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Abstract

The gamma function is a good approximation to the luminosity function of
astrophysical objects, and a truncated gamma distribution would permit a
more rigorous analysis. This paper examines the generalized gamma distribu-
tion (GG) and then introduces the scale and the new double truncation. The
magnitude version of the truncated GG distribution with scale is adopted in
order to fit the luminosity function (LF) for galaxies or quasars. The new
truncated GG LF is applied to the five bands of SDSS galaxies, to the 2dF QSO
Redshift Survey in the range of redshifts between 0.3 and 0.5, and to the
COSMOS QSOs in the range of redshifts between 3.7 and 4.7. The average
absolute magnitude versus redshifts for SDSS galaxies and QSOs of 2dF was
modeled adopting a redshift dependence for the lower and upper absolute
magnitude of the new truncated GG LF.
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1. Introduction

The generalized gamma distribution (GG) was introduced by [1] and carefully
analyzed by [2]. The GG has three-parameters and the techniques to find them is
a matter of research, see among others [3] [4] [5]. A significant role in astrophysics
is played by the luminosity function (LF) for galaxies and we present some mod-
els, among others, the Schechter LF, see [6], a two-component Schechter—like
LF, see [7], and the double Schechter LF with five parameters, see [8]. Another
approach starts from a given statistical distribution for which the probability
density function (PDF) is known. We know that for a given PDF, f (L) ,

[ r(L)de=1, (1)
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where L is the luminosity. A data oriented LF, W(L), is obtained by adopting

¥" which is the normalization to the number of galaxies in a volume of 1 Mpc?
W(L)=¥"f(L), )
which means

[Tw(L)dL=v". 3)

The above line of research allows exploring the LF for galaxies in the framework
of well studied PDFs. Some examples are represented by the mass-luminosity
relationship, see [9], some models connected with the generalized gamma (GG)
distribution, see [10] [11], the truncated beta LF, see [12], the lognormal LF, see
[13], the truncated lognormal LF, see [14], and the Lindley LF, see [15].

This paper brings up the GG and introduces the scale in Section 2. The new
double truncation for the GG and the GG with scale is introduced in Section 3.
The derivation of the truncated GG LF is done in Section 4. Section 5 contains
the application of the GG LF to galaxies and quasars as well the fit of the aver-
aged absolute magnitude for QSOs as function of the redshift.

2. The Generalized Gamma Distribution

Let Xbe a random variable defined in [0,%0]; the GG (PDF), f(x), is

% a-1_-bx¢
f(xa,b,c)= CbX—e, (4)
rlé
£)
where
r(z)=["¢"rd, (5)

is the gamma function, with a>0, >0 and ¢ >0. The above PDF can be
obtained by setting the location parameter equal to zero in the four parameters
GG as given by [16], pag. 113. The GG PDF scale as exp(—xc) and the gamma
PDF as exp(—x) : the introduction of the parameter ¢ increases the flexibility of
the GG.

The GG family includes several subfamilies, including the exponential PDF
when a=1 and c¢=1, the gamma PDF when c¢=1 and the Weibull PDF
when b=1.

The distribution function (DF), F (x) , 18

F(a,bxcj
F(x;a,b,c)=1—c—

, (6)
1)
c
where T'(a,z) is the incomplete Gamma function, defined by
Na,z)=["t""e"dt, @)

see [17]. The average value or mean, u, is
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y(a,b,c): , (8)
()
c
the variance, o?, is
b{ (F(1+aD ”@F(MJJ
C C C
o’ (a,b,c) = 9)

The mode, A, is

M(a,b,c)= C/Gb_l. (10)
c

The rth moment about the origin is, /(a,b,c), is
be a+r
S A

( j
C
The information entropy, H,is

H(a,b,c)zln{cjﬁr(g}jw(gj(i_g}g, 12)

where W(z) isthe digamma or Psi function defined as

lI"(Z)zlﬂ'(z)/lﬂ(z), (13)

u (a,b,c): (11)

where Rz >0, see [17].

