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1. Introduction

Let H, and H, be two real Hilbert spaces. Let S:H, > H, and
T:H, > H, be two nonlinear mappings. We denote the fixed point sets of §
and 7by F(S) and F(T), respectively. Let A:H; - H, be a bounded li-
near operator with its adjoint A”. Then, we consider the following split com-

mon fixed point problem:

Finding x € H, such that x e F(S)and Ax e F(T). (1.1)

The split common fixed point problem (1.1) is a generalization of the split

feasibility problem arising from signal processing and image restoration; see
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[1]-[7] for instance. It was first introduced and studied by Censor and Segal [8].

Note that solving (1) can be translated to solve the fixed point equation
X'=S(x -rA"(1-T)AX'), 7>0.
Censor and Segal also proposed the following algorithm for directed map-
pings.
Algorithm 1.1 Initialization: let X € H, =R be arbitrary. Iterative step: let
Xp1 =S (% ~tA (1-T)Ax,), n=0,
where S:R, —> R, and T:R, >R, are two directed mappings and

TE (0,%) with 1 being the spectral radius of the operator A'A.

Since then, there has been growing interest in the split common fixed point
problem; please, see [9]-[15].

Recently, Wang [16] introduced the following new iterative algorithms for the
split common fixed point problem of directed mappings.

Algorithm 1.2 Choose an arbitrary initial guess X,. Assume X, has been
constructed. If

=0,

X, —SX, + A (1 -T)Ax,

then stop; otherwise, continue and construct X, via the formula:
X=X —1, [xn —Sx, +A'(1 —T)Axn] vn >0,
where 7, is chosen self-adaptively as

[, =%+ 10 -T) A% [

5

X, —SX, + A (1 -T) Ax,

Algorithm 1.3 Let ueH and start an initial guess X, € H . Assume X,
has been constructed. If

X, —Sx, + A (1 -T)Ax, || =0,

then stop; otherwise, continue and construct X, ,, via the formula:
X, =au +(1—0¢n)[xn -Sx, +A'(l —T)Axn], vn >0,
where the stepsize sequence 7, is chosen self-adaptively as

sl 0 -T) A

5

X, —SX, + A (1 -T) Ax,

Wang obtained the weak and strong convergence of Algorithms 1.2 and 1.3,
respectively. Inspired by the above work in the literature, Yao, et al [17] extend
Wang’s results in [16] from the directed mappings to the demicontractive map-
pings. Further, they construct the following two self-adaptive algorithms for
solving the split common fixed point problem (1.1).

Algorithm 1.4. Initialization: let X, € H, be arbitrary. For n>0, assume

the current iterate X, has been constructed. If
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=0,

X, —SX, + A" (1 -T)Ax,

then stop; otherwise, calculate the next iterate X.,, by the following formula
Yo =X, —SX, + A (1 =T ) Ax,,
X =X, =77, Yy, VN0,

where ;/e(O,min{l—,B,l—,u}) is a positive constant and t, is chosen
self-adaptively as
oSl 0Ty f

n 2
[val

Algorithm 1.5. Initialization: Let U € H, be a fixed point and let X, € H, be

arbitrary. Iterative step: for n>0, assume the current iterate X, has been

constructed. If

=0,

X, —SX, + A (1 -T)Ax,

then stop; otherwise, calculate the next iterate X.,, by the following formula

{yn =X, —SX, + A (1 -T)Ax,,
o = U+ (1=, ) (X, —77,Y,), ¥n=0,
where y € (O’ min {1_ﬂ11—ﬂ}) is a positive constant and t, is chosen
self-adaptively as

x =%, " +[(1-T) Ax, 2
n M

They also obtained the weak and strong convergence of Algorithms 1.4 and 1.5,

respectively. Motivated and inspired by the work in the literature, the main pur-
pose of this paper is to extend the results of Wang [16] and Yao, et al [17] from
the directed mappings or demicontractive mappings to the demicontractive map-
pings. We present two self-adaptive algorithms for solving the split common
fixed point problem (1.1). Weak and strong convergence theorems are given
under some mild assumptions. Our results improve essentially the correspond-
ing results in [16] [17]. Further, some other results are also improved; see
[9]-[22].

