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Abstract

Relativistic properties of a Lagrangian density are compared with those of a
Hamiltonian density. It is proved that a Lagrangian density and a Hamilto-
nian density undergo different Lorentz transformations. This outcome is a
theoretical element that has been unnoticed for a very long time. It is also
proved that this theoretical element plays a crucial role in the structure of
weak interactions theory. In particular, it is shown that the theory that uses
this element is overwhelmingly superior over the Standard Model electroweak
theory.
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1. Introduction

Physics is a science that aims to describe the state and the time-evolution of nat-
ural systems that belong to its domain of validity. On the other hand, during the
last four centuries, physical laws take a mathematical form [1]. It means that any
physical theory must have a coherent mathematical structure. At present, there
are quite a few laws that any given physical theory should abide with. For exam-
ple, there are conservation laws like those of energy, momentum, angular mo-
mentum, electric charge, baryonic number and leptonic number that impose
constraints on any given physical theory. It means that if the final result of a new
physical theory violates any of these conservation laws then this theory should

be rejected.
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The progress of mathematical physics has yielded principles where each of
which may be used as a solid element of a new physical theory. For example, the
variational principle is now regarded as a solid basis that a given quantum theo-
ry may use. Indeed, it is stated that “all field theories used in current theories of
elementary particles have Lagrangians of this form” (see [2], p. 300). Here the

action takes the form
() =[d*XL(v.v,), (1)

where y is the quantum function, the action |(y) is a Lorentz scalar, and
£<l//, s ﬂ) is the Lagrangian density of a given theory.

The Hamiltonian is another important quantity that quantum theories use.
The Hamiltonian density of a given quantum theory is obtained from the Le-
gendre transformation of its Lagrangian density (see [2], p. 301)

Hy =y — L. 2)

Here 7 denotes the generalized momentum and the upper dot denotes the
time-derivative.

This work examines relationships between the Lagrangian density of a quan-
tum theory and its Hamiltonian density. A quite straightforward proof shows
that terms of a Lagrangian density and terms of its Hamiltonian density un-
dergo different relativistic transformations. This property is called below the
Lagrangian-Hamiltonian Covariance Difference (LHCD). It turns out that the
LHCD, which is unnoticed by current textbooks, is relevant to the theoretical
structure of weak interactions.

Units where 7=C=1 are used. Greek indices run from 0 to 3. Most formulas
take the standard form of relativistic covariant expressions. The metric is diago-
nal and its entries are (1, —1, —1, —1). An upper dot denotes the time-derivative.
Section 2 discusses the LHCD. Section 3 shows that the LHCD plays a crucial
role in a construction of a consistent weak interaction theory. Section 4 proves
the overwhelming advantage of the weak interaction theory that is based on the
LHCD over the Standard Model’s electroweak theory. The last section summa-

rizes this work.

2. An Unnoticed Theoretical Element

A comparison between a Lagrangian and its associated Hamiltonian illuminates
a theoretical element that is unnoticed in the literature. Consider for example
the Lagrangian of a classical charged particle interacting with electromagnetic
fields (see [3], pp. 48, 49)

L=-my1-Vv® +eA-v—eg, (3)

where A“ =(¢,A) is the 4-potential of the electromagnetic fields. The Hamil-
tonian that is derived from (3) is

Hoy b oM
ov

+eg. (4)
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This Hamiltonian should be rewritten as a function of the coordinates and the

generalized momentum. Here the generalized momentum is

+eA. (5)

One may inspect the interaction term of (3) and (4) and conclude that in the
classical case velocity independent terms of the Lagrangian are the same as those
of the Hamiltonian, but with opposite sign.

The main issue of this work pertains to the quantum domain. Quantum theo-
ries are derived from a Lagrangian density. It turns out that the literature over-
looks this statement: Contrary to an impression based on the previous conclu-
sion, covariant properties of an interaction term of a Lagrangian density are not
the same as those of the Hamiltonian density.

Applying the action (1), one derives the proof in a quite straightforward manner.
A Lorentz invariant theory of a quantum field y is based on a Lorentz scalar
action, where E(l//,wv ﬂ) is the theory’s Lagrangian density. Here the product
d*x of the differentials of (1) is a Lorentz scalar. Hence, also the Lagrangian den-
sity E(l//,wv ﬂ) is a Lorentz scalar. On the other hand, the Hamiltonian is an
energy operator, which transforms like the 0-component of a 4-vector, and den-
sity is the 0-component of the 4-current. Hence, the Hamiltonian density is the
00-component of a second rank tensor.

