/
oo Resmurch
0.00 Publishing

Applied Mathematics, 2020, 11, 35-41
https://www.scirp.org/journal/am
ISSN Online: 2152-7393

ISSN Print: 2152-7385

Fast Diffusion Monte Carlo Sampling via
Conformal Map

Chi-Ok Hwang?*, Mi Do?

'Gwangju Institute of Science and Technology (GIST), Gwangju, Korea

zUniversity of Washington, Seattle, USA
Email: *chwang@gist.ac.kr

How to cite this paper: Hwang, C.-O. and
Do, M. (2020) Fast Diffusion Monte Carlo
Sampling via Conformal Map. Applied Ma-
thematics, 11, 35-41.
https://doi.org/10.4236/am.2020.111004

Received: December 10, 2019
Accepted: January 6, 2020
Published: January 9, 2020

Copyright © 2020 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In diffusion Monte Carlo methods, depending on the geometry continuous
diffusion can be simulated in many ways such as walk-on-spheres (WOS),
walk-on-planes (WOP), walk-on-rectangles (WOR) and so on. The diffusion
ways are conformally the same satisfying the Laplace equation with the given
boundary geometry. In this paper, using the WOP and the conformal map,
we sample the WOS diffusion and show that the indirect sampling is more ef-
ficient than the direct WOS sampling. This signifies that fast diffusion Monte
Carlo sampling via conformal map can be possible.
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1. Introduction

Monte Carlo methods use simulations of random events using random numbers
[1] [2]. In the processes of Monte Carlo methods, the sampling of random events
is the most crucial part and it takes most of the simulation time. Therefore, if we
can save time in the sampling, it will expedite the Monte Carlo simulation.

Based on the probabilistic potential theory [3] [4], elliptic partial differential
operators can be interpreted as diffusion motion so that via diffusion simulation
we can solve some elliptic partial differential equations such as Laplace, Poisson
equations and so on. Also, there is one-to-one correspondence between electros-
tatic problems and diffusion motion expectation one because both problems sa-
tisfy the same partial differential equations. Using the correspondence, Green’s
function first-passage algorithms have been developed.

In diffusion Monte Carlo [5] [6] [7] [8], we need simulate continuous diffu-
sion via walk-on-spheres (WOS) [5], walk-on-planes (WOP) [9], walk-on-rectangles
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(WOR) [10] [11] and so on, depending on the diffusion geometry. WOS uses
spheres for diffusion simulation. When diffusion starts from the center of the
sphere, first-passage probability is uniform over the spherical surface so that we
can sample the next diffusion point uniformly over the spherical surface. WOP
uses an infinite plane. In WOP, a diffusion starts from a point at a distance from
the plane and makes a fist-passage on the plane. WOP algorithm uses cubes in-
stead of spheres. In WOP, a diffusion starts from the center of the cube and makes
a first-passage on the surfaces of the cube. Among them, in continuous space dif-
fusion WOS is the most used algorithm. We should note that all the algorithms
are conformally equivalent and WOP sampling is the simplest one. The confor-
mal equivalence opens a new way of sampling.

In this paper, using the WOP and the conformal map we sample the WOS
diffusion and show that the indirect sampling is more efficient than the direct
WOS sampling. This signifies that fast diffusion Monte Carlo sampling via con-

formal map can be possible.

2. Conformal Map between WOP and WOS

In this section, we show how to do the conformal map between WOP and WOS.
In Figure 1, we show the conformal map between WOP and WOS. It shows the
intersection view of the inversion of a sphere to a plane: O is the center of the in-
version sphere (red solid line with radius R_) and through the inversion, charge ¢
at the distance p from the center of the sphere (blue solid line with radius a) be-
comes (R, / a+ p at RZ/ a-+ p —2a from the plane and O'(I’, 6’,¢) changes

to 0'( that is, [ / JRZ+p } r 0, ¢ The inverting sphere with radius a

corresponds to the WOS and the inverted plane to the WOP.
Using the method of image charge [12], induced charge distribution on the
spherical grounded conducting surface by a charge g inside of the sphere is given

by (see Figure 1):
q(a’-p?)

(1)
4ra(a’ —2apcos(0)+ p’ )3/2

O'(a,l9,¢)=

Also, induced charge distribution at the distance p =+/X*+Yy’ on the xp-plane,
the infinite grounded conducting plate, by a charge glocated at (0,0,d) is ob-
tained as:

1 1

U(P)ZE—,—d“pz :

In WOP algorithm, when the diffusion starts at the distance d from the WOP

(2)

plane, the p sampling, the radial distance sampling from the center of WOP

place, is simply,

1-U?
§= G uelo] (3)
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Figure 1. Intersection view of the inversion of a sphere to a plane: O is the
center of the inversion sphere (red solid line with radius R_) and through the
inversion, charge g at the distance p from the center of the sphere (blue solid
line with radius a) becomes qR/ a+ p at Rz/ a+ p —2a from the plane

and 0(r,9,¢) changes to a( thatls, [ /,/R2+p} r9¢

The induced charge distribution over the spherical surface and the one over
the plate can be related by conformal map. Figure 1 shows the conformal map.
We should note that sphere inversion and streographic projection are special
cases of the conformal map.

According to inversion transformation [13] (see Figure 1), one of the con-
formal maps, the charge g inside of the sphere with radius a at a distance p from

the center of the sphere is inverted to,

R
q'=—-—q, (4)
a+p
at the distance,
2
d= R —-2a, (5)
a+p

from the inverted plane. Also, from the other point of view of the charge distri-
bution, the charge distributions, 0'( ) (before the inversion) and a( ) (after

the inversion) are related as follows:
_ o+ (RY
o-(r):(Tj o (1), ©)

where Ris radius of the inversion sphere, and f = |I’| .

