effect is important 
when the magnetic field is high [10]. On the other hand, Ohmic heating (Joule 
heating) effect, which is the transformation between electric energy to thermal 
energy, arises from the applied electric field and fluid electrical resistivity. This 
effect is useful for a variety of applications in food industry [11]. Existing litera-
tures witness that no proper attention is given to peristaltic motion of Casson 
fluid in an asymmetric channel with Hall current and Ohmic heating effects. The 
aim of the study is to fulfill this void. Mathematical modeling is carried out for 
low Reynolds number and long wave length approximations. The transformed 
equations have been solved analytically and numerically. The effects of various 
important parameters on velocity and temperature are displayed graphically and 
discussed. Trapping phenomena are also explained. 

2. Mathematical Formulation 

Consider the peristaltic flow of non-Newtonian fluid in a two dimensional por-
ous asymmetric channel. We choose a stationary frame of reference ( ),X Y  
such that X measured along the axis of the channel and Y perpendicular to it. 
The channel walls 1H  and 2H  are maintained at constant temperature 0T  
and 1T  respectively. Let ( ),U V  be the velocity components in the frame. A 
strong magnetic field with magnitude ( )00,0,B B=  is applied and the Hall and 
Joule heating effects are taken into consideration. The induced magnetic field is 
neglected for small magnetic Reynolds number and also the externally applied 
electric field is assumed to be zero. The geometry (in Figure 1) of the upper and 
lower wall surfaces are assumed to be 

( )

( )

1 1 1

2 2 2

2cos

2cos

Y H d a X ct

Y H d a X ct

π
λ
π φ
λ

 = = + −    


 = = − − − +  

             (1) 

where 1 2,a a  denote the waves amplitudes, 1 2d d+  is the channel width, λ  is 
the wave length, t is the time, c is the velocity of propagation and φ  is the 
phase difference ( )0 φ π≤ ≤ , in which 0φ =  corresponds to symmetric chan-
nel with waves out of phase and φ π=  corresponds to waves in phase. Here 

1 2 1 2, , ,a a d d  and φ  satisfies the condition 
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Figure 1. Geometry of the model. 
 

( )22 2
1 2 1 2 1 22 cosa a a a d dφ+ + ≤ +                    (2) 

The rheological relation for non-Newtonian Casson [12] fluid is 

2
2

y
ij b ij

P
eτ µ

π
 

= + 
 

                       (3) 

where ije  is the ( ),i j th component of deformation rate, ijτ  is the ( ),i j th 
component of the stress tensor, π  is the product of the component of deforma-
tion rate with itself and bµ  is the plastic dynamic viscosity. The yield stress yP  
is expressed as 2y bP µ π β= , where β  Casson fluid parameter. For 
non-Newtonian Casson fluid flow 2b yPµ µ π= +  which gives 

( )1 1υ υ β′ = + , where bυ µ ρ=  is the kinematic viscosity for Casson fluid. 
Again the yield stress 0yP =  for Newtonian case. 

The equations governing the fluid motion can be written as follows 

0U V
X Y
∂ ∂

+ =
∂ ∂

.                         (4) 

( ) ( )

2 2

2 2

2

2

1 11

11
1

U U U P U UU V
t X Y X X Y

B UmV U
Km

υ
ρ β

σ υ
βρ

  ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + + +  ∂ ∂ ∂ ∂ ∂ ∂  

 
+ − − +  ′+  



       (5) 

( ) ( )

2 2

2 2

2

2

1 11

11
1

V V V P V VU V
t X Y Y X Y

B VmU V
Km

υ
ρ β

σ υ
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  ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + + +  ∂ ∂ ∂ ∂ ∂ ∂  

 
− + − +  ′+  



       (6) 
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ρ ρ

∂ ∂ ∂
+ +

∂ ∂ ∂
     ∂ ∂ ∂ ∂ ∂ ∂      = + + + + + +           ∂ ∂ ∂ ∂ ∂ ∂             

+ +
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  (7) 

Generalized Ohm’s law is 
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( )J E q B J Bσ γ = + × − ×                     (8) 

Lorentz force is 

( ) ( )
2

21
BJ B i mV U j mU V
m

σ
× = − − +  +

               (9) 

