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Abstract

It is well known that the full compressible Navier-Stokes equations with
viscosity and heat conductivity coefficients of order of the Knudsen number
€>0 can be deduced from the Boltzmann equation via the Chapman-Enskog
expansion. In this paper, we carry out the rigorous mathematical study of the
compressible Navier-Stokes equation with the initial-boundary value
problems. We construct the existence and most importantly obtain the higher
regularities of the solutions of the full compressible Navier-Stokes system
with weak viscosity and heat conductivity in a general bounded domain.
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1. Introduction

This paper is concerned with the following initial boundary value problem of the
full compressible Navier-Stokes equations [1] in a smooth bounded domain
QeR’

atp+vx (pu)zoa
p(Ou+u-Vu)+V P=e{ubu+(A+u)VV-u}, P=po,

(1)
%p(8[¢9+u-vx9)+va = e{m9+§((w)+(w)T )2 +,1(v-u)2},
with the initial data
[p,u,H](O,x) = [po’”o’eo](x)’ )
and the Dirichlet boundary condition
[.6]., =[0.1], 3)
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where p(1,x)>0, u(t,x)=(u,u,,u;) and O(t,x)>0 denote the density,
velocity and temperature of the fluid, respectively. €>0 is the Knudsen
number, and the constants y#, A>0 and x>0 stand for the viscosity and

heat conductivity coefficients, respectively, moreover 4 and A satisfy the

2
physical restrictions ,u+§/1 >0. Our goal in this paper is to study the global

existence of (1) with € >0 and small enough.

The Navier-Stokes equations are a fundamental model aimed at describing the
motion of an incompressible viscous fluid. There are huge number of
literatures on the mathematical studies for the compressible Navier-Stokes
equations. Here, we only mention the works related to our current study. The
full compressible Navier-Stokes equations with viscosity and heat conductivity
coefficients of order of the Knudsen number €¢>0 were formally derived by
Bardos-Golse-Levermore [2]. Recently, Liuyang Zhao [3] and Duan Liu [4]
justified the compressible Navier-Stokes equations as the second order
approximation to the Boltzmann equation in the whole space and in general
bounded domain, respectively. Wang [5] and Wang Xinyong [6] studied the
vanishing viscosity limits of the compressible Navier-Stokes system, while the
same issue for the incompressible one was also investigated by Masmoudi-Rousset
[7]. When the viscosity and heat conductivity are independent of the Kundsen
number, Matsumura-Nishida constructed the global existence in the whole space
[8] and in bounded domain [9] by an elementary energy method, respectively.
Recently, Huang Lixin [10] proved the global well-posedness of classical
solutions with large oscillations and vacuum for the isentropic compressible
Navier-Stokes equations. The large time behaviors of the classical solutions are
studied by Ukai-Yang-Zhao [11] and Duan-Liu-Ukai-Yang [12] and reference
therein. For the mathematical study of the weak solutions of the compressible
Navier-Stokes equations we refer to the survey book by Lions [13].

Compared with the previous works such as [8] and [9], the main difficulty in
the current paper is the weak dissipation structure of the system (1), say, the
coefficients of the viscosity and heat conductivity involve the Knudsen number,
it is quite hard to establish the higher regularities of the solutions. More precisely,
the standard elliptic estimates cannot be directly applied here due to the
singularity perturbation and the usual regularity estimates to deal with the
boundary value problem of elliptic partial differential equations which cannot be
available either. To overcome those difficulties, we introduce the Helmholtz
decomposition, the Galerkin method and conormal derivatives to handle the
boundary terms and obtain the higher order energy estimates. The overall
structure of this paper is to make zero-order, first-order, second-order energy
estimates and conormal energy estimates for Navier-Stokes, we construct the
existence and most importantly obtain the higher regularities of the solutions of
the full compressible Navier-Stokes system with weak viscosity and heat
conductivity in a general bounded domain.