Conclusion: the Lagrangian density and the Hamiltonian density have differ-
ent covariant properties.

As stated above, this conclusion is called herein the Lagrangian-Hamiltonian
Covariance Difference (LHCD).

Here is an example that illustrates the LHCD validity. Consider the Dirac

Lagrangian density
Ly =y(r"i0, —m)y -y Ay. (©)

(see [4], p. 84, [5], p. 78). The last term represents the electromagnetic interaction
of a charged Dirac particle.
The Legendre transformation of (6) yields the Dirac Hamiltonian density

Hy=my—L=y'[a-(-IV-eA)+pm+eg ]|y, (7)

where a, f# are the ordinary Dirac matrices, and the relation 7 =y'y° is
used (see [4], p. 87). The product y'y of (7) is the Dirac density, and the
quantities inside the square brackets compose the Dirac Hamiltonian operator.
The Dirac equation is (see [6], p. 11)

.0 .
|6—‘:/:H«//:[a-(—|V—eA)+ﬁm+e¢]y/, (8)

Evidently, ¢ is the 0-component of the 4-potential, and in the Dirac
Lagrangian density (6) it is multiplied by the matrix »°. By contrast, no matrix
multiplies the corresponding term of the Dirac Hamiltonian density (7). The
matrix »° is the 0-component of the 4-vector »*. It means that interaction
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terms of (6) and (7) take a different covariant structure. This result is in accord-
ance with the LHCD.

The following argument illuminates another facet of this outcome. The product
Wy is a Lorentz scalar (see [6], p. 26). Therefore, also the terms of the Lagrangian
density (6) that are enclosed between i7,iy should be Lorentz scalars. On the
other hand, y'y (where y' =)°) is the density of the Dirac particle, which
is the 0-component of the Dirac 4-current (see [6], pp. 23-24). Furthermore, the
Hamiltonian must be written in terms of the generalized momentum, and the
generalized momentum associated with the Dirac function y is (see [4], p. 55;
(5], p. 52)

7o = % Sy =iy ©)
It follows that the Dirac Hamiltonian density (7) is written in terms of v,
which is regarded as the generalized coordinate, and ', where (9) is the Dirac
generalized momentum. This is the Hamiltonian’s standard structure, which is a
function of generalized coordinates and generalized momenta.

It is shown later in this work that the distinction between terms of the
Lagrangian density and corresponding terms of the Hamiltonian is relevant to

the theoretical analysis of weak interactions.

3. An Alternative History of the Weak Interaction Theory

Landmarks of the historical progress of the weak interaction theory are men-
tioned below.

1) Fermi proposed in 1934 a weak interaction theory aiming to describe the
S decay of nuclei (see e.g. [7], p. 296). Figure 1 illustrates the neutron’s f
decay (see [8], p. 209). This figure shows that four fermions are involved in this
weak process. The Fermi theory is based on a 4-fermions contact interaction,
where a constant G whose dimension is [Z] describes the interaction strength.
The Fermi f decay allows no change of the spin of the initial nuclear state and
that of the final nuclear state.

2) A few years later Gamow and Teller extended Fermi’s work, and their the-
ory allowsa £ transition where the spin of the two nuclei differs by unity. Ex-
periments show that the strength of the Gamow-Teller transition is somewhat

stronger than that of the Fermi transition

Figure 1. An Illustration of the neutron weak decay. Arrows denote the outgoing parti-
cles’ momentum.
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G, 113G, (10)

where G,,G, denote the strength of the Fermi and the Gamow-Teller transi-
tions, respectively (see [9], p. 188).

3) About 20 years later Lee and Yang proposed the idea that weak interactions
violate parity conservation. In 1957, namely, soon after the publication of this
idea, Wu et al. carried out an experiment that proved parity violation in the /S
decay of the °Co nucleus (see [8], p. 214).

4) The Wu experiment has motivated Sudarshan and Marshak to examine the
available weak decay data. They concluded that the weak interaction can be de-
scribed as the difference between a vector and axial-vector interactions (called
V-A) (see [8], pp. 217-220).