Ohmic heating (Joule heating) is 

( )
2

2 20
21

J J B V U
m

σ
σ
⋅

= +
+

                    (10) 

where J  is the current density, q  is the fluid velocity, P is the pressure, 
1 eenγ =  is the Hall factor/Hall Current, e is the charge electron, en  is the 

mass of the electron, E  is the electric field. 
The corresponding boundary conditions are 

0 1

1 2

when
, whe

0,
0 n

Y H
Y

U
T H
T T

U T
= =
= ==

= 



                (11) 

The coordinates, velocity, pressure and temperature in the fixed frame 
( ),X Y  and wave frame ( ),x y  are related by the following expression 

( ) ( ) ( ) ( ), , , , , , , , , , ,x X ct y Y u U c v V p x y P X Y t T x y T X Y t= − = = − = = =  (12) 

where , , ,u v p T  are the velocity components, pressure and temperature in the 
wave frame respectively. 

Now we introduce the following dimensionless quantities 
2
1

1

1 1 2 2 1 2 0
1 2

1 1 1 1 1 1 0

, , , , ,

, , , , , ,

b

x y u v ct pdx y u v t p
d c c c

d H H d a a T Th h d a b
d d d d d T T

λ δ λ λ µ

δ θ
λ

′ ′ ′ ′ ′ ′= = = = = =

−
= =






= = = = =
−




 (13) 

The governing Equations (4)-(7) under the assumptions of long wave length 
and low Reynolds number in terms of stream function ψ  (dropping the das 
symbols) become 

3
2

3
11 1p

x y y
ψ ψα

β
    ∂ ∂ ∂

= + − +    ∂ ∂ ∂    
                 (14) 

0p
y
∂

=
∂

                            (15) 

2 22 2

2 2
1'' 1 1 0

1
MBr Br

y m y
ψ ψθ

β
    ∂ ∂

+ + + + =    ∂ + ∂    
           (16) 

The dimensionless boundary conditions become 

1

2

, 1, 0
2

, 1, 1
2
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ψψ θ

ψψ θ

∂
= = − = =

∂
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              (17) 

where 
( )( )

2
2

2

1
1 1 1

M
Km

α
β

= +
+ +

, 0 1
b

M B dσ
µ

=  is the magnetic field para-

https://doi.org/10.4236/am.2020.114022


M. M. Hasan et al. 
 

 

DOI: 10.4236/am.2020.114022 296 Applied Mathematics 
 

meter, 2
1

KK
d
′

=  is the permeability parameter, F is the volume flow rate in the 

wave frame, 2b yPβ µ π=  is the Casson fluid parameter, 0m Bσγ=  is the 

Hall parameter, pC
Pr

k
ρυ

=  is Prandtl number, 
( )

2

1 0p

cEc
C T T

=
−

 is the Eck-

ert number and Br Pr Ec= ⋅  is the Brinkman number. 

3. Exact Solution 

Equation (15) gives that ( )p p y≠ . Eliminating the pressure terms from (14) 
we get 

4 2
2

4 2 0
y y
ψ ψα∂ ∂

− =
∂ ∂

                       (18) 

Solving Equations (18) and (16) with the boundary conditions (17), the 
stream function and temperature are obtained as 

( ) ( )1 2 3 4cosh sinhB B y B y B yψ α α= + + +              (19) 

( ) ( ) ( )
( )

2
1 2 3 4

5 5 6

cosh 2 sinh 2 sinh

cosh

F y F y F y F y

F y B y B

θ α α α

α

= − − − −

− − −
       (20) 

where the constants involved in the solutions are given in the appendix. 
The dimensionless mean flow rate Q′  in the laboratory frame is related to 

the dimensionless mean flow rate F in the wave frame by  

1Q F d′ = + +                         (21) 

in which 
1

2
d

h

h
F u y= ∫                          (22) 

Also note that 1h  and 2h  represent the dimensionless forms of the peristal-
tic walls 

( )
( )

1

2

1 cos 2

cos 2

h a x

h d b x

π

π φ

= +

= − − +





                    (23) 

Again the heat transfer coefficient at the upper wall ( )1y h=  is 

1 1xZ h θ ′=                          (24) 

4. Numerical Solution 

The dimensionless equations have again been solved numerically for different val-
ues of model parameters with another code written in MATLAB (bvp4c function). 
It is a finite difference code that implements a collocation formula. Numerical 
computations have been carried out for magnetic field parameter (M), Hall para-
meter (m), Casson fluid parameter ( β ), permeability parameter (K) and Brink-
man number (Br) at fixed values of 0.3, 0.5, 1.3, 3, 1.5a b d Fφ π= = = = = −  
and 0x = . The software ORIGIN has been used to show the numerical results 
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graphically. Plots 2D and 3D are sketched to understand and explain the varying 
activities of model parameters in a better way. 