2. Preliminaries

Let Cbe a nonempty closed convex subset of a real Hilbert space H.
Definition 2.1. A mapping T :C —» C s said to be:
1) directed if

||Tx—x*||2 s"x—x* 2—||Tx—x||2, vxeC,x eF(T);

2) f-demicontractive if there exists a constant £ €[0,1) such that

||Tx—x*||2 s"x—x*”2 +/3||Tx—x||2, vxeC,x eF(T);

3) k~-demimetric if there exists a constant Kk e (—00,1) such that
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<x—x*,x—Tx>2%||x—Tx||2, vxeC,x e F(T). (2.1)

Clearly, (2.1) is equivalent to the following:
||Tx— x*"2 < ||x— x*"2 +k|Tx=x|", vxeC,x e F(T).

It is obvious that the demimetric mappings include the directed mappings and
the demicontractive mappings as special cases. Furthermore, this class mapping
also contains the classes of strict pseudo-contractions, firmly-quasinon expansive
mappings, 2-generalized hybrid mappings and quasi-non-expansive mappings.
The class of demimetric mappings is fundamental because many common types
of mappings arising in optimization belong to this class, see for example [23] [24]
and references therein.

Definition 2.2 A sequence {X.} is called Fejér-monotone with respect to a

given nonempty set Q , if for every XeQ),

[0 = X[ <%, = %[, ¥n=0.

Next we adopt the following notations:

a) X, > X and X, — X denote the strong and weak convergence of the se-
quence {X,}, respectively;

b) ,(x,):= {X DX, — X} is the weak @-limit set of the sequence {X,}.

Recall that a mapping f:C —C is said to be contractive if there exists a
constant Ve (O,l) such that

[ fx— fy| <v|x-y], vx,yeC.

We use Il. to denote the collection of mappings f verifying the above in-
equality. That is
I, ={f:C—H: fisacontraction with constant v}.

Let Dbe a nonempty subset of C. A sequence {f,} of mappings of Cinto A
is said to be stable on D (see [25]) if {fn (X) nx 0} is a singleton for every
x € D .Itis clear thatif {f } isstable on D, then f (x)=fy(x) forall n>0
and xeD.

Recall that the (nearest point or metric) projection from H onto C, denoted

n

P, assigns to each u € H , the unique point P, (u) € C with the property
Ju=P, (u)|=inf {Ju-v]:vec].
The metric projection P, (u) of Honto Cis characterized by

(u=P(u),y-P(u))<0, VyeC,ueH.

Lemma 2.1 ([26]) Let Q be a nonempty closed convex subset in H. If the
sequence {X,} is Fejér monotone with respect to Q , then we have the follow-
ing conclusions:

1) x, =X eQ iff o,(x)cQ;

2) the sequence {PQ (Xn )} converges strongly;

3)if x, =X €Q,then X =lim_, P, (x,).
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Lemma 2.2 ([27]) Let {a,} be a sequence of nonnegative numbers satistying
the property.
(o) S(:I'_yn)a‘n +7ncn' n 20’

where {y,}.{c,} satisfy the restrictions:
1) ZL::J n =%
2) limsup,,, ¢, <0 or Y " ¢y, <.
Then, lim,_ «a,=0.
Lemma 2.3 ([23] [24]) Let E be a smooth, strictly convex and reflexive Banach
space and let k be a real number with k € (—»,1). Let U be an k-demimetric

mapping of E into itself. Then F(U) is closed and convex.

3. Main Results

Now we study the split common fixed points problem (1) under the following

hypothesis:

* H, and H, aretwo real Hilbert spaces;

* S!H,—>H, and T:H, > H, are two demimetric mappings with con-
stants B e (—oo,l) and pe (—oo,l) , respectively;

e A:H, > H, isabounded linear operator with its adjoint operator A";

e {f,} Il is stable on Q, where Q denotes the solution set of problem
(1.1).