Notations. Throughout this paper, C denotes some generic positive (generally
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large) constant and A denotes some generic positive (generally small)
constants, where Cand A may take different values in different places. D < E

means that there is a generic constant C >0 such that D<CE.

2. Solutions of the Compressible Navier-Stokes Equations

This section is devoted to proving the global classical solution to the initial
boundary value problem of (1), (2) and (3), the main result of this paper. We
emphasize that it is extremely difficult to obtain the uniform higher regularity of
the solutions of the system (1), (2) and (3) due to the weak dissipation on the
right hand side and the non-slip boundary condition, which is quite different
from the incompressible case, where the standard elliptic estimates can be
directly adopted to gain the regularity of the solutions, cf. [7]. To settle this
problem, it is convenient to introduce the so-called conormal derivatives. Since
OQ is compact, one can find finitely many points x; €0Q, radii 7 >0,
corresponding sets Q. =Q B’ (xf),r.) and smooth functions ¢, € C*(%,)

i

(i=12,---,m,k >6) such that 8QCU;”B°(x?,rI.) and

Q, :{xeBO(x?,;;)\x3 >¢l.(x1,x2)},m2i21.

In what follows, we omit the subscript 7of ¢, for notational simplicity. Using
this, we now change coordinates so as to flatten out the boundary. To be more

specific, we define
) :(y,z)H (y,¢(y)+z)=x.

Denoting e, :(1,0,8l¢)T e :(0,1,82¢)T and e, :(O,O,—I)T, one sees
that €€ qse, is a local basis around the boundary. We emphasize that e,
and e, on the boundary are tangent to 0Q, and in general, e, is not a
normal vector field.

The following lemma is concerned with the basic properties of the conormal
derivatives.

Lemma 1. Let

Z = 6)7,. =0,-0,¢0,,i=1,2,

where ¢(z)= . = is smooth, supported in R, with the property 9(0)=0,

+z
¢'(0)>0, ¢(z)>0 for z>0. Itis easy to check that
2,2, = 2,72,
and
0.2, =20.,i=12.

We now define the following Sobolev conormal derivatives
7% = atao Za = 6;10210!112;12 R

where a,q,,a, are the differential multi-indices with

def .
a=(ay.a,),a =(a,,a,),and the corresponding Sobolev conormal norm:

DOI: 10.4236/ajcm.2019.92003

34 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2019.92003

W. Zhang et al.

|7 ()

2
H”‘_Z
« ‘aﬁm

Z°f (1)

2 1)

ko = Z
H(‘Uw

‘aﬁk

Z°f (1)

w 9
Ly

for smooth function f(z,x). Note that we also use H * to denote the usual
Sobolev space W**(Q).

The following anisotropic Sobolev embedding and trace estimates which are
given in [[7], Proposition 2.2, pp. 316] will be frequently used in the later proof.
Lemma 2. Let m >0,m,>0 be integers, feH!" (Q)NH!(Q) and
VfeH!”(Q).
Then
11 < NN 1y

provided m, +m, 23, and

Ty < U g 1 g T -

for m;+m, >2s20.

The solution of (1), (2) and (3) is sought in the set of the functions space
X (1)= {[p,u,&] | "[p—l,u,@—l]"i <ce’ e, > 0,20, +|a1| <my, my > 6},

where

2

e+ |V [P.0.0](s )"2;120“}

2
a3 |t

[l 161, = sup {|lo~1.u.0-1](s)

+ sup {62 "V2 [p,u,0]| ’

0<s<t

+é "V3 [u,ﬁ]

mo-2
HCOO

We now state the main result of this paper.