5. Results and Discussions 

The effect of magnetic field parameter M on velocity field is sketched in Figure 2. 
Here we see that the velocity decreases with an increase in M. This is due to the 
fact that the applied magnetic field produces a Lorentz force to the flow and this 
force reduces the velocity. Figure 3 is plotted to see the velocity profiles for dif-
ferent permeability parameter K..There is a grow in the velocity of fluid near the 
central part of the channel when we increase in K. This is due to the fact that 
large K provides less resistance to the flow. From Figure 4, it is clear that β  
has an increasing effect on velocity field. Large β  accelerates the fluid flow. 
The magnitude of the velocity u increases with increasing Hall parameter m as 
seen in Figure 5. The fact is that the effective conductivity ( )21 mσ + , existed 
in the momentum equation, diminishes when m increased which consequently 
reduces the magnetic Lorentz force. Therefore velocity increases. Figure 6 shows 
that the velocity increases with an increase in flow rate F. 

 

 
Figure 2. Velocity profiles for different values of magnetic field parameter 
M (a) 2D and (b) 3D. 

 

 
Figure 3. Velocity profiles for different values of permeability parameter K 
(a) 2D and (b) 3D. 

 

 
Figure 4. Velocity profiles for different values of Casson fluid parameter β 
(a) 2D and (b) 3D. 
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Figure 5. Velocity profiles for different values of Hall parameter m (a) 2D and (b) 3D. 

 

 
Figure 6. Velocity profiles for different values of flow rate F (a) 2D and (b) 3D. 

 
Figures 7-11 show the temperature profile θ  for different values of 
, , ,M K mβ  and Br. Here we see that temperature profiles are almost parabolic 

in character and higher temperature is seen near the centre of the channel. Fig-
ure 7 depicts that as M increased, the temperature profile increases. The beha-
vior of K on temperature profile is seen in Figure 8. Here we notice that temper-
ature increases for large values of K. The influence of Casson fluid parameter β  
on temperature profiles is illustrated in Figure 9. It reveals that temperature 
profile decreases with an increase in β . Figure 10 indicates that temperature 
decreases as m increased. Joule heating is proportional to ( )21 1 m+ . Large m 
results a reduction in Joule heating. For this reason, temperature decreases when 
m is increased. The effect of Brinkman number Br on temperature profiles is 
displayed in Figure 11. Here the temperature θ  increases gradually with an in-
crease in Br. Brinkman number ( )Br Pr Ec= ⋅  represents the viscous effects 
which are due to energy production and thus heats up the fluid. 

In order to see the job of Ohmic (Joule) heating effect we have resolved the 
heat equation after neglecting the Ohmic heating term and then investigative the 
magnetic field parameter M and Hall parameter m effects on temperature field 
through graphs. Figure 12 and Figure 13 show that temperature decreases for 
increasing M and increases for large m. From the above discussion it is clear that 
when we neglect the Ohmic heating term, the behaviors of M and m on temper-
ature field are quite opposite. 

Trapping, the procedure of contours of streamlines, is an attractive characte-
ristic for peristaltic flow. To investigate the effects of ,M m  and φ  on stream-
lines, we have plotted Figures 14-16. Here we notice that the size of trapped bo-
lus (trapped bolus is a bolus of fluid which is enclosed by streamlines) decreases 
for large values of magnetic field parameter M as seen in Figure 14 (among them 
(a), (c) for symmetric channel and (b), (d) for asymmetric channel). On the oth-
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er hand, opposite behavior is observed for Hall parameter m. Figure 16 indicates 
the impact of phase difference φ  on streamlines. It is clear that the bolus tra-
vels upwards and decreases in size as φ  gets large. Also the trapping vanishes 
when φ  reaches to π . 

 

 
Figure 7. Temperature profiles for different values of magnetic field para-
meter M (a) 2D and (b) 3D. 

 

 
Figure 8. Temperature profiles for different values of permeability parame-
ter K (a) 2D and (b) 3D. 