Lemma 3.1 z* solves problem (1) iff ”Z* -S2" + A (I —T)AZ*" =0.

Proof. If 7 solves problem (1), then z' =Sz" and (1-T)AZ" =0. There-
fore, we get "Z* -Sz" + A*(l —T)AZ*” =0. To see the converse, suppose that
|77 —sz"+ A" (1-T) A

0= ||z* -Sz + A (I —T)Az*"”z* - z"

=0. Then, we have for any zeQ that

2<z*—Sz*+A*(I —T)Az*,z*—z>

(3.1)
2<z* -Sz", 7 —z>+<A*(I -T)AZ', 7 —z>
2<z* -S7", 7 - z>+<(| ~T)AZ" A7 - Az>.
Since Sand T'are demimetric, we have that
. - 1-4.+ |12
-S 7 -2) > L7 -5 3.2
<z Z,2 z> > z Z (3.2)
and
({ —T)Az*,Az*—Az)zl_T’”‘||Az*—TAz* ’ (3.3)
Combining (3.1), (3.2) and (3.3), we obtain that
0> -5 7 sz +1_—ﬂ||Az* —TAz*"2 . (3.4)
2 2

Since S, u e(—OO,l), we infer that z e F(S) and Az e F(T) by (3.4).
Therefore, z° solves problem (1.1). This completes the proof.

Next we construct the following self-adaptive algorithm to solve problem
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(L.1).
Algorithm 3.1. Initialization: let %, € H, be arbitrary. For n>0, assume
the current iterate X, has been constructed. If

X, —SX, + A" (1 -T)Ax,||=0,

then stop (in this case X, solves problem (1.1) by Lemma 3.1); otherwise, cal-
culate the next iterate X.,, by the following formula
{yn =X, —SX, + A (1 -T)Ax,,

(3.5)
o = X0 =700 Yoo vn 20’

where 7e(O,min{1—ﬂ,1—u}) is a positive constant and t, is chosen self
adaptively as

(X, —an||z +||(I ~T)Ax, 2
n = 2
A

We assume that the sequence {X,} generated by Algorithm 3.1 is infinite. In

other words, Algorithm 3.1 does not terminate in a finite number of iterations.

Theorem 3.2. Assume that S and T are demiclosed at zero. If Q +# ), then
the sequence {X,| generated by (3.5) converges weakly to a solution 7"
(=lim_,, P,(X,)) of problem (1.1).

Proof. Since A is linear and continuous, noticing Lemma 2.3, we see Q is
closed and convex. Thus we have that P, is well defined.

We next prove that the sequence {X,} is Fejér-monotone with respect to Q.
Letting z € Q), we then obtain that

<yn1Xn_Z>
:<xn—8xn+A*(I —T)Axn,xn—z>
:(xn—an,xn—z>+<A*(I —T)Axn,xn—z> (3.6)

2

> L, s [+ (1-T)
> min{L- 51—} ([, ~Sx, |-+ Ax, ~TA, ).
In view of Equation (3.5) and Equation (3.6), we deduce
e S A
=[x, ~ 2l =27z, (o %, = 2)+ 727 Iy,
(I%, I + A, T, )

<[, 2 +7? 2 (3.7)
[vall
_ (I, — ] +x, ~ T, )
—7m|n{1—ﬂ,l—,u} 5
[val
2
_ (||x 5%, [ + | A%, ~TAX ||2)
<[, ~ 2 =7 (min{1- g1 p} =y ) ——
[val
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This implies that the sequence {X,} is Fejér monotone.

Next, we show that every weak cluster point of the sequence {X,} belongs to
the solution set of problem (1.1).