5) Feynman and Gel-Mann published in 1958 an article that presents a theo-
retical progress of the weak interaction problem [10]. Their work relies on the
idea of a massless neutrino. They also introduced the (1+ 7°) factor to the equa-
tions of motion. Here the pure number 1 is a scalar and the »° matrix is a
pseudoscalar (see [6], p. 26). Hence, (1+ 7° ) is a maximal parity violation operator.
This operator complies with the weak interactions V-A attribute of Sudarshan
and Marshak.

6) Glashow, Salam and Weinberg formulated the electroweak theory during
the next decade. This is a field theory that combines electrodynamics and weak
interactions. This theory uses the factor (1+5°), and the fields of the W*,Z
massive bosons mediate the weak interactions (see e.g. [7], Chapter 15).

Let us try to show an alternative course of the actual progress of the weak in-
teraction theory. This course departs from the actual course at point 5 (Item 5’
replaces Item 5, etc.) It relies on the experimental and theoretical elements that
were known in 1958.

5’) The English translation of Wentzel’'s QFT textbook [11] was published in
1949. It explains how one can prove that conservation laws are satisfied by a
QFT theory that is based on the variational principle. This approach is now re-
garded as the standard route for a QFT construction. Indeed, as stated in the in-
troduction, “all field theories used in current theories of elementary particles
have Lagrangians of this form” (see [2], p. 300). The LHCD element, which is
described in the previous section, is a straightforward outcome of this QFT
structure. Hence, it is assumed that the LHCD has been discovered before 1958.

6’) The Fermi golden rule applies to the S decay. This rule uses the Hamil-
tonian of the system for a description of the transition between an initial state
and a final state. Hence, the structure of the Hamiltonian is required for a theo-
retical description of a weak decay. This point emphasizes the relevance of the
LHCD to the analysis of weak interaction data.

7’) Figure 1 shows that an electron and a neutrino are produced ina g de-
cay. At that time the electron was known much better than the neutrino. Hence,
one naturally favors a weak interaction theory that relies on an appropriate ex-
tension of the electron’s Lagrangian density (6). It means that the main problem

is:
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What is the form of the weak interaction term that should be added to the
electron’s Lagrangian density, whose Hamiltonian abides by the experimentally
known properties of weak interactions? These properties are mentioned below:

7’a) The interaction strength should have the dimension [Z’] of the Fermi
constant G.

7’b) The associated Hamiltonian should comply with the V-A property of
weak interactions.

8’) In 1941 Pauli examined the following interaction term of the electron

L' =dyo, F"y, (11)

uv

where F*" is the electromagnetic field tensor, and the coefficient d has the di-
mension of length. This term is called tensor interaction, due to its dependence
on o, . The interaction (11) alters the Dirac expression for the magnetic dipole
moment of the electron (see [2], p. 14; [12], p. 223). However, the ordinary Dirac
Lagrangian density (6), which contains no term like (11), yields a very good pre-
diction for the electron’s magnetic dipole moment. Hence, the Pauli term (11)
has been abandoned as a term that pertains to the electron’s electromagnetic in-
teraction.

It can be proved that the Pauli term (11) is the required weak interaction term
of the Lagrangian density (see [13] [14] [15]). Here the external field F*" isa
Maxwellian-like weak field of a weak dipole that is associated with the spin of an
external Dirac particle. Therefore, the coefficient that describes the interaction
strength has the dimension [Z’]. Moreover, a proof showing that the associated
Hamiltonian abides by the V-A property of weak interactions is shown in [13]

[14] [15]). The Lagrangian density of the alternative theory is
Ly =i7(r"i0, —m)y —egy* Ay +dyo,, F*y, (12)

where F*" is the tensor of the Maxwellian-like weak field that is associated
with a weak dipole. The Lagrangian (12) is an extension of the Dirac Lagrangian
density (6), and the last term of (12) represents weak interactions. This theory is
called below Dipole-Dipole Weak Interaction Theory (DDWIT).

9’) The actual historical course of the weak interaction uses the (1% y° ) factor
for imposing the V-A attribute. By contrast, the alternative route uses general
principles of physics where the Hamiltonian that is derived from the Lagrangian
density (12) provesthe V-A weak interactions attribute.

