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Abstract

In this paper, the binomial tree method is introduced to price the European
option under a class of jump-diffusion model. The purpose of the addressed
problem is to find the parameters of the binomial tree and design the pricing
formula for European option. Compared with the continuous situation, the
proposed value equation of option under the new binomial tree model con-
verges to Merton’s accurate analytical solution, and the established binomial
tree method can be proved to work better than the traditional binomial tree.
Finally, a numerical example is presented to illustrate the effectiveness of the
proposed pricing methods.
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1. Introduction

Since the establishment of Black-Scholes formula for the European call option in
1973, lots of economic models have been reported, such as Heston’s model, jump
diffusion model, constant elasticity of variance (CEV) model, Cox-Ingersoll-Ross
(CIR) [1] model and so on. Among them, the jump diffusion model has stirred a
great deal of research interest, as the jump diffusion processes more in line with
the actual market law. In 1976, Merton [2] has set up a discontinuous model
firstly to describe the stock returns process and analyze the option pricing prob-
lem. Jump diffusions with positive exponential jumps have been studied by
Mordecki in 1999, who obtained the analytical solution of some optimal stop-
ping problems. A double exponential jump diffusion model has been introduced
to study the option pricing by Kou in [3], and the model produced analytical
solutions for a variety of option-pricing problems, including call and put op-
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tions, interest rate derivatives, and path-dependent options. Boyarchenko and
Levendorskii have proposed the expected present value (EPV) pricing model in
[4] according to the Lévy process, and studied the mean return of stochastic vo-
latility.

The binomial tree method, first proposed by Cox, Ross and Rubinste [5] in
1979, is one of the most popular approaches to price options in diffusion mod-
els. Nowadays, the binomial tree pricing method has been well studied in the
past few years. For example, Amin [6] first generalized Cox, Ross and Rubins-
tein’s binomial tree method to jump diffusion models for vanilla options. Alfre-
do Ibonez [7] discussed the algorithm of American put options and obtained the
optimal execution boundary by Newton interpolation method. Hou and Zhou
[8] analyzed the currently used option pricing binary tree by using random er-
ror, the correction method promoted a binary tree parameter model, but it is li-
mited to the analysis of European options and lacks practical examples. Zhang
and Yue [9] discussed the no-arbitrage conditions of binary tree option pricing,
and obtained a single time period and European call option pricing formula for
multi-period market. More relevant studies on the various kinds option pricing
and binary tree methods were investigated in [10] [11] [12] [13] and [14] and
Liu [15], Song [16] and Lian [17].

In view of the above discussion, although the previous studies have their own
characteristics, there are still some shortcomings: 1) The price of the underlying
asset is subject to the majority of the Black-Scholes model, which does not fully
reflect the characteristics of the market price. 2) Simply consider Binary tree
pricing, without combining the binary tree pricing with the analytical pricing of
the model. 3) When calculating the binary tree parameters, most literatures de-
fault the condition ud =1 or p = 1/2. In this paper, following the idea of Merton
(1976) [2] and Zhang (2000) [18], we try to use the binary tree method to ana-
lyze the pricing problem of European options based on a class of jump diffusion
model in this paper. The rest of the paper is organized as follows. In Section 2,
the jump-diffusion model is introduced and the problem under consideration is
formulated. In Section 3, the binomial tree is constructed to design the pricing
formula for European options under the jump-diffusion model. In Section 4, a
simulation example is given to demonstrate the main results obtained. Finally,

we conclude the paper in Section 5.

2. Model Formulation and Preliminaries

Assume all the work following is performed in a given risk-neutral probability

space (€, F,P). Consider following class of stochastic differential equation:

ds,

= udi+ oW, +(X (1 -1)), (1)
t

where S, denotes the stock price at time £, u is the expectation yield rate, W,

is a standard Brownian motion, N(r) is a poisson process with rate A, and

Y, is a sequence of independent identically (iid) nonnegative random variable

such that y =In(Y) has a normal distribution with following density:
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f(»)

= e 7. (2)
2n0'y

According to the It6 formula for the stochastic differential equation with

jump diffusion, we can get the solution of the Equation (1) as follows:

1 zj
(/1—70' t+o (1) (1)
2
Hi:I K (3)
Then, we can furthermore rewrite the Equation (3) as follows:

[,u—%az]ﬂ;rW( )+Zwt (lnY )

S, =§,¢e

S, =8¢ (4)

1
u ,+7o'2

Noting that E(y)=u,,Var(y)=0, and J:E(Yi):E(ey):e’ 2

Taking the mathematical expectation on both sides of Equation (4), we have

E[iJ _ E{e(;{—;(ﬂ}roW( IS (mY )J %)
Sy

Because of the independence of W (¢),N(7) and Y, one has

oo ()
SO
E(e[”_zaz}] ) 6)

1 >

E(egw(’)) = E(e"zﬁ) = %J“’;eazﬁe‘zjdz =2,
n

where Z ~ N(0,1), before calculating the mathematical expectation of =7
we shall introduce following lemma.
Lemma 2.1 IfQ(z)=> " "y and E(Y;)=p, then, we have
E(Q() =X E| T Y IN(1)=k](P{N(1)=k})
At
S LR ?