Theorem 1. Let x, >0 and m,26.1If

"[pO —Lu,,6, _1]”X( < K€,

then there exists a unique global smooth solution [p,u,6](¢,x) to (1), (2) and
(3) satisfying

2
+
HO

2 2

"[p—l,u,H—I] V. [p.u.,0] +é

2 t
+e
0

my=3
H

v2[p.u,0]

2 ds+ej; v, [u,H]”Zmo ds
2 co (4)
ds

mo-1
HL‘(JO

mo—1 -2
H HO

+ét

t
+ef
0

<G "[po —Luy, 6, _1]"; ’

Vi [u,é’]

V.p

2

Vip

ds+e_|'

t
0

V2 [1.6]

mo—2
H('OO

for C;>0.

Proof. The local existence of (1), (2) and (3) follows from a standard iteration

method, we only prove the a priori estimate (4) under the a priori assumption
N() <k, 5)

where N(r) is given by
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N(t)=N(p.u.0)(t)

=[[p-1.u.0- 1]Hm0 [puﬁ]"Hol-i-e [pu@]ﬂmoz
+é [u 6?] o ]Hmods
pHozds+e ]Holds.

The proof is then divided into the following four steps.
Step 1. The zeroth order energy estimate. Denote [ o2 é] = [ p—1,0- l] , take

0
the inner product of (1),, (1), and (1); with p,u and 5 , respectively, to obtain

2dltllpll +(V,pu, p)+ (Y, - p) +(V, -u, p) =0, (6)
jpuzdx+( Bou)+(V, é,u) (6, p.u)+(pV . 0.u) -
= —pe|V i} ~(2+ p)e
ji anzdx+§ 929 0,0dx += j L v 9dx+(V 0,0)+(pV, u.0)
-] e gvxe}%ﬂe((wp(wf)zm{(v.u){%}. v

Taking the summation of (6), (7) and (8), applying Lemma 2 and the a priori

assumption (5), we then have for some 4 >0

[, ))] + 2¢f, | [ 0](5): o
SC”[ﬁ,u,é](O,x)z X[[),u,é}(s)zds.
To obtain the dissipation of V_p, we next get from the inner product of

e((1),.V,u) and €((2),.V,5/p) that

J. (0,,V, uds+I (o). v, u)ds - Ie—uvxp)ds

ds

t
+ K, €
0=Jo

+jeuvapdsj (u-Vu,v p dsj (V.P,V_5/p)ds
= j ,uAu+ (A+p)VV-u,v p/p)

<:>I puVudsje—qu)ds

—je (u-Vu, v p ds—fe (V.P,V. p/p)ds
= j (pdu+(A+p)VV-u,V 5/ p)ds,
where we used the fact (u,V,0,p)+(V,u,0,5)=0. The above identity then
implies
~e(. V. p)(1)+ 2e [ |V.A[; ds

< Ce|(u,Vx,[))(O)| + C”e3 ; (e +€2)J.(: ”Vx [u,é}(s)”i ds (10)

+C (K, +n)e (:
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Let x, and e be suitably small, then (9) and (10) give rise to

[7.0.6]0)
sc”[ﬁo,uo,eo] +Ce
<CN(0)+Ce*N(t).

—e|(u pr)| +/Ie

[pwilif

(u07vxp0

Similarly, by acting (% (, <[m,/2]) to (1), one also has
~ 2

or [ A0 (1),
~ 2

< cuafo XA
<CN(0)+Ce*N(r).

~ (e 0009 )+ acf |V 000 58] (5)] s

+Ce|(0gu,, V.80 5y ) + C€ [0, ds (11)

Step 2. The first order energy estimate. The energy estimates for V_ [ psu, 67]
are subtle since we know nothing about the derivatives of these quantities on the
boundary and the dissipation of (1) is very weak. Our strategy to take care of
these difficulties is the Helmholtz decomposition, elliptic estimates and the
Galerkin method. To see this, we first decompose u as u=u'+u’> with