From the Fejér-monotonicity of {X,}, it follows that the sequence {X,} is
bounded. Further, we deduce from (3.7) that

(I, ~ %, + A, ~ A%, )
A

y(min{l—ﬂ,l—y}—y)

<[, - -l -2

An induction induces that

(= 5x, I + A, ~TAx )
;/(min {1-81-u} —;/)z

2
= [val

which implies that
- (||xn —5x, | + | Ax, ~TAX, ||2)
" vl

2

Observe that
(I, —xF +x, ~Ta )
Iyl

(I, — S + 1%, T )

2

X, —SX, + A (1-T) Ax,

(I, — [+ %, ~T ]

2%, - %[ +AF 1 -T) A

(3.8)

(I, ]/ +]x, —TAxn||2)2

-~ 2maxt ||A||2}(||xn s, |+ —T)Axn”z)

%, —Sx, ||2 +||Ax, —TAX, ||2
2max (LA}

By the demiclosedness (at zero) of $ and 7, we deduce immediately

@,

v (X,) = Q. To this end, the conditions of Lemma 2.1 are all satisfied. Conse-

quently, x, —Z =lim_ P,(X,). This completes the proof.
Next, we study an iteration with strong convergence for solving problem (1.1).
Algorithm 3.3 [nitialization: Let X, € H, be arbitrary. Iterative step:. for

n >0, assume the current iterate X, has been constructed. If
X, —SX, + A (1-T)Ax,[ =0,

then stop (in this case X, solves problem (1.1) by Lemma 3.1); otherwise, cal-

culate the next iterate X,,; by the following formula
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{yn =X, —SX, +A (1 -T)Ax,,

3.9
oo =y foX0 + (1=, ) (X, =77, Y, ), VN0, (3:9)

where 7e(O,min{l—ﬂ,1—,u}) is a positive constant and 1, is chosen
self-adaptively as

o SR
.

T, =

Theorem 3.4 Assume that:

() Q=J;

(Q2) S and T are demiclosed at zero;

(c3) lim, a,=0 and )~ a, =.

Then the sequence {X,} generated by (3.9) converges strongly to the solu-
tion 7(=P,f,z) of problem (1.1).

Proof. Putting 7 =P, f;z, we obtain from (3.7) that

"Xn VYo — 2"2

)("xn -+ A, T )

<[, =2 =y (min{1-p1-u} -y T

(3.10)
<o

Next, we show that the sequence {Xn} is bounded. Indeed, we obtain from
(3.9) and (3.10) that

0= =
<a,|fx -7+(1-a,) ||xn 7Y = 7|
<o, ([ %, = 2] +[ foz=2])+ (1=, )%, - 2]
< ay (vl =2+ [ foz = 2]} + (1= )|, 7]
<a,|fz-z|+(1-a, (1-V))|x, - 2|.

a, f.x, +(1-q, —-77.Y,) Z"

By induction, we get
foz—-12
.-l a2 )

which gives that the sequence {X,} is bounded.
By virtue of (3.9), we deduce

||xn+1—z||2 _<an f.x, +(1—a, ) (X, —yrnyn)—z,xn+l—z>
=(1—an)<( D= VTaYn )= 2 Xou —z>+o:n (f.x,—f.2,%,,-2)
+a, (foz2-2,%,,-12)
< (1= )xo =¥ = 2|
+a, (f2-2,%,,-2)

Xna =2+ [[fox, = £z 00—
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X = 2|+ @V %, = 2|

<(1-a, )% =7y = 7| X1 =7

+a, (f2-2,%,,,-17)

1 2 1 2
S\ETE) Sl T Y T Al T
R PR

R L e e AU}
which implies
%1 — z|| (1-a,)|% =77 Yn — z||2 +a,V|x, - z||2 +2a, (fyz-2,%,-1).
This together with (3.10) implies that
va=2f

<(1-a, (1-V)) %, — 7| + 2, { oz =2, %,,, — 2)

[

(I, 5, + A%, T, )

~(1-a,)y(min{l-B.1- u}-7) T (3.11)
<(1-a, (1-V)) %, — 7| + @, | 2(Foz—2,%,, —2)
2
(1-a,)7(min{1- - - ) (1% =S +lAx ~TAx )
o, S(1-T)Ax |
Set 9, =||Xn—z||2 and
1- in{1-B1- u}—
o, =2<foz—z,xn+l—z>—( @)y (min{l-p1-uj-7)
an
(I, - %F + ], ~TAx,F) (312
X
Sx, + A" (1-T)
forall n>0. Returning to (3.11) to obtain
8,4 <(1-,(1-V))5, +a,0,, Vn=0. (3.13)
From (3.12), we find
o, <2(fz—-2,%,, —2) <2|fyz—7|||x,,, — 2|