 

  
Figure 9. Temperature profiles for different values of Casson fluid parame-
ter β (a) 2D and (b) 3D. 

 

 
Figure 10. Temperature profiles for different values of Hall parameter m (a) 
2D and (b) 3D. 
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Figure 11. Temperature profiles for different values of Brinkman number 
Br (a) 2D and (b) 3D. 

 

 
Figure 12. Temperature profiles for different 
values of magnetic field parameter M. 

 

 
Figure 13. Temperature profiles for different 
values of Hall parameter m. 

 
To verify the accuracy of numerical results, the present study is compared 

with the previous study of Hayat et al. [13]. We have considered the same para-
meter values (Newtonian case and in absence of Ohmic heating) to do it. These 
comparisons are given in Figure 17, which are found in very good agreement. 
Again Table 1 gives a comparison of heat transfer coefficient 1Z  at upper wall 
for different values of K (Newtonian case and in absence of Ohmic heating). 

 
Table 1. Comparison of heat transfer coefficient 1Z  at upper wall for different values of 
K. 

0.5, 0.6, 1.5, 2, 4 , 2, 3a b d M F Brφ π= = = = = = − =  

x Present Hayat et al. [13] Present Hayat et al. [13] 

0.1K =  1K =  

0.1 2.31567 2.31697 1.98257 1.98138 

0.2 1.96850 1.96953 1.86659 1.86796 

0.3 2.01043 2.01085 1.98089 1.98128 
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(a) 1, 0M φ= =  

 
(b) 1, 3M φ π= =  

 
(c) 3, 0M φ= =  

 
(d) 3, 3M φ π= =  

Figure 14. Streamline patterns for different values of magnetic field 
parameter M. 
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(a) 0.3, 0m φ= =  

 
(b) 0.3, 3m φ π= =  

 
(c) 1, 0m φ= =  

 
(d) 1, 3m φ π= =  

Figure 15. Streamline patterns for different values of Hall parameter m. 
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(a) 0φ =  

 
(b) 3φ π=  

 
(c) 2φ π=  

 
(d) φ π=  

Figure 16. Streamline patterns for different values of phase difference φ . 
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Figure 17. Comparison of Temperature profiles. 

6. Conclusions 

This study is presented on the peristaltic motion of non-Newtonian fluid in a 
porous asymmetric channel with Hall current and Ohmic heating effects. A 
Casson non-Newtonian constitutive model was employed for this study. Both 
analytic and numerical solutions have been obtained. The effects of different pa-
rameters on flow characteristics are shown by using 2D and 3D plots. The main 
outcomes of the study are: 

1) Magnetic field parameter M has decreasing effect but Hall parameter m has 
an increasing impact on velocity profile. 

2) The fluid becomes less viscous when we increase β . 
3) Temperature decreases when m increases and increases when M and Br in-

crease. 
4) The activities of M and m on temperature field are quite reverse when we 

neglect the Ohmic heating term. 
5) The size of trapped bolus decreases for large values of phase difference φ  

and trapping vanishes when φ π= . 
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Appendix 
The values involved in the solution expressions are presented below. 

( )1 1 2cosh
2

G h hα
= −  ( ) ( )3 2 1sinh sinhD h hα α= −  2 4 2F E E=  

( )2 1 2sinh
2

G h hα
= −  ( ) ( )4 2 1cosh coshD h hα α= −  3 4 3F E E=  

( )[ ]
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1 2 1 2
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1 2 1 2
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2 4
h h F G G
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h h G G

α
α

− + +
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− −
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1 3 4 2E B B= −  4 5 3F E B=  
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sinh
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− −
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P PE α +
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2 21
MP Br

m
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( ) ( )1 2 1cosh 2 cosh 2D h hα α= −  5 2 32E P P α=  3 21P B= +  

( ) ( )2 2 1sinh 2 sinh 2D h hα α= −  ( )( )2 2 2
1 1 2 1 1 3 2F P P E PPα α= − +  

( ) ( )2 2
5 1 2 1 2 1 3 2 4 3 5 4 2 11B F h h F D F D F D F D h h = + − + + + + −   

( ) ( ) ( ) ( )2
6 5 1 1 1 2 1 3 1 4 1 5 1cosh 2 sinh 2 sinh coshB B h F h F h F h F h F hα α α α= − − − − − −  
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