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Scientific Research Publishing Inc. 1. Introduction

This work is licensed under the Creative The stability problem of functional equations originated from a question of

Commons Attribution International

License (CC BY 4.0). Ulam [1] in 1940 concerning the stability of group homomorphisms.

http://creativecommons.org/licenses/by/4.0/  Give a group (Gl,*) and a metric group (GZ:'ad) with the metric d(.’.) .

Given >0, does there exist a 6>0 such that if f:G — G, satisfies
d(f(x*y),f(x)-f(y)) <9 for all x,yeG,, then there is a homomorphism
g:G, > G, with d(f(x).g(x))<e forall xeG,?

Hyers [2] gave the first affirmative partial answer to the question of Ulam for

Banach spaces. Hyers’s Theorem was generalized by Aoki [3] for additive map-
pings and by Rassias [4] for linear mappings by considering an unbounded
Cauchy difference. The paper of Th. M. Rassias has provided a lot of influence in
the development of what we call generalized Hyers-Ulam-Rassias stability of
functional equations. Beginning around 1980, the stability problems of several
functional equations and approximate homomorphisms have been extensively
investigated by a number of authors and there are many interesting results con-
cerning this problem (see [5]-[18]).

The functional equation
flx+y)+f(x=y)=2f(x)+21(»)

is called the quadratic functional equation. Every solution of the quadratic func-
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tional equation is said to be a quadratic mapping. The Hyers-Ulam stability for
quadratic functional equation was first proved by Skof [5] for mappings acting
between a normed space and a Banach space. P. W. Cholewa [6] showed that
Skof’s Theorem is also valid if the normed space is replaced with an abelian
group.

Now we recall some basic facts concerning (,B, p) -Banach spaces. We fixed
real numbers f# with 0< <1 and pwith 0<p<1.Let K=R or C.Let
X be linear space over K. A quasi-f-norm "" is a real-valued function on X
satisfying the following conditions:

@) ||x|| >0,Vxe X; |x|| =0 ifandonlyif x=0;

(ii) ||/1x|| = |/1|ﬂ ||x||, VxeX,fekK;

(iii) There is a constant K >1 such that ||x+ y” < K("x" + ||y||), Vx,yeX.

The pair (X , ||||) is called a quasi-f-normed space if |||| is a quasi-f-norm

on X The smallest possible K is called the module of concavity of "" . A qua-
si-f-Banach space is a complete quasi-fS-normed space.

A quasi-f-norm |||| is called a (,B,p) -norm if ||x+ y"p < ||x||p +||y||p for all
xe X . In this case, a quasi- (ﬁ', p) -Banach space is called a (ﬂ, p) -Banach
space. For more details and related stability results on ( B, p) -Banach spaces,
we refer to [19] [20]. Recently, L. Gdvruta and P. Gavruta [21] studied the ap-
proximation of functions in Banach space. In this paper, we will consider this
problem in (ﬁ', p) -Banach spaces and extend previous result for quadratic

functional equations.

2. Main Results

Given 0< <1 and 0< p<1. Throughout this paper we always assume that
Xis alinear space, Yis a ( B, p) -Banach spaceand f:X — Y isamapping.

Definition 2.1. Let f: X — Y be a mapping. We say fis ®-approximable by
a quadratic map if there exists a quadratic mapping Q: X — Y such that

|7 (x) -2 (x) <@ (x) M
for all x e X .In this case, we say that Qis the quadratic ®-approximation of £
The following result is our main result in this paper.