The Scale

In some applications it may be useful to have a scale, b, and therefore the GG
PDF, f (x),is

N b - 14
f.(x:a,b,c) o () (14)
which has DF, F,(x),as
xaCbiaceiea(ln(X)*ln(b)) T (C) c-T (C + 1, ea(ln(x)fln(h)) )
FS(x;a,b,c)z (15)
I'(c)e
The average value, u_, is
b ( ac+ 1)
be)=—>2 2 16
fus (a7 > C) F(C) > ( )

the variance, o7, is
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sfrir(=2) (=)

(T(e))

O'f (a,b,c) =

; (17)

and the mode, M, is

ac—1

b. (18)

3. Double Truncation

Let X be a random variable defined in [x,,x,]; the new double truncated GG

PDF, f, (x; a,b,c,x,,x, ) , can be found by evaluating of the following integral

It ('x; asbs c) = J‘xaileibxcdx’ (19)
which is
[t (x;a:bac)
71/2bxl’ ) L3C e

:e— Y2exa2 (a+c)b 1/2 o2y, 1/2 . (20)

a(a+c)(a+2c)

M c b*l/z“*j’f b c ~3/2¢+a/2 2
M e (VDM (7 )

where M, (z) is the Whittaker A function, see Appendix A. We now define
the constant of integration, K(a,b,c),as

1
K(a,b,c,x,, = , 21
(ab,6%,x,) I,(x,;a,b,¢)—1,(x;;a,b,c) (21)
and as a consequence the truncated GG PDF is, f,(x;a,b,¢,%,,x, ),
£ (x;a,b,c) = K(a,b, C, X, X, ) xx e (22)
The average value, ,u(a,b,c,x,,xu ) , 18
lu(a:b,c:x[)xu)
-1/2bx¢
=K x ((A +B)eM e (bx°) (23)
¢ —jpetat] _3/2¢+a/241)2
petatl ydevar] (bx )b CX D,
where
71/23c+a+1
A=x7P PV (e a+1)b e, (24)
B= cvc“/z”/“/zl{vzH?1 : (25)
C:(2c+a+l)(c+a+l)(a+l), (26)
D=(c+a+1)2. 27)

The DF, DF(x;a,b,c,xl,xu ) , 18
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DF(x;a,b,c,x,,xu)
71/2hx” a+3c
c c 2= -3/2c+a/2
-K M ¢
x— ( e jpasae (bx°)b X G (28)
+EM1/2L:(1’1/2%2C (bx )cJ
where
a+3c a+c
, Ry Laslt , _124%¢
E = x Y2eral2 (a+c)b < + ex Ay e (29)
F:a(a+c)(a+2c), (30)
G:(a+c)2. (31)
The Scale

The truncated GG PDF with scale requires the evaluation of the following
integral, 7,

ca-1 (x ¢
L (xéa»baC)=I£%j 3 dx, (32)
which is
1, (x;a,b,c) = ;1 b ( sy ey (ea(ln(x)—ln(b)) )
c(c+1l)a )
+ xaCb_ace_]/2ca(ln(X)fln(h)) (c " 1)) e_l/zca(ln(x)—]u(b))
The constant of integration, K (a,b, C, X)X, ), is
1
Ks(a,b,c,x“xu): (34)

I, (xu;a,b,c)—lm (xl;a,b,c) ’

and as a consequence the truncated GG PDF with scale is, f, (x;a,b,c,xl,xu ) R
x ca-1 7(;)“
fts(x;a,b,c,xl,xu):Ks(a,b,c,x,,xu)x Z e . (35)

The average value, 4, (a,b,c,x,,x,) is
e_l/zca(]n(x)fln(b))
/{Y(a,b,c,x,,xu):KSx c

s

a(ln(x)—ln(b))
l+a(c‘—1),l/21+(c‘+2)a (e ) (36)

/2

x[a(AS (1+a(e+1))p"* "2 4 B )m

4 4 pYPAea g, ) (ea(ln(x)—ln(b)))D
s ac+a+]’1/ 1+(c+2)a s |°

1 derat
where
AS _ x1/2+1/2a(873)’ (37)
B = axl/Z+l/2a(c—1)b3/2+1/2(—c+1)a (38)
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C, :(1+a(c+1))(ac+l)(l+(c+2)a), (39)
D, =(1+a(c+1)). (40)

4. The Luminosity Function

In this section we present the Schechter LF, we derive the GG LF, we introduce

the double truncation in the LF and we develop the adopted statistics.