2
u'=Vu, u” =V xv and u| =0.
’ oQ

Moreover, we set 6, (£,x)—1= idk (1)w, (x) with

k=1
w, (x) e Hy (Q)(k=1,2,---) being the eigenvalues of the operator —A_, Le.
-Aw, =AW, xeQ,
w, =0, x € 0QQ,

where 0< 4 <4, <---. The key point here is that we get an approximation

sequence ¢, suchthat A | =0.

oo
We now approximate (1) as

atp+vx'(pu):0’
(6 utu-Vau)+V, (pHm)=e{,uAu+(/1+u)VV-u},

(ae +u-v.0,)+ po, v.u:e{me+§((vu)+(vu)T)2+z(v.u)2}, (12)

[p,uﬁ] x) =[P, 6, ](x),

[0.0,]., = [0,1].

Note that here [ p,u]dg‘[ P..-U,, | also depend on m, we drop the subscript m

for brevity.

Noticing V,-u” =0,V xu' =0 and (u',u’)=0, taking the inner product
of (12), with ,u” and integrating the resulting equation with respect to  one
has

e(Vr xu®,V_ xu2)+ﬂj; ||8tu2||z ds
+C[ lpoul;

t
< Ce‘(Vx xuy,V, xué)‘+C/{§ : .

< Ce‘(V)C xué,VX xué)

u](s)|} ds

< CeN(0)+ CKéeN(t),
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here the fact that Au=V V_-u-V xV xu and
(V,xV, xu,,0u,)=(V, xu,,V, x0,u,) was used.

-1
Likewise, it follows that for ¢, < {moz }

e(VX x0%u*,V x6f°u2)+/1j.;

oo
<Ce[(V, xm, v, xamu |+ O V.00 [pal(s)ds 13)
< CeN(0)+CryeN(1).
Next, we consider the following elliptic problems
€V, u=—€d,p—epV - u—evV p-ushy,
—pehu+V P =—0u* - pou—pu-Vu'sh,,
U, =0,
where
P=0u+p0, —e(A+u)V, u.

In view of Lemma 4.3 in [[9], pp. 451] and applying Lemma 2, one has for

=
=Ty

- <|v.oen ] +[orn

|2
21l

- ||vxa,”o (—0,p =€V, -u—eV p-u )"z 4

2 2 A0
€ "Vx@, u

07° (—8tu2 — pO,u—pu qu)“z

<oty /5"2 +é "V o (pV, -u) "2 +é "V o (pr'u)"z (1)
+o% 2|| +[e2 (po,u || +[o2 (pu-v u) ||
2
el of sl sxic e
+||6t6f‘°u2 |z +xge |0 [pr,qu "2

From (13), (14) and (11), it follows

(v, x0mu?,v 00 xuz)-l-i.[;"@t@f’“uz [ ds+aef![V2ormul] ds

€
SCN(0)+CN (1) + 2 ooV plds + Az [[ [V 000 [ ] ds s

t
+ Ak e

25 [[),u]"j ds+ AnzeA ||

o0 [V, p.V [ ds
SCON(0)+C (x5 +€ )N (1)

Moreover, by using

—ephu—e(A+p)V .V, u=—pou—pu-Vu-V,p,

—exAO, = —%p(aﬂm +u-V.6,)-pO, V. u

+e{§((vxu)+(vxu)T)2 FA(V, u)}
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we get from standard elliptic estimates that

¢ ||v§a,“°u Csélpordl, +e|v.or1p.6,], +xie|v.ord,. a6
v2ong N” 0,026,.9,0u] ‘ +xe v, u.o, ] (17)

and
ooee, voed +xicvorlwe, ], a9

Next, (V (12) £)=((12),,V.V, -u)+(V, (12) v.6,) yields

L L. o2

2al Pl Zd > 4d
(V (pV u) pr)—a(apv ‘u,V, u)+( P ouVv, u)
+(V. - (pu-v )V, u)-(6,V.p,9.V, u)=(pV.6,,V.V, u)