Theorem 2.2. Let V= {CD (X >R, :lim4"7 ®” [ZixJ =0,Vx e X} and

n—0

suppose @ €V,. Then fis ®-approximable by a quadratic map if and only if the

following two condition hold:

1 1 1 1 1 1
—xt—y |+ fl—=x——y |-2f| —x|-2f] =
f(z" 2”) f(z" 2”) f(Z" j f(z"yj

(ii) There exists ¥ €V such that

P
X S‘P”(ij+ ! (Dp(x),xeX.
2n 4nﬂp

P

(i) lim4"" =0,

n—0

x,yeX;
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In this case, the quadratic ®-approximation of fis unique and is given by
. 1
Q(x)=lim 4"f(2—nxj

forall xe X .
Proof. We first assume that fis ®-approximable by a quadratic map. Then for

%,y € X , we have
||f(x+y)—Q(x+y)"S(D(x+y)
and
I/ (e=y)-0(x=p)| s @(x-).
It follows that
| ety +f(x=y)=27 (x) =2/ (»)]
<[r e =oer ) +]f (x=r)-0(x-2)f

s ) -20() +[21 (v)-200)
S DF (x4 )+ D7 (x—y)+ 277 D7 (x)+ 27 O ()

forall x,ye X .Hence

(et oo ()

<4"r P Lx+Lyj+4"ﬂpCD”(Lx—iy
2" 2 2" 2

P
4"ﬂp

+4"p QPP P [ix) +4"8r PP P (Lyj
2" 2"
for all x,y e X . By letting n — oo, we obtain condition (i) since ® €/,. Since
Q1is quadratic, we have
1 1
—x |-0| —x
(3ol

,( 1 1 ,
< OF (z—nxj+ Y 7 (x)

forall xe X . Wetake ® =" eV] in the first position, then for all xe X , we

p p

+

P

1

M3r )70 007 ()

4n

o

have

: P 1 1 P
<Y 2—nx +4nﬁpCD (x)

1 1
—x|-—f(x
()50
and the condition (ii) holds.
Conversely we suppose that (i) and (ii) hold. It follows from condition (ii) that

forall xe X, we have

4 f(%xj— 7(%)

< 4rhrr (%x)—i-(b" (x) (2)

Then {4" f (zinxj} is a Cauchy sequence. Indeed, by using zimx replace x,
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we get

P

1 1 1 1
4" x|=fl—x|| <4"rwr x|+D7| —x |,

and by multipling 4"7, for all x e X , we have

grem f(—l xj—4”’ f(ix] "< g [ijw'"q)p (ixj.
pntm om 2m

Hence, forall xe X,

R A

as m,n — o, Since Yisa (ﬁ,p) -Banach space, the limit

P
—0

. 1
O(x):=1im4" f (2_”xj exists. Let n—> o0 in relation (2), we get condition (1).

Now we show that Q satisfies the required conditions. From the hypothesis,

forall x,ye X,

ez orlase e )

Hence forall x,ye X,
lo(x+y)+0(x-y)-20(x)-20(»)|=0.

P

lim 477 =0.

n—»0

Therefore
O(x+y)+0(x-y)=20(x)+20(y)

and Qis a quadratic map. Now we show the uniqueness of Q. We suppose that
Q satisfies

[ (m)-e(] <o (x)
forall xe X andthereexistsa Q' satisfying
£ (x)-0 (@) < @ (x).
Since Qand Q' are quadratic mappings, we have
(> x)—Q(zinxj‘= 137)-0
forall xe X .Henceforall x,yeX,
0(x)-4'7(3:%)

<2-4"P P (ix).
2’1

<O (L xj
2)1

#1(3r )00

P
+

'3

lo(x)-0'(x)]" <

Since ® eV, forall xe X, we have

lo(x)-0'(x)]" <21im 4" @ [Zixj =0.

n—»0
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Hence forall xe X, Q(x) = Q'(x) . This completes the proof. O
Corollary 2.3. Let ¢: X xX —[0,0) be a mapping satisfying

© 11
d)lp(x,y)=§4 ﬁpw‘u(an x’2n+l yj<00

and
lim 4?7 ®* (%xj =0

for all x,ye X where CD(x) =0, (x,x). Suppose f:X — Y a function with
f£(0)=0 and satisfying

[ (e 2) 1 (e=9) =21 (x)=27 )] < 0" (37) )
for all x,y e X . Then there exists a unique quadratic function Q:X — Y such
that

"f(x)—Q(x)” <O(x),xeX
which is defined
O(x)=lim 4”f(2lnx)
forall xe X .