4.1. The Schechter LF

The Schechter LF, introduced by [6], is
. o\ LY L
O(La, L, @ |)dL=| — || — | exp| —— |dL, 41
( ) (L j[LJ P ( Lj @

here o sets the slope for low values of Z, L  is the characteristic luminosity

and @ isthe normalization. The luminosity density, j, is
j= j:LcD(L;a,L*,cD*)dL. (42)
The equivalent distribution in absolute magnitude is

(M )dM =09210° 10" ) exp(—lOOA(M ‘M)de, (43)

where M" is the characteristic magnitude as derived from the data. We now
introduce the parameter 4 which is H /100, where H, is the Hubble constant.
The scaling with Ais M" —5log,, 4 and @'/’ [Mpc’ﬂ :

4.2. Generalized Gamma LF

We replace in the GG with scale, see Equation (14) x with L (the luminosity), b
with L (the characteristic luminosity) and we insert ¥~ which is the norma-

lization to the number of galaxies in a volume of 1 Mpc’

a L ac—1 7(%)“

‘F(L;a,b,c,‘}’*):‘}’**—(—*j e\ (44)
LT(e)\ L

The magnitude version is

ac(—0.4M+0.4 M*) o 10(—0.4M+o.4M*)a

I'(e)

where M is the absolute magnitude and M~ is the characteristic magnitude.

. 0.4a10 In(10)

lP(L;a,b, c,\P*) =y , (45)

This four parameters LF, which was introduced in [10], was applied to the Sloan
Digital Sky Survey (SDSS) in five different bands and to the near infrared band
of the 2MASS Redshift Survey (2MRS), see [11].

4.3. Double Truncation for the LF

We replace in the truncated GG with scale, see Equation (35), x with Z (the lu-
minosity), b with L (the characteristic luminosity), x, with L, (lower lu-
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minosity), x, with L, (upper luminosity), and we insert the normalization,

*

v,

ca-1 [ L
‘P(L;G,L*’C,L,,Lu,‘lj*):‘P*KS(G,L*’C,LpL,,)X(]?j e[L*] , (46)
where K, is given by Equation (34). The luminosity density for the truncated

GGLF, j,,hasnow a finite range of existence and is
j = _[:”L‘P(L;a,L*,c,Ll,Lu,‘I’*)dL. (47)

The four luminosities L,L,,L* and L, are connected with the absolute

magnitudes M, M,, M, and M~ through the following relationship

Lo qreteem By en) Ly
L L L

©

Lt L
L

0.4(My-M;)

(48)

where the indexes z and /are inverted in the transformation from luminosity to
absolute magnitude and L, and M are the luminosity and absolute magni-
tude of the sun in the considered band.

The magnitude version of the truncated GG LF is

‘P(M;a,M*,c,M,,Mu,‘P*):‘P*%, (49)
780.921‘/(”1‘7[\4)+ac(0.921M*704921M)
LD =04c(c+1)ae (In(2)+1In(5)), (50)
IN e—e_O'QZ‘“(’M"M*)+(0‘921M’—0.921M,)ca e-eo'”'“(M*'M”)+ac(o4921M’—0.921Mu)
= C— C
,0'5570'921{1(M17M*)+(70.46M/+0.46M*)ca ~0.921a(M,-m1")
+e M | ©
. (51)
70A5e0'921a{M _“4[‘)+(0.46M‘—0446M,4)ca 0,921a(M*—M,,)
-¢ Mc/2,c/2+1/2 ¢
- 70.92”(1\417‘“*)+(0.921M*—0.‘)21M,)ca 760.921a(M*7Mu)+ac(0.921M*70.921M“)
+e —€ .
The averaged absolute magnitude is
[Mw(Mia, M e, M, M, 9" ) MdM
<‘{’(M;a,M*,c,M1,Mu,‘I’* )> = M (52)

B jZ“‘P(M;a,M*,c,MI,M

4.4. The Adopted Statistics

The unknown parameters of the LF can be found through the Levenberg-Mar-
quardt method (subroutine MRQMIN in [18]) but the first derivative of the LF
with respect to the unknown parameters should be provided. In the case of the
truncated GG LF, see Equation (49), the first derivative with respect to the un-
known parameters has a complicated expression, so we used the numerical first

derivative. The merit function y* can be computed by
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2
| LF, —LF
12 22[ theo astr] , (53)
Jj=1

O.F,

astr

where n is number of datapoints and the two indexes theo and astr stand for

theoretical and astronomical, respectively. The residual sum of squares (RSS) is
2 . . 2
RSS = z(y(l)thea _y(l)ustr) > (54)
=

where y(i)thm is the theoretical value and y(i)am is the astronomical value.
Particular attention should be paid to the number of unknown parameters in the
LF: three for the Schechter function (formula (43)) and four for formula (49).