Vpu)Vp)

xxxxx

~(v.,0,.V.V, -u)+e(pru+(A+p)V.V, -u,V.V_ -u)
+%(pr69 V.0, )—E(a pVXHm,V)ﬂm)—l-%(Vx(pu~Vme),VX0m)
+(V,(p,)V, u vxez) (AV.V, -u.V.0,)+(p0.V.V, -u,V.0,)
+(8,V.V,-u.v,0,)-¢(x,A,0,.V.0,)- : [((v u)+ (qu)T)z,ngmj
~e((V,-u)',v,6,) =0,
which further implies
V.ol +

SN(0)+x,eN (1) +e

e as

2 2 R .
G, = C ||Ax9m ||2 . Similarly, it also holds

)<,

where we also used the fact

V.V -0"u

X X t

ds

2 2 2
% -6,°u2+

+K6

(19)

< N(0)+K0€N (1)

for « S[mo_l}.
2

Step 3. The estimates for V:p . For any function f e H, (©), we as in the

2
ul| ds,
2

previous step introduce a projection P and decompose [ =Pf +(1 —]P’) f
with V_xPf =0 and If=f.Wenowact P to(12),to obtain

P{p(du+u-Vu)l+V (p0,)=ec{(1+2u),V, u}. (20)
Then (4+2u)e*(V2(12),.V2p)+(V,(20).eV2p) gives rise to
(/1+2y) d

5 % +(/1+2y)62(Vi(pr~u),Vip)

+(A+2u)e (vi (AV,-u),V2p)+e(V P{p(du+u-Vu)},Vip)
+¢(0,V2p.V2p)+€(V20,0.Vip)+26(V,0,V,p.Vip).
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Consequently one has

H|V2p||ds<N )+ K2EN (1) +6H

and a similar calculation leads us to

+/1€

ds

SN(0)+x5€N(t) +GI‘

(21)
AT a“oem]“z ds, for a, g[’”‘) _2}.

Let m — oo, we thereupon conclude from (11), (14), (15), (16), (17), (18), (19)
and (21) that

2

oy [ﬁ,u,é](t) +

2

2

Vv 07 [[),u, é}(t)

ao<[(mo-1)/2] 2
2 V2o® | pu,d |(t e V3% | u,0 |(t ’
T ap<[(m-2)/2] ’ |:'D ‘ :I( )2+€ ao<[(my-3)/2] I:u :|( )2
+2 Z/]j o [ﬁ,u,é](s)zdsm [Z /]j 20 [1,6](s)]. ds
2 2
+1 ds
w2 it

< CN(0)+CeN ().

Step 4. Conormal energy estimates. Acting Z“ (|a| < mo) to (1), we get
Z°0,p+Z°V -(pu)=0,
Z*(p(ou+u-Vu))+Z°V P=eZ{ yihu+(A+ u)VV-u},P=po,
%Z“ (p(8,0+u-V,0))+2 (PV, -u)=eZ" {mm%((wﬁ(wf )2 +/1(V~u)z}.
(22)
As before, the concormal energy estimates are also divided as the following
three steps.
Step 4.1. Basic energy estimates of Z“ [ ﬁ,u,é] . Taking the inner product of

-

(22),, (22), and (22); with Z%p,Z%u and

, respectively, we have

((22),.2°p):(2°0,p.2p)+(Z°V, -(pu). 2 p)+(2°V , -u. 2 p)
1d

=2 A+ (2 (V.pw). 2 p) (27 (3, ). 2 p)+(2°V, .27 p) =,

((22),,2°u):(2* (p(0u+u-V u))+Z°V P, Z")
= (EZ“ {,uAu+(/1+,u)VV -u},Z“u),

((22)3’Z;é}gza (p(0,0+u-V,0))+2° (Y, '”)’Z;éJ
_ [eza {m9+§((vxu)+(vxu)T | 4a(, “)}ZTFJ

and moreover
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(Z“ (po,u).Zu)
1d