Proof. Replace xand yby %x in (3), we have

beo-s(3)f <0 (33)

Dividing by 4”7, we have

1 O 1 X x
Zf( )—f(zj SW(P (E,Ej (4)
Replacing x by %x in (4), we get
I (x O\ 1, (x x
HZf GG v (33 )

Then we have

o3

P P P

1

- 4—2f (-3 (5] ar
o (35 3
- (3ot

<5 @ (1)

J/(e)
)
)

~
7~ N\
N | =

4;|><
4;|><

-|>|><
-I>|><

forall x e X . We claim that
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p

1 1 1
Mﬂﬁ{&ﬂjswﬂﬂﬁ ©)

holds for all m>1 and xe X .When m=1, this is obviously by (4). Suppose
(6) holds when m =k, e forall xe X,

1

7 0-157)

Then for m =k +1, we have

4+ f(x)_f(zgn x)

1 | X 1 X 1
A S (Ej +4—kf(§j—f[—2k+1 x]
1 o[ X X poep| X
<o 7 (3) 40 3)

1
< 4(k+l)ﬁp e (x)

P

<

1
5 (3).

P

for all xe X . By induction, (6) is true for all m>1 and xe X . Replacing

(x, y) by (21'1 x,%’ yj in (3) and multiplying both side by 4"/”, we have

1 1 1 1 1 1
470 || oy —y i f| =y | -2/ —x -2/ —
f[z" 2"yj f(Z" 2"yj f(z" j f(z"y)
1 1
<4 pr| —x,—y|.
w(zn Z)IyJ

P

Since

0

<I>f’(x,y)=24”ﬁ"¢”( - ]<oo,

"{) y
o 2n+l 2n+1
we have

. 1 1
lim 4" p? (2n+1 X’ij =0
forall x,ye X .Henceforall x,ye X,
11 11 1 1 [
—X+—y |+ f| =x——y |-2f| —x|-2f| — =0.
f(z" 2"yj f(z" 2"yj f(z"J f(z"y)

It follows from Theorem 2.2 (with W =0 there) that there exists a unique
quadratic function Q such that

|7 (x)-0(x)| < @(x)
for all xe X .
:lim

Theorem 2.4. Let V, = {qa X >R, g (2"x)=0,vxe X} . Sup-
n—»w 4nﬂp

O
pose ® eV,. Then fis ®-approximable by a quadratic map if and only if the
following two condition

DOI: 10.4236/am.2019.1010058

822

Applied Mathematics


https://doi.org/10.4236/am.2019.1010058

X.J. Chietal.

() lim— " =0;

n—o 4”ﬂ1’

”f(Z"x+2”y)+f(2"x—2”y)—2f(2”x)—2f<2”y)

(ii) There existsa W €V, such that

£ (27x)-4 (o) < w7 (2x)+ 47707 (x)
hold for all x,y e X . In this case, the quadratic ®-approximation of fis unique

and is given by

o(x)= 1imif(2"x), xeX.

n—o 4"

Proof. The proof is similar to that of Theorem 2.2 and we omit it. O
Corollary 2.5. Let ¢: X xX —[0,00) be a mapping such that

! (x,y)= i47("+l)ﬂp o’ (2” X, 2”y) <o

n=0

for all x,yeX . Let CD()C)=CD1 (x,x) . Suppose lim o* (2"x)=0 all

4nﬂp

xeX.Llet f:X—>Y afunctionwith f(0)=0 and satisfying

|f G4 w)+ f(x=p) =27 (x) -2/ )| <0 (%)

for all x,y e X . Then there exists a unique quadratic function Q:X — Y such
that

|7 (x)-0(x)] < @(x)

forall xe X.
Proof. The proof is similar to that of Corollary 2.3 and we omit it. O
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