The reduced merit function y_, can be computed by
lrzed :lz/NF’ (55)

where NF =n—k, nbeing the number of datapoints and 4 the number of pa-

rameters. The Akaike information criterion (AZC), see [19], is defined by
A]C:Zk—Zln(L), (56)

where L is the likelihood function and & the number of free parameters in the

model. We assume a Gaussian distribution for the errors and the likelihood
2
function can be derived by the y° statistic Locexp(—%j where y° has

been computed by Equation (53), see [20] [21]. Now A/Cbecomes
AIC =2k + y°. (57)

The Bayesian information criterion (BIC), see [22], is
BIC =kIn(n)-2In(L), (58)

where L is the likelihood function, & the number of free parameters in the model
and n the number of observations. The phrase “better fit” used in the following
means that the three statistical indicators: y*, AJ/Cand BIC are smaller for the
considered LF than for the Schechter function.

5. Astrophysical Applications

In this section we apply the truncated GG LF to the SDSS galaxies and to QSOs.
The introduction of the redshift dependence for lower and upper absolute mag-

nitude allows to model the average absolute magnitude versus redshift for QSOs.

5.1. SDSS Galaxies

In order to perform a test we selected the data of the Sloan Digital Sky Survey
(SDSS) which has five bands u~ (A1=3550A), g (A=47704),

(A=6230A), i" (4=7620A) and z" (1=9130A) with 1 denoting the
wavelength of the CCD camera, see [23]. The data of the astronomical LF are
reported in [24] and are available at https://cosmo.nyu.edu/blanton/If. html. The

numerical values of the four parameters a, M~ and ¥~ are given in Table
1.
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Table 1. Parameters for fits to LF in SDSS Galaxies with the four parameters truncated
GG LF as represented by formula (49).

Parameter u g r 7 z
M, —5logl0A —20.65 -22.09 —22.94 —23.42 -23.73
M, —5logl0h -15.78 -16.32 -16.30 -17.21 -17.48
M —5logl0h -17.34 -19.45 —20.28 -20.29 -20.77
¥ [ Mpc~] 0.042 0.043 0.052 0.038 0.042

c 0.473 0.078 0.015 0.247 0.10
a 0.842 1.02 0.942 0.839 0.866
X 283.17 747.58 2185 1867 2916
15 0.591 1.256 3.261 2.648 3.961

AICk=4 291.17 755.58 2193 1874 2923

BICk=4 307.89 773.16 2211 1893 2941
X Schechter 330.73 753.3 2260 2282 3245

x>, —Schechter 0.689 1.263 3.368 3.232 4.403

The Schechter function, the new four parameters function as represented by
formula (49) and the data are reported in Figures 1-5, where bands u', g,
r", i and z" are considered.

Table 2 presents the luminosity density evaluated with the Schechter LF, j,
and with the truncated GG LF, j, The range of existence in the truncated case is
finite rather than infinite and therefore the luminosity density is always smaller
than in the standard case.

5.2. Luminosity Function for QSOs

For our first example, we selected the catalog of the 2dF QSO Redshift Survey
(2QZ), which contains 22431 redshifts of QSOs with 18.25<5b, <20.85, see
[25]. We processed them as explained in [26]. A typical example of the observed
LF for QSOs when 0.3<z<0.5 as well the fit with the four parameters trun-
cated GG LF is presented in Figure 6 with data as in Table 3.

In the second example we explored the faint LF for quasars in the range of
redshifts 3.7 <z <4.7 as given in Figure 4 of [27]. The results are displayed in
Figure 7 with data as in Table 4.

5.3. Average Absolute Magnitude versus Redshift

The first application is about galaxies: we processed the SDSS Photometric Ca-
talogue DR 12, see [28], which contains 10,450,256 galaxies (elliptical + spiral)
with redshift and rest frame u' absolute magnitude. The lower absolute mag-
nitude is fixed at M, =-30 and the upper absolute magnitude is the maximum
absolute magnitude of the selected bin in redshift. The above choice adopts the
SDSS DR12 cosmological evaluation of the absolute magnitude. Figure 8 displays
averaged absolute magnitude, theoretical averaged absolute magnitude, lower

and upper limit in absolute magnitude functions of the redshift.
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-2

u sample

-4

g ¢ (M)

Lo

-8

-17 -16

absolute moarawitude M

-20

Figure 1. The luminosity function data of SDSS(«) are represented with error bars. The
continuous line fit represents the four parameters truncated GG LF (49) and the dotted
line represents the Schechter function.