After sampling over the infinite plane (WOP) and converting over the spheri-
cal surface (WOS), we need to rotate the sampling point in regard to the point of
the previous diffusion point. Here, we need the following Rodrigues’ rotation
formula.

If v isavectorin R® and k isa unit vector describing an axis of rotation
about which v rotates by an angle @ according to the right hand rule, the Ro-

drigues’ rotation formula gives the rotated vector v, ,
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Ve =V 0S8+ (kxv)sing+k(k-v)(1-cosd). (7)
In this way, we can sample a diffusion point over the spherical surface (WOS
sample).
3. Results

In this section, we check that the sampling via conformal map works well and
compare two samplings via operation counting and running time. Counting op-
erations are good for computing performance. In this performance comparison,
counting operations consist of numbers of addition/substraction, multiplication,
division and special function.

In Figure 2, we can see that the sampling via conformal map works well. The
solid line is the analytic cumulative distribution over the spherical surface and
the circles are the simulation sampling points combining the sampling on the in-
finite plane and the conformal map. The two sampling agrees well with each
other.

The first table (Table 1) shows the comparison of the counting operations
between the direct sampling and the indirect sampling via the conformal map.
We can reduce some computing operations. In real computation, Table 2 shows
the overall efficiency of the indirect sampling. Usually, we run a Monte Carlo
program over a week for a real data. In this regard, roughly speaking we can save

a couple of days.

LI B S B L L i e e B e e e e e
12 0 numerical gy
[ — analytic ]

Figure 2. This graph shows that the sampling via conformal map works
well: circles are numerical results and solid line is the analytic result of
the cumulative sampling probability. The x-axis is the sampling angle &
in WOS sampling and y-axis the cumulative probability density.

Table 1. Operation counting for the sampling via conformal map and the direct sampling.

Algorithm Addition/Substraction Multiplication Division Special function
Sampling via conformal map 7 9 5 13
Direct sampling 20 32 14 17
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Table 2. CPU time for the sampling via conformal map and the direct sampling. The number
of random walks per run was 10°.

Algorithm CPU time per run (s)
Sampling via conformal map 29.77
Direct sampling 59.51

4. Conclusions

In Monte Carlo methods, sampling of random events using random numbers
takes significant computing time. So, if we can sample fast, that can improve the
performance of the Monte Carlo simulation. In diffusion Monte Carlo algorithms,
fast diffusion simulation is essential. For fast diffusion simulation, we use many
diffusion algorithms depending on the surrounding geometry like walk-on-spheres
(WOS), walk-on-planes (WOP), walk-on-rectangles (WOR) and so on. Among
them, WOP is the fastest sampling and for diffusion in free space WOS is the
most-used algorithm.

In this paper, using the WOP and the conformal map we sample the WOS
diffusion and show that the indirect sampling is more efficient than the direct
WOS sampling. This signifies that fast diffusion Monte Carlo sampling via con-

formal map can be possible.
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Appendix

The python function below can be used to generate direct sampling model.

# calculate point’s coordinates from charge using random walk
# return point’s coordinates
def bsurf(x, y, z, r)
temp = a/r
p2 = np.random.rand (1)
costh = —(1.0—temp)**2 + 2x(1.0—temp)x(1+ (temp)**2.0)*p2
+ 2.0xtempx(1+(temp )x%2)x(p2)*x2
costh = costh/((1.0 —temp+2.0%temp*p2)*2)
sinth = np.sqrt(np.abs(1.0—(costh*%2)))

yyy = np.random.rand (1)
phi = 2%np. pixyyy
cosph = np.cos(phi)
sinph = np.sin (phi)

xold = x

yold =y

zold = z

p = np.sqrt (xold**2 + yold*x%2)

x = a*(sinth*cosphsxold*zold /(p*r) — sinthssinphxyold/p + costhsxold/r)
y = ax(sinthxcosph*yoldxzold /(pxr) + sinthxsinphxxold/p + costhxyold/r)
z = ax(—sinthxcosph*p/r + costhxzold/r)

return (x, y, z)

# sampling pts points

# return thetas as cumulative density from —pi/2 to pi/2

pts = 1000000000

for step in range(pts):
# create a vector v.z, v.y, v.z —> theta = (Ozx, v) from —pi/2 to pi/2
(vx, vy, v.z) = bsurf(x, y, z, r)
sintheta = (np.sqrt ((vox—(x/2))**24+(v_y —(y/2)) %2+ (v_z—(2/2))*%2))/(2%a)
theta = np.arcsin(sintheta [0]
thetas.append (theta*2)

)
)
The python function below can be used to generate sampling via conformal map.
sampling pts points over the infinite plane

converting those points over the spherical surface

then rotating wusing Rodrigues’s rotation formula
return thetas?2 as cumulative density from —pi/2 to pi/2

iR NS N

ptsl = 1000000
thetas2 = []
for step in range(ptsl):
x = np.random.rand (1)
rho.d = np.sqrt ((1—x*%2)/(x*%2))
rho = rho.d % d
(xA, yA, zA) = (rho,0,-4)
r = np.sqrt (rhox*2 + (—4)x%2)
sinthe = rho/r
vl = Re*#2/r
xAl = vlssinthe
zA1 = v1xRe/r

# Rodrigues’s rotation for wvector v = point(rho_-d, Rc)
theta = np.random.uniform (np. pix2)

i = np.cos(theta)

j = np.sin(theta)

vX = xAlxi

vY = xAlx]

vZ = zAlxi + 0 4+ zAlx(1-1)

costheta2 = np.sqrt (vX*x2 + vY*%2 + vZ*x2)/Rec
thetas2.append (2+np.arccos(costheta2))
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