(4) -1 _
() Bit.

Let ¢, (x)=E (exy" ) be the moment generation function of random variable

- ﬂﬂ“t 71t2k =1

¥, then, the moment generation of a compound poisson process is
Po (X) = E(e’fZ,’iﬁ‘)y[ )
A
o+ XL E[ 5 [0 -i) ®)
ey E(e™)E(e™ ) E(e™ )ﬂew

= Mo (x)-)

Il Il

~ v
z-’*—x f—'*—\
A /\
= N
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Therefore, we have

N(r) )
E(ezf:' 7) = eit(%(’) 1), )
Z—uf 62
© 1 ) xuy+x—y
0, (x)=E(e”)=[ 7 e Tdz=e 2 (10)
no,

When x=1 and ¢, (x)=.J,we obtain

(t)J t At(J-1) (u+AJ-A)t
E e” =e¥ . (11)
50

3. Binomial Tree Model

. _ e (A7)

Assume the stock price jumps n times in [0,7], let P{N(t) = k} = O
divide the period into m parts. Set Ar=T/m and ¢, =kAt,(k=12,--,m).
Assume that the stock price will move to two new values Sy and Sd with
probability pand 1-p. If the initial stock price is §;, at the current time
t =0. The stock price will become S, u or §,,d after At. Thus, there will
be 3 values S, ,u’, S,ud and S,,d”. Repeat the above operation and we can
achieve the binomial tree shown in Figure 1.

Theorem 3.1 Consider the stock price model as Equation (1), the corres-
ponding pricing formula can be designed as following equation by using the bi-

nomial tree method:
C,(8,0)=2 7 P{N(1)=n}Cy,

T (AT (12)
:e’r/Tznzoﬁ[SBl (m,k,u,d,p)—KBz(m,k,p)].

/
\
/

=
\.

n!

/
\.

/\/\

<
I
w

Figure 1. Binary tree.
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Proof.Let C, ,(j=0,1,---,k) be the option price at node (k,;) after kAt,
r; is the 1nterest rate. The price can be recursively computed by the backward

induction algorithm.
G, = N [P kL) +(1 P) k+1,+1} (13)

The proof of (13) can be easily given, we assume at anytime the price of op-
tion is C'and at the next step. The price of option will become Cu with probabil-
ity Por Cdwith probability 1 - Plike Figure 1. So we have

C=e¢""[PCu+(1-P)Cd]

By the method of induction, at the any node in a binary tree, the formula of
(13) is always correct.
Therefore, the price of European options at the initial time can be given as

follows:
Coo=e"" X0, Ch P/ (1-p)" max(s,, ~K,0)]
ey, m[p’ (1-p)" max(Su’'d" - K,O)]
Y Chl b (1-p)" (Swd <)) (14)
Y m{S u) [(1-p)d]"” -Kp’ (1- p)’”*f}

—e " [SBl 111,1(,u,d,p)—1<B2 (m,k,p)],

where B, (m,k,u,d,p) Z/ G ( u)j [(1—p)d]nﬂ

B, (m,k,p)= Zjl:k Cip’(1- )m 7 and

k = min {j :Su/d" -K>0,0<j< m} According to the law of the total expec-
tation, the European call option at the initial time should obey the following eq-

uation:
C(8.0)= 3 P{N(t)=n}(E[Cyp | N (1) =n])

ar (15)
=" ﬂ[SB (m,k,u,d, p)— KB, (m,k, p)]

n=0
To compute the C(S,0), we must confirm the parameter p, u and d first.
Next, we shall calculate p, zand dby using the moment estimation theory.

E[;—’]:pu—i—(l—p)d,

t-1

: (16)
E[;—’J = pu’ +(1—p)d2.

In the traditional model, u =1/d usually supply and we have following equ-

ation:
pu +(1 —p)d _ e(,u+lj—2)At
2
2u+a?)A X'At['lzegy 71] (17)
pu2+(l—p)a’2:e(H )te ,
u=1/d.
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However, there is a fault in this method, because when o — 0, p may be zero
or a negative number which obviously contradicts with the reality. In this paper,
we restructure the formula to calculate the parameter of the binomial tree by in-

troducing the third moment:
S 3
E[S—’j =pu’ +(1-p)d’. (18)
t-1

Then, we set up the following equation groups:
p+AT=2)At

pu+(1—p)d:e( ,

(2;4+o'2 )At

, - /mt[ﬂe"y 71]
pu+(1-p)d* =e e , (19)

2
3 3o'y _
3(;1+02)At Z,AI[J N l]

pu’ +(1-p)d’ =e e ,

Thus, we can get the solution of p, zand das follows:

XY—H+\/(H—XY)2 ~4(x*-7)(Y* - HX)
7 2(x7-v) ’
d= Y- Xu , (20)
X—U
X-d
p= u—d’
where X = el#t#/-21ar Y:e(2#+62)A,elA{12e“}2’_1] ind

2
3 307
3(;t+62)At lAt[‘] © 1]

H=e¢ €

Substitute the three parameters into the Equation (14) and the according to
option price with a jump diffusion model can be calculated. Now, we want to
calculate Europe option with a continuous model and compare the result with
binomial tree. While, in the risk-neutral world, the asset grows at the market
risk-less instant interest rate 7. Thus, the asset price would satisfy
E(S(T))=5(0)e"".