=54 Qp(Z"‘u)zabc—%(@,p,(Z“u)z)+ > (Z“'pZa_ara,u,ZaU),

O<a'<a

(Z“ (pu~qu),Z“u)

Loz ace 3 (27 ()2 zo)

O<a'<a
3 VAL
Z| ze 9),
2( (p2.6) 0 J

L 2erd) a2 [ Loo(zd) ax-2{op () )

4 0
3 z°0
21 2% (pu-v.0),
2( (pu-v.0).= ]

3 1, .- 3 -
--2 va-(pu)g(z 9)2dx+Z Q%vxa(z 0) dr

FEAS (za’(pu).z“-“’vxe,ézaéj.

O<a'<a
Consequently, we arrive at
1d
2 dt

a ~

2B} +(2° (V. p-u).2p) 4 (2% (69, u). 2P)+ (2°V, -u.2) =0,

%% p(zeu) m+0<;a(za'p2“*“'a,u,zau)

+ 2 (27 (pu)- 2V, 20u) + (27 (8, p) . 27u)

O<a'<a

+(Z“ (ﬁvxé),Zau)+(Z”‘Vxﬁ,Zau)+(ZaVX§,Z“u)

(29)

= pe(Z°Au, Zu)+ (A+ p)e(Z°V V  -u, Z°u),
and
3drp
4dt720
3

pu a5\? 3 a' a-a' 1 apn
+ Q?vxe(z o) de+= Y (z (pu)-Z V.0.-7 9)

(Z“é)zder%fQﬁ@ o(2°0) dr+> ¥ (Z“'pzaa'ate,ézaé)

2 7t
9 2 O<a'<a

O<a'<a

+(p2°V, u,20)+(2°V -, 2°0)+ Y. (za'(ﬁe)z“'vx-u,Z;éJ (25)

O<a'<a

+ > | Z2762°V 0,220 k| 2700, 220
X 6

O<a'<a 9

%y{za ((qu)+(vxu)T )2’226?)”{2& (V. 'u)z’Z;éj'

Taking the summation of (23), (24) and (25), applying Lemmas 1 and 2 and

the a priori assumption (5), we then have for some A >0
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V. [u,é](s) i ds

2

z + Koej.(:HVX [u,é](s) ’ "

Heo

VA [ﬁ,u,é](t) 2

<C|z“ [[),u,é}(O,x)

+ el |z
0

L (26)
ds +ic,€ [ [V, 21 ds,

where we also used the following facts

(ZaVX-u,Z”’p) (Z V.5, 2% ) (Z V.0,Z ) (Z“VX-u,Z"é)zo,

and
(7 (.p-u). 2 ) as
Ny Koeéj‘ot( VAR z+ AY: z)ds
os\a'\sg
o 3 well(lzviaf sz A as e [z a
e
Similarly, performing the analogous estimates, one has
I (Zav pu,Zp )ds< sup||V u|| j Zp ds,
0<s<t
[z (pv,-u). 275 )ds< Z j (24pz°“V, -u,2°p)|ds

2
< z Koe.[o( 2 avx'””z 2)ds
Oi‘a"ég
1
+ KOGZJ(Z"/) + Z”Ibz)ds,
lel
o1

J.(:OZ; (Z‘)",oZa’”"étu,Z"‘u)dsSJOZ< K'OEJ.;( Z”'pz+ “V, ”z)dS,

(Z pu)-Z“’“'qu,Z“u)ds
< Z e [ (v #llzv ] Jas
0<|er ”\§%<%
+ > Koej;( Z“nuz+ Z“uz)ds,

‘a ‘ ”| ¢<
= <la’l<le<le]
2
and

ds

Vol +|v. 4], Jos

2
u)ds
2

Iz (#9.7).z°u)
< KOEJ.[(
+ Z zco j(

O‘a

~112
Z”‘p +

' 2
24V p, +| 2

. Koei I (12 +[v [ Jos

To obtain the dissipation of Z“V _p, we get from the innner product of
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e((22)1 ,ZV u) and [(22)2 ,m) that forany 7 >0 and |a|<m, -1
P
~e(zu,2°V ) (1) + e[} 2V 5] ds
< Ce|(2u, 27V 5)(0)] + G, [; |2V 2u s (27)
+ C(e +e )L; ' [u,é] (s) ;0_] ds+ CKOEJ(: V.p 12%0,1 .