AL T T T
s .
g sample
Tt _
~
=
N—
©
O | i
ol
—
oL . .1 | ISR S U N S S SR S N
[ —21 —20 —19 —18 17

absolute magnitude M

Figure 2. The luminosity function data of SDSS(g) are represented with error bars. The
continuous line fit represents the four parameters truncated GG LF (49) and the dotted
line represents the Schechter function.

Table 2. Luminosity density in SDSS Galaxies evaluated with the Schechter LF, formula
(42), and with the four parameters truncated GG LF, formula (47), when Q, =0.3 and

Q,=07.

parameter u g r 7 z

Jj/(mO°L,) 4.35 2.81 2.58 3.19 3.99

Jr J(RO°L,) 1.38 1.18 1.57 1.88 2.47
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gt s
r sample
T L m
N
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N—
©
O | .
) |
—
0 | 1 Il 1 1 1 1
|—23 -22 =21 -20 -19 -18 -17

absolute magnitude M

Figure 3. The luminosity function data of SDSS(r’) are represented with error bars. The
continuous line fit represents the four parameters truncated GG LF (49) and the dotted

line represents the Schechter function.

T T T LI T

-2

leaaad ILIL'.'.‘J.I.II. ]

i sample

g ML,

Lo

-23 —I22 -21 -20 —I19
absolute magnitude M

-18

Figure 4. The luminosity function data of SDSS(/) are represented with error bars. The

continuous line fit represents the four parameters truncated GG LF (49) and the dotted
line represents the Schechter function.

Table 3. The four parameters truncated GG LF as represented by formula (49) in the

QSO case.

parameter value
M, —5logl0h —24.93
M, —5logl0h -22.29
M —5logloh -2248
¥ [ Mpc™] 1.09 x 1076
c 0.013
a 0.652
DOI: 10.4236/ijaa.2019.94027 403
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Continued
be 10.17
7 1.69
AICk=4 18.17
BICk=4 19.38
¥ Schechter 10.49
., —Schechter 1.49

Table 4. The four parameters truncated GG LF as represented by formula (49) for QSOs

in the COSMOS field.
parameter value
M, - 5logl04 -25.86
M, —5logl0A -22.56
M —5logl0h -20.07
¥ [/ Mpc™] 8.57 x 1077
c —4.38
a 0.17
b% 3.46
e 0.86
AICk=4 11.46
BICk=4 11.78
¥ Schechter 5.82
x>, —Schechter 1.16
T T T T T T
z sample ]
¥ ..,utl."..J!'.'...._
—~
>+ i
~
©
o
ki ]

absolute magnitude M

Figure 5. The luminosity function data of SDSS(2) are represented with error bars. The
continuous line fit represents the four parameters truncated GG LF (49) and the dotted
line represents the Schechter function.
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-6

Log ¢(M)
-6.5

-7

-25 —24.5 —24 -23.5 -23 -22.5

M truncated GG

Figure 6. The observed LF for QSOs, empty stars with error bar, when z[0.3, 0.5] and M
[-24.93, —22.29]. The continuous line fit represents the four parameters truncated GG LF
(49).

-7.5 -7 —-6.5
—TTT T
1 1

Log ¢(M)

-8

I B S TS T U DU S

—-28 -27 —-26 -25 —-24 -23

M truncated GG

Figure 7. The observed LF for QSOs in the COSMOS field, empty stars with error bar,
when z [3.7, 4.7] and M [-28, —22]. The continuous line fit represents the four parame-
ters truncated GG LF (49).

