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Abstract

In our previous paper [1], we proposed a non-standardization of the concept
of convolution in order to construct an extended Wiener measure using non-
standard analysis by E. Nelson [2]. In this paper, we consider Ito’s integral
with respect to the extended Wiener measure and extend Ito’s formula for
Ito’s process. Because of doing the extension of Ito’s formula, we could treat
stochastic differential equations in the sense of nonstandard analysis. In this
framework, we need the nonstandardization of convolution again. It was not
yet proved in the last paper, therefore we shall provide the proof.
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1. Introduction

As for an analysis of stochastic differential equations driven by extended Wiener
process in the sense of nonstandard analysis, we need to extend “Ito’s formula”
for Wiener process or Ito’s process. In the previous paper, we extended a
concept of convolution in Fourier series to the case of nonstandard analysis.
According to the result, we shall extend some theorems in probability theory, for
example, the law of large numbers and the central limit theorem, and shall
reconstruct Ito’s formula by using nonstandard analysis. We shall give the proof
of the reconstruction of Ito’s formula in the case that the convolution of
probability density which functions in a nonstandard extension is convergent for
some functional F(t,X(t)) of Ito’s process X(t). The problem was not
solved still now.

If the convolution is not convergent, what kind of problem does it occur? In
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Taylor expansion of F(t,X), the higher terms may not vanish. Then, Ito’s
formula does not be established. As to what we shall give extended law of large
numbers and extended central limit theorem, they will be provided precisely in

the next paper.

2. Ito’s Integral for Extended Wiener Process in
Nonstandard

In our previous paper [1], we showed that Fourier series can be described by the
convolution in nonstandard analysis, then the series of i.i.d. random variables
using Loeb measure [3] converges in L? sense under some moment condition.
Therefore, the definition of stochastic integral in classical probability theory can
be extended by the way of nonstandard analysis [4], [5].

Furthermore, we need to prove some laws of large numbers for i.i.d. random
variables to show the convergence to a stochastic integral.

In fact, we use an extended concept of the convolution to investigate the
expectation or the distribution of series of i.i.d. random variables for the
nonstandardization of the law of large numbers.

In order to prove the convergence of sums of higher order of AW, such as
(AW, )3 (AW, )5 ,--- in the proof of Ito formula, we need to extend the law of
large numbers for AW, in the sense of nonstandard.

From the above discussion, we shall define the stochastic integral in
nonstandard analysis.

Let At be the infinitesimal and N =i. The extended Winer process is

defined as follows.
t
Definition 2.1. Let N, = e 0<t<T and N =N,. Assume that a sequence

of L.i.d. random variables {AW, k =1,---,N} has the distribution
P{Awk=JE}=P{AWk=—\/E}=% (1)

foreach kK =1--,N . An extended Wiener process {W (t),t> 0} is defined by

N
W (t)=> AW,, 0<t<T. (2)

k=1

Ito’s integral (stochastic integral) in the nonstandard sense is defined as
follows.

Definition 2.2. Zet {W (t),0<t<T} be an extended Wiener process. Assume
that an adapted process {o-(t),OSt ST} with respect the Wiener process
W (t) is defined by

o(t)=Y,t <t<t,, k=01--N, (3)

where t, =kAt,k=0,1,---,N and each Y, is measurable with respect to
{W (t),OStstk}.Assume that

E[Y2]<w, k1. (4)
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A stochastic integral in nonstandard analysis is defined by
T N
[ o(®)dw (t) =YY, AW, (5)
k=1

where Y, is independent of {W (t).,t> 0} {AWk k=1---, N} is a sequence of
i.i.d. random variables with the distribution

P{AWk:\/E}:P{AWk:—x/E}:%. (6)

Remark 1. In classical (standard) probability theory, Ito’s integral
IOTG(t)dW (t) is well defined under the condition of the existence of the
variance of o (t) for each 0<t<T .In nonstandard analysis, the convergence
of the series in (5) may not be ensured. On the other hand, take note that we
have already given some sufficient conditions for the convergence of the

convolution in Fourier series. See [1].

3. Proof of Ito’s Formula for Extended Wiener Process in
Nonstandard

From the concept of Ito’s integral for the extended Wiener process, we provide
Ito’s formula for the extended Wiener process.

Theorem 3.1. Let F(t,x) be of C3. Assume that the condition (4) is
satisfied, then we have the following for the extended Wiener Process W (t).
Forany T 20,

F(LW(T))=F(0.W (0))+ [ F (tW (t))dt
+jOT F (LW (t))dw (t)+%joT Fo (LW (t))clt. 7
Proof.
F(t+AtLW (t+At))-F(t,W(t))

= F (LW (1)) At+F, (LW (t)){W (t+At)-W ()}
Fy (LW

—~
—
—~
—
S—"
~—
—_
>
—
~—
N
+
<
—
—~
—~
—
~—
~—
>
=3
=
—~
—
+
>
=3
~—~—
|
—~
—
~—
——

+% Fo (LW (1)) W (t+AL)-W (1)} +% Fe (tW (1))(AL)