It follows that limsup, ,, o, <+o.
Next we show that limsup,, o, >2-1.
If limsup,,, o,<-1, then there exists N, such that o, <-1 for all
N =n,. It then follows from (3.13) that
8yq (1=, (1-V))6, —a, <5, —a,
forall N =nN,. By induction, we have

ot < Za (3.14)

i=ng
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By taking limsup as n— oo in (3.14), we have

n
limsups, <&, —lim > ¢ =,
n—oo .

n—oo i=ng
which induces a contradiction. So, —1<limsup, , o, <+ . Thus, we can take
a subsequence {n,} such that

limsupo, = l!im Oy,
—>0

n—oo

(1—ank )7/(min{1—,3,1—,u}—7/)

a
2)2

=lim2(f,z-2,%, ,~2)- (3.15)

k—o

|

Since <fOZ, Xno1 ™ Z> is a bounded real sequence, without loss of generality,

g |x, ~TAx,

Xp, = X,

Nk

Nk
2

X, =S¥, + A (1-T)Ax,

we may assume Iimk—m<f02’xnk+l_z> exists. Consequently, from (3.15), the

2)2

5

following limit also exists

g | ax, ~Tax,

Xp, —SX

Nk

i (1-a, )y (min{l-B1-u}-y) (

k—w an
k

X, —SX, + A (1-T)Ax,

It turns out that

’ + ||Axnk —TAxnk

Iim(

k—o0

2\2
X, — SX, )
k k
=0. (3.16)

2

X =S, +A(1-T)Ax,

Taking into consideration that

) ) 2 2)\?
X, = SXo, +||Axnk ~TAX, ( —— +||AXnk —TAX, )
< ’
2max {1, A X, —Sx, +A (1-T)Ax, [
we then deduce from (3.16) that
lim|x, —Sx, [ = lim |Ax, —TAx, |=0. (3.17)
k—ooll Tk K k—o k k

It follows that any weak cluster point of {Xnk } belongs to Q. Observe that

o =l

n+1l

<a, "Xn - ann||+(1—0!n)}/Tn "yn”

(I, -6, + A%, ~ T )

> "

=a, ||xn - fnxn||+(1—an)7/

X, —SX, + A" (1 -T)Ax,

By (C3) and (3.16), we derive

lim =0.

k—o

Xnk 1 Xnk

This means that any weak cluster point of {X } also belongs to Q.

Ny +1
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Without loss of generality, we assume that {X } converges weakly to X € Q.

ny +1

Hence, we obtain

mnwponsEm?(%z—LxWﬂ—z>:2(%2—LY—2>SO

n—oo
due to the fact that z =P, f,z . Rewriting (3.13) as

Oy

1-v

8yn <(1-a,(1-V))6, +a, (1-V)

n+l —

, vn>0,

and noticing Lemma 2.2, we get X, —>Z as N —>o0.

Theorem 3.5 Let S:H, > H, and T:H, > H, be two demicontractive
mappings with constants [} e[O,l) and ,ue[O,l), respectively. Then the se-
quence {x,} generated by (1.1) converges strongly to the solution 7(=F,fyz)
of problem (3.9) under the assumption of Theorem 3.4.

4. Conclusion

In this paper, we consider a class of the split common fixed point problems. By
extending results in [16] [17] from the directed mappings or the demicontractive
mappings to the demimetric mappings, and a fixed point U € H; to a sequence
mappings {f,} =II, we construct two self-adaptive algorithms for solving the
split common fixed point problem. Further, we also establish the weak and
strong convergence theorems under some certain appropriate assumptions. The
results in this paper are the extension and improvement of the recent results in

the literature.
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