The second application is about the QSO and we used the framework of the
flat cosmology in order to find the absolute magnitude relative to the catalog of
the 2dF QSO Redshift Survey (2QZ), exactly as [26]. The two cosmological pa-
rameters are Q, =03 and H,=70km-s"' -Mpc™', where H, isthe Hubble
constant expressed in kms'Mpc™, and Q,, is
_8nGp,
3H

) (59)

M
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-10

1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1
4

Figure 8. Average observed absolute magnitude versus redshift for SDSS galaxies (red
points), average theoretical absolute magnitude for the four parameters of the truncated
GG LF as given by Equation (52) (dot-dash-dot green line), the lowest absolute magni-
tude is M =-30 (full black line) and the highest absolute magnitude at a given redshift
as given by maximum value of the selected sample (dashed black line); RSS = 5.14. The

others LF parameters for the truncated GG LF are: M =-298, a=0.1 and ¢=02.

where Gis the Newtonian gravitational constant and p, is the mass density at
the present time. A useful reference for the upper magnitude as function of the
redshift can be obtained from the distance modulus as given by Equation (5) in
[26] once the limiting magnitude of the sample 2QZ, b, =20.85,is adopted

1
ln(2)+ln(5)(

—5In (—0.003295 8754+10501.8842" +64421.0692 (60)

M, = ~4.15In(2)-4.151n(5)+35In(1.0+ z)

+167491.4963z° +241951.3662° +211426.1458z*
+111997.68z° +33297.7329z2 +4282.63z)).

The above equation represents a useful theoretical reference. Another, more em-
pirical, way explores numerically the maximum and the minimum in absolute
magnitude functions of the redshift for the sample 2QZ. In order to fix the
numbers we fitted the upper absolute magnitude with the third degree poly-

nomial

M, =a+bx+cx’ +dx’, (61)

with a=-17.75, b=-924, ¢=3.74 and d=-0.58. The lower absolute

magnitude is fitted with the second degree polynomial

M, =a+bx+cx’, (62)

with a=-24.86, b=-3.57 and c=0.45. Another useful relation is
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Figure 9. Average observed absolute magnitude versus redshift for QSOs (red points),
average theoretical absolute magnitude for the four parameters of the truncated GG LF as
given by Equation (52) (dot-dash-dot green line), the lowest absolute magnitude at a giv-
en redshift as given by the sample (full black line) and the highest absolute magnitude ata
given redshift as given by the sample (dashed black line); RSS = 1.62.

M (z)=M,(z)+0.1. (63)

Now different combinations of curves can be used. Figure 9 presents the

combination which minimizes the RSS.

6. Conclusions

Truncated GG: We derived an expression for the left and right truncated GG
PDF in terms of the Whittaker M function, see Equation (22), its DF, see Equa-
tion (28), and its average value, see Equation (23).

Truncated LF: The truncated LF for galaxies or QSO is derived both in the
luminosity form, see Equation (46), and in the magnitude form, see Equation
(49). In all the astrophysical examples here analyzed which are the five bands of
SDSS galaxies, see Table 1, the QSOs when 0.3 <z <0.5, see Table 3, and the
faint LF for QSOs in the range of redshift 3.7 <z <4.7, see Table 4, the y* of
the truncated GG is smaller than the Schechter LF. Table 2 presents the lumi-
nosity density in SDSS Galaxies with a finite range of existence rather than infi-
nite.

Average Magnitude versus redshift: The averaged absolute magnitude of the
SDSS galaxies and QSOs belonging to the catalog 2QZ as functions of the red-
shift are reasonably fitted by the averaged absolute magnitude of the truncated
GG LF, see Equation (52). In order to perform the fit we provided for M~ a
redshift dependence, see Equation (63), and we inserted as lower and upper ab-
solute magnitudes those given by the minimum and maximum values of the se-
lected bin in redshift.
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Appendix A: The Whittaker M function

The Whittaker M function, M, ,(z), solves the differential equation

—W(z)+ —%+ﬁ+4 W(z)=0. (A1)

The regularized hypergeometric function, ,F, (a,b;c;z), as defined by the Gauss

series, is

< b 1 1

e S OL b alasb(ee)
= (). s! c c(c+1)2!
F(C) © F(a+s)F(b+s) \

[(a)l(b)=  T(c+s)s!

where z=x+iy,and (a): is the Pochhammer symbol
(a)s =a(a+1)--(a+s-1). (A3)

The generalized hypergeometric series is denoted by ,F, and the case p=1
and g=1 gives

& (a),
F(a,b;z)= =z A4
2 l(a Z) s;)(b)sslz ( )

The relationship
1
zWE]F] —,u+v+l;1+2v;z

2

M,, (z)= - (A5)

e2
allows to express the Whittaker M function in terms of the generalized hyper-

geometric function, ], see [17] [29].
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