10’) Conclusion: The alternative historical progress which is described in Items
5’ - 9’ relies on elements that were already known in 1958.

As a matter of fact, the quite straightforward proof of the validity of the theo-
retical element that is called herein LHCD has apparently been unnoticed until
the publication of [13]. This evidence looks like the reason for the rejection of the

tensor interaction (11) as the basis for weak interactions (see e.g. [8], p. 219, [10]).

4. Inherent Problems of the Electroweak Theory

Two different weak interaction theories are shown above: the electroweak theory
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and the DDWIT. This section demonstrates the overwhelming advantage of the
DDWIT over the electroweak theory. Arguments showing many cases where the
electroweak theory is inconsistent with well established physical laws have al-
ready been published (see e.g. section 3 of [15] and references therein). Few ex-
amples of this inconsistency are briefly mentioned below. An argument that be-
longs to the Occam razor criterion is placed at the end.

1) The electroweak theory relies on the assumption of a massless neutrino.
Few examples that are taken from the literature support this claim: A. Salam said
in his Nobel lecture that the electroweak theory relies on “a neutrino which trav-
els exactly with the velocity of light” [16]. A review article restates the neutrino
masslessness attribute of the electroweak theory: “T'wo-component left-handed
massless neutrino fields play crucial role in the determination of the charged
current structure of the Standard Model” (see the Abstract of [17]). Similarly, a
textbook states: “Neutrino masses are exactly zero in the Standard Model” (see
[18], p. 533). Contrary to this assumption, it is now recognized that the neutrino
is a massive particle [19].

2) The electroweak theory regards the W* bosons as electrically charged ele-
mentary particles. Unlike the case of the Dirac electron, the electroweak theory
cannot prove that its equations of the W* bosons conserve charge. It is well
known that charge conservation is a fundamental element of Maxwellian elec-
trodynamics. Hence, the electroweak theory violates Maxwellian electrodynam-
ics.

3) The electroweak theory uses the Z boson as an elementary particle whose
quantum function takes a mathematically real form. The Z boson is a massive
particle, and its electroweak theory violates the de Broglie principle.

4) A coherent quantum theory is based on a differential equation whose solu-
tions appropriately describe relevant physical processes. The Dirac theory of the
electron is a good example of this issue. By contrast, no electroweak textbook
shows an explicit form of the required differential equation. A fortiori, no solu-
tion to this unknown equation is tested with respect to relevant experimental
data.

5) Consider the DDWIT Lagrangian density (12). It comprises just four terms,
and its first three terms compose the QED Lagrangian density (6). The last term,
which represents weak interactions, takes the same general form as that of the
electromagnetic interaction term: Each of these terms is a Lorentz scalar which is
a contraction of an external field with a tensor that depends on the Dirac y
matrices.

The form of the electroweak Lagrangian density is completely different. It
comprises more than 20 terms (see e.g. [20], p. 518; [21]). This unusual com-
plexity is probably the reason that explains why quite a few Standard Model
textbooks take the strange approach where they refrain from a presentation of
the complete Lagrangian density of the electroweak theory.

The Occam razor principle says that in the case of two competing theories

that have the same merit, one should prefer the simpler theory. This is a minor
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argument that is added to the above mentioned intrinsic errors of the electro-
weak theory.

5. Conclusion

Relativistic properties of the Lagrangian density of a quantum theory are com-
pared with those of its Hamiltonian density. It is proved above that a Lorentz
transformation of a Lagrangian density is not the same as that of a Hamiltonian
density. This theoretical element is called herein the Lagrangian-Hamiltonian
Covariance Difference (LHCD). This outcome has been unnoticed for a long
time. It is also proved that LHCD affects the structure of weak interaction theo-
ries. In particular, the structure of the Pauli term of a Lagrangian (11) yields a
Hamiltonian that is consistent with weak interaction data: The dimension of the
interaction strength is [Z*], which is the same as that of the Fermi coefficient
G;, and the Hamiltonian agrees with the V-A attribute of weak interactions.
This theory takes the form of a Dipole-Dipole Weak Interaction Theory called
DDWIT. The discussion of section 4 proves that the DDWIT is dramatically
better than the Standard Model electroweak theory.
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