Let x, and € be suitably small, then (26) and(27) give rise to

A [ﬁ,u,é}(l) z —e‘(Z”u,Z“Vx,b)‘+/16JZ“Z“Vx [ﬁ,u,é](s)
< CHZ“ [[)O,uo,éo]
V. [u,é}(s) ;mo

SCN(0)+C (€ +x, ) N(2).

2

ds

2

z +Ce‘(Z”u0,Z"VX,50)

+C63.[(:

7V
<M, ds

(28)
t
+ CKOGJ-O

ds + CKOGL:

vxﬁ i];’[‘?(l’] dS

Step 4.2. The energy estimates of Z°V _ [ﬁ,u,é} for |a| <m,—1. As in Step
2, we first decompose Z“u as Z%u=Z"u' +Z“u*> with

Z°u' =V ¢,Z°" =V _xy and Z‘Zu2|aQ =0. Moreover, we set
270, (t.x)-1= Y a, (1) p, (x) with p, (x)e H(Q)(k=12,) being the
k=1
eigenvalues of the operator —A _, ie
APy =D xXEQ,
Dy (x) =0,xe€0Q,
where 0< 4 <4, <.,
We now approximate (22) as
Z°0,p+Z°V  -(pu)=0,
Z%(p(ou+u-Vu)+V, (p6,))=eZ* {phu+(A+u)V V., -uf,
22 (p(0,0, 4190, 00,9, )= 2° {mem (V) (V) ) 42 (, u)}
Z[p.u,0,1(0,x)=Z%[ py,uy,6,](x).
2[w.6,], =[0.1]

(29)
Note that here [Z“ 0.z "u]dg[ Pt ] also depend on m, we drop the
subscript m for brevity.
Noticing that V_-Z“* =0 and (Z"‘ul,Z"u2 ) =0, taking the inner product
of (29), with Z“0,u” and integrating the resulting equation with respect to £
one has

e(Z“VXxuz,Z“VXxu2)+/1I; Eds

Zéou’

< Ce‘(Z"‘VX xug,Z°V xué)

+ C_[;

z° (m,u)"j ds+C]

+ngez-[ V. [5.u]

t
0

a 2
Z% (pu-V,u) |2 ds 30)

< Ce‘(Z“VX xu2 2V, xu;)

2
g ds
< CeN(0)+CreN(t).
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Next, we consider the following elliptic problems:
€Z°V cu=—eZ“0,p—€Z* (pV, -u)—eZ” (pr~u)d§fh1',

AN TE VAL [(p@m)+8t¢—e(/1+,u)vx u] =-Z"u* -7 (pou)-2° (pu-VXu)d;fhz',

Z%| =0.
o
Since @, <[m, —2], it follows
2 ’ !’
ul, IV -+l
<é 5 +K'0 "V D, u]"Hmo , FK€ "Vi[ﬁ,u] j{”’O‘z (31)
Z“@u” + K "V [pu"HOZ
Combing (28), (30) and (31), we arrive at
(Z“VX xu®,Z°V, ><u2)+ij.t Z%ou’ |2 ds +/16J-t Z"’Viu"2 ds
e o 2 0 2 (32)
<CN(0)+C(xg +€ )N (t).
Moreover, by using
—ueZ Mu—e(A+p)ZV NV u==Z(pou)—Z° (pu-V.u)-ZV (p6,),
and