PR (LW (1) AW (t+ A0 -W (1)) ®)
Put

AWk :W(tk)_w(tk—l)’ k :0,1,“',N _1
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and
AW =W (T)_W (tN—l)
then,
F(tw(T))-F(ow(0))
=i F(t W (tH))AHiFX (tsW (1)) AW,
+%g|= (t W (t,_ ))(At) +Z (LW () AtAW,
+%gﬁx (taW (8 )AL +§; Fae (t2.W (84)) (AL)’

D P (W (8) (A AW, R (4 W (1)) ()

1 N
+akZ:‘IFW (t W (1, )) AtAW, +---

:I;Fl( dt+j W (t))dw (t)

+%{j§|=n (tw (t))dt}At +{j0TFtX (tw (t))dw (t)} At

+= j ))dt+= (Atz){j » }

+3§At{j R (LWt }+%At{j o ())dt}
WD)

+— At{_[ FXxx +-
= [ (tw(t) dt+j|: (LW (t))dw (t) ©)
+%j§|:xx(t,w(t))dt

4. Proof of Ito’s Formula for Ito’s Process in Nonstandard
Let X (t) beIto’s process defined by
X (t)=Xo+[;b(s)ds+ [ o (s)aW (s), 0<t<T (10)

where b(s) and o(s) areadapted processes with respect to a Wiener process
W (t) . Then, we have Ito’s formula for the Ito’s process.

Theorem 4.1. Let F(t,x) be of C°, then we have the following. For any
T2>0,

F(t.X(T))= )+ [ (tX
j (t )b(t) dt+j X (t))o(t)dw (t) (1)
2 LF ( (t)o(t)
Proof. We provide the proof by using nonstandard analysis.

From the Taylor expansion for the two-dimensional function F(t, X (t)), we
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have the following.
F(t+At, X (t+At))—F (t, X (t))
=F (6, X (t))At+F (t, X (t)){ X (t+At)- X (1)}

+3Ftt (6, X (1))(At)" + Fy (£, X (1)) At{X (t+At) - X (1)}

2
F R (EX )X (680 - X (O] + 3 Fy (6 X () (a0
2 (X ) (X (20X (1)
+%|:m (t, X (1)) At{X (t+at)- X (1)} (12)
+% Fra (1 X (0){X (t+A8) =X (1)} +

In nonstandard analysis, we can represent the Ito’s process X (t) for the
extended Wiener process by

X (t) =X +ftb S ds+jta (s)dw (s)

=X +Zb( ’ 1)At+ZG( 1) AW, 0<t<T,

k=1

(13)

where for infinitesimal At

N {l}, t, =KAt, k=0,1---,N
At

and
AW, =W (t,)-W (t,_,), k=0,1,---,N.
(

Therefore, the difference of X (t) can be represented by the following,
AX, = X (1)~ X (1,2 =b(t, ) At+ (1, ,) AW, 19

On the other hand,
(AW, )" =(At)" as.

foreach n>1 from (1).
Thus, we have the following.

F(LX(T))-F(0.X(0))

= iFt (tey X (t,))At+ ZN:FX (tes X (t1))AX,
+%§;Fn(tkl,x( ))(At +gﬁx(tk1, 1)) AXW,
£33 R (s X ()X 5 R (b X (1)) (A1)
+%gpm(tk,x(tk))( 0 AX, + 2 iFtXX(tk,X( t)) At(AX,
3 2Fun (1 X (1)) (06,

:iﬁ tep X (ty))At
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J’_
M=

F, (ten X (ty)){b(ty ) At+ o (t ;) AW, }

=
Il

M= "

Fe (b X (8))(AL)°

+
N |-

=~
1]
iN

+
M=z

Fu (ten X (t 1)) At{b(t, ) At+o(t ;) AW, |

=
I
JuN

Fo (b X (8)){b(t 0 ) At + o (6, ) AW, )

=~

+
N |-
M= b=

+%k:lFm (tkfl, X (tkfl))(At)3
+%I(N21Fttx (tk , X (tk ))(At)z {b(tk,l)At + O'(tk,l)AWk}

F LR (X () ()dW (0)+ 2[Ry (6X (1) (1) e

Thus we prove Ito’s formula for the extended Ito’s process.
Remark 2. Let X, X,,---, X, be independent random variables with density

n
functions f,, f,,---, f,, respectively. Then, the distribution of ZXk can be
kL
represented by convolution f, * f, *...* f_. In standard analysis, for the Fourier

transform of the convolution

F(fxfyxf)=T[F(f) (16)
k=1
is established, where F ( fk) is the Fourier transform of f, .
From our previous paper [1], the result can be extended in the sense of
nonstandard. See pp.976. Therefore, it is applied for the extension of limit

theorems as like central limit theorem, law of large numbers and so on.

5. Conclusions

In classical (standard) probability theory, the stochastic integral
[ o (t)aw (1) (17)

is defined under the condition of the existence of the variance of o (t) for each
0<t<T.In nonstandard analysis, the convergence of the series in (5) is proved
from the above arguments. On the proof of Ito’s formula, it can be applied for
other estimations as the same way.

Furthermore, the proof of Ito’s formula in nonstandard analysis becomes

simple rather than the proof in standard one.
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