Let E(S(T))=5(0)e"" =5(0)e“* ™™ and p=r,-AJ+4.

Then, a new real-valued measure Q is absolutely continuous with respect to 2,

and can be defined as follows:

dQ . (AJ-A)T
—=¢ withé=e .

In fact, the new measure Q can be seen as the risk-neutral measure. Conse-
quently, under the risk-neutral measure Q, the price C of European call option
with expiry date 7 and strike price K can be formulated as the discounted ex-
pectation of the payoff max[S(7)-K].
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C=¢"""E[max{S(T)-K,0}]

(r, —1J+1)T—%62T+azﬁ+zf:1 i

:e’frz:’_op(zv(t):k)E[max[Soe —K,O] | N(t):k}

(r/ —1J+1)T—%02T+azﬁ+zf:1 i

:erfrz:_OP(N(t):k)E{max[Soe —K,O] |N(¢) :k}

T7102T+z

:e’fTZZ’_OP(N(t)=k)f;k>(s°e(qM) 2 _Kqu(Z’ul’af)dz

_ S(O)e[’“”’?’ZJTZf:O P(N(1)=k)[ k¢ (z.u.07 ) dz (1)
~X PN =R)[7 (K™ p(z.07 )z,
where
(Z’ul)z

€ 2012 ’Z~ = O-Zﬁ-i—Zf:lyi:

¢(Z=u1,012)=ﬁ
1

u, =E[Z~]=kuy,0'12 :V(Z~)=0'2T+k0'j

z(k)= ln(K/S(O))—(rf —ﬂJ—%O‘Z +AJT. .

Meanwhile, we know following equations hold

_(z-m) 1 2
o o 1 ) u+=ot u, + 0, —Z(k)
J.z(k)e ¢(z,u,,012)dz :L(k)e e 2 dz=e¢ 2 d{;),

\/EO‘I O-l

[ ke ®(z,u,07)dz = Ke " [—”‘ _Z(k)].
z(k) o,

Thus, after some simple calculation, we have following theorem.
Theorem 3.2 According to the considered jump-diffusion model (1), the

analytical solution of the European call option can be designed as follows:

C=ZZ°.OP(N<r>=k){s<o)e””k“y*iaﬁq)[MJ

Until now, we have obtained the European call option through two methods.

(22)

In fact, when m — 0, the option price given by the binomial tree model will
tend to the value aboving because of the Central limit theorem and we will use a

numerical analysis to prove it in the next section.

4. Numerical Analysis

In this section, we aim to demonstrate the effectiveness and applicability of the
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proposed methods. Assume S, =40,u=0.1,0= 0.5,uy = 0.2,0'y =0.251=3.
Figure 2 shows the change process of the option price when given the different
steps At =T/m. Compared with continuous analytic result, we can see that the
options price is equal to the continuous model with m tending up. When
m =100, they are almost coincided. It proves that the options pricing formula
established by the proposed new binomial tree model based on jump diffusion
model (1) is convergent.

We also wonder realize the options price changing in maturity [0, T] with sta-
ble steps M.

As it shows in Figure 3 and Figure 4, at the same maturity, when binary tree
steps M is becoming greater. The difference between analytical solution and our
binary tree methods get small at time T. It is consistent with the real finance

market and also proves the correction of our methods.

25
20
8
E 15
c
.2
A
Q
o 10
5 ~
—— new method
— ud=1
0 — analytical
0 20 40 60 80 100

Figure 2. Option price.

—— new method
—— analytical

20.0

17.5 1

15.0 A

12.5 1

10.0 A

option price

7.5 1

5.0 A

2.5

(o] 1 2 3 4 5 6 b § 8
M=5

Figure 3. Option price when steps M = 5.
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—— new method
— analytical

20.0 -

17.5 4

option price

T

0 1 2 3 4 5 6 7 8
M=20

Figure 4. Option price when steps M = 20.

5. Conclusion

In this paper, we have dealt with the pricing problem for European option based
on a class of jump diffusion model. A new binomial tree has been constructed
and the corresponding pricing scheme for European option has been proposed.
We have adopted the third moment to calculate the parameter of binomial tree.
Compared with the analytic solutions, a numerical example has shown that the
proposed binomial tree model with jump-diffusion can approximate the Merton
model, and can be proved that the established binomial tree method works bet-
ter than traditional binomial tree. When nodes m tends to be infinite, both of
them are the same as analytic solutions. Furthermore, the model can be extended
to the pricing of exotic options such as American options, lookback options and

butterfly options based on the jump diffusion process.
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