—keZ“AO = —%Z“ (p(aﬁm +u-V.0,)+p6,V, u)

ez {g((vxu)+(vxu)T ) +a(v, u)}

the standard elliptic estimates implies

¢ Z“viu”z <é Z“a,u"j[1 +é|zev, [[),em]"; + K26 Z“qu”;, (33)

¢ Z“Vfﬁm”zgu[zaaﬁm,zavxu]ﬂz+K§ez « X[u,ﬁm]"z, (34)

élzevie, [ < [Z“@,Gm,Z“qu]“; rie|zev we, ], 69

Next, (V,(29),,2°V.p)=((29),,2V.V, -u)+(V,(29),,2V,6,) yields

Lol k2, o Sk

+(2V, (V. pu).Z°V p)+(2°V (BV, -u). 2V p)

—%(p[Zan w,ZV )+ Y (29pZ2°V - 0u, 2V )

O<a'<a
+(2(V p0,u), 2V, -u)+(Z°V - (pu-V u), 2V, -u)

~(24(8,V.p). 2V, V u)=(2* (pV.6,), 2V .V, -u)
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+e(2 {upu+(A+p)V.V, 4}, 2°V Y, u) —%(a,zavxem,zavxem)

+%(Z“ (prﬁﬁm),Z“Vxﬂm)+% > (29pzv ,0,0,.2°V 6,)

O<a'<a

+%(Z“VX (pu-v.6,),2°V .0, )+(2“ (V. (06, )V, u),2°V 0,)
+(2(p0,9.V, 1), 2V 0, ) +(2° (V. V., -u),2°V.86,)
+(24(8,v.V,u),2,8,)~¢(x2°V A6,,2°V 6,

—%[Z“Vx ((qu)+(vxu)T )2 ,Z“vxam)—/le(z“ (V. -u).z2°v.0, ) =0,

which further implies

29 pl +|z7V -l +|z79 0, + 2e[ |27V il +|z7v26, | s

(36)

5N(0)+K56N(r)+ej;

7V ds,

for a <[m,-1].

Step 4.3. The estimates of Z°Vip with a<[m,—2]. For any function
g € H,(Q), we introduce a projection P and decompose g=Pg+(/-P)g
with V_xPg=0 and Ig=g.Wenowact P to(29),to obtain

P{z (pou+u-Vu)l+2°V (p0,)=e{(A+20)Z°V .V -uf.  (37)
Then (A+2u)é€’ (Vi (29), ,ZaVip)+(Vx (37),eZ“V§p) gives rise to
e d
(/1+2,u)?a
+(A+20)€ (2°V2 (Y, 1), 2V p)+(A+2p)€ (Z°VIV, -u, 2V p)
+e(VX]P’{Z“ (00, + pu -qu)},ZaVip)+e(Za (emvip),zavip)

+e(2°(V20,p).2°V2p)+2¢(2°(V,0,V,p), 2V p)

2Vl + € (2+20)(2°V2 (V.. p-u). 2V p)

—€(A+2u)(2°V,V.V, 0,2V} p).
Consequently, one has
2
€

2vipf ool a

(38)

2

< N(0)+ KéezN(t)+eL;

[6,V.u.V20, ]

my-2 "
Heg

Let m — oo, we thereupon conclude from (28), (31), (32), (33), (34), (35), (36)
and (38) that

2

vize [ﬁ,u,é](t) i

+e Y

v Y vz [pub]),

A [ﬁ,u,é](t) ,
| <mg -1 la|<mg -2
+é Z ViZ“ [u,tﬂ(t) z +A z e.f;“VxZa [ﬁ,u,é}(s)”j ds
lof<mo 3 lef<mq

w2y ej;”vﬁza [u,é](s)“zdsm > ej;"vﬁza,s(s)"z ds

‘a‘émo—l ‘a‘Smo -2

<CN(0)+CeN(t).
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Finally, we close our estimates by letting € be suitably small. This ends the

proof of Theorem 1.
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